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ABSTRACT. In this page, we resee about some properties of the polylog-
arithm functions. To do those works, we base on the results in [5] and
relate them to Nevallinna theory for the meromorphism functions. And
then we present some other properties of the class of these functions.
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1. INTRODUCTION

The polylogarithms are one of the interesting subjects of mathematics and
physics. These functions were appeared within the functional expansions
(which were common in physics as well as in engineering [21]) to represent
the nonlinear dynamical systems in quantum electrodynanics and and have
been developped by Tomonaga, Schwinger and Feynman [8]. They appeared
then in the singular expansion of the solutions and their successive (ordinary
or functional) derivations [12] of nonlinear differential equations with three
singularities [1, 6, 17, 18] and then they also appeared in the asymptotic
expansion of the Taylor coefficients (if it exists). The main challenge of these
expansions lies in the divergences and leads to problems of reqularization and
renormalization which can be solved by combinatorial technics [3, 7, 6, 11,

12, 17, 18, 22]. For any s = (sy,...,s,) € C", r € Ny and z € C such that
1
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|z| < 1, the polylogarithm function ' at s = (sy,...,s,) is well-defined by
: 2™
Lis, .5 (2) i= Z SRS (1.1)
n1>...>n>0
For example, if 7 = 1 then for each fixed complex s, the series in (1.1)
defines an analytic function of z on the open disc |z| < 1. This series also
converges on the disc |z| < 1, provided that R(s;) > 1. In the special case,

z =1, we obtain the Riemann zeta value ((s1) = > —- at s;. For other
n=1M
values of z, the value of polylogarithms is defined by analytic continuation.

In general case, in the same way, for any r € N*| the polylogarithms are
extended as the analytic functions on C by the analytic continuation. Then

Lis, s (2) . .
the Maclaurin’s expansion of i—T() is given by
Lig, . s.(
1 = =) H,...(N) 2", (1.2)
N>0
where the coefficients Hy, 5 : N — Q are the arithmetic functions which
are called the harmonic sums (at s = (s1,...,$,)). Moreover, the harmonic
sum at s = (s1,...,5,) can be expressed as follows
1
HowoWN)i= > e NN (1.3)

N>np>..>n.>0 1 7

Setting now
H.={(s1,...,8.) €C'|Vm=1,....,m,R(s1) + ...+ R(sm) > m}.

From the analytic continuation of polyzetas [14, 24]% for any (s1,...,s,) €
‘H, after a theorem by Abel, one obtains the polyzeta value as follows

ll_rg Llsl,.,.,sr (Z) - ]\}1_{20 Hsl,...,sr (N) = C(Slv ceey ST‘)'

On the other hand, being based on Picards and Borels theorems, in 1925,
Nevanlinna [23] published his paper and evolved a theory entitled with his

IThe notation Lis(z) was introduced in Lewin (1981) for a function discussed in Euler
(1768) and called the dilogarithm in Hill (1828). Other notations and names for Lis(2)
include Sa(z) (Kolbig et al. (1970)), Spence function Sp(z) (Hooft and Veltman (1979)),
and Lo (z) (Maximon (2003)). Moreover, for any s € N*, the notation ¢(z, s) was used for
Lis(z) in Truesdell (1945) for a series treated in Jonquire (1889), hence the alternative
name Jonquires function.

2Here, the polyzeta value at (s1,...,8-) € C" means the series
1
C(Sl,...7sr) = Z m (14)

ni>..>n.>0 1 °
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name>. After, this theory has had many applications to the analyticity,
growth, existence and unicity properties of meromorphic solutions to differ-
ential or functional equations.

In this page, basing on some properties of the meromorphic functions
and the Nevallinna theory which was presented in [9], we would like to
present another view on the polylogarithms to relook the properties of the
polylogarithms which are understood as the meromorphism solutions of a
non-linearly differential equation. Moreover, by this way, we present also
some new proprieties about the polylogarithms.

2. POWER SERIES AND POLYLOGARITHMS

In this page, we will denote by K an algebraically closed field of char-
acteristic 0, complete with respect to an ultrametric absolute value || .||.

We will also denote by

d(a, R) the disk {z € K| | — a| < R},

d(a, R7) the disk {z € K| |x — a| < R},

C(a, R) the disk {x € K| |z —a| = R},
for any o € K, R € RY.

Moreover, we call the absolute value of K the set {|x| |z € K}, namely by

Given a closed bounded subset D of K. We denote by D the smallest
closed disk containing D. Moreover, we showed that D\ D admits a partition
of the form {d(a;, r; ) }ic;r where the disk d(a;, ;) is maximal (see in [9, 10]).
The such disks d(a;,r; ),i € I lying in the partition of D\ D are called the
holes of D.

We denote now R(D) by K—algebra of rational functions without poles
in closed bounded subset D of K provided with the norm of uniform con-
vergence on D. Moreover, we calls H(D) by the completion of R(D) with
respect to that norm?.

Let’s now take D to be a closed unbounded subset of K. We call Ry(D)
the algebra of bounded rational functions having no pole in D, provide
with the norm of uniform convergence on D. The completion of R,(D) is a
K—Banach algebra Hy(D) again. The element of Hy(D) is called bounded
analytic elements in D. In particular, we denote by Hy(D) the K—Banach
algebra of elements f such that lim f(z)=0.

|z|—+o0, z€D
Recall that an analytic element in d(0, R~) is a convergent power series
in d(0, R~). Moreover, a convergent power series in d(0, R~) doesn’t sure

3In fact, in 1925, Nevanlinna studied the value distribution of meromorphic functions
on complex plan C.
“In fact, we can be prove that H(D) is a K— Banach algebra.
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to be an analytic element in d(0, R~) . However, an element in d(0, R) is

analytic if only if it is a convergent power series in d(0, R).
+oo

Nextly, a power series ) a,z™ is called entire function on K if the radius
=0
+oo "
of convergence of > a,x™ is co. The set of entire function on K is denoted
n=0

by A(K).
Given X to be a nonempty set and F is a set of subsets of X. The set F
is a filter on X if only if F satisfies 3 following conditions:

i) 0 ¢ F.
(ii) For any n € N, if Uy, ..., U, are the elements of F then (| U; € F.

icl
(iii) f U € Fand U C A C X then A € F.

Moreover, a filter F is called to be secant with a subset B of F if the family
of set {H N B| H € F} is a filter on B.
Let a € K and let 7/, € R be such that 0 < 7’ < r”. We set

C(a,7,77) = {zeK|r <|x—a|<r’},
Ala, 7', 17) = {zeK|r' <l|z—a| <r"}. (2.1)

For any a € K and r € R,, we denote the circular filter of center a, of
diameter r which admits for basis {I'(b,7",r")| b € d(a,r); " <r < 1"},
In special case, K isn’t spherically complete, each decreasing family of disks
(Dy)nen+ such that () D,, = (0 also defines a filter which is called the cir-

neN*
cular filter of basis (D,,). Finally, for any a € K, the filter of neighborhoods

of a is called circular filter of neighborhoods of a and such a cicular filter is
said to be punctual.

Thanks for the works of B. Guennebaud and G. Garandel [15] which
proved the important theorem as follows:

Theorem 1 ([15]). Each circular filter F on K defines a multiplicative semi-
norm on Kz| which is a norm iff it is not punctual and the semi-norm is
continuous with respect to the norm || .||p iff the filter is secant with D.
Each circular filter F secant with D defines on (R(D),|| . |p) a continu-
ous multiplicative semi-norm ¢z that has continuation to H(D) and the
mapping associating to each circular filter secant with D, its multiplicative
semi-norm @r is a bijection from the set of circular filters secant with D
onto the set of continuous multiplicative semi-norms on H (D) and on R(D).

Mult(H(D), || .||p) is compact with respect to the topology of pointwise
convergence.
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Let R € R} and let f € A(d(a,R™)). Given r €]0, R, f € H(d(a,r)),
hence for any circular filter F secant with d(a,r), ¢#(f) is defined. More-
over,

(i) If s < R then we choice b € d(a, R).
(ii) If F is the circular filter of center b and diameter s, we put

o.s(f) = pe(f) = Il fllatar-

In special case, a = 0, we put

[fI(s) =lim[f(z)] = Tlim |f(z)].

im
|z|—s,|z|#r

Noting that for any r € N* and (sq,...,s,) € C", the polylogarithm at
(s1,-..,8-), namely by Lis, 5 (%), is defined by

ni

Lisl ..... ST(’Z) - Z SZ— (22>

1 S
nit...nsr
ny>nones0 1 r

for any |z| < 1. Moreover, for any |z| < 1, the Maclaurin’s expansion of

Lis, s :
11—T<Z> is as follows:
1—=2
Lig, . s.(2) N
11— _ZH81 ----- s (N)z (2.3)
N>0
where the coefficient Hy, 5 (N) is called the harmonic sum at (sq,...,s,) €
C" and is well-defined by
Hs1 ..... Sr (0) = 07
1
H, . (N) = R N>0. (24
() > frany (2.4
N>ni>..>n,.>0
Then we get
|Lis,..s [(2) = lim |Lis, . (2)]. (2.5)
T |z|—2z#£1 T

This implies that, for any ¢ € N and sy, ...,s, € Z, then

T R Y [ )R P Lyt ) (2.6)
z—r+00 24 || =00 z?

Recall that
Lemma 1 ([9, 10]). For any f € A(K), the following statements are equiva-

lent:
@ tim 0 o vgen
r—+oo 14
(ii) There doesn’t exist ¢ € N such that lim /tr) = 0.

r—oo 14
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(iii) f is not a polynomial.

Then, as an immediate consequence of Lemma 1, we have
Proposition 1. For any r € N* and s1,...,s, € C, we have

L‘S S
(i) There doesn’t exist ¢ € N such that lim [Lyoos (1)
r—+400 rd

=0.
(i) Lis,, . s (%) isn’t a polynomial.

We can check some special cases for Proposition (1) as follows:

For any si,...,s, € Ny, the polylogarithm at (si,...,s,) is not a
polynomial. In fact, in this case, the polylogarithm can be presented
like an algebraic combinatorial of {log"(2)}nen, -

For any s1,...,s, € (Z\N,), the polylogarithm at (si,...,s,) is not
also a polynomial with z but it is polynomial with rational coeffi-

cients on .
— 2z
On the other hand, each of polylogarithms is an analytic function on
d(0,1).

Proposition 2. For any r € R such that 0 < r < 1 and s1,...,s; € Z, we
have
Jim [, (V)] =0
Moreover, we also have
: 1 n .
H Llsl,..‘,sr Hd((O,r)) = I?E,leal\)l( ’EHSQ,.,.,ST (n)|7“ = @F(Llsl,..‘,sr (Z)) (27>

where F is a circular filter secant with d(0,7)).
Proof. To prove this Proposition, we shall utilize the following results:
Lemma 2 ([9, 10]). Let r € RY and let D = d(0,r). The set H(D) is the

oo
set of power series f(x) = Y a,a™ such that lim |a,|r" =0 and

n=0 72|00 —00
1fllp = maxfan[r™ = ©x(f). (2.8)
neN
In particular, the norms || .||p and || .||c(o, are multiplicative and coincide

on H(C(0,r)).

We now return to the proof of Proposition 2. Firtly, we will prove that

. N|
i JH, L (V)Y =0
for any r € R such that 0 < r < 1 and sy, ...,s; € N. From the definition of

harmonic sums at mullti-indices, we need only consider the case sq,...,s; €
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Z_. Given sy,...,s; € Z_. Remarks that in this case, Hy, 5, (N) is a
polynomial of degree m := —s; — ... — s + k on N. Suppose that
HSl ----- Sk (N) = anNn- (29)
n=0

On the other hand, from r € (0, 1), there is a constant ¢ > 0 such that

r= . Then we get

1+c

vo 1 L (2.10)

TS ().

i=0 \ ?

N N\ .
Note that ) ( _ >cz is also a polynomial on N for any ¢ =0,...,N. Then

i=0 \ ?
it is easily seen that

Z (ItNt
NLiIEOO |Hs1,...5k (N)TN| = Nlll}rlw ]f[:O—N =0. (211)
% ()
i=0 \ ¢

On the other hand, for any sq,...,s, € Z, we get

1
Hoosn(N) = Hyy o (N = 1) = = H,,

------

Lis,,.s.(2) = (1=2) Z Hy,,os (N)2Y

N2>0
= Hip6.(0) + Z [Hyy, o5 (N) = Hyy s, (N = 1)] 2{2.12)
N=1

Hence, from the equation (2.11) and using Theorem 2, the other statements
of Proposition 2 is proved. OJ

A set D C K is said to be infraconnected if the closure of the set {|z —al :
x € D} is an interval for each a € K.
Let’s D be an infraconnected subset of K and f € H(D). Let o € D°

and let > 0 such that d(«,r) C D. Suppose that f(x) = > by(x — a)”
n=q

whenever = € d(«,r) with by(a) # 0 and ¢ > 0. Then « is called a zero of

SRemark that for any s1,...,s, € Z then H,, . s,.(0) =0. However, Hy,(0) = 1 where
17 is called the empty index.
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multiplicity order ¢ or more simply, a zero of order ¢q. In the same way, q is
called the multiplicity order of a.

Corollary 1. The polylogarithms Lis, 4, (2) at (si,...,sx) € Z* is not
invertible in d(0,17).

Proof. Note that, for any R € R, and f € A(d(a, R™)), the function f
is invertible in A(d(a, R7)) if and only if f has no zero in d(a, R™) [9].
Moreover, since the definition of polylogarithms, z = 0 is a solution of
s, (2). Thus, Lig, () is not invertible in A(d(a,17)). O

..........

Recall that

Theorem 2. [9, 10] Let R € RY. The K—subalgebra A,(d(0, R™)) of A(d(0, R™))
is a Banach K—algebra with respect to the norm || .||qo,z-). Further, this
norm is multiplicative and satisfies

1/ la,r—) = lim. [ f[(r) = sup |an| R".
r—R neN

Let f(z) = Y aya™ € A(d(0,R7)). Then f is bounded in d(0, R™) iff so
n=0

is the sequence (|a,|R")nen. Moreover, if f is bounded then || f||qo0,r-) =

sup |a, | R™.
neN

Using the statements as in the proof of Proposition 2 one again, for any
S1,...,8- € Z, we obtain that

~~~~~

W(N =D RY) . is

s, (2) is bounded in d(0, R™)

This means that the sequence (|Hy, ., (N)—H,,

..........

bounded. Then the polylogarithm function Lis,
for any R € (0,1). Thus we get

-----

1Ty, osp lao.rmy = Jm [ Lis, o, ()
= sup(|a,| R")
neN
= sup (Hop,o,(N) = Hy o (N = 1)] RY) =0
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In fact, for R = 1, this is also valid if ]\}im Hs, .5 (N) < co. However, in
—00

77777

the general case, this is false. For example, we have

Ho(N)=) n= w

for any N € N. Hence

N(N +1 N(N —1
Jim [H_y(N) = H_y(N — 1) = lim | (W+1) NN=D o N = too.
— 00

N—o0 2 2 N—o0

This means that we can not conclude the value of || Li_; [|40,1-) by using
Theorem 2.

3. THE MITTAG-LEFFLER THEOREM AND POLYLOGARITHMS

Let D to be a closed infraconnected subset of K. We recall again
now a following important result.

Theorem 3. [9] Let f € H(D). There is a unique sequence of holes (T}, )nen-

of D and a unique sequence (f,)nen in H(K\T,,) such that fy € H(D) for
any n > 0, lim f,, = 0 satisfying further
n—oo

f=> foand |[flp=suwllf]p. (3.1)
n=0 neN
For every hole T,, = d(ay,r, ), we have
[ fallp = I fulleyr, = Panra (F) < I fllp- (3.2)
If D is bounded and if D = d(a,r), we have
1follo = lfollp = Par(fo) < Par(f) < I flp- (3.3)

Let D' =D\ ( |J T, ). Then f belongs to H(D') and its decomposition in
n=1
H(D') is given again by (3.1) and f satisfies || f|lp = || fllp-

Using Theorem 3, for any f € H(D), we consider the series > f,, which
n=1

is as in the equation (3.1). Each T, is called a f—hole and

fn,n € N* is called the Mittag - Leffler term of f associated to T;,.
fo is called the principal term of f.

For each f—hole T" of D, the Mittag - Lefller term of f associated to T is
denoted by fr whereas the principal term of f will be denoted by f; .
The series Y f, is called the Mittag - Leffler term of f on the infracon-

n=1

nected set D.
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Example 1. Given f € H(d(0,17)) and denoted (d(cu,,17))men, to be the
set of f—holes. Then we recall that f can be rewriten by

+oo
Apm
=t 3 G 9
n=0 m,neNL
where lim a,o = 0, lim |a,nm| = 0,Ym € N; and lim (sup |an.|) =
n—oo n—o0 m—00 pcN,

Moreover, we get
(3.5)

I fllao,1-y = sup

meN,neN,
Conversely, every function f of the form (3.4), with «,, satisfying
am| = |oy — anm| = 1,Vm # j,

belongs to H(d(0,17)). The norm || .||go,1-) is multiplicative and equal to
OO,

Taking f(z) = Lip(z) for any P € (Clzg, 27, (—x0)*], w, 1x+). Recall that
for any z € C such that |z| < 1, we have Li(_,)-(2) = 2z, Liy(2) = % and

1

Lig:(2) = 1 [5]. Hence, for any such series P, we have
—z
. an,0 _ Ona
SRR SUTERED S ) ppa
n>0 neJCN* nEICN*
where I, J are the finite sets of indices. From |[1| = |0 — 1| = 1, we obtain
that
ILipliosy = sup  Janl = max(max(lanol, ansl).  (3.6)
mef{0,1},neN, neNy

For example, taking P = (—x¢)* w(4zo)* w a7, then we have
1 1 1 1 1

Lip(z) = Li(—ag)+(2) Lifame)-(2) Lig; (2) = 2 = ==+ 5+-

Al—2z 221-2) 28 =z

d(0,1-) = 1. Note that, from the definition of the

Hence H Li(—:po)* L (420)* L a

shuffle product [5], in this case, we have P = (3zg 4+ x1)* = > (3z0 + 21)™.
n=0

In particular, for any sq,...,s, € (Z\N¥), the polylogarithm Li,, (%) is

a polynomial on 1 of degrre m = |s; + so+ ...+ s,| +r with coefficients
—z

in Q [5]. This means that, for any z € C such that |z] < 1, we get

m

) Qsy,... 50k
Llsl,,l.,sr(z) = Z (11_—2)767

k=0

1
z

1

—I—l_z.
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where ap € Q for any £ = 0,...,m. In fact, there was an algorithm to
calculate the coefficients ag, s, 1,k € N [5]. And then we can give an

useful algorithm to determinate the value of norm || Li,, . s, ||a,1-) for any
S1y...,8 € (Z\N¥).

Definition 1. Let f € Hy(D) and let T be a hole of D. For any a € T, let

fr(z) = 20 %. We set res(f,T) = by(a) and call the residue of f on
the hole T'.

In fact, for any f € Hy(K\d(a,r") and for each a € d(a,r™), then we
can rewriten f(z) by f(z) = Ti (xbn( )>
doesn’t depend on « in d(a, 7).

Moreover, the coefficient b ()

Ezxample 2. Let s, s be the non-positive integer. We showed that
|51+52‘+2 a—sl,—SQ
Li, 5, (2) = —x 3.7
N (37)

where afj’b are the rational numbers which are calculated by the following

algorithm:

a',ff_l forany k=1t +t3+ 1
If t; = 0 then )" = ap, _tza? for every 1 <k <t + 1ty
—ay for any k =0
0 otherwise.
(k — 1)al 7" forany k=t; +to+7r+1
If£, > 0 then " — (k — l)azl:ll 2 ka 21 Y2 forany 2 < k <ty +to+7
r —a?*l’w for any k=1
0 otherwise.

We denote () to be the empty index. Recalls that a(()) = 1l and a,(f) =0,Vk > 0.
Then we have

res(Lig, s,, 1) = a|151|’|82|
with T' = {1}. Moreover, we get:

Lis, s, |la01-) = sup alfthlezl) = max al b
I Lisy s [lao,1-) ke(Nm[O,|81+s2l+2])| TN St

In more general case, for any sp,...,s, € (Z\N*), the polylogarithm
Lis, .. s (2) is a polynomial of degree |s; + ...+ s,| + 7 on . with coef-

ficients in Q [4, 5]. This means that

‘51+'"+ST|+T a["gl‘v--'?ls”“

L131,“.75T(Z) = Z (];_——Z)k (38>
k=0
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where for any ty,...,t. € N, the coefficients atl’ " are calculated by the
following algorithm
If t; = 0 then
at fork=t,+...+t, +r+1,
e affl —a}?’ otr for1<k<ti+...4+t +r,
U T —a}?’ b for k =0,
0 otherwise.

If t; > 0 then

(k—1)a" t1— 1t2,, fork=t;14+...+t.+r+1,
ttr . ) (=1 - “2’ = kaTHE for 2 <k <ttt
a = g™ 1t2, ,tT for k =1,
0 for otherwises.

Proposition 3. Then we obtain that

Li,, .. T [s1],--slsr| 3.9
res(Liay,.s, T) = ke(Nm[OlglliX+sr|+r])|ak | (3.9)

for any sq,...,s, € (Z\N*) and T' = {1}.

Note that, for any n € N* and sq;...;s, € Z, we get

1
Lil",. o (2) = — Lis, nisyiois, (2). (3.10)
zn b b b

81;523..387

By a result of the classical upper bound of |f’|(r) in function of |f|(r)[9],
we obtain that

Proposition 4. For any n € N; ¢t € (0,1) and s1,...;s, € Z, we have
n!

[ Lo 1) 2 o]0 (311)

1
where g(t) = Lls1 nisy (1)

4. POLYLOGARITHM AS A MEROMORPHISM FUNCTION
In this section, we will start from the lemma as follows:
Lemma 3. Let =K\ d(a,r”) with a € K and r > 0. Let f € H(E) be
invertible in H(£). Then f(z) is a Laurent series of the form Zq: an(z—a)”

with |ag|r? > |a,|r" for every n < q.

From Lemma 3, we obtain that
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Theorem 4. Let T = d(0,7) with @ € K and r > 0, let £ \T
and take b € T. For any si,...,s,. € N, there exists A € K, ¢ an
h € H(FE) invertible in H(FE), satisfying ||h — 1||p < 1, | lim h(x) =

|[—=+o0
and Li_g, g (x) = Mz — b)h(x). Moreover, A, g are respectively unique,

satisfying those relations. Further, both A, ¢ do not depend on b in T
Proof. For any s1,...,s, € (Z\Ny) and z € CUd(0,17), the polylogarithm

d

m |

K
Z
z)

/\

functions Lis, . ,.(z) was showed as a polylomial on . Then we can

.....

extend these functions as a meromorphism functions on £ = C\d(0, 1).
In fact, for any s1,...,s, € N, we get

[s14...Asp |+ a\sl| ..... |z |

Licg.ms ()= ) (li_—zyg (4.1)

where the coefficients a;
Setting now
ko = min ka1 £ 0,

|51| 7777 |ST‘

Then we get g = ko, A = ay and
|s1+§r|+r a‘51| 77777 |z |
h(z) = - sk )
RS
[
Ezample 3. For example, for any |z| < 1, we have
6 12 7 1

+ - + .
(=1+2)* (=1+4+2)3 (-1+2?2 (-1+2)
Then we can extend this function to a function on C which has the same

value with Li_3(z) for any |z| < 1. Of course, this extension function is
meromorphism and invertible on £ = C\d(0,1). In fact, we have

6 12 7
1127 (112 + it 2) + 1] = (z—1)h(2)

6 12
_l’_

Li_g(z)=(2—1)

h = — 1. It i il h
where h(z) Citap  (Cita? + 142 + 1. It is easily seen that
A=qg=1.
6 12 7
lim h(z) =1 — 1| =1.
Jm_(z) |Zlinoo{(—1+z)3 (Tr2f (112 ]
h(z) = 6 _ 12 n 7 +1_z3—|—422—|—z_s
S O R Ry i L G s Y e

invertible in H(FE).
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[h = 1][g < 1.

Hence, there exists A € K, ¢ € Z and h € H(F) invertible in H(FE), satisfy-
ing [|[h — 1| < 1, | ‘lim h(z) =1 and
z|——+00

Li_3(2) = Mz — 1)?h(2).

Definition 2. Let K\d(a,r~) with a« € K and » > 0. Let f € H(E) be
invertible in H(F) and let A(z —a)?h(z) be the factorization given in Theo-
rem 4. The integer ¢ is called the index of f associated to d(a,r~), namely
by m(f,d(a,r™)).

If A =1 the element f is called a pure factor associated to d(a,r~). Let
GT be the group of invertible elements of H(K\T).

It is easy seen that Li_3(2) is a pure factor associated to d(0,17). More-
over, for every n € N, the polylogarithm Li_,(z) is a pure factor associated

to d(0,17).

Proposition 5. Let T = d(a,r~). The set of pure factors associated to T is
a sub-multiplicative group of the group G7. Further, every element of G is
of the form Ah with A a pure factor associated to T and A € K*.

We denote by M(K) the field of fractions of A(K). The element of M(K)
is called meromorphism function in K.

Given a € K and r € R;. We denote by M(d(a,r™)) (resp. My(d(a,r™))
and M, (d(a,r7))) field of fractions of A(d(a,r")) (resp. Ay(d(a,r~)) and
the set M(d(a,r™))\My(d(a,r7))). The element of M(d(a,r™)) is called
meromorphism function in d(a,r™).

In fact, each of polylogarithms

. Z™M
Lis,,. s (2) = Z S
ny>na>...>0 r
is a meromorphism function in d(0,17). Moreover, by the continuation
extension, we can extend these functions as a meromorphism function in C.
For example, we have
) z™ 2723 4 422
Lip_1(2):= Y = — V|2 < 1. (4.3)

niny  (1-2)

na>n1>0

Hence Li_5_;(2) is a meromorphism function in d(0,17). Extending this
function to C as a fraction function on C, meaning

24+ 723 + 422
(1—2)5

Then Li_5 _1(2) is a meromorphism function in C.

Li_gy_l(Z) = ,VZ e C.
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Now, we define a divisor in K (resp. a divisor in a disk d(a, R7)) to be a
map 7' : K — N (resp. T : d(a, R~) — N whose support is countable and
has a finite intersection with each disk d(a,r),¥r > 0 (resp. V r € (0, R)).
This means that, for any f € M(K) (resp. of d(a, R™)), we can define the
divisor D(f) of f as D(f)(«) = 0 whenever f(a) # 0 and D(f)(«) = s when
f has a zero of order s at «.

Given K = R. For any si,...,s, € N then Li_;, ¢ (2) is a polynomial

1111

1
of degree sy + ...+ s, +7r on 1 . Thus this function can be rewriten by

—z
P(z)
o (1 _ Z)S1+...+sr+r

(4.4)
where P(z) € R[z] such that deg(P(x)) = s1 + ...+ s, +r — 1. Since the
number of roots of P(x) is not exceeded deg(P(z)), we have

tsupp(D(Li_g, . —s.)) < s1+ ...+ s +7—1. (4.5)
For example, we have

Liy a(2) = 28 42925 + 9321 + 5323 + 422
’ (1—2)7
Setting by

P(2) = 25 4+ 292° 4 932" 4 532% 4 422 = 22(2* 4 292° 4+ 9327 + 532 + 4).
Then the set of real roots of P(z) is {21, 22, 23, 24,0} where z; € (—26; —25);

5 1 1
29 € (—3; —§>; 23 € (—1; —5) and z4 € (—§;O>. Hence, on the domain

V2| < 1.

of Li_s _3(2), we get

2 if z =0,
D(Li_g_3)(2) =<1 if 2 =25 0r 2 = 24, (4.6)
0 otherwise.

On the other hand, we have
Lemma 4. Let f € M(K). There exist h € A(K) such that D(h) = D(f)
h 1
and then | = 7 € A(K). Then D(?) = D(l) and we can write f in the form

h
7 with h,l € A(K) having no common zero.

Since Lemma 4, it is easily seen that P(1) # 0 where the polynomial P(z)
is determinated as in (4.4).

Similarly, given an ideal I of A(K) (resp. of A(d(0, R™))), we denote by
D(I) the lower bound of the D(f) with f € I and D(I) is called the divisor
of 1.
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To end this section, given f € M(K)\K (resp. f € M,(d(0, R™)) which
-1

has a pole a of order ¢ and let f(z) = Y. ap(z — a)* + h(z) with a_, # 0
k=—q

and h € M(K) (resp. f € M,(d(0,R™)) and h holomorphic at . The
coefficient a_; is called residue of f at o and denoted by res(f, «).

Theorem 5. Let a € K, R € R, f € M(d(a,R™)) and r € (0,R). Let
aj, j < j < g be the poles of f in d(a,r), let p € (O,rgéin|ai — a;|) and
i#j

for each j = 1,...,q, let p; € (0,p) and setting T; = d(ay, p; ). Denote
D =d(a,r)\ (Uj_,Tj). Then f belongs to H(D) and res(f, a;) = res(f,Tj)
forany j=1,...,q.

As a direct consequence of Theorem 5, let f € Hy(D) be a meromorphism
function in 7" = d(b,r~) and admits only one pole b inside T". Let ¢ be the
multiplicity order of b. Then the Mittag - LefHler term of f associated to
T is of the form Zq: - ()

=1 (z = b)/ (z —a;)?
where P(x) is a polynomial of degree s < gq. Moreover, it does not depend
on r when r tends to 0.

with a, # 0 and also is of the form

5. SOME OTHER COMPUTATIONS ON POLYLOGARITHMS

Given a divisor T' = (Gy, Gn)neny With 0 < |a,| < r, Vn € N*, we de-
note by 7' the divisor (a,, 1)nen. Let f € A(d(a, R7)) and let (an, ¢n)nen =
D(f). Then w,,(f) = gn for every n € N and w,(f) = 0 for every
a €d(a,R7)\ {a,|n € N},

For any f = ? € M(K) (resp. f = % € M(d(a,R™))) and each a € K
h
(resp. f = 7€ d(a, R™)), the number w,(h) — w4 (l) does not depend on the

h
functions h, [l choosed to make f = T Thus we can generalize the notation

by setting
wa(f) = wa<h) - WOJ(l)
Note that
If wo(f) is an positive integer ¢ > 0 then « is called a zero of f of
order q.
If w,(f) is an negative integer ¢ < 0 then « is called a pole of f of
order q.

If we(f) > 0 then f is holomorphic at a.
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Let (an)1<n<o(r) be the finite sequence of zeros of f such that 0 < |a,| <,
of respective order s,. Setting now
o(r)
Z(r, f) = max(wo(f),0)logr + Z sn(logr — log |a,|) (5.1)

n=1
where we define that

if 0 is a multiple solution of order ¢ of
- { : s

—q if 0 is a tipping point of order ¢ of f (5.2)

Moreover, Z(r, f) is called the counting function of zeros of f in d(0,r),
counting multiplicity.

Ezxample 4. We have that

2743420 4+ 1332° + 1002" 4 122°

Lioy o o(2) (1-2)®

,Vz € C such that |z] < 1.

Remark again that
2T+ 342% + 1332° + 1002 4 122° = 2% (2* + 342° +1332% + 100z + 12) .
This implies that
wo(Li—1 2 2(2)) = 3.
By using the computer, it is easily seen to prove that the polynomial
2+ 342° + 13327 + 100

has 2 real solutions z € R such that |z| < 1, namely by 2z, 29 where z; €

1 1
(—1; —§> and z € (—5; O). Thus, for any r € (0, 1], we obtain that

3logr if r < |zl
ZrLioy sa(z) =4  dlogr—log(z) i |l <r<l|al
Slogr —log(z1) —log(ze) if |z| <r<1

Setting now

_ 0if we(f) <0
@o(f) = {ufwogfg >0 (5:3)

where f is a meromorphism function. In addition, we also denote by Z(r, f)
the counting function of zeros of f without multiplicity:
B o(r)
Z(r, f) = @o(f)logr + Y _(logr — log|an|) (5.4)
n=1
and this symbol is called the counting function of zeros of f in d(0,r) ig-
noring multiplicity.
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Ezample 5. By Example 4, for any r € (0, 1], we obtain that
B logr if r < |z
Z(r, Liig o _9) = 2logr — log(z2) if |z <r <zl
3logr —log(z1) —log(ze) if |z <r<1

Denote that the finite chain {bn};(zr1 of poles of function f such that
0 < |b,| < r, with respective multiplicity order ¢,. We call
7(r)
N(Ta f) = max (_w0<f)7 O) lOgT + Ztn (10g7‘ - 10g |bn|>
n=1
to be the counting function of the poles of f, counting multiplicity.
At the moment, one denotes that

— 0 if wy >0
wo(f) = {1 if WO(;J;)S 1 (5.5)

and the counting function of the poles of f, ignoring multiplicity is well-
defined by

=l

(r, f) = o(f) log(r +Z log(r) —log(] b, |)) - (5.6)

On the other hand, the Nevanhnna function® T'(r, f) in I or J is defined
by

T(r, f) = max (Z(r, f); N(r, f)) - (5.7)
Note that the functions Z, N, T aren’t changed, up to an additive constant,
if we change the origin.

Lemma 5 ([9]). Let K be a complete algebraically closed extension of K
whose absolute value extends that of K and let f € M(K) (resp. let

f € M(d(0,R7))). Let d(0,R) = {x ceK||z|< R}. The meromorphic
function fdeﬁned by f in 3(0, R) has the same Nevanlinna functions as f.
One notes also that

Lemma 6 (]9]). Let ay, ..., a, € Kbe pairwise distinct and f € M (d(0, R7)).
Suppose that

n
|I U—O./Z .
=1

Then Z (r, P(f)) =Y. Z (r,f — o) and Z (r, P(f)) =Y. Z (v, f — ay).

i=1 =1

61t is called characteristic function of f.
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Recall that, for any n € N,
Li_,(z) =

z

mﬁln(z) (5.8)

Note that A,,11(z),Vn € N is a polynomial of degree n. Moreover, this poly-
nomial has only negative and simple real roots, a result due to Frobenius.
By Lemma 6, for any f € M (d(0,77)), r € Rt and n € N,

n

Z(r, Ana () =D Z(r, f — i) (5.9)
i=1
and
Z(r, Ani(F) =D _Z(r, f — ) (5.10)
i=1
where oy, ..., a, are the real roots of polynomial A, 1(2).
In general case, for any s € N* and nq,...,ns € N, we get
ZS
L17n1 ,,,,, —MNg (’Z> = (1 _ Z)nl“l“‘l‘ne“’s Anl ..... Ns (Z) (511>
where A,  ,.(2) is a polynomial of degree n; 4+ ...+ ny — 1 on z with the

rational coefficients. By the computers, we can see that these polynomials
have also real roots. For example, the polynomial Az 4(2) = 2% + 1272° +
14582% + 365423 4242922 4 3872 +8, has 6 real roots 2; € (—115;—114), 2y €

1 1 1
(—10;-9), 23 € (=3;-2), 24 € (—1;—2), 25 € (—=; ), 26 € (_E;O)'

2 210
The polynomial A g2(z) = 2% + 62 + 3, has 2 real roots and the polynomial
Ap12(2) = 2%+ 1522 + 262 + 6 has 3 real roots. And then, using Lemma 6,

we obtain that

Proposition 6. For any nq,...,n, € N,
ni+...4+ns—1
Z(r, Anpon (D)) = Y Z(r f— ) (5.12)
i=1
and
o n1+...+n5—1_
Z(r Ao )= Y. Z(rf—m) (5.13)
i=1
where ay, ..., 0,4+ +n.—1 are the real roots of polynomial A,, ,.(z).

Suppose that F is a subset of meromorphic functions. Recall that a
polynomial P(z) is called a strong uniqueness polynomial for F if for any
two non-constant meromorphic functions f, g € F, then

(P(f) =cP(g); c#0)=(f=g). (5.14)
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Theorem 6 ([16]). Let P(z) be a polynomial satisfying P(1)P’(1) # 0. Then
P(z) is a strong uniqueness polynomial for L—functions.

Since the definition of the class of polynomials Ay, ¢, (z), using Theorem
6, we obtain that

Corollary 2. For any sy,...,s, € N, the polynomial A, . (z) is a strong
uniqueness polynomial for L—functions.

Given f to be a meromorphic function in C and a € CU{oco}. We denote
by E¢(a) the set of a—points of f counted with its multiplicities. Moreover,
for any nonempty subset S of C U {oo}, set that

E(S) = | Ef(a). (5.15)

a€eS

And then, the subset S is called a unique range set, counting multiplicities
for F if for any f,g € F then

(Ef(S) = Ey(5)) = (f = 9)- (5.16)

Thank so much the works of authors in [16] who sent to the important
results about the set of roots of a strong uniqueness polynomial. As an
immediate consequnce of those results, we obtain that

Theorem 7. For any si,...,s, € N, the set of roots of the polynomial
Ag, s, (2) is unique range set, counting multiplicities for L—functions.
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