MULTIPLE EULERIAN POLYNOMIALS
TA THI HOAT AN AND NGO QUOC HOAN

ABSTRACT. In this page, we give some related properties of a class of
polynomials which are said the multiple Eulerian polynomials. After
that, we use these polynomials to regularize the polyzetas at non-positive
integer multi-indices.

1. INTRODUCTION

The Eulerian polynomials', denoted by A,(z), n € N, play an in-
teresting role in the theory of quadrature formulas and the enumerative
combinatorics, as well as in other areas since they first appeared in the

N
works of Euler about the alternating sums > (—1)"n* for any N € N* and

n=1

k € Z [16, 17] (also see in [14, 15, 19]). In these works, Euler gave the
following general result:
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where the Eulerian polynomials {A(2)},.y are recursively defined by

Ap(2) = 1 and Ay(z) = Z (’;) A;(2)(z — 1)k, (1.1)

Moreover, as N — +o0, for any k € N, we have [15]:

_ 2 Ak(2)
where Lig(z) denotes the polylogarithm at the index s € C, i.e.,
+oo
z
Li(z) =Y = & 1. 1.3
is(2) 2o or any |z| < (1.3)
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'In fact, this name was introduced by Sclllerk in 1825 [25].
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In addition, for any k € N, Euler also stated that the k*"—Eulerian polyno-
mial Ag(z) can be rewritten as a generating polynomial of Eulerian numbers,
denoted by {Ax; |i=0,...,k—1} [17], as follows:

k—1
Ap(z) =) A 2 (1.4)
=0

On the other hand, there is a combinatorial definition of Eulerian poly-
nomial® [14, 28]. The k*—Eulerian polynomial can be understood as the
generating function of the descent statistic over the symmetric group Gy:

Ap(z) = ) it (1.5)
oeGy,

where des(o) = {1 <i<k—1| o(i) >0o(i+1)}. By this way, we can
show that all the roots of Eulerian polynomials are real, distinct, and neg-
ative. This was already noted by Frobenius® [12], and is not an isolated
phenomenon as surprisingly many polynomials appearing in combinatorics
are real-rooted [4, 5, 7, 32]. Furthermore, another intersting result is that
the polynomials Py(z) are conjectured irreducible over Q where Py(z) de-

Ar(z

note Ag(z) if k is odd and ]i ) if k£ is even. To date it has not been
z

possible either to verify this conjecture completely or to give a counterex-

ample. However, the works of Heidrich in 1982 proved that for £ > 3, even
if P;(2) is not irreducible over @Q, it must nevertheless possess an irreducible
factor of degreed d > p— 1 where p is the largest prime not exceeding k [19].

Up to the present, the Eulerian polynomials have been extended by many
different directions.

We must mention the results of Stanley in his thesis [33] in 1972. In those
works, he introduced an extension of the Eulerian polynomials to labeled
posets P which were called the P—FEulerian polynomials and denoted by
Ap(z). After that, these polynomials were studied in [4, 5, 7]. The Neggers-
Stanley conjecture asserted that for each labeled poset P, Ap(x) is also
real-rooted [4]. In fact, this conjecture was disproved by Brandén in [6], and
for natural labelings it was disproved by Stembrigde in [34]. However, the

2The definition of Eulerian numbers in this way was introduced by Riordan in the
1950’s [37].

3In fact, Frobenius also stated that —1 is a root of Ay (z) if k is even, and that when
k > 2 the roots of Ayy1(z) are separated by those of Ak(z) [12, 19].
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conjecture was proved for several classes of posets by Brenti [7] and Wagner
35].

In 1974, Carlitz also gave an extension of Eulerian polynomials which
associcate to an arithmetic progression [9] {a,a + d,a + 2d,a + 3d, ...} for
any a,d € R. After that, the properties of these polynomials have been
completed by some other mathematicians as Foata [15] or Tingyao Xiong
and al. [37].

Another interesting result was claimed by Gérard and al. in 2017 when
they studied about the polygarithms at negative multi-indices [10, 11]. In
that work, they showed that, for any s1,...,s, € N, there exists a family of
polylomials, denoted by As, . . (%), such that

o7

Lig .6 (2) = = Z)sl+...+sr+rA31""’ST(Z)’ 2] <1 (1.6)

where Li;,  +.(2) is denoted the polylogarithm at (¢y,...,t,) € C" and de-
fined by?

n1

. z
thl,...,t'r‘(z) = Z ma ‘Z’ <L (17>

ni>..>ny>0 1 7T
The polynomials A, s (z) for any s1,...,s, € N as in (1.6) are called the
multiple Eulerian polynomials.

In this paper, we will clarify the properties of the class of polynomials
as in (1.6). Specifically, like the traditional Eulerian polynomials, we are
concerned with the description of a recursive formula of multiple Eulerian
polynomials. After that, we are interested in the properties of roots of
multiple Eulerian polynomials. Then it is the same for the traditional Euler
polynomials, we also obtained that the multiple Eulerian polynomials are
real-rooted. These results are described as in two following theorems.

Theorem 1. For any r € N* and sq,...,s, € N, we have
(i) If s; = 0 then

A81,---,Sr(z) = ASQ,---,Sr (2).
(ii) If s; > 1 then

51

Agp s (2) = Z S(s1,k)(1— Z)SI_kAk,S2 ----- s (2) (1.8)

k=1

In fact, the polylogarithms are defined on the unit disc |z| < 1 and they are extended
as a meromorphism functions on C by continuation [27, 29].



where S(s1, k) is the Stirling numbers of second kind.

Theorem 2. For any sy, ..., s, € N, the polynomial A, (2) is real-rooted.
In addition, all roots of Ay, , (2) are negative for any sy,...,s, € N.
Moreover, these polynomials are unimodal and log-concave.

Finally, in the rest of this paper, using the above results, we give some ap-
plications of multiple Eulerian polynomials in the theory of strong unique-
ness polynomials and also connected them to regularize the polyzetas at
non-positive integer multiple indices.

2. THE PROOFS AND SOME CONSEQUENCES

We start this section by some basic concepts which will used in our proofs.
Firstly, we consider the differential operators which are denoted by

d d
0y := z— and 6, := (1 —z)d

Note that, for any functiondj/f € C™, we get )
wf) = =2
B = foltu() = (= d—f) ALty =Ly 2
B3(f) = 6y (62(f)) = ;l_f g2 d .. 23];7
0o(f) = 60 (65(f)) = Z—f+7 222_2% 3%+ ZZ
By the recurrence way, it is seen that
05(f) = iS(s, l{:)zkg (2.1)

where S(s, k) is the (s, k)—Stirling number of second kind® for any s € N*.
We are now in a position to prove the first theorem.
Proof of theorem 1:

(i) Note that

. z
L10,752,‘..,7Sr (Z) =

1—=2

Lig,  —s.(2)

5The interested readers may find the concept of Stirling numbers of second kind in
[10].
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for any » € N* and s,, ..., s, € N. Since the equation (1.6), we get

2 z Zr1
1- 2)52+..,+ST+TA0’52 ----- s (2) = 1—2(1— 2)82+...+8r+7“71AS??"'7S7"(Z)'

Then by some simple transformations, we obtain the first statement.

(ii) For this statement, on the class of analytic functions on C, we will
denote the sections of the operators 6y and 6, by ¢; and to, respec-
tively. This means that

NG = [ 1605 and w1 = [ 1)

where zp is a such point in the continuous domains of f(z) [10].
Recall that

Li_g,. o (2) = (65" 01) Lisg,, =5, (2) = 65" (Lio —s,....—s, (2))

and then since the equation (2.1), we get

ds
1—s

. S d
Lig . s (2) = 25(31,/{)2’“@[Llo7—32,...7—sT(Z)]
k=1

= Z S(Sl, k) Lifk,f.SQ,u.,*Sr (Z)
k=1

for any s1,...,s. € N. Finnaly, from the definition of polynomials
A, s (2) in (1.6), we obtain that

T s

2 oL 2
(1 — Z)Sl+.‘.+5r+r Asl’”"Sr(z) - Z S(Sl’ k) (1 — Z)SQ“F.‘.JFST‘FIC Akvs27“'737'(2)'
k=1

Then after some computations, the second statement is proved, i.e.,

A317~--75r(z) = Z S(s1,k)(1 — Z)Sl_kAk,827.--,sr (2).
k=1

The proof is completed now.

In the simplest case, for r=1, we obtain the usual formula of the traditional
Eulerian polynomials as follows:

Corollary 1 ([14]). For any n > 0, we get

An(z) = KIS(n,k)(z — 1)



Recall that, for any » € N* and s1,...,s, € N,

. o S1 Sr M1
Lig  —s(2)= g nit...ngrz".

n1>...>n,>0
Hence
d 1
: o s1+1 Sp . mn1—1 __ :
e Li g s (2) = E nt g2 = > Liog—1,-s9,...,-5,(2)-

ni>...>n,>0
From the equation (1.6), after some computations, we obtain the following

recurrence relation:

[(31 +.ooF 57“) z+ 7“] A81,82,---,sr (Z) +z (1 - 2) A;l,SQ,...,ST (Z) = AS1+1782,---,ST (Z)

(2.2)
for any s1,...,s, € N. Furthermore, we also get [10]
Lig O(z):( : > , (2.3)

NARPRD 1—2

» times o
and then Ag  ((2) = 1 for any r» € N*. Thus, from the equation (2.2),

Y )
» times o

it is easily seen that the degree of Ay, 4, s .(2)is 51+ ...+ s, — 1 for any
S1y...,8- € N,

In fact, the equation (2.2) also provides a useful alternative in the compu-
tations to the original definition of multiple Eulerian polynomials. Indeed,

for any r € N* and sq,...,s, € N, we assume that
s1+...4sr—1
k k
A517-~75r(z) = Z asl,...,aTZ : (24>
k=0

Then since the first statement of Theorem 1 and the equation (2.2), after
some simple computations, we obtain the recurrence relationship of the
coefficients of multiple Eulerian polynomials as follows:

Corollary 2. For any r € N* and s1,...,s, € N,

a(s)l—l-l,s%...,sr = ra(s)l,SQ,...,Srr7
a;1+1,32,...,s,« = (T + 1)8;1,52,...,& + (Sl +...+ ST)agl—l-l,SQ,...,sw
a]scl—i-l,s%...,sr - (T’ + kj)algl,s%.‘.,sr - (k - 1)0’];1_,312,...,&

+(s1+ ...+ sr)aljl_jLSQ’_..7sT,Vk > 2.

This corollary helps us computering the multiple Eulerian polynomials.



Ezxample 1.

Ai(z) = 1,
As(z) = 1+2
As(z) = 1+4z+ 2%
Ay(z) = 14+ 11z+ 1122 + 23
As(z) = 1426z +662° + 262° + 2%,
Ag(2) 14 57z + 3022 + 3022° + 572* + 2°,

Ags(z) = 2*+292° 49322 + 532 + 4,

Aszq(z) = 2°+1272° + 14582* + 36542% 4 242922 + 387z + 8,

Aue(z) = 2° 4102828 + 5190027 4 54849225 + 18162142 4 21774842*,

+9610522% + 14114022 4 5073z + 16,
Aiga(z) = 2% +342° +1332% 4+ 1002 + 12,
Agoa(z) = 2°+ 752" +6032% 4+ 10652% + 460z + 36.

Moreover, using Corollary 2, we also get another important result of co-
efficients of multiple Eulerian polynomials as in the following corollary.

Corollary 3. For any sq,...,s, € N, the coefficients of A;, . (2) are posi-

.....

tive.
For the proof of second theorem, we begin by the following definition:

Definition 1. Let
P(2) = apa" + ap_12" ' 4 ..+ arx + ag
be a real polynomial. It is called unimodal if there is some j such that
ap < a1 <...<aj1 < a; > a4 > .. 2> ay. (2.5)
Suppose now all coefficients of P are positive. We say that P is log-concave
if
aj_1aj41 < a5 (2.6)

for every j =1,...,n.
Finally, if P has only real roots, it is called real-rooted.

In fact, every real-rooted polynomial with positive coeficients is log-concave
and then is so unimodal [4]. Moreover, since the works of Brenti in 2000 [§]
(see also [31]), he gave a following important lemma.
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Lemma 1 ([8]). Suppose that A,(z,q) are the family of polynomials which
are defined by the recursion relation as follows:

Apnia1(z,q9) = (nz+ @) An_1(z,q) + 2(1 — z)diZAn_l(z, q) (2.7)

for any n € N with the initial condition Ay(z,¢) = z . Then the polynomials
A, (z,q) have only real nonpositive simple roots for any ¢ € Q and ¢ > 0.
In particular, these polynomials are log-concave and unimodal.

We will not send Brenti’s proof for Lemma 1 in here. Interested readers
can find it from [8]. We will use that techniques to prove a more generally
results as follows:

Lemma 2. Suppose that P,(z,q) are the family of polynomials which are
defined by the recursion relation as follows:

Pun(z0) = (000 + )Pac(5,0) + 20— 2) - Paa(zia)  (28)

where a,, > 0 for any n € N and Fy(z, q) satisfies the following conditions:
(i) 0is a root of Py(z,q), i.e., Py(0,q) = 0.
(ii) Py(z,q) has only real nonpositive simple roots.
If the leading coefficient of P,(z,q) is positive for every n € N then the
polynomials P,(z,q) have only real nonpositive simple roots for any g € Q
and qg > 0.

Proof of Lemma 2: We will continue this proof by the induction on
n € N and reuse Brenti’s technique in the proof of Lemma 1 in [8]. From
our from our induction hypothesis, Py(z, ¢) has only real nonpositive simple
roots. The lemma is clearly true for n = 0. Suppose that

a1 <&i2<...<&<&=0

be the roots of P,_1(z,q) where d is the degree of P,(z,q). From Rolle’s
theorem, the polynomial P, ,(z,q) has only simple real roots, denoted by
Vg_o9 < ... < 11. Moreover, we also get

fd_l<Vd_2<£d_2<...fd_2<...<§3<I/2<£2<V1<£1:O.

Recall that the leading coefficient of P, _(2) are positive. Then it is easily
seen that

(=1 P, 1(vj) >0, Vj=1,2,...,d -2, (2.9)



and
(=1 P (&) >0,¥j=1,2,....,d—1. (2.10)
Given o = _4 < 0. If a < vy then there is an index ¢ such that 2 <7 <
an
d—1 and
v, < a< v
where we denote that 141 = —oo. Since the equations (2.18), (2.9) and
(2.10), we obtain that
(—1)"Pu(a,q) > 0, (2.11)
| >0 if j=1,...,i—2
(~1)Pu(vy) >0 i j=i-1 (2.12)
<0 if i<j<d-1
(1Y P.(&,9) >0, Vj=1,...,d— 1. (2.13)

In here, we denote that P,(—o0,q) = lim P,(z,q). Then we get
Z——00

and
Pn(gj,q)Pn(VﬁQ) <0, V]:Z—f‘]_,,d—]_ (215)

The equations (2.14) and (2.15) prove that there are the numbers A; €
(&j31,v4), Vi =1,...,i—2and B; € (v},§), Vj =i+ 1,...,d — 1 which
are the roots of P,(z,q).

On the other hand, from the equation (2.11), (2.12) and (2.13), it is easily
seen that the polynomial P,(z, q) has aroot A,y € (v;, M) and another root
B; € (N,v;) with M = min(¢;,a) and N = max(§;, «). In fact, the roots
Ay, ... A4, B;,..., By are distinct since P,(§;,q) # 0 by (2.8) for any
j=2,...,d—1. In addition, since P,(0,q) = 0 by (2.8), it implies that
this polynomial has d real nonpositive simple roots.

For the case o > 1/, we must recall some following base concepts.

Definition 2. Given two nonzero real-rooted polynomials f, g € R[x]. Sup-
pose that the roots of f are ay < ... < «,, and the roots of g are
beta; < ... < B,,. We say that f alternates left of g, denoted by f <« g, if
and only if m = n and

<< <. <an < B (2.16)
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In 1992, Wagner proved the important result as in the following lemma
36].

Lemma 3. [36] Let f,g € R[z| be standard, real-rooted, and with f < g.
Then for all a,b > 0, one has [ < af + bg < g.

Complete the proof of Lemma 2: If a > vy, then [a,z + q] P.(2,q)
alternates left of z(1 — 2)P/_;(z,q). And then, as a directly consequence
of Lemma 3, P,(z,q) has d real nonpositive simple roots. The proof is
completed now.

At the moment, we will start to prove Theorem 2.

Proof of Theorem 2: For any r > 0, setting now

P50 (2) = 244 . (2) (2.17)

for any s1,...,s. € N. Since P, (2) = Ay, .. (2) +zA, _, (2) and the

77777

equation (2.2), we obtain that

P81+1,---787-(z) = [(31 +.oo s+ 1)Z +r— 1] P&,---,Sr(z) + Z(l - Z)Pgl,...,sr (Z>a
(2.18)

for any s1,...,s, € N.

For this proof, we will proceed by the induction on r € N*.

For r = 1, the theorem is a direct consequence of Lemma 1.

Fixe r > 1. Suppose that the result is true for any k& < r, .e., the polyno-
mial Py, g (%) has only real nonpositive simple roots for every si,...,s; €
N.

Fixe the sequence of indices ss,...,s, € N. For any s; € N, it is easily
seen that the polynomial Py, g, (z) is a polynomial of degree s; + ...+ s,
(by (2.18)) such that Py, s, (0) = 0. Note that

Posy....sr (Z) = xAO,Sz.--,Sr(z) = xAS2..-,5r (Z) = Ps,...s, (Z>

Then by our induction hypothesis, P, s (2) has only real nonpositive
simple roots. Furthermore, the leading coefficient of P, (z) is positive.
Thus the polynomial P, (z) has only real nonpositive simple roots for
all s1,89,...,s., € N by Lemma 2. This implies that Ag,
real negative simple roots and then it is unimodal and log-concave because

s,(z) has only

-----

its coefficients are positive for all s1,s9,...,5s, € N.
The proof is completed now.
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Ezample 2. The polynomial A g2(z) = 2% 4+ 62 + 3, has 2 real roots.
The polynomial A;;9(2) = 23 + 152% + 262 + 6 has 3 real roots.
By the computer, the polynomial

Az 4(z) = 2% +1272° + 14582" + 36542° + 24292% + 387z + 8,
has 6 real roots oy € (—115; —114), ag € (—10;-9), ag € (—3;-2), ay €

(—1; —1), as € (—1 ——) and ag € (——;0).

2 2" 10 10’
3. SOME APPLICATIONS

3.1. A relationship between the multiple Eulerian polynomials and

the harmonic sums. Remark that, for any sq,...,s, € N, the function
Lii,,  _s(2) . ) . . . .
i—r(> is an analytic function of unity disc |z| < 1. Moreover, its
— 2
Taylor expansion at z = 0 is that
Li_ 7“.’,ST<Z) N
T =Y Hooo(N)2Y, 2] <1 (3.1)

N>0

where the coefficient® H_,, _ (N) is defined by

Hfsl,.A.,fs,«(N) = Z n‘il A nff”, VN € N.

N>ni>nz...>n>0

Proposition 1. Given s1,...,5. € Nandn € Nsuchthat 0 <n <s;+...+
s — 1. We get

. n S1+...8 +r i .
=0

Proof. Since the equation (3.1), we get

r

< N
(1 o Z)Sl+~~~+5r+7'+1 Asl,...,sr (Z) - Z H_517~~~7_5T<N)Z .
N>0
Note that
Hfslr--»*Sr(N) = 0
SFor any s1,...,$, € Z, the numbers
1 ,
H51 ..... ST(N) = Z WaNGN
N>ni>nsz...>n,.>0 o
define an arithmetic function which is also called the harmonic sum at (sg,...,s,) [3, 10,

23].
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for any N € N such that 0 < N < r. Thus

Agp(2) = (L2 PP TH L (N)NT
N>r
s1+...+sp+r+1
S1+...+s.+r+1
— —1)" H,s s n
S (T e S

n=0

oo
= E 2"
n=0

where for any n € N,

s1+...+s +r+1
1

we Y

min(n,s1+...4+sr+r+1) <
=0

)(—1>Z’H_sl ..... Co(n—itr).

On the other hand, A, (2) is a polynomial of degree sy + ...+ s, — 1
Hence
s+t +r+1 , ,
Ugy sp = < ! : )(—l)lH_s1 ..... s (n—1+7)
=0 ¢
foranyn=0,...,s1+...+ s, — 1. O

Example 3. Given
4 _4 3 .3 2 2 1 0

Using Proposition 1, we get

a3y = i(?)(—l)iH_z_g,(G—i)

1=0
- 70H,27,3(2) - 56H72,73<3> + 28H,2’,3(4) - 8H,2,,3<5> + H72,73(6>
3
8 ; .
a;g - Z (2) (—1)'H_2,5(5 — )
1=0

- —56H,2’,3(2) + 28H,27,3(3> - 8H,2’,3(4> + H,2’73(5)

a3 = Z (f) (—=1)'H_5 _3(4 —i) =28H 5 _3(2) —8H 5 _3(3) + H 5 _3(4)

8

. (—=1)'H_5 _3(3 —i) = —8H_5 _3(2) + H_5 _3(3)

Q

r —

o

I
VR

o |

=0

ayy = (8) (—=1)'H_5 _3(2 —i) = H_5_3(2).

- 1
=0
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Remark that

N(N —1)(N +1)(30N* + 35N% — 33N% — 35N + 2)
840

And then H_,_5(2) = 4, H_p_4(3) = 85, H_p_5(4) = 661, H_p_4(5) = 3161

and H_5 _3(6) = 11261. It implies that

H_,_5(N) =

, N eN.

0 _go ol _ra. 22 2. 3 _99 o4 _
Ay =45 ay53="953; a33=93; ay53=29; ay5=1.

Hence
Ags(2) = 2" +292° + 9322 + 532 + 4.
In fact, from the proof of Proposition 1, we also obtain that

Corollary 4. Let sq1,...,s, be the non-negative integers. For any n > s; +
oot s+ 1+ 1, we get

s1+...+sp+r

. 1 , )

Z (Sl+ +,S T )(—1)’H_s1 ..... (51t s —i+2r)=0

i=0 g

and

s1+...+s5 +r+1
)

2

S1+...+sr+r+1 <
=0

) (—1)'H_,..—s, (n—i+7) =0.

3.2. The strong uniqueness polynomials for L—functions. Suppose
that F is a subset of meromorphic functions. Recall that a polynomial
P(z) is called a strong uniqueness polynomial for F [2, 24] if for any two
non-constant meromorphic functions f, g € F, then

(P(f) =cP(g); c#0) = (f=9). (3-2)

In particular, P(z) is called a uniqueness polynomial if for any two non-
constant meromorphic functions f, g € F, then

(P(f) = P(g)) = (f =9). (3-3)

Theorem 3 ([24]). Let P(z) be a polynomial satisfying P(1)P’(1) # 0. Then
P(z) is a strong uniqueness polynomial for L—functions.

Note that the coefficients of Ay,
N. Thus A,, . (1)A.

77777

.....

CIp

Corollary 5. For any sy, ...,s, € N, the polynomial Ay,

.....

uniqueness polynomial for L—functions.
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Given f to be a meromorphic function in C and a € CU{oo}. We denote
by E(a) the set of a—points of f counted with its multiplicities. Moreover,
for any nonempty subset S of C U {oo}, set that

5,(8) = | (o). (3.4)
acs
And then, the subset S is called a unique range set, counting multiplicities
for F if for any f,g € F then

(Ef(S) = Ey(S)) = (f = 9)- (3.5)
Thank so much the works of authors in [24] who sent to the important
results about the set of roots of a strong uniqueness polynomial.

Theorem 4. ([24]) Let P(z) be a uniqueness polynomial for L—functions
satisfying that P(z) has no multiple zeros and P(1) # 0. Then the zero set
of P(z) is a unique range set for L—functions, counting multiplicities.

As an immediate consequence of Corollary 5, Theorem 2 and Theorem 4,
we obtain that

Proposition 2. For any sq1,...,s, € N, the set of roots of the polynomial
Ag, s, (2) is unique range set, counting multiplicities for L—functions.

3.3. Polyzetas at non-positive integer multiple indices. In the gen-

eral case, for any sq,...,s, € C, the polylogarithm at (si,...,s,) is defined
by’
: z"
Lis, . (2) = Z S e 2] <1 (3.6)
ni'...nsr
ny>...>n.,>0
and the polyzeta at (si1,...,s,) is defined by [1, 10, 11]:
1
((s1, )= > ST (3.7)
niy>...>n,>0

The convergent domain H,. [13, 38] of the series in (3.7) is well-defined as ®
Hr={(s1,...,8) €C"| Re(s1)+...+Re(spy) >m;¥Vm=1,...,r}.
For any (s1,...,$,) € H,, by a theorem of Abel, we get
llig Lis, 5. (2) = C(s15- .-, 8p). (3.8)

In fact, the polylogarithms are defined on the unit disc |z| < 1 and they are extended
as a meromorphism functions on C by continuation.
8In here, Re(z) is the real part of complex number z.
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However, the equation (3.8) is no more valid in the divergent cases which
require the renormalization of the corresponding divergent polyzetas. This
problem has been studied by Hoang Ngoc Minh [20, 21, 22], L. Gou [18], K.
Matsumoto [13] or D. Manchon [26],...

In this section, we would like to regularize the value of polyzetas at non-
positive integer multi-indices by applying the properties of multiple Eulerian
polynomials. The history is started by the works of Euler when he described
a method of computing values of the zeta function at negative integers® [17].
The technique used the function

Co(k) = i ﬂ = — Lix(-1), Vk € Z.
n=1 nk ,
This looks not too different from ((k), but has the advantage as an alter-
nating series of converging for all positive k. For k > 1,

Gak) = (1 = 2"7F)¢ (k).

Note that
, 2 A(2)
Li_x(z) = = |z| < 1; keN.
Hence, taking z = —1,
: Ap(=1)
Ll_k(—l) = —W,

and then, we obtain that
1 Ak(—1)
k) = T (k) = g -

,Vk € N.

Like a progression in the method of Euler, we extend the fucntion (s for
the multivariate case. Setting now

€2(817‘..,sr) = Z (S_li

1 s
n{ ... nr
ni>no>...>n,>0 1 T

for any » € N* and sq,...,s, € Z. Then it is easily seen that

Gl s =— Y U

1 ..enyr
ny>ng>...>n, >0 r

9n fact, Euler introduced the Eulerian polynomials in an attempt to evaluate the
Dirichlet eta function at —1,—2,... and this led him to conjecture the functional equa-
tion of the eta function (which immediately implies the functional equation of the zeta
function). Recently, this technique was also used by C. S. Ryoo in his works about the
Euler Zeta Function [30].
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for any s1,...,s, € Z. In particular, for si,...,s, € N, note that
: z"
Llfsl ..... 757‘(2) = (1 o Z)Sl+~~-+3r+7" ASI ~~~~~ Sr (Z)7

. (_1)r+1
CQ(_SM SRR _5r> == Llfs1 ..... fsr(_l) = WASI ..... ST(_l)' (39>

On the other hand, for any s1,...,s, € Z, we also get

= (1)
CZ(Sla---asr‘): Z —31H52 ..... sr<n1_1)'

ni=1 nl
Hence
=2
C(s1y.-0y8r) — Cals1,..0,8) = Z WHSQ,...,ST(M —1)
ni=1

- 21_51<(817 787")7
or

1

C(Sla"'7sr) - mCQ(Sh"')ST) (31())

for any s1,...,s, € Z.

From the formulas (3.9) and (3.10), we obtain a formula in the type of
Euler which includes the polyzeta at the non-positive integer multi-indices.

Proposition 3. For any sq,...,s, € N and r € N*, we get

(=1)"
(=81, —8r) = Qstt st (sl — 1)‘481 ----- s (=1).
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Ezample 4.

(D = g = g

(-2 = A1) =0,

(-8 = gAY = 1

(1) = A1) =0,

6-5) = g A(D) =~
(-1-2) = g =~
(29 = g Al = o
((=3,-4) = 23+4+§(_2?fl_1)A3,4<—1>=—%,

(=32 = gt A1) =~
(202 = A = 55
(-1 I

((=2,-2,-2) = 9224243 (9241 1)‘42,2,2(_1) = T3y

REFERENCES

[1] S. Akiyama, S. Egami, Y. Tanigawa, Analytic continuation of multiple zeta-functions
and their values at non-positive integers, Acta Arithmetica, 98 (2), pp. 107-116,
2001.

[2] Ta Thi Hoai An, Julie Tzu-Yueh Wang, Unique range sets and uniqueness polynomi-
als for algebraic curves, Transactions of the American mathematical society, 39(3),
pp- 937-964, 2007.

[3] F. Beukers, E. Calabi, J. Kolk, Sums of generalized harmonic series and volumes,
Nieuw Arch. v. Wiskunde, 11, pp. 217-224, 1993.

[4] P. Brandén, Unimodality, log-concavity, real-rootedness and beyond, In Handbook
of Enumerative Combinatorics, Chapman and Hall/CRC, 2015.

[5] P. Brandén, M. Leander, Multivariate P-Eulerian polynomials, preprint, 2016.

[6] P. Brandén, Counterexamples to the Neggers-Stanley conjecture, Electronic Re-
search Announcements of the American Mathematical Society, 10, pp. 155-158,
2004.



18
(7]
8]
[9]

[10]

23]
[24]
[25]

[26]

F. Brenti, Log-concave and unimodal sequences in algebra, combinatorics, and geom-
etry: an update, Contemporary Mathematics for Electronics, 178, pp. 71-89, 1994.
F. Brenti, A Class of q—Symmetric Functions Arising from Plethysm, Journal of
Combinatorial Theory, Series A 91, pp. 137-170, 2000.

L. Carlitz, A Combinatorial Property of Fulerian Numbers, American Mathematical
Monthly, 82, pp. 51-54, 1975.

G.H.E. Duchamp, V. Hoang Ngoc Minh, Ngo Quoc Hoan , Harmonic sums and
polylogarithms at negative multi-indices , Journal of Symbolic Computation, 83, pp.
166-186, 2017.

G.H.E. Duchamp, V. Hoang Ngoc Minh, Ngo Quoc Hoan , Kleene stars of the plane,
polylogarithms and symmetries, Theoretical Computer Science, 800, pp. 52-72, 2019.
G. Frobenius, Uber die Bernoulli’sehen zahlen und die FEuler’schen polynome,
Sitzungsberichte der Koniglich Preussischen Akademie der Wis-senschaften, zweiter
Halbband, 1910.

H. Furusho, Y. Komori, K. Matsumoto, H. Tsumura, Desingularization of multiple
zeta-functions of generalized Hurwitz-Lerch type, 2014.

Dominique Foata, Marcel Paul Schutzenberger, Théorie Géométrique des Polynomes
Eulériens, Lecture Notes in Mathematics, Berlin, Springer Verlag, 138, 1970.
Dominique Foata, Fulerian Polynomial: From FEuler’s Time to the Present, The
Legacy of Alladi Ramakrishnan in the Mathematical Sciences, Springer Sci-
ence+Business Media, pp. 253-273, LLC 2010.

L. Euler, Institutiones calculi differentialis cum eius usu in analysi finitorum ac Doc-
trina serierum, Academiae Imperialis Scientiarum Petropolitanae, St. Petersbourg,
Chapter VII, 1755.

L. Euler, Remarques sur un beau rapport entre les séries des puissances tant directes
que réciproques, Mémoires de ’académie des sciences de Berlin, 17, pp. 83-106. 1768.
L. Guo, B. Zhang, Renormalization of multiple zeta values, Journal of Algebra, 319,
pp. 3770-3809, 2008.

Arnost J. J. Heidrich, On the Factorization of Eulerian Polynomials, Journal of
number theory, 18, pp. 157-168, 1984.

V. Hoang Ngoc Minh, Algebraic combinatoric aspects of asymptotic analysis of non-
linear dynamical system with singular inputs, in Acta Academiae Aboensis, Serie B,
67(2), 117-126, 2007.

V. Hoang Ngoc Minh, Structure of polyzetas and Lyndon words, Vietnam Journal of
Mathematics, 41 (4), pp. 409-450, 2013.

V. Hoang Ngoc Minh, Finite polyzétas, Poly-Bernoulli numbers, identities of
polyzétas and noncommutative rational power series, Proc. of 4th International Con-
ference on Words, pp. 232-250, 2003.

M. E. Hoffman, Multiple harmonic series, Pacific Journal of Mathematics, 152(2),
pp- 275-290, 1992.

Ha Huy Khoai, Vu Hoai An, Determining an L—function in the extended Selberg
class by its preimages of subsets, The Ramanujan Journal, 58, pp. 253-267; 2022.
Min So Kim, On Fuler numbers, polynomials and related p-adic integrals, Journal of
Number Theory, 129, pp. 2166-2179, 2009.

D. Manchon, S. Paycha, Nested sums of symbols and renormalised multiple zeta
functions, International Mathematics Research Notices, 24, pp. 4628-4697, 2010.



[27]

[28]

19

K. Matsumoto, On the analytic continuation of various multiple zeta-functions, In:
Bennett, M.A., et al. (Eds.), Number Theory for the Millennium II, Proc. Millennial
Conf. on Number Theory, A. K. Peters, pp. 417-440, 2002.

T. K. Petersen, Fulerian Numbers, Birkhauser Advanced Texts Basler Lehrbucher,
Springer, New York, 2015.

B. Riemann, Ueber die Anzahl der Primzahlen unter einer gegebemen Gr osse,
Monatsberichte der Berliner Akademie, 1859.

C.S. Ryoo, Analytic Continuation of Fuler Polynomials and the Euler Zeta Function,
Discrete Dynamics in Nature and Society, Article ID 568129, 6 pages, 2014.
Shi-Mei Ma, Yi Wang, g-eulerian polynomials and polynomials with only real zeros,
The Electronic Journal of Combinatorics, 15(1), 2008.

S. L. Sobolev, On the roots of Euler polynomials, Differential Equations and Nu-
merical Mathematics, Selected Papers Presented to a National Conference Held in
Novosibirsk, Chapter 7, pp. 49-68, 1982.

R. P. Stanley, Ordered structures and partitions, Memoirs of the American Mathe-
matical Society, 119(1), 1972.

J. R. Stembridge, Counterexamples to the poset conjectures of Neggers, Stanley,
and Stembridge, Transactions of the American Mathematical Society, 359, pp.
1115-1128, 2007.

D. G. Wagner, Enumeration of functions from posets to chains, European Journal
of Combinatorics, 13, pp. 313-324, 1992.

D. G. Wagner, Total positivity of Hadamard products, J. Math. Anal. Appl., 163,
pp- 459-483, 1992.

Tingyao Xiong, Hung-ping Tsao, Jonathan I. Hall, General Eulerian Numbers and
Eulerian Polynomials, Journal of Mathematics, 2013.

J. Zhao, Analytic continuation of multiple zeta functions, Proceedings of the Amer-
ican Mathematical Society, 128 (5), pp. 1275-1283, 2000.

INSTITUTE OF MATHEMATICS, VIETNAM ACADEMY OF SCIENCE AND TECHNOLOGY,
18 HoANG Quoc VIET RoAD, CAU Giay DisTrICT, 10307 HANOI, VIETNAM
Email address: tthan@math.ac.vn

SCHOOL OF APPLIED MATHEMATICS AND INFORMATICS, HANOI UNIVERSITY OF
SCIENCE AND TECHNOLOGY, 1, DAt Co VIET, HA1 BA TRUNG, HA Noi, VIET NAM
Email address: hoan.ngoquoc@hust.edu.vn



