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Abstract

We prove several quantitative stability estimates for solutions of complex Monge-
Ampere equations when both the cohomology class and the prescribed singularity vary.
In a broad sense, our results fit well into the study of degeneration of families of special
Kéahler metrics. The key mechanism in our method is the pluripotential theory in the
space of potentials of finite lower energy.
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1 Introduction

Let (X,w) be a compact Kdhler manifold of dimension n and let « be a big cohomology
(1,1)-class in X. Let # be a closed smooth real (1, 1)-form in « and let i be a non-pluripolar
finite measure on X. Consider the complex Monge-Ampere equation

Oy = 1, 1.1

where v is a 6-psh function, and 6,, := dd“u + 6, and the left-hand side of (1.1) denotes the
non-pluripolar self-product of 6, (see [1, 7, 33, 65]). By monotonicity of non-pluripolar
products (see [15, 65, 66]), if (1.1) has a solution, then it is necessary that u(X) < vol(«a),
where vol(«) denotes the volume of the big class &. When p(X) = vol(a), the equation
(1.1) admits a unique solution by [7, 8, 22, 40, 69], and this solution is of minimal singu-
larity in « if p is sufficiently regular (for example, ; has a LP (p > 1) density with respect
to a smooth volume form on X).

One expects that the regularity of solutions agrees well with that of the measure p.
This expectation is true at least for the following two classes of extreme regularities. The
first one is the class of measures which are Holder continuous as a linear functional on the
space PSHy(X,w) of w-psh functions u with [, uw" = 0 endowed with L'-metric (we call
such measures Holder continuous ones). The second one is the class of measures of finite
lower energy (i.e, non-pluripolar measures). These two classes are important because they
are two regularities governing the range of measures where (1.1) is solvable (within the
framework of the theory of non-pluripolar products of currents). We refer to [18, 24, 26,
31, 45, 43, 49, 51, 52, 57, 62, 63] and references therein for more informations in the
setting where p(X) = vol(«).

Consider now the case where the mass of y is not necessarily equal to vol(«), i.e, where
w1(X) < vol(a). In this case one can still solve (1.1) by putting it in the context of prescribed
singularity. We need several notions. Denote by PSH(X, #) the set of #-psh functions. Let
ui,uz € PSH(X,#). Recall that u; is more singular than wus if u; < ug + O(1), and w; is of
the same singularity type as us if u; — uo is bounded.

Let ¢ € PSH(X,0) such that ¢ < 0 and [ 03 > 0. Denote by PSH(X, 6, ¢) the set of
f-psh functions u with u < ¢. Note that it is slightly different from the usual definition of
PSH(X, 0, ¢) in which w is only required to be more singular than ¢. This difference is not
essential. We say that ¢ is a model 6-psh function (see [15, 53]) if ¢ = Py[¢] and fX 9; >0,
where

Pyl¢] := (sup{y € PSH(X,0) : ¢ < 0,9 < ¢+ O(1)})".



The function FPy[¢] is called a roof-top envelope in [15]. By [15], the function Py[u| is a
model one for every v € PSH(X,#) with [, 6 > 0, and for every u € PSH(X, 6, ¢) with
[x 0% = [x 07 we have Py[u] = Pp[¢].

Let ¢ be now a model #-psh function. Let 1 be a non-pluripolar measure with u(X) =
Jx 0. We want to solve the equation

(ddu + 0)" = p, (1.2)

for u € PSH(X, 0, ¢) and sup y (u—¢) = 0. We note that since ¢ is a model, if u € PSH(X, 0)
such that v < 0 and v < ¢ + O(1), then u < ¢, and supy(u — ¢) = supy u. Thus the
normalization condition sup y (u — ¢) = 0 can be rewritten as supy u = 0.

The hypothesis that ¢ is model is a minimal requirement so that (1.2) is solvable in
a meaningful way; see [15] for an explanation about the nature of this assumption. Let
£(X,0,0) be the set of u € PSH(X, 0, ¢) such that [, 67 = [ 0. By [16] (or [15, 31]),
the equation (1.2) admits a unique solution in £(X, 0, ¢), and if ;1 has L? density then the
solution is of the same singularity type as ¢. Furthermore a characterization of the class of
measures ¢ where (1.2) admits a solution of finite pluricomplex energy was given in [31].

A #-singularity type (in «) is an equivalence class of #-psh functions of the same singu-
larity type. The space of §-singularity types is denoted by S(6)(or S(«) when € is clear from
the context). A natural pseudo-metric ds( in S(0) was introduced in [17]. We refer to
Section 4 for a recap of this pseudodistance. A model §-singularity type is by definition the
class of a model #-psh function. By [15, Theorem 1.3], every model #-singularity type con-
tains a unique model #-psh function. Hence there is a 1-1 correspondence between model
f-singularity types and model -psh functions. For u € PSH(X, 6), we denote by [u]y (or
simply [u] when 6 is clear) the #-singularity type of u. To ease the notation we will denote
by ds(g)(u,v) the distance dg(g)([u]g, [v]y).

In Proposition 4.3 (in Section 4), we push further the study of metrics on the space of
singularity types by observing that if we embed S(6) into a bigger space S(#') for ¢ > 6
(notice that ¢’ is not necessarily in the cohomology class of ), then the pseudodistance ds
is actually comparable with that induced by dgs ). This allows us to compare singularity
types in different cohomology classes without changing the nature of the distance dg ). By
this we will sometimes ignore 6 and only write ds. In view of the resolution of (1.2), we
are led to the following natural stability question. We fix a ¥°-norm on the space of smooth
(1,1)-forms on X.

Problem 1.1. Let 61,0, be closed smooth real (1,1)-forms on X. Let ¢; be model 6;-psh
functions and p; be a non-pluripolar measure of mass equal to [ ng for j = 1,2. Let u;
be the solution of (1.2) for pj, ¢; for j = 1,2. Compare u, with uy in terms of ds(¢1, ¢2),
|01 — 02|40, and a suitable distance between i1, i2?

Here by ds(¢1, ¢2), we mean dg(a.)(¢1,$2), where A is a big constant so that §; <
Aw for j = 1,2. As discussed above, the condition that dg(4.)(¢1,¢$2) converges to 0 is
independent of the choice of A. To get motivated about the above problem, let’s consider
the following simple situation. Let («;); be a sequence of cohomology Kahler (1, 1)-classes
converging to a big class a, as j — oco. We know that there exists a unique closed positive



(1,1)-current Tj € «; such that T} = vol(a;)w"/ [y w™. One thus asks further: what can
we say about the convergence of the sequence (7});? Even when a is also Kéhler, it seems
that known methods are not sufficient to deal with such a question.

We will develop in this paper a quite satisfactory method to treat the above stability
problem. The emphasis of our approach is the quantitative point of view. As it will be clear
later, even when one is only interested in obtaining qualitative stability as in the above
simplified situation (with varied cohomology classes), it is still essential in proofs to obtain
beforehand quantitative stability estimates. To be more precise, one of the main protagonists
in our work is a quantitative stability for solutions to (1.2) of finite lower energy in the setting
where the cohomology class and the prescribed singularity are fixed, i.e, where 6 and ¢ are
fixed. To our best knowledge, no such estimate was established in the literature. Consider
in the simplest setting when # = w and ¢ = 0, and let u; = (dd“u; +w)" be a non-pluripolar
measure of mass equal to [, w™ and supy u; = 0 for j = 1,2. If 41 = po, then it is well-
known that u; = us by [22]. However there has been no available result comparing u, us
when p1, uo are close to each other. This is due to the fact that arguments in [22] (and in
other known proofs of this uniqueness property, see ([7, 15, 22, 49]) are non-quantitative.

In another aspect, the stability of solutions when the cohomology class varies is closely
related to the question of degenerations of special Kdhler metrics on manifolds, or more
generally, families of Kahler-Einstein metrics. There is rich literature on this topic; see for
example [19, 38, 37, 55, 54, 58]. We would like to stress that although in some typical
model of degenerations of Ricci flat Kdhler metric an optimal local ¥>° convergence of
potentials (i.e, solutions) on some Zariski open subset of the ambient manifold was obtained
in [38, 37, 55, 54], it seems that the global convergence of potentials (solutions) has not
been well-studied. Our work fits well into this research direction.

The first stability result for varied prescribed singularities, which is not quantitative,
was given in [17, Theorem 1.4]. Previously there were several stability results in the fixed
prescribed singularity setting in the literature: some are quantitative and some are not. We
refer to [2, 6, 23, 42, 44, 34, 49, 63] and references therein for more details. Key tech-
nical tools to obtain quantitative stability has been so far (variants of) Kotodziej’s capacity
method ([42]) and an integration by parts arguments originally in [6]. All of these cited
results require the measures in the right-hand side of the Monge-Ampére equations to be
sufficiently regular (to be more precise, measures must be at least the Monge-Ampere of
6-psh functions in £'(X, 9)).

Finally, we underline that our interest in the stability of solutions also comes from com-
plex dynamics because equilibrium measures associated to holomorphic dynamical systems
are, in many important cases, natural Monge-Ampere measures; see [27, 30]. Stability
of solutions of (1.1) is hence relevant to the bifurcation theory of these holomorphic dy-
namical systems (see [5]). We also refer [56] for a recent application of Monge-Ampere
equations to dynamical systems and vice versa.

Statement of main results. The first main result of this paper is the following non-
quantitative stability theorem:

Theorem 1.2. Let (6;) jenuoo} be a sequence of closed smooth real (1,1)-forms in X such that



0; — O in 6 topology as j — oco. Let ¢; be a model 0;-psh function for j € NU {co} such
that
ds(¢j, o) — 0

as j — oc. Let u; be a non-pluripolar measure on X such that
i (X) = / (dd°¢; + 05)"
X
for every j and pj — oo in the mass norm. Let u; be the 0-psh function satisfying
(dduj +0;)" = pj, s;p(uj —¢j)=0

for j € NU {oo}. Then uj; — u in capacity as j — oo.

Here by ds(¢;, #o) we mean the pseudodistance dg(4.,) between the (Aw)-singularity
types of ¢; and ¢, where A > 0 is a big enough constant such that 6; < Aw for every j.
The property ds(¢;, ¢c) — 0 is independent of the choice of A. Moreover, as mentioned
above when 0; is equal to a fixed ¢, the pseudometric ds 4, is comparable with dgg).

Theorem 1.2 considerably extends [34, Proposition A] (which treats the case where
the cohomology class is fixed, (¢;); is constant and of minimal singularity types, and only
the convergence in L' was obtained) and [17, Theorem 1.4] which treats the case where
again the cohomology class is fixed, and 1; has LP density with respect to w"; see also [21,
Theorem 2.14] for a particular version of Theorem 1.2. The assumption that p; has LP
density is crucial in the plurisubharmonic envelope approach in [17, Theorem 1.4]. It is
well-known that it is not possible to have u; — u in L' if u; only converges weakly to jio
in general (see [9, 34] and references therein for examples).

For every Borel set E' in X, recall that the capacity of F is given by

cap(E) = cap,,(F) := sup / wy.
{wePSH(X,w):0<w<1} JE

We usually remove the subscript w from cap,, if w is clear from the context. There are
generalizations of capacity in big cohomology classes, many of them are comparable; see
Theorem 3.17 below and [47]. Recall that a sequence of Borel functions (u;); is said
to converge to a Borel function u in capacity if for every constant ¢ > 0, we have that
cap({|u; — u| > €}) converges to 0 as j — oo. The convergence in capacity is of great
importance in pluripotential theory in part because it implies the convergence of Monge-
Ampére operators under reasonable circumstances. To study quantitatively the convergence
in capacity, it is convenient to introduce the following distance function on PSH(X, w):

deap(u,v) := sup / lu — 0‘1/2%
wePSH(X,w):0<w<1JX

for every u,v € PSH(X,w) (note that deap(u, v) < co thanks to the Chern-Levine-Nirenberg
inequality). The number 3 in the definition of dcap can be replaced by any constant in (0, 1).



One can see that for u;,u € PSH(X,w) for j € N, dcap(u;,u) — 0 if and only if |u; —u| — 0
in capacity.
For 6-psh functions u, v, we put

d@(U,’U) :2/ eglax{uv}_/ ‘93_/ 9:}
X ’ X X

The function dp is comparable to dg(g) (see Proposition 4.3). For quantitative estimates,
it is more convenient to use dy than ds). It is perhaps worth noting that our method to
prove the stability results below also implies that dc,p is bounded from above by a power of
dy for model #-potentials (see Proposition 4.12 for details).

Let W~ be the set of convex increasing functions x : R<g — R<q so that x(0) = 0

and y(—o0) = —oo. It follows from [7, Proposition 3.2] that for every non-positive #-psh
function u, there exists y € W~ and C > 0 such that
X

for every ¢ € PSH(X,w) with supy ¢ = 0. Theorem 1.2 is a consequence of the following
much stronger quantitative result:

Theorem 1.3. Let 6 be a closed smooth real (1, 1)-form such that 0 < Aw for a given constant
A>1. Let u € PSH(X,0) such that supy u =0and [, 0} :==0 > 0. Let B> Aand x € W~
with x(—1) = —1 such that

/ R < B,
X

for every v € PSH(X, (A + 1)w) with supy ¢ = 0. Let h(s) := (—x(—s))"/? for s < 0. Then,
for every constant 0 < v < 1, there exists a constant C' > 0 depending only on n, X,w and ~
such that

)
167 — npll + A™[6 —n

-

for every closed smooth real (1, 1)-form n < Aw and for each v € PSH(X,n) with supyx v = 0.

Here, we denote by || — /|| the mass norm of p — 1/. The condition that xy(—1) = —1
is merely a normalization one. For an arbitrary y € W~, we can consider x/|x(—1)| which
satisfies the last requirement. Theorem 1.3 says that under a very weak assumption on the
regularity of the Monge-Ampere of «, one can bound from above the distance dcap of u with
any other quasi-psh function v.

We now turn our attention to the class of Holder continuous measures whose definition
is recalled below. Let PSH(X,w) be the set of w-psh functions u with [, uw™ = 0. We
endow PSHy(X,w) with the L!(w") distance. Let ; be a measure on X such that quasi-
psh functions are u-integrable. We say that p is Holder continuous with Hélder constant A
and Holder exponent -y if it is so as a functional on PSHy(X,w), in other words, for every
U1, Uy € PSHQ(X, w), we have

/ lug — ug|dp < Allug — U2||zl(wn). 1.4
X



This notion was introduced in [26]. By expressing every w-psh function u as u = u —
[y uw™ + [ uw™, we deduce from (1.4) that

/X fur — usldp < (A + (X)) max{ffur — wgl| s o llur — w2l pomy} (15

for every w-psh function u,, uy. Clearly the last inequality also implies that x is Holder with
Hoélder exponent y and with Holder constant A(A + (X)), for some constant A depending
only on (X,w). Recall that a measure is Holder continuous if and only if it can be written as
(dd“u+w)™ for some Holder continuous w-psh function u on X; see [18, 26] and also [43].
We refer to these papers and [39, 46, 52, 62] for examples of Holder continuous measures.
Most basic examples are measures with P density or smooth volume forms of (immersed)
generic (real) Cauchy-Riemann submanifolds on X.

Recall that the set of Radon measures on X endowed with the weak topology is a metric
space with the distance dist_s for § € [0, c0) defined as follows: for measures p, 1/,

) (1.6)

dist_s(p, ') == sup | —p',0)
lvllps <1
where v is a smooth real-valued function on X (see [61, Theorem 6.9]). Note that dist_s
induces the same weak topology when ¢ > 0. When 6 = 0, it is the mass norm of p; — ps.
We also have the following interpolation inequality: for 0 < By < 1 < [,

Ba=B1 B1-6o
dist_p, < dist”% ™ dist”2 ™ . (1.7

We refer to [50, 59] for a proof (see also [62]). This kind of estimate is very important in
complex dynamics since the appearance of [29] where a more general version of (1.7) for
currents was introduced.

Our third main result is as follows:

Theorem 1.4. Let 61, 05 be closed smooth real (1,1)-forms and A be positive constant at least
1 such that 6; < Aw for j =1,2. Let 0 < § < 1and M > 1 be constants and u; € PSH(X, 6;)
(7 = 1,2) such that

supu; =0, / 0 >0,
X x
and p; := (0;+ddu;)" (j = 1,2) are Holder continuous measures on X with Holder exponent

B and with Holder constant M. Then, there exists a constant C' > 0 depending only on
n, X,w, A and M such that

—n—1

815 4110y — Osllego + dasryo (s, uz) )

where T := dist_1 (u1, u2).

By interpolation inequality (1.7), an analogous inequality also holds for dist_g in place
of dist_; for any constant 8 > 0. Our last main result is a generalization of Cegrell-
Kotodziej-Xing stability theorem ([9, 68]) which treated the case where § = w and ¢ = 0



(and only for the class of potentials of full Monge-Ampere mass). We also underline that
the original result in [9, 68] is non-quantitative and Theorem 1.5 already strengthens their
results in their setting.

Theorem 1.5. Let 61, 0 be closed smooth real (1,1)-forms and A be positive constant at least
1 such that 6; < Aw for j = 1,2. Let 0 < § < 1 and u; € PSH(X,¥6;) (j = 1,2) such that
supy u; = 0 and [y 0, = 6. Assume that there exists a Radon measure p on X such that p
vanishes on pluripolar sets and (0; + dd“u;)™ < p for j = 1,2. Then, there exists a continuous
increasing function f, : R>g — R>( depending only on n, X,w, A, § and p such that f(0) =0
and

dcap(ulau2)2 < f,u (diStfl(/Lla NQ) + H¢91 - 92
where p; := (6; + ddu;)" for j =1,2.

%0+ d(A—i—l)w(ulv UQ)) )

Theorem 1.5 implies particularly that for every model #-psh function ¢, the convergence
in capacity or in L' and the weak convergence of Monge-Ampere measures are equivalent
in the class of potentials in £(X, 6, ¢) whose Monge-Ampére measures are bounded from
above by a fixed non-pluripolar measure. This is more or less the original motivation of
Cegrell-Kotodziej in [9].

Finally we note that as an application of Theorem 1.5 or 1.4, one can recover a main
result in [17] that the pseudometric space of singularity types of volume bounded from
below by a fixed positive constant is complete, we refer to Remark 4.18 in the end of the
paper and Subsection 4.3 for details.

Key components in our method. As mentioned above the core of the method developed
in this paper is a solution to the quantitative stability for measures of lower energy in the
setting where the cohomology class and the prescribed singularity are fixed. We underline
that in what follows by convex weights we mean also bounded convex functions, although
such functions were not usually considered as weights. This point of view is the key al-
lowing us to treat the general setting when both the cohomology class and the prescribed
singularity of solution vary.

Let W~ be the set of convex, non-decreasing functions y : R<p — R<g such that x(0) =
0 and y # 0. Note that y can be bounded. Obviously W™ is contained in W~ Itis crucial in
our method that we consider also y € W~ which is bounded. Let M > 1 be a constant and
Wy, the usual space of increasing concave functions x : R<g — R<q such that x(0) = 0,
x Z 0, and |tx/(t)| < M|x(t)| for every ¢t < 0.

Let ¢ := [y 67. For x € W~ UWjy; and u € PSH(X, 6, ¢), let

B oolu) = =0 [ xtu=0)0;
which is called the (normalized) x-energy of u (with respect to 6, ¢). We denote
EX(Xv 0, qb) = {U € S(X’67¢) : Ex,9,¢(u) < 00}7

where £(X, 6, ¢) is the space of §-psh functions u < ¢ with [, 07 = [ 0. Certainly if x
is bounded, then &,(X,0,¢) = £(X,6,¢). We would like to point out however that our



method is not about the finiteness of E?( p,»(u) but estimating the size of that quantity. Thus
whether x is bounded or not does not make much difference for our later arguments. Put

Bevy=o [ w0 - e [ xo-w@; -
for u,v € £(X,0,¢). The factor ¢~! in the defining formulae for E , ,(u) and I} (u,v)
plays the role of a normalizing constant. In geometric applications it is important to treat
the case where p — 0, i.e, to obtain estimates uniformly as ¢ — 0 (here we allow 6 or its
cohomology class to vary).

Clearly if 0 = 6}, then I9(u,v) = 0. We will see later that each term in the sum
defining I g(u, v) is nonnegative. We recall that there is a natural (quasi-)metric on the space
Ey(X,0,¢) constructed in [12, 13, 36], and see [14, 20, 60, 67] as well. The functional
Ig(u, v) has an intimate relation with these quasi-metrics. We refer to the end of Section 3
for details on this connection. Here is the first key ingredient in our proof of main results.

Theorem 1.6. Let § be a closed smooth real (1,1)-form and ¢ be a negative 6-psh function
such that o = fxeg > 0. Let x,x € W~ UWJJ\} (M > 1) such that x < x. Let B> 1bea
constant and let uj,; € £(X, 0, ¢) satisfy u; < up and

E2 g o(u;) + E2 4 4(1) < B,

for j = 1,2. Then there exists a constant C,, > 0 depending only on n and M, and a continuous
increasing function f : R>o — R depending only on x, x such that f(0) = 0 and

/X —x(uy — ug) (0}, — 0}},) < CroB>f(I2(u1, ug)).

The following result is the second key which is a consequence of the first one.

Theorem 1.7. Let 6 be a closed smooth real (1, 1)—forlv/1, and let A > 1 be a constant such that
6 < Aw. Let ¢ be a model 0-psh function. Let x,x € W~ UW,; (M > 1) such that x < x. Let
B > 1 be a constant and uy,uz2,v € E(X, 0, ¢) with supx w1 = supy usg satisfy

Egﬁ,ab(“l) + E;%,e,¢(u2) + E2,9,¢(¢) <B.

Then, for every constant m > 0 and 0 < v < 1, there exist a constant C > 0 depending on
n, M, X,w, m and ~, and a function f as in Theorem 1.6 such that

/ —x (= Jur — uz|) 6}, < —ox (—A™) + CoB2 X7,
X

where X := f(I9(u1, uz)) and By, = AU=7/Cm)(B — 3(—A))(1 — x(-1)).

The condition supy u; = supy ug is simply a normalization one. By Theorem 1.7, one
sees in particular that if Ig(u1,u2) — 0, then |u; — ug| — 0 in LP for every p > 0. The
function f can be made explicitly; see Theorems 3.1 and 3.2 below for more elaborated
versions of these above results.



We note that the single theorem 1.6 contains the three important results in the pluripoten-
tial theory: the uniqueness of solutions of complex Monge-Ampeére equations, the domination
principle, and the comparison of capacities. We obtain indeed quantitative (hence stronger)
versions of these results for which we refer to Subsection 3.4. Readers also find there a
quantitative version of the fact that the convergence in Darvas’s metric in &, (X, 0, ¢) im-
plies the convergence in capacity. Notice that such an estimate seems to be not reachable
by using the usual plurisubharmonic envelope method.

The main novelty of Theorem 1.6 is that it deals with arbitrary weights. Similar state-
ments was already known for x(t) = ¢ (see [6, 34]). However the proof there only work
exclusively for this case. One should notice that the weight x(¢) = t is very special: it is
linear and lies in the middle between higher energy weights and lower energy weights. As
to the proof of Theorem 1.6, going up to the space of higher energy weights or going down
to the space of lower energy weights are equally difficult. We will explain this point in more
details in the paragraph after Theorem 1.8 below.

The key in the proof of Theorem 1.6 is Proposition 3.5 in Section 3 a simplified version
of which we state here for readers’ convenience.

Theorem 1.8. Let x, ¥ € W~ UW;, such that ¥ < x and x € €' (R). Let uy,uz, uz €
E(X,0,¢) such that u; < up and u; — ¢ is bounded (j = 1,2, 3), where ¢ is a negative 6-psh
function satisfying o := vol(6,) > 0. Then there exist a constant C,, > 0 depending only on n
and M, and a function f as in Theorem 1.6 such that

/ X/(ul — UQ)d(Ul — ’u,z) A dc(ul — UQ) A 93;1 < CngB2f([g(u1,u2)),
X

where B := Z?:1 max{E%gj(ﬁ(Uj)? 1}.

As far as we know, all of previous works related to Theorem 1.8 only concern with
x(t) = t. In this case, Theorem 1.8 was known with an explicit f and without y if ¢ is of
minimal singularity in the cohomology class of 6, by [6, 34].

The key ingredients in previous versions of Theorem 1.8 for x(¢) = t are integration
by parts arguments. Direct generalization of such reasoning immediately break down if
X # id: in a more precise but technical level, the integration by parts arguments give terms
like x'(u1 — u2)d(uy — us) A d°(uq — usg), such quantity is easy to bound if y = id (hence
X' = 1), but it is no longer the case if y # id.

In order to prove Theorem 1.8, we still use this strategy but need to use a so-called
“monotonicity argument” from [31, 65, 64] to deal with general y. In a nutshell it is about
using intensively the pluri-locality of Monge-Ampere operators together with the mono-
tonicity of pluricomplex energy which allow one to bound from above “Monge-Ampeére
quantities” of bad potentials by that of nicer potentials. This method is a flexible tool to
deal with “low regularity”, and was a key in the proof of the convexity of the class of
potentials of finite x-energy in [64], as well as, giving a characterization of the class of
Monge-Ampére measures with potentials of finite x-energy in [31]. Moreover in order to
deduce Theorem 1.7 from Theorem 1.6, we use, among other things, an idea from [34]
together with a very simple but crucial lower bound of the sublevel sets of w-psh functions;
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see Lemma 3.8 below. Such an estimate is of independent interest.

Organization of the paper. In Section 2, we recall the crucial integration by parts formula
from [64], auxiliary facts about weights are also collected there. Theorems 1.6, 1.7, and
1.8 are proved in Section 3. We prove Theorems 1.2, 1.3, 1.4 and 1.5 in Subsection 4.4.
Proposition 4.13 is proved at the end of the paper.

Acknowledgments. We would like to thank Vincent Guedj, Ahmed Zeriahi, Tamds Darvas,
Hoang Chinh Lu, Prakhar Gupta, and Tat Dat T6 for fruitful discussions.

2 Preliminaries

2.1 Integration by parts

In this subsection, we recall the integration by parts formula obtained in [64, Theorem
2.6]. This formula will play a key role in our proof of main results later.

Let X be a compact Kahler manifold. Let 77, ..., T}, be closed positive (1, 1)-currents on
X. Let T be a closed positive current of bi-degree (p, p) on X. The T-relative non-pluripolar
product </\’]7L:1Tj/'\T) is defined in a way similar to that of the usual non-pluripolar product
(see [65]). The product <A;”:1Tj/\T> is a closed positive current of bi-degree (m +p, m+p);
and the wedge product </\§n:1Tj AT) as an operator on currents is symmetric with respect to
T1,...,T,, and is homogeneous. In latter applications, we will only use the case where T
is the non-pluripolar product of some closed positive (1, 1)-currents, say, 7' = (T41 A=+ A
Tyn+1), where Tj is (1,1)-currents for m + 1 < j < m + (. In this case, (Ty A--- A T,,AT) is
simply equal to (/\;ﬂ:ﬁlTj) We usually remove the bracket ( ) in the non-pluripolar product
to ease the notation.

Recall that a dsh function on X is the difference of two quasi-plurisubharmonic (quasi-
psh for short) functions on X (see [28]). These functions are well-defined outside pluripo-
lar sets. Let v be a dsh function on X. Let 7" be a closed positive current on X. We say that
v is T-admissible if there exist quasi-psh functions ¢1, p2 such that v = ¢; — 9 and T has
no mass on {¢; = —oo} for j = 1,2. In particular, if 7" has no mass on pluripolar sets, then
every dsh function is T-admissible.

Assume now that v is T-admissible. Let o1, o be quasi-psh functions such that v =
¢1 — @2 and T has no mass on {¢; = —oo} for j = 1,2. Let

@ik = max{p;, —k}
forevery j = 1,2 and k € N. Put vy, := @1, — @a2. Put
Qp := dop, Advp AT = dd°vi AT — vpddvy, A T.

By the plurifine locality with respect to 7' ([65, Theorem 2.9]) applied to the right-hand
side of the last equality, we have

Lz (o>-k} @k = 1n2_ (g, >k} Ws @.1)

11



for every s > k. We say that (dv A d°vAT) is well-defined if the mass of 12 >k @ 1
;-

uniformly bounded on k. In this case, using (2.1) implies that there exists a positive current

@ on X such that for every bounded Borel form ® with compact support on X such that

<Q7(I)> <1ﬂ?:1{¢j>7k}ka(b>7

= lim

k—o00
and we define (dv A d°vAT) to be the current ). This agrees with the classical definition if
v is the difference of two bounded quasi-psh functions. One can check that this definition is
independent of the choice of 1, p2. By [64, Lemma 2.5], if v is bounded, then (dv Ad°vAT)
is well-defined.

Let w be another T-admissible dsh function. If 7" is of bi-degree (n — 1,n — 1), we can
also define the current (dv A d°wAT) by a similar procedure as above. More precisely, we
say (dv Ad°wAT) is well-defined if (dv Ad“vAT), {dw Ad°wAT), and {(d(v+w) Ad(v+w)AT)
are well-defined. In this case, as in the classical case of bounded potentials, the defining
formula for (dv A d°wAT) is obvious:

2(dv A d“wAT) = {d(v + w) A d(v + w)AT) — (dv A d“VAT) — (dw A d“wAT).

As above, if v, w are bounded T-admissible, then (dv A d“wAT) is well-defined and given by
the above formula. The following Cauchy-Schwarz inequality is clear from definition.

Lemma 2.1. Assume that (dv A d°wAT) is well-defined. Then for every positive Borel function
X, we have

/X x{dv A d“wAT) < (/X x{dv A d%/\T}) 2 < /X x{dw A dcw/\T>> 1/2.

We put
(dd“vAT) = (dd°p1AT) — (ddpa AT

which is independent of the choice of 1, p3. The following integration by parts formula is
crucial for us later.

Theorem 2.2. ([64, Theorem 2.6] or [31, Theorem 3.1]) Let T be a closed positive current
of bi-degree (n — 1,n — 1) on X. Let v,w be bounded T-admissible dsh functions on X. If
x : R = Ris a ¢ function then we have

/ X (w){dd“vAT) = / X" (w){dw A d“WAT) + / vx (w){(ddwAT)
X X b's
= —/ X (w){dw A dvAT). (2.2)
X
Since the case where 7' is a non-pluripolar product of (1, 1)-currents plays an important
role in the study of the complex Monge-Ampere equation, we present below an equivalent

natural way to define the current (dp A d°pAT) in this setting. It is just for the purpose of
clarification.

12



Lemma 2.3. Let uq,...,u, be negative psh functions on an open subset U in C™ such that
T := (dduy A+ - - ANddu,,) is well-defined. Let v be the difference of two bounded psh functions
onU. For k € N, put u;j := max{u;, —k} and

Ty = ddcul,k VANEEIWAN ddcum,k.

Then we have
dv ANdONT = dv Adv ATy

on N7 {u; > —k}.

Proof. Put
g = kY max{u; + - + up, —k} + 1.

Observe ¢ Ty, = ¥;T. Now regularizing v and using the continuity of Monge-Ampere
operators of bounded potentials, we obtain

Ydv ANdv AT = Ypdo A dv A Ty
Hence
dvoNdONT = dv A d°v ATy,

onU := Nt {u; > —k/(2m)} (for ¢ > 1/2 on U). Note that dv A d°v ATy = dv A d°v A
T /(2m) on U by the plurifine locality. Thus the desired assertion follows. This finishes the
proof. O]

Let T1,...,T,, be closed positive (1, 1)-currents on X. Let n := dim X. Consider now
T:=(ThN---ANTp,).

Note that 7" has no mass on pluripolar sets. Let (1,2 be negative quasi-psh function
on X. Let p;, (j = 1,2) be as before and v := ¢1 — ¢2. In the moment, we work
locally. Let U be an open small enough local chart (biholomorphic to a polydisk in C") in
X such that T = ddu; for j = 1,...,m, where u; is negative psh functions on U. Put
uj = max{u;, —k} for k € N, and

Ty := ddcuLk JAERIAY ddcum,k7 Q?g = dog A dv AT

Put Ay := ﬁ?zl{g)j > —k} N NJL{u; > —k}. By plurifine properties of Monge-Ampere
operators, we have

14, Q% = 14,Q
for every s > k. One can check that the condition that (14, Q})x is of mass bounded
uniformly (on compact subsets in U) in k is independent of the choice of potentials.

Proposition 2.4. The current 14, Q) is of mass bounded uniformly in k on compact subsets
in U for every U (small enough biholomorphic to a polydisk in C") if and only if the current
{(dv A d°vAT) is well-defined. In this case we have

{dv N d°vAT) = lem 14, Q- 2.3)
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Proof. By writing a smooth form of bi-degree (n — m — 1,n — m — 1) as the difference of
two smooth positive forms, we can assume without loss of generality that 7" is of bi-degree
(n —1,n — 1) (hence m = n — 1). Assume that (dv A d°vAT) is well-defined. We will
check that 1,4, Q). is of mass bounded uniformly in & on compact subsets in U. Let x be a
nonnegative smooth function compactly supported on U. Put

Yvi=p1+e2t+ur+ -+ U, Uk ::kflmax{q/),—k}—i—l.

and ¢j;, := max{yp;,—k} for 1 < j < 2. Observe that 0 < 1, < 1 and if ¢, > 0, then
p; > —kfor1 <j <2;and

Yp(x) > 1—s/k (2.4)

for every x € Aj/(;mq0) and 1 < s < k. Recall vy, := @11 — o Which is bounded (but
not necessarily uniformly in k). Observe that (dv A d°vAT) has no mass on pluripolar sets
because T is so (see for example [65, Lemma 2.1]). Put Q) := ¢, Q) = 14, Q}, By (2.4)
and Lemma 2.3, we have

(dv A d“vAT) = klirgo Yrpduog, A dv, AT (2.5)
= lim Ypdvg A dvp AT, = lim Qlkl
k—o0 k—oo

on U. On the other hand, by (2.4) again, we see that the claim that @} is of mass uniformly
bounded on compact subsets in U is equivalent to that 14, Q). is so. This together with
(2.5) yields the desired assertion.

Conversely, suppose now that 14, Q). is of mass bounded uniformly in k¥ on compact
subsets in U for every U. Thus there exists a positive current R on U such that 14, R =

14, Q) for every k and U. Set

Y= @1+ @2, Py =k! max{@, -k} + 1.
Let s € N with s > k. Observe
beR = PrapeR + (1 — Pp)ihsR.

The second term in the right-hand side of the last inequality tends to 0 (uniformly in s) be-
cause 1), converges pointwise to 1 outside a pluripolar set and R has no mass on pluripolar
sets. Using Lemma 2.3, we have

&kwsR = zl;kwsdvs A dcvs NTs
= Ypbsdvg A dvs AT = pipsdug A dvp AT,

here we used the plurifine topology properties with respect to 7' (see [65, Theorem 2.9]),
thanks to the fact that ;, = ¢, on {¢ # 0} for j = 1,2 (recall s > k), and they are
bounded psh functions. Letting s — oo gives

&kR = sz)klugn:l{uj>—oo}dvk Ndv NT = &kdvk ANdv AT

because the current dvy A d“vi, AT has no mass on pluripolar sets. Now letting k& — oo gives
the desired assertion. This finishes the proof. O
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Thanks to Proposition 2.4, we can use the right-hand side of (2.3) to define (dvAd°vAT)
in the case where T is the non-pluripolar product of some closed positive (1, 1)-currents.
By the same reason, in this case, we will use the expression dv A d°w ATy A ... AT, to
denote (dv A d“wA(Ty A --- A T,_1)) whenever it is well-defined.

2.2 Auxiliary facts on weights

In this subsection, we present some facts about weights needed for the proofs of main
results.

Recall that YW~ is the set of all convex, non-decreasing functions x : R<gp — R<( such
that x(0) = 0 and x # 0. Let M > 1 be a constant and W;, the usual space of increasing
concave functions x : R<g — R<q such that x(0) = 0, x # 0, and |tx/(¢)| < M|x(t)| for
every t < 0. We have the following lemmas.

Lemma 2.5. Let ¢ > 0, 0 < 6 < 1 and x : R — R such that x(t) = ct for every t > —§ and
Xl(=o0,0] € W- U W]\JZI (M > 1). Let g be a smooth radial cut-off function supported in [—1, 1]
onR, ie, g(t) =g(—t)fort e R, 0< g <1land [ g(t)dt = 1. Put gc(t) := € *g(et) for every
constant € > 0 and x. := X * g. (the convolution of x with g.). Then the following assertions
are true:

(1) if x € W, then Xel(—o0,0] € W~ forevery 0 < € < 6, xe \y x as € \, 0 and
sup(xe — x) < c6;

(i) if x € Wy and 0 < € < 6%/2 then x¢|(—s00) € WJ\+4/(1—5)' Moreover, if 0 < e < 6%/8
then

Xe = Xe(-+€) —cee W]T/[/(l_(s)Q, Xe > X — ce,

and X, converges uniformly to x as e — 0 on compact subsets in R.
Proof. The part (i) follows from [31, Lemma 2.1]. The part (i7) can be obtained more or less

by similar arguments as in the last reference. We provide details for readers’ convenience.
It is clear that x. is a concave, increasing function with x.(0) = 0. We will show that

(2.6)

for every t < 0 and 0 < € < §2/2.
Ift < —g then we have

‘ ¢ Mx(t—s)
! = "t — < AL NS < A
Xe(t) /_Ex(t 5)ge(s)ds < I ge(s)ds < T t+e

_ Mx.(t)

t+e¢
Mt xe(t)

< M x()

—1-6 t ’
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for every 0 < e < 62/2.
On the other hand, if ¢t > —g, then x.(t) = x(t) = ct for every 0 < ¢ < §2/2. As a

consequence, we have

X0 =) < POy xell)

Thus, (2.6) follows. Hence, xc|(—oo0] € Wf\}/(pa)-

Now, we consider X,. Since x is increasing, one sees that . > x — ce and X, con-
verges uniformly to x as ¢ — 0 on compact subsets in R. It remains to show that y, €
for every 0 < e < 6%/8. Note that

+
WM(1+5)/(175)
Xe = he * Ge,

where h¢(t) = x(t + €) — ce. The function X (¢) is concave, increasing and X + ¢(0) = 0.
If —§/2 <t <0 then h(t) = x(t) = ct for every 0 < € < §2/2. Therefore

W(t) = (0) < 2yl
t t
If t < —§/2 then
W) = (o) < mXEES Xt mce  ht) | ML h(Y)
t+e t+e t+e t+e t

M h(t)

<

“1-6 t '

for every 0 < e < 62/2.
Then, for every 0 < e < 62/2, we have h, € WAJZ/(I_&) and h. = ct for every t > —4§/2.
Hence, for every 0 < € < 62/8, we have

Yezhe*geéw—’_ M CW+1VI

(1-6)(1-46/2) (1-6)2
The proof is completed. O

Lemma 2.6. Let x, x € WU WAJ} (M > 1) such that ¥ < x. Then, there exist sequences of
functions x;,x; € W~ U W]\J}j (with M; ~, M as j — oo ) satisfying the following conditions:

* xj € €°(R) for every j;

* x; > xjand x; > x — 277 for every j big enough;

* Y —277 <x; < xon(—oc,—1] for every j big enough;
* x; converges uniformly to x on compact subsets in R<.

Proof. We split the proof into two cases.
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Case 1: y € W-.
For every j > 1, we denote

_ max{x(t), ¢t} if ¢t<0,
Xj(t) = .
Cjt if ¢ > 0,

where ‘
. —x(=27Y)
J 27]

Then Y; satisfies the hypothesis of Lemma 2.5 for § := 277. Let g be a smooth radial cut-off
function supported in [-1,1] on R, i.e, g(t) = g(—t) fort € R, 0 < g < 1and [, g(t)dt = 1.
For every j > 1, we define

Xj =Xj*gs-5—1 and x; = X.

By Lemma 2.5, we have x; and x; satisfy the desired conditions.

Case 2: y € W]\Z,
Since y > ¥, we also have { € W,,. Assume that g and c; are as in Case 1. For every j > 1,
we define
() = {min{x(t), city if t<0,
! cit if t>0,
and
Xi(t) = (G (- +4777 ) wgun)(t) — a7

We also denote x;(t) = min{x(¢), x;(¢)}. By Lemma 2.5, we have x; and yx; satisfy the
desired conditions. The proof is completed. O

Let ¢ be a negative 6-psh function. We denote by PSH(X, 6, ¢) the set of §-psh functions
u < ¢. Recall that by monotonicity, we always have [, 67 < [ 0, where for every 6-psh
function v, we put 6, := dd°v + 6. We also define by £(X, 0, ¢) the set of v € PSH(X, 0, ¢)
of full Monge-Ampere mass with respect to ¢, i.e, [ 0 = [ 05

Let x € W-uU WAJZI, and u € PSH(X, 6, ¢). We put

Eyo.6(u) = /X —x(u— @)or.

We also define by &£, (X, 0, ¢) the set of u € £(X, 0, ¢) with E, 4 4(u) < oco.

Lemma 2.7. Let x € W UWJ\J} and ui,u € £(X, 0, ¢). Then there exists a constant C; > 0
depending only on n and M such that

2
_ /X X = $)02, < C1 S By goluy),

Jj=1
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and

2
Eyo.6(au + (1 —a))uz < C1 ) Eypoluy),
j=1
for every 0 < a < 1. Furthermore if uy > uo, then

Ey g0(u1) < CoEy g 9(u2),

for some constant Cy depending only on n and M.

Proof. The first and third inequalities are from [31, Lemma 3.2] (see also [33, Propositions
2.3, 2.5] for the case where ¢ = 0 and 6 is a Kéhler form). The second desired inequality
was implicitly proved in the proof of convexity of finite energy classes in [64, Proposition
3.3] (in a much broader context). Alternatively one can use properties of envelopes in [15]
to get the same conclusion. We prove here the second desired inequality using ideas from
[64] for readers’ convenience.

Considering u; — € for ¢ > 0 instead of u;, and taking ¢ — 0 later, without loss of
generality, we can assume that u; < ¢ < 0 for j = 1.2. By replacing u;, 6 by u; — ¢, 0,
respectively, we can assume that ¢ = 0, but 6 is no longer a smooth form but a closed
positive (1,1)-current. This change causes no trouble for us. Let v := au; + (1 — a)us.
Observe that X C {u; < u2} U{u; > 2us}. Hence

Eyo(v) < / )+ / ()
{ur1<ug} {u1>2us}

[ e [ e
{ur1<uz} {u1>2uz2}

/ o (wn)fk A / (2 — a/2)uz)6E, A G
{ur1<uz} {u1>2u2}

IN

IA
s M:

< / X0, ATt
P {u1<u2} {u1,u2}
k+1 k n—k
/{u1 >2us} - X(UQ)emaX{ul/Zuz} A Oy,
k n—k k k n—k
S < Ul 0 Hmax{ul,uQ} —+ 2 +1 /)( _X(u2)9max{u1/2,uz} A\ 9u2 >

E?‘

vo(ur) + By g(max{ui, (u1 + u2)/2}) + Ey o(u2) + Ey g(max{ui /4 + uz/2,us})
5 EX,H(UI) + EX,G(Uz),

where the two last estimates hold due to the first and third inequalities of the lemma. This
finishes the proof. O

Lemma 2.8. Let y,x € W- U W]\J} such that x < x and let uj,ug,...,un+1 € E(X,0,0).
Denote p := vol(). Then there exists a constant C' > 0 depending only on n and M such that

- /X X(e(tr = @)y A oo ABuy < C Bo(1— %(~1))Qo(e),
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forevery 0 < € < 1, where

et
B =1+maxicj<pt1 Egoe(uj)/o and  Qo(e) :=supy<_q) @

X(t)
Proof. Let L be the left-hand side of the desired inequality. We have

< —/ (e(ur = )y A oo N b, — / N(e(tr = 6))0uy A oo A B,
(w161} {ur<é-1)

< —x(—€)o— Qo(e)/ X(u1 = @)0uy Ao Ny,
{u1<¢p—1}
< —000(F(=1) — Qo(e) /X)Z(ul )y A A

< —0Qo(OX(~1) + CQole)

Jnax | Ego.0(uj),

where C' > 0 depends only on n and M. The last estimate holds due to Lemma 2.7. Thus
the desired inequality follows. O

By the convexity/concavity and by the assumption y < y, we have

{Qo(e) > eQo(1) if xeW, 27

Qo(e) < eQo(1) if x e Wy,

for every 0 < ¢ < 1. Moreover, if y € W~ and x(t)/x(t) — 0 as t — —oo, then by the
definition of )y, we also have

—— 0. (2.8)

Qol9) < ™t ety X(0)

Let uy,up € (X, 0, ), and v := max{u,us}. Put
v(ur, uz) = x(=lur — uz|)(0y, — 03,),

and

I (u1,ug) ::/ V(U1,’LL2)+/ V(ug,ul):/ I/(ul,v)—i-/ v(ug,v). (2.9)
{U1<ug} {U1>ug} X X

Proposition 2.9. Let y € W U W;\}. Let ¢ is a negative 0-psh function and wui,us €
Ey(X,0,¢). Then
Ix(ul,u2) Z 0.
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Proof. Denote u = 0;;, — 0, . Since y is absolutely continuous, we have  is differentiable
almost everywhere and —x(¢) = fto X'(s)ds for every ¢t < 0. Hence

0
/ v(uy,ug) = / </ X’(t)dt) du
{u1<uz} {ur1<uz} uL—u2
0
= —/ </ X/(t>1{u1<ug+t}dt> dp
{u1<ua} —0o0

__ /0 X (Opfur < ug + thdt.

— 00

Moreover, it follows from [16, Lemma 2.3] that u{u; < ug + ¢t} < 0 for every ¢t < 0. Hence

0
/ v(uy, ug) = —/ X () pfur < ug +t}dt > 0.
{ur1<uz} —c0

Similarly, we have

/ v(ug,uy) > 0.
{ua<u1}

I (ur,ug) = / v(uy,ug) +/ v(ug,u1) > 0.
{u1<”LL2} {U2<U1}

Thus

O
3 Stability estimates for fixed singularity type
3.1 Main results
Let y,x € W— U WJ\JQ (M > 1) such that y < . For each constant ¢ > 0, we denote
1 if t>1,
Q) = Qui(t) = (Qo(t)/Qo(l))1/2 if 0<t<1l and ye€ VNV_, 3B.1)

t12 if 0<t<1 and xEWAt[,
lim,_,o+ Q(s) if t=0.

where @) is defined as in Lemma 2.8. We remove the subscript x, x from @, 3 if x, x are
clear from the context. Note that () is increasing continuous function in ¢ and

Q(0) =0 ifeither x,x¢€ WAZ or lim @ = 0. (3.2)

t——00 X(t)

Now, we state the main results of this section. For the convenience, we normalize
energies with respect to o := [ Gg as follows

EQpp =0 "Expg Iy(u1,uz) = 0" L(ur, ua).
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Theorem 3.1. Let 0 be a closed smooth real (1,1)-form and ¢ be a negative 6-psh function
such that o := vol(4) > 0. Let x,x € W~ U Wj(/[ (M > 1) such that x < x. Let B > 1be a
constant and let uj,; € £(X, 0, ¢) satisfy u; < up and

ES . o(us) + EL 4 4(1h;) < B,

for j = 1,2. Then there exists a constant C,, > 0 depending only on n and M such that
/X —x(u1 = u2) (0}, — 03,) < CroB?(1 = X(=1))*Q°" (I (u1, uz)), (3.3)

where @) is defined by (3.1), and Q°" := Qo Q o --- o Q (n-iterate of Q).

Since the measure ¢, — 6 is not positive, we need the following consequence of the
above theorem for later applications on stability estimates.

Theorem 3.2. Let 6 be a closed smooth real (1,1)-form and ¢ be a negative 6-psh function such
that ¢ = Py[¢], 0 := vol(f,) > 0 and 6 < Aw for some constant A > 1. Let x,x € W~ UW5;
(M > 1) such that x < x. Let B > 1 be a constant and uy, u2, v € £(X, 0, ¢) satisfying

BY g s(ur) + By 4 (u2) + By 4(4) < B,

for j = 1,2. Then, for every constant m > 0 and 0 < ~ < 1, there exists a constant C > 0
depending on n, M, X,w, m and ~ such that

/X —x (= [u1 — ua]) 6} < —ox (=lar — ag| = A™) + CoA'/™(B — (= 4))*(1 — x(—1))*\,
where a;j :=supy u; and A = QO”(IQ(ul,uQ)).

3.2 Proof of Theorem 3.1

Here is the first step in the proof of Theorem 3.1.

Lemma 3.3. If Theorem 3.1 holds for w;,1; of the same singularity type as ¢, then it holds
for the general case.

Proof. Let u;,v; (j = 1,2) be as in the statement of Theorem 3.1. For every k£ > 0, we
denote u;j := max{u;,¢ — k} and ¢, = max{v;,¢ — k}. By Lemma 2.7, there exists a
constant C'; > 0 depending only on n and M such that

ED g s(ujn) + ES g s (1) < C1B,

for ; = 1,2 and for every k& > 0. Therefore, by the assumption, there exists a constant
Cy > 0 depending only on n and M such that

/X —x(uik — u2k) (O, , — 04, ) < C20B*(1 — X(—1))2Q°™ (1% (w1, ua i),
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for every k,l > 0. Letting [ — oo and using [17, Theorem 2.2], we get

/ —X(urk — uz ) (05, — 02,) < C20B%(1 — X(—1))2Q°"™ (12 (w1, ua i) 3.4
X
for every k > 0. We will show that
I (ur,ug) = lim I, (ug g, ug k). (3.5)
k—o0
Denote
f=x(u —u2) (03, —0y,),  fr = x(uik —u2p)(0r,, —Ou, )
We have
I (w1 g, ua ) :/ fk::/ fk+/ i
X {u1>¢—k} {u1<o—k}
[ s+ a
{u1>¢—k} {u1<¢—k}
= I, (u1,u2) —/ f+/ Tk
{u1<¢—k} {u1<¢—k}
Then

R - Kol =| [ fe [ g
{u1<é—Fk} {u1<o—k}
< / et / (g — s ) (07 6 )
(w1 <¢—k} {u1<¢—k} ’ ’

< / et / (=R 0 ),
{u1<¢—k} {u1<o—k} 7 ’

where p = —x(u1 — ¢)(0}, +60;,). By Lemma 2.7, we have [, ;i < oco. Then it follows from
Lebesgue’s dominated convergence theorem that limy_, || <ok} 1 = 0. Therefore,

lim sup |7, (s, s p) — Iy (101, uz)] < Timsup / (RO ). (3.6)
{u1<¢p—k} ’ 7

k—o0 k—o0

By the fact that

/ 031,1@ :/ Hﬁl,k :/ 9:;’ 1{u1§¢—k}93j,k = 1{U1S¢—k}93j (] = 172)7
X X X

we have

Gl IR AR Rl IR O E R Y,
{u1<¢—k} 7 ’ {u1<o—k} {u1<¢p—k}

By using (3.6), (3.7) and the fact limy_, f{ul<¢7k} u = 0, we get (3.5). Now, combining
(3.4) and (3.5), we obtain a

/X X — ) (6, — 67,) < CooB>(1 — X(~1))2Q°™ (1%, us)).

The proof is completed. O]
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Lemma 3.4. Let M > 1 and x,¥ € W~ U Wy, such that ¥ < x and x € €'(R). Let
UL, U2, ..., Unt2 € E(X,0,¢) such that uy < up and u; — ¢ is bounded (j = 1,2,...,n + 2),
where ¢ is a negative 0-psh function satisfying o := vol(64) > 0. Denote

T=0u, N NOyp oy, 1= ’/ X (w1 — ug)d(uy — ug) Ad(uy —us) AT,
X

and
J = / X (u1 — u2)d(up — ug) Ad(up —ug) AT.
X

Then there exists C' > 0 depending only on n and M such that

I <CoB(1—-x(-1))Q(J/0),

where B := Z?if max{E? ; ,(u;),1} and Q is defined by (3.1).

Clearly if y € W~, then the above constant C does not depend on M.

Proof. In this proof, we use the symbols < and > for inequalities modulo a constant de-
pending only on n and M. By Theorem 2.2 and Lemma 2.7, we have

I= ’/ —x(un — u2)dd (= u3) AT| 5 0B = 0BQ(1).
X

Therefore, without loss of generality, we can assume that J/o < 1. Approximating us by
ug — 0 with § \, 0, we can assume that ug < ¢ on X.
For each 0 < € < 1/2 we denote

U(e) = {ur —ug < e(ug +ug — 2¢)}, V(e) = {us —ug > e(ug +us — 2¢)},
and I'(e) = {u1 —ug2 = e(u1 + uz — 2¢)}. Since I'(e1) N '(e2) = () for every e; # €2 (note
uz < ¢), we have
/ d(u1 — U3) A dc(ul — U3> AT =0, (3.8)
I(e)

for almost everywhere € € (0,1/2).
Let 0 < e < 1/2 be a constant satisfying (3.8). To simplify the notation, from now on,
we write U, V, T for U(e), V (€),I'(e) respectively. Denote

- U] + €ug -
U] = ———, U9 = max
1+e€

u2+eu;),’ (1 —€)ug + 2 and G — i
1+e 1+4+¢€
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Then ¢ := (u; —u2) = (1 + €)@ on U. Hence

I= /X—X(go)ddc(ul—ug)/\T‘
< /U—X(SO)ddc(ul—u:a)/\T’Jr /X\U —X(p)dd(ur —uz) AT
<| [ -xta+ 9@t - a1 +| [ X 0 AT

(1 + €)@)dd" (ur — uz) A T‘ .

IA
S

/ (et + s — 26))(Bur + uy) AT
X\U

=0 + Iy,

where in the last inequality we used the fact that x is increasing and ¢ > e(u; +ug —2¢) on

X\U. By Lemma 2.7, we have E x 0.6 <u1 + u3> < B. Therefore, it follows from Lemma
2.8 that
+ -
I <2 /X —x (26 (“1 . s ¢>> Oty sup 2 AT S Bo(1— X(=1))Qo(20).  (3.9)

In order to estimate I, we divide it into two terms

I < ‘/ 1—|—6 dd(ul—U3)/\T'+

/ (14 O@)dd(us — ug) AT
X\U

= 13 —+ I4.

Note that 41 — @2 = €(u1 +us —2¢)/(1 +¢) on X \ U. Hence

L < / (14 @) (Buy + 8uy) AT < / (e(us + w3 — 26))(Buy + 0uy) AT
X\U X\U

Using Lemma 2.8 again, we get

14 < Bo(1 = x(=1))Qo(2e). (3.10)

Using integration by parts, we have

13:(1—|—€)

/X X (14 €)@)dp A dS(ur —us) AT .

Moreover, by Cauchy-Schwarz inequality and by the choice of ¢ (see (3.8)), we get
[ X +995 A — ) AT =0,

Hence

Iy =(1+¢)

/ Y (14 )@)dp A d(up —us) AT| < (14 €)(Islg)'/? (3.1D)
Uuv
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where
Is = / X/((l + e)@)d(ul — U3) A dc(ul — U3) AT,
Uuv
and

Is = X((1+€)p)dp ANd°@AT.
Uuv

Since (1 + €)@ < e(uy + us — 2¢), if x € W~ (hence \’ is nonnegative and increasing on
Rgo) then

QSA%MM+W—%WMrWQNﬂm—WMT
:;ﬁx%mu+m—2@mwy—@Ad%u—@AT
4 /X ¥ (elur + us — 20))d(us — 6) Ad°(us — $) AT
< /X X' (e(ur — @))d(ur — ) ANd°(ur — @) AT + /X X (e(ug — @))d(uz — ¢) Ad°(us — @) AT
=e! / x(e(ur — ¢))dd(u1 — @) AT + e / x(e(uz — ¢))dd®(uz — ¢) AT
X X
< Bo(1— X(=1))' Qo (),

where the last estimate holds due to Lemma 2.8.
Denote vy := (u1 + 2u3)/3 and vy := (2u; + u3)/3. Since

(1—|—€)(1~L1—1~JJ2)Z’UJ1—|—U3—2¢), ul—U3:—(1}1—’U2)/3,

one sees that if y € W}, (hence x’ is nonnegative and decreasing in R<() then
Is < / X/((U1 + us — 2¢))d(u1 — U3) A dC(U1 — ’U,3) AT
X
< / X ((u1 +uz = 29))(d(v1 — ¢) Ad*(v1 = @) + d(v2 — §) Ad*(v2 = ¢)) AT
X

< / X' (3(v1 — @))d(vy — @) Nd(vy — ¢) AT + / X' (3(v2 — @))d(vy — @) Nd(va — @) AT
X X

1

= g /X _X(B(Ul - ¢))ddc(vl - ¢) AT + ;A _X(S(U2 _ Qb))ddc(vz . (Z)) AT

</—wml¢M%+%MT+A;WMr¢M%+%MT

<3M/ 0v1+9¢)/\T+3M/ X(va — @) (0y, +0s) AT
< Bo,

where the two last estimates hold due to Lemma 2.7 and the fact

3t 7 3t
10g(—x(3t))—10g(—x(t)):/t i((j))dsg t %ds:Mlog&
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for every x € W]t[ and ¢t < 0. Combining the estimates in both cases, we obtain

€ 2
Iy < Bo(1 — (—1) A, (3.12)

€

where we used the inequality Q(e) > €'/2 if y € W~. Now, we estimate Jg. Since U,V are
open in the plurifine topology and

p on U

a+99-{

e(up +us —2p) on V

we have
16:/X’((1+e)¢)d¢Adc¢/\T+/ X'((1+e)@)dp ANd°p AT
U 174

=(1+ 6)72 /U X' (p)dp ANd°o AT
L
(1+e)?

<J+ 62/ X' (e(u1 4 uz — 2¢))d(u1 +uz — 2¢) Ad°(ur +uz — 29) AT
X

/ X (e(uy +usz — 2p))d(uy +ug — 2¢) Ad°(uy +uz —20) AT
1%

=J+ 6/X —x(e(ur + us — 2¢))dd(uy +ug — 2¢) A T.
Therefore, it follows from Lemma 2.8 that
Is S J+ Bo(l — x(—1))eQo(2¢). (3.13)
Combining (3.9), (3.11), (3.10), (3.12) and (3.13), we get

I<h+L<I3+14+ 1
S(Is16) P + I+ I
S (Bo(l = X(=1))e1)"* Q(e) + Bo(1 = X(~1))eQ(20)".
Letting € \, J/(20) (and e satisfies (3.8)), we obtain
I'S Bo(1—x(—1))Q(J/ ).
The proof is completed. O

Proposition 3.5. Let x, ¥ € W~ U Wi, such that ¥ < x and x € €'(R). Let u1,us,us €
E(X,0,¢) such that uy < ug and u; — ¢ is bounded (j = 1,2, 3), where ¢ is a negative 0-psh
function satisfying o := vol(6,) > 0. Then there exists a constant C,, > 0 depending only on n
and M such that

/X X (u1 — ug)d(ur — up) Ad(ur — up) A Ot < CroB?(1 — X(—1))2Q°" Y (12 (u1, u2)),
(3.149)

where B :=Y"?_ max{E2 ; ,(u;),1} and Q is defined by (3.1).
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Proof. Let

n—1
pi=u —up, T:= ZG{A NG

j=1

and
Tk,l = (951 VAN 9&2 VAN egk;kilfl, LkJ = / X/(cp)d(p A dctp VAN Tk,l'
X
Observe
032 — 0y, = —dd‘e\NT

and

Lip-1-k < / X (p)do ANdo AT = oI (ur,uz) (3.15)
X
by integration by parts. We now prove by inverse induction on m := k + [ that
Lyt < ConoB?(1 = %(—1))Q° "+ D(I2(u, up)), (3.16)

for some constant C,,,, > 1 depending only on m,n and M. The desired assertion (3.14)
is the case where k£ = [ = 0. In what follows we use the symbols < and > for inequalities
modulo a constant depending only on n and M. We have checked (3.16) for k +1 =n — 1.
Suppose that (3.16) holds for k +1 = m with 0 < m < n — 1. We will verify it for Lj_, 4,
where k + [ =m and k > 1. The case Lj;_; is done similarly.

Denote Sy_1,; = 081 A0, A0 7F~1=1 Then

Ly_1)— Ly, = / X' (p)de A d°o A dd(ug — ur) A Sk—1,-
X

Using integration by parts, we have
Li1y— Ly, = / —x(p)dd(¢) N dd(uz — u1) A\ Sk-1,
X
= / —x(p)dd (ug — u1) ATy — / —x(p)dd(uz — u1) A T—141
X X

= /X X' (p)de A d(ug —ur) ATy — /X X' (p)de Ad(ug — ur) A Th—1,41

Therefore, it follows from Lemma 3.4 that
Li—10— Ly S 0B(1 = xX(—1)) (Q(Lky/0) + Q(Lr—141/0)) -
Hence, by using the inductive hypothesis, we get
Li-13 S 0B*(1 = X(=1)*Q°" ™) (19 (un, us))
+0B(1 = X(=1)Q (Conn B2 (1 = (=1)?Q°" ) (11, u2))
< 0oB(1 = X(=1)*Q°" ™ (I (u1, u2)).

Here we use the fact Q(t1) < (t1/t2)"/2Q(t2) for every t; > t5 > 0 (see Lemma 3.6).
Thus, (3.16) holds for Lj_; ;. This finishes the proof. O
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(Q®))?
t

Lemma 3.6. The function h(t) = is non-increasing in Rx.

Proof. If x € W, then we have

TS
h(t)y=<Xt -
1 if 0<t<l,
is a non-increasing function. -
We consider the case y € W~. We have
1
; if t>1,
Pt =\ Qo(t)
0 .
if 0<t<l1.
tQo(1)

It is clear that h is decreasing in [1, c0). We need to show that % is non-increasing in (0, 1).
Since x is convex, we have
x(his) _ x(t29)
t1s —  tas

for every 0 < t2 < t; < 1 and s < 0. Dividing both sides of the last estimate by x(s)/s, we
get

x(t1s) _ x(t2s)

tix(s) = tax(s)

Taking the supremum of both sides, we obtain

Qo(t1) x(t15) X(t2s)  Qol(t2)
t ssgu—pl t1x(s) = ssguPl tax(s)

Then h(t;) < h(t2). Hence, h is non-increasing in (0, 1). The proof is completed. O

End of the proof of Theorem 3.1. By Lemma 3.3 and Lemma 2.6, the problem is reduced to
the case where x € ¢ (R) and u;,¢; are of the same singularity type as ¢.
Let L be the left-hand side of the desired inequality. We have

L= /X X1 — u2)(6, — 07,) — /X X — ua) (0, — 07,

= / —x(u1 — u2)dd“(1 —ur) NTh —/ —x(u1 — u2)dd (2 —u1) ATz
X X

= L1 — Lo,

where T; = Zlnz_ol %j A 97’}1_1_1. Using integration by parts and Lemma 3.4, we get
L1 = / X’(u1 — uQ)d(ul — UQ) A dc(lﬁl — ul) ATy
X

< ChoB(1 —x(-1))Q (g_l /X X (u1 — uo)d(ur — ug) A d(uy —us) A T1> ,
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where C; > 0 depends only on n and M. Moreover, it follows from Proposition 3.5 that

gl/ X (u1 — ug)d(ur — up) Ad*(ur —up) ATy < CoB*(1— %(—1))2Q°" ™Y (12 (us, u2))
X

where C5 > 1 depends only on n and M. Then

Ly < C30B*(1 — x(—1))2Q°" (I3 (u1,u2)) ,

where C3 > 0 depends only on n and M. Here we use the fact Q(t1) < (t1/t2)'/?Q(t2) for
every t1 > to > 0.
By the same arguments, we also have

—Ly < CyoB?(1 — X(—1))Q" (I%(u1, u2))

where Cy > 0 depends only on n and M.
Hence

L=11—-1y< (03 + 04)‘(_)32(1 — X(—l))onn (Ig(ul, UQ)) .

The proof is completed. O

3.3 Proof of Theorem 3.2

Recall that for every Borel set E in X, we define

capy 4(F) = sup{/EGZ: h € PSH(X,0), ¢—1 ghg(;s}_

The following is an improvement of results from [16, 15] (see also [7, 41]).

Theorem 3.7. Let A > 1 be a constant and let 0 be a closed smooth real (1,1)-form such
that § < Aw. Let ¢ € PSH(X,0) and 0 < f € LP(X) for some constant p > 1 such that
¢ = Plpland 0 < [y fu™ = [ 0} := 0. Assume u € £(X,0,¢) satisfies supx(u — ¢) = 0
and 67! = fdV. Then, there exists a constant C' > 1 depending only on X,w,n and p such that

u>¢—CA(logl fvol,(X)/olrr +logA+1), (3.17)

where vol,(X) := [, w" and q = p%l

By Holder inequalities, one sees that

1= /X ];wn < |If/ellrr (volu(X))?,

and then log || f vol,(X)?/o||r» > 0.

29



Proof. Without loss of generality, we can assume that vol,,(X) = 1. Recall that there exists
a constant v > 0 depending only on X, w such that

/ exp (/) w" < C2,
X

for every i) € PSH(X,w) with supy ¢ = 0, where Cj > 0 is a constant depending only on
X and w. Consequently, one gets

/ exp (—/(Av)) w" < C2,
X

for every ¢» € PSH(X,0) C PSH(X, Aw) with supy ¢ = 0. By the same arguments as in
the proof of [15, Proposition 4.30] (use [16, Lemma 3.9] instead of [15, Lemma 4.9]), we

have y
n 1 [capys(E)\ ™"
< _ 9
/Ew < Cyexp ( 5 Ay < 0 ,

for every Borel set £ C X. Therefore, by the Holder inequality and the fact e=1/t < m!lt™
for every m € N and every t > 0, there exists Ay > 0 depending only on X, w,n and p such
that

1/q E)2
o o= [ <ol ([o) " < awisgoln TS Gag
E E E 0

for every Borel set E C X, where 1/p + 1/q = 1. On the other hand, denoting b = (Avq)~!
and By = (Cy)'/9, we have

1/q
o [ oy < s/l ( / e—bqw) < Bollf/ellir, (3.19)
X X

for every w € PSH(X, ) with supy w = 0.
For every h € PSH(X,0) with ¢ — 1 < h < ¢, foreach 0 <¢ <1 and s > 0, we have

t" O < (etypith < Ou

{u<¢p—t—s} {u<(1—t)p+th—s} {u<(1-t)p+th—s}
< [ e
{u<o—s}

where the third estimate holds due to the comparison principle [16, Lemma 2.3]. Then

t" cap¢(u <p—t—s)< / 0., (3.20)
{u<p—s}

for every 0 <t <1, s > 0. Therefore, it follows from (3.18) that

t" o lcapy(u < ¢ —t —s) < Ay o cap,(u < ¢ — s),
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where A; = AgA*"||f/ol|L». Putting g(s) = o~ '/"cap,(u < ¢ — 5)!/", the above inequality
becomes
ot +5) < A"g(s)%

Hence, it follows from [32, Lemma 2.4 and Remark 2.5] that if g(s¢) < 1/ (2A1/ ") then
g(s) = 0 for all s > sy + 2. Moreover, by (3.20) and the condition (3.19), we have

g($+1)n < Q_l / ‘93 < Q—l/eb((b—u—s)gﬁ < B1 e—bs7
{u<p—s} X
for every s > 0, where By = By||f/o||zr- Then g(s + 1) < 1/(2Ai/n) provided that

log 2 + log A log B
>n0g —bkog 1+Ogb 1

Hence ¢(s) = 0 for every

S nlog?2 + log Ay . log B;

A
§2 b b T

Thus

log2 +log A1 log B

+14) = o Cutog |f/ols ~ G
where C = % = 2vgA and

nlog2 + log Ag + log By + 2nlog A
b
=4+ 2vq(nlog2 + log Ay + log By + 2nlog A) A.

Co=4+

The proof is finished. O

Lemma 3.8. There exists a constant C' > 0 depending only on n, X and w such that for every
u € PSH(X,w) satisfying supx u = 0 and for every constant 0 < t < 1, one has

/ W > O™, (3.21)
{u>—t}

Proof. Let (Uj, ;)72 such that U; C X are open, ¢; : 4B — U; are biholomorphic and
U7 ¢;(B) = X (where B is the open unit ball in C"), and there is a smooth psh function
p; in U; such that ddp; = w for 1 < j < m. Denote

C, = sup sup||V(pjoej)l.
1<j<m 2B
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Assume u(zp) = 0. Then there exists 1 < jo < m such that zp € ¢;,(B). Denote
wo = @5 (20), U(w) = w0 jo(w) and plw) = pj, © @jo(w) — pjy © @jo(wo). By the plurisub-
harmonicity of u + p, for every ¢t > 0 and 0 < r < 1, we have

1
@+ P)dVan
volcn (rB) /T]B(u—l—p) Ve

1
< Cpr+ ——- / udVan
rB

0= (@ +7)(wo) <

ConTm
t
< Cpr ~ T on d‘/Qn
ConT rBn{a<—t}
t
<Cpr—t+ 5 / dVay,
ConT" JrBn{a>—t}

it
<Cpr—t+ anvolw({u > —t}),

where cg,, = volcn (B) and C,, > 0 is a constant depending only on n, X, w. It follows that

vol, ({u > —1}) > ZZ < - Cz”") .

Hence, for every 0 < t < 1, by choosing r = we have

t
17C,>
vol,({u > —t}) > Ct*",

where C = o +1Cp)2”+1 depends only on n, X and w. O

End of the proof of Theorem 3.2. Without loss of generality, we can assume that u; < wus.
Denote W; = {u; > a; —t} for 0 < ¢ < 1. We have

/ —x(u1 —ug)w" < / —x(u1 — ag)w" < =byx(ar —az — t), (3.22)
Wt Wt

where b, := vol(W,).
It follows from Lemma 3.8 that W; # (). Moreover,

¢ 2n
b ::/ w" >4 <>
t v, 2

where C; > 0 is a constant depending only on n, X and w. By [16, Theorem A] (see also
[31, Theorem 3]), there exists a unique ¢ € £(X, 0, ¢) with supy (¢ — ¢) = 0 such that

(3.23)

mn Q n
950 = Ethw .
It follows from Theorem 3.7 that
¢ —CrA(—logt+logA+1)<p <o, (3.24)
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for some constant C; > 1 depending only on n, X and w. Thus, we have

_ Ae\M
EY5(0) < —X(Ca A(—logt +log A+ 1)) < —Cs <log t) X(—A4),

where C'5 > 0 depends only on n, X,w and M.
Hence, it follows from Theorem 3.1 that

o gmy < Oy (1og 2 2MB V—ANZ(1 — v(—1)2\,  (3.25)
[ xt - weg - < Cu (1067 ) (B R-APO RO G

where \ = QO(")(IQ(ul, ug)) and Cy > 0 depends only on n, X,w and M.
Combining (3.22) and (3.25), we get

Ae 2M
/ (s — )0 < —ox(ar —az — ) + Cag (mg t) (B — R(—A)*(1 - (~1))°A.
X

Letting t — A\™, we get

Ao\ 2M
/ —X(u1 —u2)0y < —ox(a1 —az — A™) + Cyo (108; /\m> (B—X(=4))*(1 = X(=1))*A
X

(1=y)/m
A (B = (= A)(1 - (1))

< —ox(a1 — ag — N™) + C0AN"0/MNI=Y(B — 3(—A))%(1 — x(—1))2\7,

< —ox(a; —az — A") + Cs0

where C5 > 0 depends only on n, X, w, M, m and ~.
The proof is completed. O

3.4 Applications
3.4.1 A quantitative version for the domination principle

Theorem 3.9. Let A > 1 be a constant and let § < Aw be a closed smooth real (1, 1)-form
and ¢ be a model 0-psh function, and ¢ := vol(6y) > 0. Let B > 1 be a constant, x € W~ and
ui,uz € (X, 0, ¢) such that x(—1) = —1 and

B g.6(u1) + ES g 4(u2) < B.

Assume that there exists a constant 0 < ¢ < 1 and a Radon measure ;. on X satisfying
O, < by, + opon {u; <wug}andc, := f{u1<u2} dp < 1. Then there exists a constant C' > 0
depending only on n, X and w such that

Cvol(X)(A + B)?
e(1 —c)hon(1/c,)’

cap,{ur < ug — e} <
for every 0 < e < 1, where h(s) = (—x(—s))"/? for every 0 < s < c0.

In particular, if ¢, = 0 then cap {u1 < up — €} = 0 for every e > 0, and then u; > up on
whole X.
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The standard domination principle corresponds to the case where ¢ = 0 and x := 0. A
non-quantitative version of this domination principle in the non-Kéhler setting was obtained
in [48]. In order to prove Theorem 3.9, we need the following result which is an immediate
consequence of the Chern-Levine-Nirenberg inequality:

Proposition 3.10. Let § < Aw be a closed smooth real (1, 1)-form (where A > 1 is a constant)
and ¢ be a model §-psh function with o := [ 05 > 0. Let 0 <w < 1isan w-psh function and
1 is the unique solution to the problem

ue&(X,0,9),
n __ Q C n
supy u = 0.

Then there exists a constant C' > 0 depending only on X and w such that

/ 107 < C Ap.
X

Proof of Theorem 3.9. Let w be an arbitrary w-psh function satisfying 0 < w < 1 and ¢ is
the unique solution to (3.26). Denote v = max{uj,us} and x(¢) = max{t,—1} > x(¢). By
Theorem 3.1 and Proposition 3.10, there exists a constant 'y > 0 depending only on n, X
an w such that

I= /X X =)0 — 02,) < Cro(A+ BPQ (12w v),  (3:27)
and
L= / —x(ur —0)(0, — 07) < Cro(A + B)2Q°™(I(uy,v)).  (3.28)
X

Moreover, by the fact 6} = 6;}, on {u1 < uz} and by the assumption 67, < cf;, + ou on
{u1 < ug} , we have

Buw=e' [ cxm-o@ -0 <ot [ —xm- o6l - o) <en
{ur1<uz} {u1<uz}
(3.29)
Combining (3.27), (3.28) and (3.29), we get

(1 —c)/X—X(u1 )0 = /X—X(u1 SO — )+ (1— L + el

< /X (ur — 0)(87 — BT ) + Cro(A + B)A(1 — R(—1))2Q°"(c,)
< ocu + Cro(A+ B)*Q°(c,)
< Co(A+ B)*Q™(c,),

where C = C4 + 1. Hence

/ o vol(X) / o < Cvol(X)(A + B)QQO”(CM)
(wr<uz—e} 0 {ui<us—et (1 —c)e ’
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for every 0 < e < 1. Since w is arbitrary, it follows that

2on
cap, {u1 <uz —€} < Cvol(X)(4+ B)°Q (C“). (3.30)
(1—c)e
Moreover, by the definition of x and the formula of @, we have
1 1
Q S) = = = ’
)= S T wag
for every 0 < s <1, and Q(0) = 0. Then
Q(s) = o (3.31)
%)= hen(1/s)’ '
for every 0 < s < 1. The proof is completed. O

3.4.2 A quantitative version of Dinew’s uniqueness theorem

Theorem 3.11. Let A > 1 be a constant. Let § < Aw be a closed smooth real (1,1)-form
and let ¢ be a model §-psh function such that ¢ := vol(6,) > 0. Let B > 1, x € W~ and
ur,ug € E(X,0,¢) such that x(—1) = —1 and

B g.6(u1) + ES g 4(u2) < B.

Then, for every 0 < 7 < 1, there exists C' > 0 depending only on n, X,w and ~ such that

dcap(ul,uQ)Q S C(A + |CL1 — a2|) (\al — (12| + A(A + B)QTW) s

1
— hen(o/ 10, — 0,11

ul

and h(s) = (—X(~s))"/2

where a; :=supy uj, T

Note that if x(t) = max{t, —1} then I{(u1,uz) < o~ '||0}, — 0}, ]|. Therefore, Theorem
3.11 is a consequence of the following:

Theorem 3.12. Let § < Aw be a closed smooth real (l,i)-form (A > 1) and let ¢ be a model
0-psh function such that vol(0y) > 0. Let B > 1, x € W~ and uy,u2 € £(X, 0, $) such that
x(—1)=—1and

E)%,@,(]ﬁ(ul) + Eg’gyd)('ug) < B.

Denote x(t) = max{t,—1}. Then, for every 0 < v < 1, there exists C' > 0 depending only on
n, X,w and ~ such that

dmp(U1,UQ)2 S C (A + ‘CLl - a2|) (|a1 — CLQ‘ + A(A + B)2)\'y) 5 (3.32)

1
R (/10 (uy, u2))

where a; 1= supy uj, A and h(s) = (—x(—s))"/2.
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Proof. Suppose that w is an arbitrary w-psh function satisfying 0 < w < 1 and ¢ is the
unique solution to the problem

u€&(X,0,0),

n __ L c n

0, = Vol X) (dd“w + w)", (3.33)
supx v = 0.

Recall that A = ;ZZ(I)O((uh uz)), and one has —y(—A) < A because y(—1) = —1. It follows
from Theorem 3.2 and Proposition 3.10 that, for every 0 < v < 1, there exists C; > 0
depending only on n, X,w and  such that

= / —x (= ur — ua]) 0% < —ox (—lar — as] — A) + CroA(A+ B)2XY.  (3.34)
X

Moreover

@ ~ ol c, 0 o (1/2pn
Vol(X)/qul us |2 (w + dd°w) /qul us 1207

= / lu; — qul/ZQZZ + / lup — U2|1/29$
{Ju1—ua|<1} {lur—ua|>1}

which is less than or equal to

1/2 1/2
< 7L/2 (/ 9") + (/ lup — 1@9”) ,
( {ur—usl<1} {Jur—us[>1} v

where the last estimate holds due to the Cauchy-Schwarz inequality. Moreover, it follows
from Chern-Levine-Nirenberg inequality ([42]) that

/X|u1a1u2+a2|91/i:‘mle)/X|u1—a1—u2+a2|(ddcw+w)"

< Cro(llvr — a1l pr(xy + llug — azllpr(x))
< 0C34,

where Cy,C3 > 0 depend only on X and w. Here, the last estimate holds due to the
compactness of {u € PSH(X,w) : supy u = 0} in L*(X).
Hence, we have

vol(X)/X|“1 ug| (W + ddw)" < Cul /2o 2(A +lay — ag]) /7, (3.35)

where Cy > 0 depends only on X and w.
Combining (3.34) and (3.35), we get

2
(/ lup — ug|"?(w + ddcw)”> < C5(A+ |a1 — as]) (—x (—|a1 — az| = A) + A(A+ B)*X\7)
X

< C5(A+ |ay — agl) (Jar — az| + A+ A(A + B)*X7)
< Co(A+ |ar — as]) (Jar — as] + A(A + B)2A7),

36



where C5,Cs > 0 depend only on n, X,w and ~. Since w is arbitrary, we obtain desired
inequality. The proof is completed. O]

Remark 3.13. If B > A then the inequality (3.32) is equivalent to
deap(u1, u2)? < C (A + |ar — az) (Jar — az| + A B2\Y),

where C' > 0 depends only on n, X,w and ~.

3.4.3 Relation to Darvas’s metrics on the space of potentials of finite energy

Let x € W™ U W]\J}. Let 6 be a closed smooth real (1, 1)-form in a big cohomology class.
When 0 is Kéhler, it was proved in [10, 11, 13] that there is a natural metric d, on &, (X, )
which makes the last space to be a complete metric space. When x(t) = ¢, such metrics
have a long history and play an important role in the study of complex Monge-Ampere
equations. We refer to these last references and [3, 4] for more details. We now draw the
connection between I, (u,v) and the metric on &, (X, 0). Let

Iy(u,v) = / ()67 67 + / (o — )6 4 6 > L (u,v).
{u<v} {u>v}

By [10, 11, 13], there exists a constant C' > 0 such that
O (u,v) < dy(u,v) < CL(u,v)

for every u,v € £,(X,0) and 6 is Kahler. It was proved in [36] (and also [10, 14, 20, 60,
671]) that fx(u, v) satisfies a quasi-triangle inequality, and the convergence in fx(u, v) im-
plies the convergence in capacity by using the plurisubharmonic envelope. Such a method is
not quantitative. We present below quantitative version of this fact by using our approach.

Theorem 3.14. Let 0 < Aw be a closed smooth real (1,1)-form (A > 1 is a constant) and ¢
be a model 0-psh function with ¢ := vol(4) > 0. Let B > 1, x € W™ and uy,us € £(X, 6, ¢)
such that |supy u; — supy us| < A4, x(—1) = —1 and

B g.6(u1) + ES g 4(u2) < B.

Then there exist C' > 0 depending only on n, X and w such that

CA(A+ B)?
dcap(ulau2)2 < S (~ ) )
hem(o/Ix(u1, uz))

where h(s) = (—x(—5))/? for every 0 < s < co.

One sees from the above estimate that if f;c(ul, up) is small, then so is deap(u1, u2) (uni-
formly in u,ue € (X, 6, ¢) of x-energy bounded by a fixed constant).
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Proof. Let x(t) = max{t,—1}. Suppose that w is an arbitrary w-psh function satisfying
0 < w < 1. By the proof of Theorem 3.12 (see (3.35)), there exists C; > 0 depending only
on X and w such that

2
(/ lug — ug) /% (w + ddcw)”> < ClAQ_l/ —x(=|u — u2|)91’z7 (3.36)
X X

where ¢ is defined by (3.33). Moreover, it follows from Theorem 3.1 and Proposition 3.10
that

. —X( — |ur — U2|)91?, < fx(ula uz) + Cro(A + B)2Q;(,§)(12(u1mz)),

where Cy > 0 depends only on n. Therefore, by the facts Q°(™(s) = ho()l(l/) and
n ]

L (ur,ug) < Iy (ur,u2) < Ig(u1, uz)), we obtain

CgQ(A + B)2
" (o) Ix(ur,u2))’
where C5 > 0 depends only on n, X and w. Combining (3.36) and (3.37), we get
2 2
(/ fur — s /2(w + ddcw)”> < _CAA+B)7
X he(m) (/I (uy, uz))

where C' > 0 depends only on n, X and w. Since w is arbitrary, we get the desired inequality.
The proof is completed. O

(3.37)

/X X =)0 < o

When y € W}, our estimate is more explicit.

Theorem 3.15. Let 6 < Aw be a closed smooth real (1,1)-form (A > 1) and ¢ be a model 6-
psh function such that ¢ := vol(fy) > 0. Let B> 1, X € W]\J} (M > 1) and uj,u2 € £(X,0,0)
such that x(—1) = —1 and

E)%,@,(]s(ul) + Egﬁ’d)(uQ) S B.

Then there exists C' > 0 depending only on n and M such that

~ n 2 (71 "
[ sl < CoB? (Titunu/o)
X

for every ¢ € PSH(X,0) with ¢ — 1 < ¢ < ¢. Moreover, if supy u; = supy ug then there
exists C' > 0 depending on n, X,w, A and M such that
9—n—1

I}((ul,uQ) < C/QAl/QB2 (Ig(ul,ug))

Proof. The case I)%(ul, ug) > 1 is trivial. It remains to consider the case Ig(ul, ug) < 1.
Denote v = max{uy, us}. By Lemma 2.7, we have v € £(X,6,¢) and EY , ,(v) < C1B,
where C'; > 0 depends only on n and M. Taking y = x and using Theorem 3.1, we get

- n - n 2-n
/X —X(uj —v)8y, < /X —X(uj —v)by, + Cy0B? (Ig(uj,v)) , (3.38)
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for j = 1,2, where C5 > 0 depends on n and M. Note that

=0+ [ R0 < [ R )€ + 0) = Tl ),
X X X

and
Ig(ul,v) + Ig(u%v) = Ig(u17u2) < Qil_[)z(’lll,’U,Q).

Hence, by (3.38), we get

/X —X(—lur — ug|)0y = /X —x(u1 —v)0; +/ ~%(us — v

X

< / —X(u1 —v)by, —I—/ —X(u2 — )by,

X X

+ Cy0B? ((Ig(ul,v))Q + (I)Q((UQ,U))Q )

S I}((ul, UQ) -+ 202@32 ([}((ul, UQ)/Q)2_n

< C30B?(Ig(u1,u2)/0)” ",
where C3 > 0 depends on n and M. Here, the last estimate holds due to the fact I5 (u1,us) <
oB.

Now, we consider the case supy u; = supy uz. By Theorem 3.2 (choose m = 1 and
~v = 1/2), there exists C;y > 0 depending only on n, X,w and M such that

T (ur, us) < / (s — ugl) (@2, + 67 (3.39)
X
< =20 (~ (12w, u2)* ") + Ca0A 2B (13w, u2)* "

Moreover, since x is concave, we have

X _ XD
t = -1 ’

for every —1 < t < 0. Hence, by (3.39), we have

- —n —n—1
Ig(ur,us) < 20 (I(ur,u2))? " + CaoAY2 B (12 (us, us))
< (24 Ci)oAYV2 B2 (I(ur,u0))”

The proof is completed. O

3.4.4 Comparison of capacities

For every Borel subset E in X and for every ¢ € PSH(X, #), one denotes

capy ,(E) = sup {/E% Y e PSH(X,0), ¢—1<¢y < <p}.
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In [47], Lu showed that if p; (j = 1,2) is a #;-psh function with fX(Oj + dd®p;)™ > 0 then
there exists a continuous function f : R<o — Rx¢ with f(0) = 0 such that cap,, ,, (£) <
f(capy, ,,(E)) for every Borel set & C X. By using Theorem 3.2, we will reprove Lu’s result
for the case where ; is a model 6;-psh function. Moreover, we also provide a specific form
of f.

First, we need the following lemma:

Lemma 3.16. Let A, B > 0 be constants. Let 6 be a closed smooth real (1, 1)-form representing
a big cohomology class such that § < Aw. Assume that u,v are 6-psh functions satisfying
v<u<wv+ B. Then,

[ o< [ o enans [ o
X X X
for every negative Aw-psh function 1.

Proof. Using approximations, we can assume that ¢ is smooth. Denote

n—1
T=> 6, nept
=0

We have 0! — 0! = dd°(u —v) AT. Moreover, using integration by parts (Theorem 2.2), we
get

/X (—)dd=(u— ) AT = /X (o i) AT < 4 [

(u—v)WwAT < nA"B/ w".
X

X

Hence

/){(—¢)93S/)((—w)9§+nA”B/)(w".
O

Theorem 3.17. (Comparison of capacities) Assume that 61,0 < Aw are closed smooth real
(1, 1)-forms representing big cohomology classes and, for j = 1,2, ¢; is a model 0;-psh function
satisfying [ (0; + dd°¢;)" = oj > 0. Then, for every 0 < y < 1, there exists C' > 0 depending
only on n, X,w, A and  such that

capglm(E) - C(capgms2 (E)>2w
01 a 02 ’

for every Borel set E C X.

Proof. By the inner regularity of capacities (see [15, Lemma 4.2]), we only need consider
the case where F is compact. Since the case capy, ,, (E) = o2 is trivial, we can also assume
that capy, 4, (E) < 09. In particular, by [16, Proposition 3.7] and [17, Lemma 2.7], we have

sup h} = sup(h} —¢9) =0,
P M 0,00 = SN 0.6, — 92)
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where
hE py.¢, =sup{w € PSH(X,02) : w|p < ¢o — 1, w < ¢a}.

Set x(t) = x(t) = t. We will use Theorem 3.2 for u; = (hg g, ,)* and us = ¢o. It is clear
that E%QL@ (ug) = 0 and u; = uy — 1 on E\ N, where N is a pluripolar set. Moreover, it
follows from [16, Proposition 3.7] that

I (ur,u2) < ER g, 4,(u1) = 05 'capy, 4,(E) < 1.

By Theorem 3.2, for every 0 < v < 1 and B > 1, there exists C' > 0 depending only on
X,w,n, A and v such that

/E on < /X X(—[u1 — us])0% < CorA(A + B)? (capy, o, (E)/2)* 7, (3.40)

for every compact set £ and for each ¢y € £(X,0s,¢2) with E%e%@ () < B. Let p €

1
E(X,01,¢41) such that ¢1 —1 < ¢ < ¢ and [ (61 + dd°p)" > §Cape1,¢1(E)' By [16],
there exists a unique function 1y € £(X, 02, ¢2) such that supy 19 = 0 and (03 + ddyy)" =
@(01 + ddp)™. When ¢ = 1)y, we have
01

n 02
> — . .
/Eew > 507 P01 (E) (3.41)

Moreover, by using Lemma 3.16 for ¢, ¢; and using the fact that (62 + dd®¢2)" < 14,—0305
(see [15, Theorem 3.8]), we have

0E 1,5, (00) = [ (62— 00)(01 +dd%)" < [ (—00)(01 +ddon)" +na” [ o < B,
X X X
(3.42)
where B > 1 depends only on A4, X, w,n. Combining (3.40), (3.41) and (3.42), we get

201 n 201 n

capy, 4, (£) < QQ/EQwO < s XX(—’UI — u2|)0,
2—n

<2001 A(A+ B)? (capy, 4,(E)/02)” .

The proof is completed. O

4 Stability estimates for varied singularity type and cohomology
class

4.1 Pseudo-metric on the space of singularity types

We first recall some facts about the pseudo-metric on the space of singularity types. Let «
be a big cohomology class and 6 a smooth closed (1, 1)-form in «. Let S(#) be the space of
singularity types of #-psh functions and

S5(0) = {[u] € S(0) /Xeg > 5},
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The pseudo-distance ds on S was introduced in [17], and it satisfies

ds(g)([u SZ( /9 Gzlai{w} /){9€}9A93j—/){9€}0/\93j) < Cds(g)([ul, [v]),

4.1)
where C' > 1 depends only on n. Here Vj is the upper envelope of all non-positive #-psh
functions:

Vo :=sup{p € PSH(X,0): <0 on X}.

For all #-psh functions u, v, we put

U’U _2/0maxuv /93_/917}
{uw} ™ X x

In particular, if u < v then dy(u,v) = [ 00 — [+ 07. By (4.1), we have

dp(u, v) < Cdgg)([ul, [v]),

where C' = C(n) > 0. Moreovey, if # = Aw for some A > 0 then, we have

ds(aw)([u], [v]) < A"d(aq1)0(u,v),
for every u,v € PSH(X, Aw). In the sequel, we provide more properties of dj.

Lemma 4.1. Let uy, us be 0-psh functions. Let 6’ be a smooth real closed (1, 1)-form such that
@' > 6. Then
d@(ul,UQ) < dg/(ul,UQ).

Proof. By the fact d,(u1,u2) = dy(u1, max{uy,ua}) + d;)(u2, max{ui,us}) for n = 6,6', the
problem is reduced to the case u; < uy. Then we have

dn(ul, UQ) = / (77 + ddCUQ)n — / (7] + ddcul)n,
X X
for n = 0,6’. Moreover,

n—1

(0 + ddu;)" — (0 + dd°uj)™ = (0" — 0) AS_ (0" + dd°uj) A (0 + dd°u;)" 7,
=0

for j = 1,2. Hence

d@/(ul,UQ)—dg(ul,UQ):/(QI—Q)ATQ—/(QI—H)/\Tl,
X X

where
n—1

Ty = (0 + dd°u;)' A (0 + dduy)™ ',
1=0
Thus, by the monotonicity of non-pluripolar products [15, Theorem 1.1], we obtain

dor(u1,u2) — dg(u1,u2) > 0.

The proof is completed. O]
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Lemma 4.2. et § > 0, A > 0 be constants. Let u,v be 6-psh functions such that v < v and
Jx 0 > 0. Let 1) be an n-psh function, where 7 is a closed smooth (1,1)-form. Assume that
0 < Aw,n < Aw. Then there exists a constant C depending only on n,w such that

_ _ dg(u,v) 1/n
9;7A”m—/9;w"m’§cm(’> .
’A W T 5

Proof. This is essentially the proof of [17, Proposition 4.8]. Note that by monotonicity we

have
dotwv) = [ or— [ on [ornnmz [ o am.
X X X X

Without loss of generality, we can assume dy(u,v) < 6/2""2. If dg(u,v) = 0, then using
u < vand [15], we get Py[u] = Py[v]. In this case the left-hand side of the desired inequality
is also zero. Hence from now on we assume dg(u,v) > 0.

Let b > 2 be a constant such that §/dy(u, v) < 2b™ < 26/dg(u,v). We have

bn/egjz(bn_n/ag.
X X

By this and [17, Lemma 4.3], we obtain wj, := Py(bu + (1 — b)v) € PSH(X, #). Observe
b lwy + (1—b Ho<bbu+ (1-b)v)+ (1 —-b Yo =u.

Combining this with monotonicity of non-pluripolar products gives

m n—m m n—m —1\ym m n—m
/XHu Ay, Zf)(eblwb+(1—b1)v/\77¢ >(1-0b7") /XHU Any ™.

It follows that

/ O Amy ™ —/ Oy Amy ™ > —mb_l/ Oy Amy ™ > —nb_lA”/ w™
X X X X

by monotonicity. Hence

_ _ _ dg(u,v) L/n
0{7/\”’“—/9?/\”’"‘ngng””0(’> :
'/X h X e d

where C' := nA" [ w". This finishes the proof. O
By Lemma 4.2, we have
Proposition 4.3. Let «, 6 be as above. Then there exists a constant C' > 0 such that
C™ 10 ds(g)([ul, [v]))" < dg(u,v) < Cdsg([u], [v])

for every [u], [v] € Ss(«). Moreover if 6’ is a smooth real closed (1,1)-form and A is a positive
constant such that
0 < Aw, 6 < Aw,

for some constant A > 0, then there exists a constant C > 0 depending only on A,w such that
0 (dy (u,v))" < Crdp(u,v),
for every u,v € Ss(a).
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Proof. The first desired assertion is clear from Lemma 4.2. Also by the same lemma, one
gets

(5(dAw(u, v))n < Crdp(u,v),
for every u,v € Ss(«), and some constant C independent of u,v,d. This coupled with

Lemma 4.1 gives the last desired inequality. The proof is complete. O

If 0’ is another closed smooth form in «, then Ss(0) and Ss(0') are isometric under the
map u — u + p, where ¢ is a smooth function such that dd°p = ¢’ — 6. Hence in general in
order to study singularity types in «, it is enough to fix a smooth form in a.

4.2 The case of fixed cohomology

In this subsection, we will study the stability question when solutions are in the same
cohomology class. Let 0,7 be closed smooth real (1, 1)-forms representing big cohomology
classes. For every x € W~ and u € PSH(X, 6), we denote

Eyy0(u) = sup {/X —x ()8 : ¢ € PSH™ (X, n), s;pw = 0} : (4.2)

where we recall that PSH™ (X, ) is the space of negative n-psh functions on X. If y is
bounded then it is clear that Ex,mg(u) < oo for every u € PSH(X, ). Moreover, it follows
from [7, Proposition 3.2] that for every u € PSH(X,#), there exists x € W~ such that
E\no(u) < 0.

For every constant B > 0 and for every x € W~, we define

Emp(X,0) = {u e PSH™(X,0) : By, 4(u) < B}. (4.3)

For the convenience, in the case 7 = §, we denote E, g(u) := F, g(u) and &, p(X,0) =

Ex0,8(X,0).
If u,v € € p(X,0) then we also denote

I (u,0) = / ()87 — 67 + / w4
{u<v} {v<u}

In general, I, (u,v) may be negative. However, by Lemma 4.7 below (observer that there
always exists y € W~ such that both E g(u), E ¢(v) are finite), if inf x = —1 then I, (u, v)
is bounded from below by —dy(u, v).

Lemma 4.4. Let x € W~. Assume that u, ¢ are negative 0-psh functions satisfying u < ¢.
Denote uj, = max{u, ¢ — k} for every k > 0. Then

/ (g — B0, = / (= $)87 — X(—k)dg(u, 6),
X X

for every k > 0.
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Proof. Since 0;;, = 0;, in {u > ¢ — k} and u, = ¢ — kin {u < ¢ — k}, we have

/ —X(ur, — 9)0,, = / —x(=k)by, + / —x(u — @)om. (4.5)
X {u<o—k} {u>p—k}

Since [y 07 = [ 0y, , we have

[ eme = [ xemo s [ ewe 46)
{u<¢—k} X {u>¢—k}

_ / (k) + / Na
X {u>9p—k}

Combining (4.5) and (4.6), we get

x(ug — )07 = [ —x(—k)o" _k)on “x(u — Yo"
Joxtw—om = [ v [ oo [ o

— xR+ [ R [ o
{u<o—k} {u>¢—Fk}
= (Rl + [ —x(u— o)L
The proof is completed. O
Lemma 4.5. Let x,x € W~ such that infr_, x = —1. Assume that u, ug, u3, ¢ are negative

-psh functions satisfying u; < up < ¢ and u; < uz < ¢. Denote ujj = max{u;,¢ — k} for
everyk > 1and j =1,2,3. Then

1 ~ n
/ —x(u1 ) — ug )by, , < / —x(u1 — u2)0y, + do(us, ) + — / X(u1 — @)y,
X ' X X(—k) Jx

for every k > 1. In particular; if supy u1 = 0 and ug € EX,B(X, 0) for some B > 0 then

B
/ —x(ur g —uz )0y, , < / —x(u1 — u2)0y, +dp(us, ¢) — ==,
D'e ’ X X(—k)

for every k > 1.

Proof. Denote
Ik ::/ _X<u1,k — u27k)933’k.
X
Since 0y, , = 0, in {u1 > ¢ — k} C {ug > ¢ — k}, we have
I = / —x(u1 — u2)0y, +/ —x(ur g — uzk)0y, ,
{u1>¢—k} {u1<gp—k} '
<[ xtw-wn [ ox-men,
{u1>¢—k} {u1<p—k} 7

= / —x(u1 — u2)0y, +/ Orrs s
{u1>¢—k} {u1<gp—k} ’
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Then, by the fact [, 07 = [, 07, , we get

I, < / —x(u1 — u2)0y;, —l—/ 02 —/ Oy,
{ur>p—k} X {u1>¢—k}

= / —x(u1 — u2)0y, + dg(us, ¢) +/ Orrs
{u1>¢—k} {u1<o—k}

< [ 3t = bl + dotus, )+ 5 [ -0

The proof is completed. O

Lemma 4.6. Let x,x € W~ such that infr_, x = —1. Assume that u,ug, u3, ¢ are negative
6-psh functions satisfying u; < us < ¢ and u1 < ug < ¢. Denote ujj = max{u;, ¢ — k} for
every k > 1and j = 1,2,3. Then

1 ~ n
/—M%wwmth/—MM~W%Jw /xm—@%,
X ’ X X(—k) X

for every k > 1. In particular; if supy u1 = 0 and ug € g’;(,B(X, 0) for some B > 0 then

B
- or > — — u)O"
/ X(ul kE— U2 k:) uz g = / x(u1 — u2) s T k)

for every k > 1.

Proof. Since 0, = 67, in {uy > ¢ — k}, we have

/ —x(ur ke — uz)ly,, = / —x(u1,k — uzk)0y,
X

= / —x(u1 —u2)0 / —u2)0y,
X {ur <¢— k:}

This finishes the proof. O

Lemma 4.7. Let 0 be a closed smooth real (1,1)-form representing a big cohomology class.
Let x,x € W~ such that infr_, x = —1. Assume that B > 0 and uy,uz € c‘:’;(,B(X, 0) with
supy u1 = supyx uz = 0. Denote ¢ = Pymax{ui,us}| and u;j = max{u;,$ — k} for every
k>1land j=1,2. Then

Eg0.6(ujk) < B — x(—k)dg(uj, $), (4.7)
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and B 5
<L . < _
X(_k) = X(ul,k7U2,k) X(Ul,UQ) < )2(—]{)

+ dg(u1,uz), (4.8)
for every k > 1.

Proof. The first inequality is obtained directly from Lemma 4.4. It remains to prove (4.8).
For j = 1,2 and k > 1, we denote

L= / —x(uk — uzk)0y, +/ X(u1 — u2)0y,
{u1<uz} ’ {ur<ug}
and
Iy = / —x(uzk — ul,k)eﬁjk —l—/ X(ug — ul)eﬁj.
{uz<u1} ’ {u1<uz}
We have
L(uy g, ua i) — Ly(ur,uz) = (I — Ii) + (Iop — I21) := 11 + Io. (4.9)

We will estimate I; and I». By Lemmas 4.5 and 4.6 (replace us, u3 and ¢, respectively, by
max{uj, us}, up and max{uj,us}), we have

B B
— < < — . .
o S I < dg(ur, max{u, uz}) TR (4.10)
Using Lemmas 4.5 and 4.6 again (replace ug, u3 and ¢ by max{u;, us}), we get
B / B
_ < —x (w1, — ug k)b, +/ X(up —u2)l;, < —— . “4.1D)
X(_k) {u1<uz} ' B {u1<uz} ? X<_k)
Combining (4.10) and (4.11), we obtain
2B 2B
< < — . .
h S L < =R + dp(u1, max{ui, uz}) 4.12)
Similar, we have
2B 2B
< < — . .
)z(—k‘) << )Z(—k) +d9(uQ,max{u1,uQ}) 4.13)
Combining (4.9), (4.12) and (4.13), we have
4B 4B
R < L(ug g, ug ) — Iy(ur, uz) < R + dp(u1,us).
The proof is completed. O]

The following theorem is the key step to prove the main results in the case of fixed
cohomology:



Theorem 4.8. Let 6 < Aw be a closed smooth real (1, 1)-form representing a big cohomology

class (A > 1). Let 0 < § <1, B > A, x € W~ and uj,us € gi,Bg(X,G) such that
inf Y < X(—1) = —1, supxu1 = supxuz = 0 and [ 0y + [ 05, > 20. Let ¢ > 0 be a

constant such that
—4B6

€+ dg(uy,ug)’
Then, for every 0 < 7 < 1, there exists C > 0 depending only on n, X,w and ~ such that

5 -
deap (u1, 2<(7f1192(h°”< )) ’
cap(u1,u2)” < C(AB) |I, (w1, u)| + € + dg(ur, uz)

where x(t) = max{t, —1} and h(s) = (—x(—s))"/2

inf y <

Proof. Without loss of generality, we can assume that
4B6
—_— > 1.
€+ dg(u1,uz)

Denote ¢ = Py[max{ui,us}] and u;; = max{uj, ¢ — k} for every k > 1 and j = 1,2. By
Theorem 3.12, Remark 3.13 and Lemma 4.7, we get

0 4B

V(—k)d 2 §
dcap(ul,kaUZ,k)2 < 01A2 <B B X( ) 9(u17u2)> hon
I (ur, ug) — m + dp(u1,u2)

for every k > 1, where C; > 0 depends only on n, X, w and ~.
—4B§
Let kg > 1 such that y(—kyj) = —————. We have
0 X(=ho) €+ dg(uy, uz)

5 -y
deap (U1 ko Uz ko )2 < 25C1 (AB)? (ho(”) < >> . (4.14)
cap (U ko Uzko)” 1(4B) I (u1,u2) + € + 2dg(u1, us)

On the other hand, for every ¢ € PSH(X,w) with 0 < ¢ < 1, we have,

2 2
(/ |uj — uj,kol/zuﬁ) = / Juj — ko | 2w
X {uj<dp—ko}

for j = 1,2, where C5 > 0 depends only on X and w. The last inequality holds due to the
Chern-Levine-Nirenberg inequality.
Hence, by the facts ¢ > —x(—t) forevery ¢t > 1 and s < h(s) for every 0 < s < 1, we get

CoA? _ CyA*(e + dy(ur, up)) 0 B
2 < 2 < 2 O\t1, U2 < 2 em (- .
(4.15)
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Combining (4.14) and (4.15), we obtain

S -
deap (w1, u2)? < C A32<hon< >> ’
cap( 1 2) = 3( ) |[X(u1,u2)|+€+d9(ul,u2)

where C35 > 0 depends only on n, X, w and ~.
The proof is completed. O

Now, we prove Theorem 1.3 for the case of fixed cohomology:

Theorem 4.9. Let 6 < Aw be a closed smooth real (1, 1)-form representing a big cohomology
class (A > 1). Let u € PSH(X,#0) such that supxu = 0 and fX 0 =0 > 0. Assume
u € & ps(X,0), where B > A is a given constant and x € W~ with x(—1) = —1. Then, for
every 0 < v < 1, there exists C > 0 depending only on n, X,w and ~ such that

on 5 -
deap(u,v)* < C(AB)* (h <HH"—0”H+de(u >>> ’

for every v € PSH(X, 8) with supy v = 0, where h(s) = (—x(—s))"/2

Proof. Put
to = |6 — 071l + do(u, v).

Denote
M ===, xum(s) =max{x(s),~M} and hy(s) = (—xa(—s))"/%

~ . - —4B6
We have v € Ey,, s+, (X, 0) and Mty = 5B4. Sinceinf xpy = —M <

107 — 02| + do(u,v)’
it follows from Theorem 4.8 that

5 -
deap(u,v)? < C A32<hon< )) ’
cap( )7 < Ci( ) M |[X(u7v)’+HQQ—Hg”‘FdQ(UaU)

where x(s) = max{s,—1} and C; > 0 depends only on n, X,w and ~. Since |I, (u,v)| <
|0y — 0] and B > 1, it follows that

on 5 B
dcap(U,U)2 < (A B)2 <hM (HH” — 07 + dp(u U)>> 7

where Cy = 4C. By the fact hy,(t) = h(t) < M for every 0 < t < M, we obtain

on 6 7
deap(u,v)* < Co(AB)? <h (Hgn — 07| + dp(u U)>> .

The proof is completed. O]

In order to prove the next main result, we need the following lemma:
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Lemma 4.10. Let u : Bpy, := {2 € C" : |2] < R+ r} — [—00,0] be a measurable function
such that A := | Bry, € “dV < oo, where R > r > 0 and dV' denotes the Lebesgue measure
on C". Assume that h is a non-negative smooth function on C" satisfying [, hdV = 1 and
Supp(h) C B for some € € (0,7). Then, for every 0 < a < 1, there exists C > 0 depending
only on R,n,a and A such that

‘/ (u*h—u)dV‘ < Cev.
Br

Proof. We have

’/BR(u*h—u)dV‘:

/BR / hw)(u(z —w) —u(z))dVudV:

| ) [ = w) —u@)ivav,

p Br
< /B h(w)[i(—w) — @(0)|dVi,

where 4(w) = f{‘&ka}(—u)(f)dVE. Moreover, for every w € B, and k£ > 0, we have

max{u(z —w), k}dV, — max{u(z), k}dV,
Bpr Br

= ’/ max{u(z), k}dV, — max{u(z), k}dV,
Br(-w) Br

S CnR2nflk|w‘7

where C), > 0 is a constant depending only on n, and

/BR u(z — w) — max{u(z — w), —k}|dV: < / (—u—k)dV < / e " FdV = Ae™F.

{u<—k} BR+7‘
Then
‘ / (u*h — u)dV‘ < / h(w)|i(—w) — 4(0)|dViy < CpR* ke + Ae™".
BR B.
Choosing k = ¢*~!, we get the desired inequality. O

The following result can be considered as a generalization of Theorems 1.4 and 1.5 for
the case of fixed cohomology:

Theorem 4.11. Let 6 be a closed smooth real (1, 1)-form such that § < Aw for a given constant
A>1 Let0<d<1, B>A xe W and uj,us € gx,Bg(X,H) such that x(—1) = —1,
supy up = supyug = 0 and [y 07 + [0y, > 2. Assume that there exists a concave
increasing function H : R>o — Rx>¢ such that, for j = 1,2,

[ mindlon = val. 1303, < H(101 = dalli o), (4.16)
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for every 11,19 € PSH(X,w) with supy ¢1 = supy 2 = 0. Then, for every 0 < v < 1, there
exists C' > 0 depending only on n, X,w and ~ such that

5 —
A(x1/2 + H(x1/8)) + d6(”h“2)>) ’

where x := dist_1 (67,67 ) and h(s) = (—x(—s))"/2.

uy? v u2

deap(u1,ug)* < C(AB)? (h"” <

Proof. Denote x(t) = max{t, —1}. Since inf y = —o0, it follows from Theorem 4.8 that

2 2 on d -
denfin w0 < o8 (0 () @7

where Cj > 0 depends only on n, X, w and ~. We will estimate |/, (u1, u2)|.
For every k£ > 0 and j = 1, 2, we have

1/2 1/2
(—uj)dV < ( / u?dv) ( / dV) :
{uj<—k} {uj<—k} {uj<—Fk}

1 — masc{uj, —k} 2 x) < /

Then, it follows from the Skoda integrability theorem that
luj — max{u;, —k}|z1(x) < C1AY K12, (4.18)

where C; > 0 depends only on X,w. For every & > 0 and for each 0 < ¢ < 1, by using
the standard convolution and a partition of unit, we can find a smooth function u; . €
PSH(X, (A + 1)w) such that

Cok
1) kellcr(xy < %, (4.19)
and
e — max{ug, =k} p1x) < Code/?, (4.20)

where Cy > C7 depends only on X, w. Here, the last inequality holds due to Lemma 4.10.
Combining (4.18) and (4.20), we have

g — wjpellprxy < C2A(e/? + (A/k)Y?). (4.21)

Recall that

I (u1,u2) = /{ }min{\ul — ug|, 1}(0y, —932)—!—/{ min{|uy — ual, 1}(0y;, — 0y,)
w1 <u2

uz<up}
= /X max{min{us — u, 1}, =1}, — 0y, ).
By the fact that
max{t1,t3} — max{ta, {3} = min{—te, —t3} — min{—t1, —t3} < max{t; — t2,0},
we have

| max{min{us — uy, 1}, —1} — max{min{ug g e — w1 e, 1}, =1} < |ug — w1 — v fe + Ut g el
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for every £k > 0 and 0 < e < 1.Since the LHS of the last inequality is bounded by 2, it
follows that

| max{min{us — uy, 1}, =1} — max{min{ug e — w1 e, 1}, =1} < Vg,

where
Ui e = minf|ug — u1 — ug g + Ui e, 2}

Therefore
) < | [ 0000, - o)

where ®;, = max{min{ug ;. — uj ., 1}, —1}. By (4.19), we have

+ / Wi (07 407, (4.22)
X

k
‘ / B (0n — 07| < %dist_l(ﬁﬁl,eﬁz). 4.23)
X
Moreover, by (4.21) and (4.16), we have
n n C2A 1/2 1/2
Ui ey, +05,) <4(A+1)H (" 4+ (A/K)=) ). (4.24)
x A+l

Combining (4.22), (4.23) and (4.24), we have

Cok CrA
|IX(U1,U/2)‘ < ? d1st,1(¢9u1,9u2) + 4(A + 1)H (M(61/2 + (A/k)1/2)> .

Denoting = = dist_y (6" , 6" ) and choosing e = A/k = (2C5)~2z'/%, we obtain

T (uy, ug)| < C3A(zY/? + H(z'/?)), (4.25)

where ('3 > 1 depends only on X and w. Combining (4.17) and (4.25), we obtain the
desired inequality. The proof is completed. O

4.3 Application to the space of singularity types

In this part we apply quantitative stability theorems in the previous subsection to deduce
some properties of the pseudometric space of singularity types in a big cohomology class.

Proposition 4.12. Let § < Aw be a closed smooth real (1,1)-form representing a big coho-
mology class (A > 1). Assume that u; and us are model 6-psh functions such that f O+
Jx 0, = 26 > 0, where § > 0 is a constant. Then, for every 0 < v < 1, there exists C' > 0
depending only on n, X,w and ~y such that

n

A2n+4 (de(uh u2)>2 ol

dcap(ulau2)2 <C 52 5

The above result implies in particular that for model potentials, the convergence in
ds is stronger than that in capacity. The last non-quantitative fact follows also from [17,
Theorem 5.6].
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Proof. By [15, Theorem 3.8], we have
Ou; < Lpu=0p0" < A"W",

for j = 1, 2. Therefore, there exists C; > 0 depending only on X and w such that
[ o, < e,
X

for every ¢ € PSH(X, 6) C PSH(X, Aw) with supy ¢ = 0. Using Theorem 4.8 for x(¢) = ¢,
we get

n

n+1y 2 27
C1A >(’Ix(u17u2)|+d9<u1’u2>> , (4.26)

dcap(ulau2)2 <O (A 5 5

where x(¢) = max{t,—1} and Cy > 0 is a constant depending only on n, X,w and ~. Since
0, < 1{y;=0y0", we have

/ —x(ur —u2)by, = / —x(ug — u1)y, = 0.
{u1<uz} {U2<u1}

IX(Ul,’LLQ) S 0 (427)

Therefore

Moreover, it follows from Lemma 4.7 that
IX(’U,l, UQ) Z *d@(ul, UQ). (428)

Combining (4.26), (4.27) and (4.28), we obtain

n

A2nta <d9(u1,u2)>2_ K

dcap(ulyu2)2 < Cs 52 5

where C3 > 0 depends only on n, X, w and . The proof is completed. O
By using Proposition 4.12, we recover the following result which is obtained in [17]

(with a different proof).

Proposition 4.13. Let § > 0 be a constant. Let S5(0) be the subset of S(0) consisting of

[u] € Sp such that [, 0} > 6. Then (S5(0), ds) is a complete (pseudo)-metric space.

Proof. Let ([u;]); be a Cauchy sequence in S;(#) (recall [u;] denotes the singularity type of
a 0-psh function u; with supy u; = 0), i.e, for every constant € > 0, there exists k. € N such
that dg(u;,ur) < € for every j > k., and k > k.. We need to prove that there exists a class
[uso] € Ss(0) so that dp(u;, ux) — 0 as j — co. By using contradiction, it suffices to prove
it for some subsequence of (u;);. Hence we can assume safely that

do(uj,ujp1) <477,

because one can always extract a subsequence of (u;); with that property.
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Since dg(u, Pplu]) = 0 for every u € PSH(X,#), without loss of generality, we can
assume that u; = FPy[u;| for every j € N, in other words, u;’s are model §-psh functions.
Consequently, by Proposition 4.12 (with v = 1/2), we get

dcap(uja UjJrl) <27"(Cy,

for every j, where C; > 0 is a constant depending only on n, X, w, § and §. Therefore, there
exists a -psh function u,, such that u; converges to u., in capacity as j — oo.
Moreover, it follows from [15, Theorem 3.8] that

O, < 1iu;=00" < Cow™, (4.29)

for some constant Co > 0 independent of j. This coupled with Lemma 4.14 below yields
that
O, — 0O (4.30)

Uoo?

as j — oo. Itis clear that [, 67 > ¢. It remains to show that dg(u;, us) — 0 as j — oc.
Since

d@(u],Uk) = 2/)'(031ax{uj’uk} — /)(93] - /)(Hgk’

using (4.30) and the fact that max{u;,ur} — max{u;,u~} in capacity as k — oo (for
Uk — U IN capacity), one gets

liminf dg(u; >2( 0" — or — 0" = do(u;, uso).
im in o(uj, ug) > /Xmax{u]-,uoo} /Xuj /Xuoo 6(1j, Uoo)

It follows that dg(uj,us) — 0 as j — oco. In other words, [u;] — [us] in the topology
induced by the pseudo-metric ds (we note that [u ] might not be unique, but the singularity
type of its envelope Pyluoo| is unique). O

The following lemma is probably known. We present a proof for readers’ convenience.

Lemma 4.14. Let Q) be an open subset in C". Let (u;); be a sequence of psh functions converg-
ing to a psh function u in capacity in Q. Assume that the non-pluripolar product (dd‘u;)"
is well-defined for 1 < j < oo, and there exists a non-pluripolar Radon measure . on §) such
that (dd®uj)™ < p for every j. Then (ddu;)™ converges weakly to (dd“u~)"™ as j — oc.

Proof. Let v be a limit measure of the sequence ((ddCUj)n)j as j — oo. We need to check
that v = (dd“u~)". Observe that v > (dd“u~,)" because u; — us, in capacity. It remains to
verify the converse inequality.

Let g > 0 be a smooth function with compact support in Q. Put uj; := max{u;j, —k}
for 1 < j < oo. We get uj, — us in the capacity as j — oo. It follows that (dd“u;;)" —
(dduoor)™ as j — oo, and

limSUp/le{ujz—kﬂ}(ddcujk)n S/Qg]-{uooz—k-‘rl}(ddcuook)n'

j—00
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By this and the equality 1, - ) (ddu;)" = (ddu;)", we get

hmsup/gl{uj>—k+1}(ddcuj)n S/gl{uoo>—k}(ddcuook)n:/gl{uoo>—k}(ddcuoo)n
Jj—00 Q Q Q
(4.31)

which converges to 0 as k& — oo. On the other hand, by hypothesis, one gets

Lpuj<—ky(dduy)” < Ly pyp < Lpue g+ Loy —u<iy it

Combining this with [33, Lemma 4.5] (we use here the fact that x is non-pluripolar) gives

1imSUP/le{uj<k}(ddcuj)" S/le{u<k}u

Jj—00

Letting k£ — oo, we obtain

limsup/ 91y, < 1y (dduy)™ — 0
Q

j—00

as k — oo. Combining the last inequality with (4.31) yields

limsup/g(ddcuj)”g/g(ddcuoo)".
Q Q

Jj—00

Hence (dd“u;)" — dd“u as j — oo. This finishes the proof. O

4.4 The case of varied cohomology
We first explain how to deduce Theorem 1.2 from Theorem 1.3.

End of the proof of Theorem 1.2. Since ; — 0, in ¥°-norm, there exists a constant A > 1
so that §; < Aw for every j € NU {oo}. By [7, Proposition 3.2], there exists Y € W~ such
that

sup / —X(¥)dpoo < 0.
YePSH(X,(A+1)w):supx ¥=0J X

By considering x/|x(—1)| instead of y, we can assume that y(—1) = —1. This allows us to
apply Theorem 1.3 to u := ueo, v := uj, 6 := 0, and n := §;, and we note that

diat1)w(U,v) = d(ay1)w (W), te) = d(ay 1) (@), Poc) = 0

as j — oo by the hypothesis. We thus obtain deap(uj, us) — 0 as j — oo. The desired
convergence hence follows. The proof is finished. O

We now continue with the proof of Theorem 1.3.
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End of the proof of Theorem 1.3. Pute = || — n
only on X and w such that

«0. Then, there exists C; > 1 depending

0 <n+Ciew < 0+ 2Cew. (4.32)

Note that, by Chern-Levine-Nirenberg inequality and by the compactness of {w € PSH(X,w) :
supy w = 0} in L'(X), there exists C,, > 0 depending only on X and w such that

deap(u,v)? < CLA.

)
Therefore, if 0 < 20 < ¢ then the desired inequality (1.3) holds. Hence, without loss of
1
generality, we can assume that

- o
€<
2C,°

and, as a consequence, we have 6 := 0 + Crew < (A + 1)w.

It follows from [16, Theorem 4.7] that there exists a unique % € £(X, 6, P;[u]) such that

o = con, 4.33)
supy u = 0, '
o N _ ~
where ¢ = @ > 1. Observe that 02 > ¢ and @ € E; pes(X,0). It follows from
f 977, X “u X
X Yu
Theorem 4.9 that
6 -
deap (@, u)? < Co(A+1)2B? [ h°" | ——— , (4.34)
cp(fi)” = A+ 162 — 62| + d(it, w)
and
6 -
deap (T, v)? < Co(A+1)°B% | " | ——— , (4.35)
(o) = A 107 — 0 + dy (@, v)

where (3 > 0 depends only on n, X, w and . Since Pj[u] = Pj[u], we have
dj(i,u) =0 and dg(a,v) = dz(u,v). (4.36)

Combining (4.34), (4.35) and (4.36), we get

-
1)
deap(u,v)? < C3(AB)? [ A" [ ——— —— , (4.37)
capltt 0)7 = Gl )< (Heg—ezzu+Heg—eﬁu+d9~<u,v>>>

where C3 > 0 depends only on n, X,w and . By (4.32), we have

o7 < " < 0" + Cue(By + w)™,

and
My <0 < (o +2C1ew)" < + Cae(ny +w)",
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where Cy > 0 depends only on X and w. Therefore
16 = G2l + llmy = 07| < Cs(A+1)" vol(X)e, (4.38)

where C5 > 0 depends only on X and w. Moreover,

6z 3 = (e~ 1) [ on = [ @z -6 < o - . (4.39)
X X
Combining (4.38) and (4.39), we get
167 — Ol + 16 — 6211 < 116 — 63211 + 21167 — O3] + 162 — 2l + [l — 67
< 30|05 — Ol + lmi — Gl + 1163 —
<3C5(A+1)"vol(X)e+ |16 — |l

Hence, by (4.37), we obtain
2 2 5 -
d < C5(AB)? [ hon
eap(t 0)" < G54 B) < (305<A+ Dvol(X)e 1 108 — el + data, >)>

(5 -
< AB 2 hon
< CGe(4B) < (A"e+ 10—l +d<A+1)w<u,v>>) !

where Cg > 0 depends only on n, X, w and +. Here we use the facts dj(u,v) < d(441),,(u,v)
(see Lemma 4.1) and h(t) < h(Mt) < M h(t) for every M > 1 and ¢ > 0. The proof is
completed. O

In the sequel, we will proceed to prove Theorems 1.4 and 1.5.

Theorem 4.15. Let 01,02 < Aw be closed smooth real (1,1)-forms (A > 1). Let 0 < § < 1,
B>1,xeW andu; € g)},(A—i—l)w,Bé(X, 0;) (G = 1,2) such that x(—1) = —1, supy uj =0
and [y 0., = 0. Assume that there exists a concave increasing function H : R>o — R such
that, for j = 1,2,

/X ming[iér — o, 1H6; + ddeu;)" < H({lr — all o), (4.40)

for every 11,19 € PSH(X,w) with supy 1)1 = supx ¥2 = 0. Then, for every 0 < v < 1, there
exists C' > 0 depending only on n, X,w and ~ such that

-
)
A(T1/2 + H(Tl/g)) + An”91 — 92H<50 + d(A+1)w(u17 U2)>> ’

where T = dist_1((6; + dd®u1)™, (8 + dd°uz)™) and h(s) = (—x(—s))"/2

deap(u1,u2)* < C(AB)? <h°” (

Proof. Without loss of generality, we can assume that [ (62 + dd®u2)™ > [, (61 + dd®up)™.
p1(X)

25)
Theorem 4.7] that there exists a unique u3 € £(X, 61, Py, [u1]) such that

(01 + ddu3z)™ = cpa,
supx uz = 0.

Denote p; = (61 + dduq)", p2 = (62 + ddu2)™ and ¢ = < 1. It follows from [16,

(4.41)
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By Theorem 4.11, we have

5 -
A(x/? + H(z1/8)) + dg, (u1, U3))> ’

where x := dist_1 (i1, cu2) and Cy > 0 depends only on n, X, w and ~.
By Theorem 4.15, we have

%wmhmPSCMABV<W”< (4.42)

1)
(1 —o)|[pall + A™[|01 — 02

-
d Lug)? < C A32<mn< ))
cap(UQ US) > 2( ) ggo+d(A+1)w(UQ,U3)

(4.43)

where C3 > 0 depends only on n, X, w and ~.
Combining (4.42), (4.43) and using the fact dy, (u1,u3) = d(a41)(u1,u3) = 0, we get

5 -y
AT H@P)) + (1l + R>> (49

where R = A™||6; — 05
n, X,w and ~.
Note that

%0 + das1)w(u1,u2) and Cy > 0 is a constant depending only on

(1=l = [ dpa = [ dpr < st i) = 7 (4.45)
X X
Then
x = dist_q(p1, cp2) < dist—1(p1, p2) + (1 — o) ||p2|| < 2dist—q(p1, p2) = 27. (4.46)

Combining (4.44), (4.45) and (4.46), we get

-
b
d 2<05(ABY? [ hon
cap(u17u2) > 3( ) ( (A(Tl/2+H(Tl/8)) +A"H91 —92||<50 +d(A+1)w(u17u2)>> >

where C3 > 0 depends only on n, X, w and ~.
This finishes the proof. O

End of the proof of Theorem 1.4. By the assumption, we have y; := (6; + dd“u;)" satisfies
(4.40) for H(t) = M 6t and j = 1,2. Moreover, it follows from [26, Proposition 4.4] that,
for every ¢ € PSH(X,w) with supy ¢ =0,

X

where B > 0 depends on X,w, M and . Hence, by using Theorem 4.15 (choose v = 1/2),

we have
2—n—1

dcap(Uh U2)2 <C

)

m8/8 11161 — 65
)

w0 + d(A—i—l)w(“la“Z))

where 7 = dist_1(u1, u2) and C > 0 is a constant depending only on n, X, w, A, M and f.
The proof is completed. O]
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In order to prove Theorem 1.5, we need the following lemma:

Lemma 4.16. Let i, be a Radon measure on X vanishing on every pluripolar set. Then, there
exists a concave, non-decreasing function H : R>g — Rx>q with H(0) = 0 such that

[ min{lu— ol 1dp < H (= ol
for every u,v € PSH(X,w) with supy u = supx v = 0.

Proof. For every ¢t > 0, we denote

h(t) = sup {/ min{|u — v|, 1}dp : u,v € PSHaup (X, w), |u — v 11x) < t} ,
b's

where PSHg,, (X, w) = {w € PSH(X,w) : supy w = 0}. Then h is non-decreasing. We will
show that
lim h(t) = 0. (4.47)

t—0t

Indeed, if lim+ h(t) = 2e > 0 then there exist sequences u;,v; € PSHg,(X,w) such that
t—0

luj — vjllLr(x) — 0 as j — oo and

/ min{|u; — vj|, 1}dp > e, (4.48)
X

for every j. By the compactness of PSH,,(X,w), we can assume that uj,v; — w €
PSHgyup (X, w) as j — oo. Then, it follows from Lemma 4.17 below that

lim / min{|u; —wl,1}dp = lim / min{|v; — wl|, 1}dp = 0,
X J7eo X

J—00

and it follows that
lim / min{|u; — v;|, 1}dp = 0.
X

j—00
This contradicts with (4.48). Hence, (4.47) is true.
Now, we put

M = sup{/ —ww" : w € PSHgup(X,w)}.
X

1 .
For every m > 537, we also define

o = SUD {hif) : % <i< 2M} and  Hy(t) = kit + h(1/m).

Then H,,(t) > h(t) for every ¢t > 0 and lim;_,q+ Hy,, = h(1/m). Set H(t) = inf,, H,,(t). We
have H is a concave, non-decreasing function satisfying H(0) = 0 and H > h. In particular,

/X min{ju — o], 1 < H (Ju - vllz10x))

for every u,v € PSHg,p(X, w).
The proof is completed. O]
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Lemma 4.17. Let ;1 be a Radon measure on X vanishing on every pluripolar set. Assume that
uj, j € NU {00}, are negative 6-psh functions satisfying u; — ueo in L'(X) as j — oco. Then

/ min{|u; — usol, 1}dp — 0,

X

as j — oo.

Proof. Denote B = sup; ||u|[z1. By Chern-Levine-Nirenberg inequality, there exists C' > 0
such that

B
cap{u; < —k} < TC,

for every j € NU {oco} and k > 0. Since p vanishes on pluripolar sets, by [33, Lemma 4.5],
there exists w € PSH(X,w) N L*°(X) such that u = fw]} for some nonnegative function
f € LY(wn). Let M > 0 be a big enough constant such that

/ du < €/6.
{f>Mm}

We have

p({uy; < —k}) = / d#+/ du
{F>M}n{u;<—k} {F>M}n{u;<—k}

du + / du
{r<M¥nfuj<—k} {f>M}

< M(supw — igl(f w)cap{u; < —k} + ¢€/6.
X

IN

It follows that for each ¢ > 0, there exists ky > 1 such that
p({u; < —k}) <e€/3 (4.49)

for every j € NU {oo} and k > ko. Denote u;;, = max{uj, —k} and v; ;, = max{u; i, Uoo i }-
Then for every k, we have u;; — e in L'(X) and v;; — uno in capacity as j — oo. It
follows from [35, Lemma 11.5] that

/ max{u;x — Usok, 0}dp = / (Vj ke — Uook)dp — 0,
X X

and
/ (W) — Uoo,k)dp — 0,
X

as j — oo. Combining the last two convergences gives
/ Uk — Uook|dp — 0,
X
as j — oo. Choose jj such that

€
o)

/ W) ky — Uoo koAt < 3
X
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for every j > jo. Using the last inequality and (4.49), we have
[ minla; uecl. 1y < uj — wseldps + p({uy < k) + ({0 < —k))
X {uj,u00>—ko}
2e
</ ko — ool + o <.
{uj,uc0>—ko}

for every j > jo. Thus [y min{|ua; — teo|, 1}dp — 0 as j — oc. O

End of the proof of Theorem 1.5. By Lemma 4.16, there exists a concave, non-decreasing
function H : R>9 — R>o depending only on x, X and w such that H(0) = 0 and

Ammwrw%HWSHMM—wwg»

for every v, 1y € PSH(X,w) with supy 1)1 = supy 12 = 0.
Moreover, it follows from [7, Proposition 3.2] that there exist a constant B > 0 and a
function x € W~ depending on X, w and p such that

/—X(zb)du < B,

for every ¢ € PSH(X,w) with supy ¢ = 0. In particular, u; € 527(A+1)w’(A+1)B(X, 6;) for
j = 1,2. Hence, by Theorem 4.15, there exists C' > 0 depending only on n, X and w such
that

—1/2
CA+1°B (., 5 /
52 A(TY2 + H(TY8)) + A™|01 — 02|50 + d(ag1yw(ur, ug) ’

where 7 = dist_; (1, o) and h(s) = (—x(—s))'/2. Denote

IN

dcap (ul , U2)2

PO CELS (Y
52 A(tY2 + H(tY/8)) + At
We obtain
deap(u1, ug)? < fu (dist—1(p1, p2) + (1601 — O2ll0 + das1yw(ur, u2)) -
The proof is completed. O

Remark 4.18. We explain how to prove Proposition 4.13 using either Theorem 1.5 or 1.4 (in
place of Proposition 4.12). This is almost identical to the proof of Proposition 4.13 presented
above: the new arguments are only required to show that there is a subsequence of (u;); which
is convergent in capacity. To this end, we can assume u;’s are model as we did in the above
proof of Proposition 4.13. Next we extract a subsequence (u;,)s of (u;); such that u;, converges
to some v in L', and 0., is convergent. Now applying either Theorem 1.5 or 1.4 (thanks to
(4.29)), one sees that the sequence (u;,)s is convergent in capacity. Consequently u;, — u in
capacity (see, e.g., [25, Lemma 2.2]).
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