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ABSTRACT. In this article, we prove that every ultragraph Leavitt path alge-
bra is a direct limit of Leavitt path algebras of finite graphs and determine
the Gelfand-Kirillov dimension of an ultragraph Leavitt path algebra. We
also characterize ultragraph Leavitt path algebras whose simple modules are
finitely presented, and show that these algebras have finite Gelfand-Kirillov
dimension. Moreover, we construct new classes of simple modules over ul-
tragraph Leavitt path algebras associated with minimal infinite emitters and
minimal sinks, which have not yet appeared in the context of Leavitt path
algebras of graphs.
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1. INTRODUCTION

The study of algebras associated with combinatorial objects is a thriving topic
in classical ring theory. One of the key goals of the subject is to establish re-
lationships between combinatorial properties of the initial object and algebraic
properties of the associated algebra. Another important direction is the study of
the connections with other branches of mathematics, as C*-algebras and symbolic
dynamics. Among interesting examples of algebras associated with combinatorial
objects we mention, for example, the following ones: graph C*-algebras, Leavitt
path algebras, higher rank graph algebras, Kumjian-Pask algebras, and ultra-
graph C*-algebras (we refer the reader to [1] and [2] for a more comprehensive
list).

There is no doubt that, among the non-analytical algebras mentioned above,
the Leavitt path algebra associated with a graph figures as the most studied one.
For these algebras their structure, and connections with C*-algebra theory and
symbolic dynamics, have been (and still is) studied in detail.

Ultragraphs and ultragraph C*-algebras were defined by Mark Tomforde in
[25] as a unifying approach to C*-algebras associated with infinite matrices (also
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known as Exel-Laca algebras) and graph C*-algebras. They have proved to be
a key ingredient in the study of Morita equivalence of Exel-Laca and graph C*-
algebras [17]. Recently, Castro, Gongalves, Royer, Tasca, Wyk, among others,
have established nice connections between ultragraph C*-algebras and the sym-
bolic dynamics of shift spaces over infinite alphabets (see [9], [11], [13] and [24]).

The Leavitt path algebra associated with an ultragraph was defined by Iman-
far, Pourabbas and Larki in [16], and by Gongalves and Royer in [12] in terms of
two different definitions. In [8] de Castro, Gongalves and van Wyk showed that
the resulting algebras are isomorphic. As in the C*-algebraic setting, the ultra-
graph Leavitt path algebras unify the study of Leavitt path algebras associated
with graphs and the algebras associated with infinite matrices. Further to being
a convenient way to express both types of algebras mentioned, it was shown in
[16, 10] that the class of ultragraph Leavitt path algebras is strictly larger than
the class of Leavitt path algebras of graphs.

Since ultragraph Leavitt path algebras form a strictly larger class than Leavitt
path algebras of graphs, their study encompasses an extra layer of complexity.
Nevertheless, recently several results regarding whether the C*-algebraic theory
of ultragraphs has analogues in the algebraic setting, and whether results about
Leavitt path algebras of graphs can be generalized to ultragraph Leavitt path
algebras, have been obtained. We mention the following. Gongalves and Royer
[12] realized ultragraph Leavitt path algebras as partial skew group rings. Using
this realization they characterized Artinian ultragraph Leavitt path algebras and
gave simplicity criteria for these algebras; Gongalves and Royer [14] extended
Chen’s construction (see [7]) of simple modules of graph Leavitt path algebras to
ultragraph Leavitt path algebras. More namely, they constructed two classes of
simple modules of ultragraph Leavitt path algebras associated with sinks v and
infinite paths p; de Castro, Gongalves and van Wyk [8] realized ultragraph Leavitt
path algebras as Steinberg algebras. Using this result, Hazrat and the second
author [15] constructed additional classes of non-isomorphic simple modules of
ultragraph Leavitt path algebras associated with both infinite emitters and pairs
(¢, f) consisting of closed paths ¢ together with irreducible polynomials f € K|z];
Nam and Nam [22] characterized purely infinite simple ultragraph Leavitt path
algebras, and established the Trichotomy Principle for graded simple ultragraph
Leavitt path algebras; and Duyen, Gongalves and the first author [10] proved
Exel’s Effros-Hahn conjecture on primitive ideals in the ultragraph Leavitt path
algebra setting.

The current article is a continuation of this direction. In [3, 4] Alahmedi, Alsu-
lami, Jain and Zelmanov obtained a complete characterization of and a structure
theorem for the Leavitt path algebra Lg(F) of a finite graph E having finite
Gelfand-Kirillov dimension. Interestingly, it was shown in [5] that this same
condition for a finite graph FE is equivalent to the Leavitt path algebra Ly (F)
whose simple modules are finitely presented. In [23] Rangaswamy gave a complete
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characterization of Leavitt path algebras of arbitrary graphs with finite Gelfand-
Kirillov dimension and those whose simple modules are finitely presented. In [21]
Moremo-Ferndndez and Siles Molina determined the Gelfand-Kirillov dimension
of the Leavitt path algebra of an arbitrary graph. Motivated by these interesting
results, the main goal of this article is to provide a characterization of ultragraph
Leavitt path algebras with finite Gelfand-Kirillov dimension and those whose sim-
ple modules are finitely presented, as well as to construct new classes of simple
modules of ultragraph Leavitt path algebras which are not isomorphic to these
simple modules cited above (even they have not yet appeared in the context of
Leavitt path algebras of graphs).

The article is organized as follows. In Section 2, for the reader’s convenience,
we provide subsequently necessary notions and facts on ultragraphs and ultra-
graph Leavitt path algebras. We also prove that every ultragraph Leavitt path
algebra is a direct limit of Leavitt path algebras of finite graphs (Theorem 2.8). In
Section 3, by using Theorem 2.8 and Moremo-Fernandez and Siles Molina’s result
that the Gelfand-Kirillov dimension of algebras commutes with direct limits (see
Theorem 3.1 below), we determine the Gelfand-Kirillov dimension of an ultra-
graph Leavitt path algebra Lg(G) (Theorem 3.4) and show that it is exactly the
Gelfand-Kirillov dimension of the Leavitt path algebra of the associated graph of
G (Theorem 3.8). In Section 4, we give new classes of simple modules over ultra-
graph Leavitt path algebras associated with minimal infinite emitters (Theorem
4.2 and Remark 4.3) and minimal sinks (Theorem 4.5 and Example 4.6), and
investigate the finite representation of these simple modules (Proposition 4.4 and
Theorem 4.5 (5)) and the simple modules associated with infinite paths (Corollary
4.10). Then, we describe ultragraph Leavitt path algebras whose simple modules
are finitely presented, and obtain that these algebras have finite Gelfand-Kirillov
dimension (Theorem 4.11).

2. PRELIMINARIES AND SOME USEFUL FACTS

In this section, we recall the definition of an ultragraph Leavitt path algebra
and set notation. Also, we prove that every ultragraph Leavitt path algebra is a
direct limit of Leavitt path algebras of finite graphs (Theorem 2.8). Consequently,
we characterize the von Neumann regularity of an ultragraph Leavitt path algebra
which extends [22, Theorem 2.9] to ultragraphs of arbitrary size (Corollary 2.9).

We begin this section by recalling some notions and notes of ultragraph theory
introduced by Tomforde in [25] and [26].

Definition 2.1 ([25, Definition 2.1]). An wultragraph G = (G°,G',r, s) consists
of a set of vertices GY, a set of edges G', and functions s : G! — G° and
r: Gt — P(GY) \ {0}, where P(G?) denotes the set of all subsets of G°.

In order to define an ultragraph Leavitt path algebra, we need a notion of
“generalized vertices”.



Definition 2.2 ([25]). Let G = (GY,G',r, s) be an ultragraph. Define G° to be
the smallest subset of P(G?) that contains {v} for all v € G, contains 7(e) for
all e € G!, and is closed under finite unions and finite intersections. Elements of
GY are called generalized vertices.

A vertex v € GV is called a sink if s7}(v) = ), and we denote the set of sinks
in G° by GY. A vertex v € G is called an infinite emitter if s™!(v) is infinite.
A singular vertex is a vertex that is either a sink or an infinite emitter. The set
of all singular vertices is denoted by Sing(G). A vertex v € GV is called a regular
verter if s71(v) is finite and non-empty. An ultragraph is called row-finite if it
has no infinite emitters. An ultragraph G is called countable if GY and G! are
countable sets.

A finite path in an ultragraph G is either an element of G° or a sequence
ajag - - ap of edges with s(ayy1) € (o) for all 1 <i < n — 1 and we say that
the path a has length |a| := n. We consider the elements of G to be paths of
length 0. We denote by G* the set of all finite paths in G. The maps r and s
extend naturally to G*. Note that when A € G° we define s(A) = r(A4) = A.

If G is an ultragraph, then a closed path in G is a path a = ajaz - q)q € G*
with |a| > 1 and s(a) € r(a). We also say that the closed path « is based at
v = s(a). A closed path « is called simple if a # " for any closed path 5 and
integer n > 2. A cycle (based at v) is a closed path a = ajaz - - a)| (based at
v) such that s(a;) # s(a;) for every 1 < i # j < |a|. The ultragraph G is called
acyclic if G has no cycles. An ezit for a cycle « is one of the following:

(1) an edge e € G' such that there exists an i for which s(e) € r(a;) but

e # Q1.
(2) a sink w such that w € r(«;) for some i.

In [12] Gongalves and Royer introduced the Leavitt path algebra of an ultra-
graph which is an algebraic version of ultragraph C*-algebras introduced by Mark
Tomforde in [25] as an unifying approach to Exel-Laca and graph C*-algebras.

Definition 2.3 ([12, Definition 2.3]). Let G be an ultragraph and K a field. The
Leavitt path algebra L (G) of G with coefficients in K is the K-algebra generated
by the set {se, s} |e € G'} U{p, | A € G}, satisfying the following relations for
all A,BeG’ande, f € Gl
(1) py =0, PaPp =Panp A Dy p =Dy +Pp = Panps

(2) e)Se = Se = SePr(e) and pr(e)sz - SZ - szps(e);

(3) se Sf = Oe,fPr(e);
(4)

4) py, = ZS (e)=v sesy for any regular vertex v;

where p, denotes Py and ¢ is the Kronecker delta.

It is worth mentioning the following note.
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Remark 2.4. (1) There have been different definitions of Leavitt path algebras
of ultragraphs, and the difference of these definitions lies in how the set of gen-
eralized vertices are defined. Given an ultragraph G, let B denote the smallest
subset of P(GY) that contains {v} for all v € G°, contains r(e) for all e € G,
and is closed under relative complements, finite unions and finite intersections.
We denote by Lk (G,) the Leavitt path algebra associated with G by allowing
A,B € B in item (1) of Definition 2.3, that means, Lx(G,) is the algebra as de-
fined in [16, Definition 2.1]. However, in [8, Proposition 5.2] the authors showed
that Lx(G,) and Lk (G) are isomorphic to each other.

(2) Every (directed) graph E = (E°, B!, rg, sg) may be considered as an ultra-
graph G = (G%,GL, 76y, Sg;), where G% = E°, GL = E', and rg,,(e) = {rg(e)}
and sg,(€) = sgp(e) for all e € EL. In this case, we have that G% is the set of all
finite subsets of E, and the Leavitt path algebra Ly (F) is naturally isomorphic
to Lx(GE). We refer the reader to [1] and [2] for more details about Leavitt path
algebras of graphs.

We usually denote s4 :=p, for A € G% and s, := Sey - Se, for=ce1---e, €
G*. It is easy to see that the mappings given by p, — p, for A € G° and
Se > 85, 85— s for e € G, produce an involution on the algebra L (G),
and for any path a = ay---a, there exists s}, := s; ---s5 . Also, Lx(G) has
the following universal property: if A is a K-algebra generated by a family of
elements {ba,ce,ci | A € G° e € G'} satisfying the relations analogous to (1) -
(4) in Definition 2.3, then there always exists a K-algebra homomorphism ¢ :
Lk (G) — A given by ¢(pa) = ba, ¢(se) = ce and ¢(s}) = ¢;. Furthermore, we
denote another useful properties as follows.

Lemma 2.5 ([12, Theorem 3.10]). For an ultragraph G and a field K, then the
Leavitt path algebra Ly (G) has the following properties:
(1) All elements of the set {pa, se,s: | A€ GV\ {0}, e € G'} are nonzero.
(2) Lk (G) is of the form
SpanK{sapAsg | a,8€G*,AecG%and r(a) N ANr(B) # 0}.
Furthermore, Lk (G) is a Z-graded K-algebra by the grading
Lk(G)n = Spang{sap,ss |, B € G" A€ GYand |a| — |8 =n} (n€Z).

Proof. Ttem (1) follows from [12, Theorem 3.10], and item (2) follows from the
last paragraph of the proof of [12, Theorem 3.10]. We should mention that [12,
Theorem 3.10] was proved for the case of countable ultragraphs G. However, the
assumption on the cardinalilty of the ultragraph was not used in this proof, and
so the theorem is valid for ultragraphs of arbitrary size. O

The following lemma is useful to prove the main result of this section.

Lemma 2.6 (cf. [22, Lemma 2.6]). Let G be an ultragraph and K a field. Then

the algebra Ly (G) is generated by {sc,s% | e € G'} U{p, | v € Sing(G)}.
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Proof. The lemma was proved in [22, Lemma 2.6] for the case of countable ul-
tragraphs G. However, the assumption on the cardinalilty of the ultragraph was
not used in this proof, and so the statement is valid for ultragraphs of arbitrary
size. [

Let G = (G% G, 7, s) be an ultragraph and let F be a finite subset of G' U
Sing(G). Write FV := F N Sing(G) and F! := FNG! = {e1,ez,...,e,}. Following
[16], we construct a finite graph G as follows. For each w = (wi,...,wn) €
{0,1}"\ {(0,0,...,0)}, we define

r(w) == Ny,=1 7€)\ ijzor(ej) and R(w) := r(w) \ FO.
Notice that r(w) Nr(rv) = @ for distinct w,v € {0,1}"™\ {(0,0,...,0)}. Let
Iy :={we {0,1}"\{(0,0,...,0)} | there are vertices vy, ..., vy such that
R(w) = {v1,...,vp} and @ # s7H(v;) C F! for 1 < i < m}
and
Ip:={we{0,1}"\{(0,0,...,0)} | R(w) # @ and w ¢ T'o}.
Now we define the finite graph Gp = (G%, GL, 7, sF) as follows:

G% = FOUF'UTIp, and

Gy = {(ef) € F' x F' [ s(f) € r(e)}
U{(e,v) € Ft x FO | v € r(e)}
U{(e,w) € F1 xTp | w; =1 when e = ¢;}

with
SGF((67 f)) =€ SGF((e’ U)) =€ SGF((eﬂw)) =e€
rae((e, ) = f rap((e,v)) =v rap((e,w)) = w.

The following lemma gives us criteria for ultragraphs containing cycles and
cycles with exits.

Lemma 2.7. For an ultragraph G, the following statements hold:

(1) G is acyclic if and only if Gr is acyclic for every non-empty finite subset
F of G' U Sing(G);

(2) G contains a cycle with an exit if and only if there exists a non-empty finite
subset F' of G U Sing(G) such that G contains a cycle with an exit.

Proof. (1) It was proved in [22, Lemma 2.8] under the assumption that G is
countable. However, the assumption on the cardinalilty of the ultragraph was
not used in this proof, and so the statement is valid for ultragraphs of arbitrary
size.

(2) (=). Assume that G contains a cycle o = ejes - - e, with an exit. We
then have the following cases:

Case 1: there exist an edge e € G! and a number 1 < i < n such that
s(e) € r(e;) but e # e;41, where e,41 := e1. Let

F:={ee |1<i<n}Cg.
6



We obtain that the graph G contains a cycle ¢ = (e1,€2) - (en—1,€n)(€n,€1)
with an exit f = (e;,€).

Case 2: there exists a sink w € G such that w € r(o;) for some 1 < i < n.
Let F := {w,e; | 1 <i < n} C G!'USing(G). We then have that the graph G p
contains a cycle ¢ = (e1,€2) -+ (en—1, €n)(en, €1) with an exit f = (e;, w).

Therefore, in any case, we arrive at the statement.

(<=). Suppose there exists a non-empty finite subset F of G! U Sing(G) such
that G contains a cycle ¢ with an exit 7. By renumbering edges in F'', without
loss of generality, we may assume that F' = {e1,e,...,e,} and

c= (617 62) T (em—17 6m)(em7 61)7

where m < n and e;’s are in F' such that sg(e;j1+1) € rg(e;) for all 1 <i <m —1,
and sg(e1) € rg(em). Consider the closed path a :=ejea-- e, in G. If sg(e;) #
sg(ej) for all 1 <@ # j < m, then we have that o is a cycle in G. Since 7 is an exit
for ¢, there exists an number 1 < ¢ < m such that sg,(v) = e; and v # (e;, €i4+1),
where e, 1 := e1. Consider the following cases:

Case 1: v = (e, f) € F'x F! with sg(f) € rg(e). We receive that e = s, (7) =
e; and f # e;+1, and so f is an exit for a.

Case 2: v = (e,v) € F! x FY with v € rg(e). We have e = sg,.(7) = ;. If v is
a sink in G, then v is an exit for a.

Case 3: v = (e,w) € F! x I'p with w; = 1 when e = ¢; (1
obtain that e = s, (y) = €;. Since w € I'p, we must have R(w)
@ and w ¢ I'g. This implies that R(w) C r(w) = Nw;=17g(e;) \ U
rg(e;), and we also have the following two subcases:

Case 3.1: R(w) is infinite. This shows that rg(e;) is infinite, and so there exists
a vertex v € rg(e;) such that v # sg(e;y1). If v is a sink, then v is an exit for
a. If v is not sink, then there exists an edge f € G! such that sg(f) = v and
f # e;r1. Therefore, f is an exit for a.

Case 3.2: R(w) = {v1,v2,...,v:} C G° with either v; is a sink for some 1 <
[ <'t, or there exists an edge f € sgl(vk) \ F' for some 1 < k < t. If the first case
happens, then v; € rg(e;), and so v; is an exit for a. If the second case happens,
then f # ej+1 and sg(f) = vg. Since R(w) C rg(e;), vi € rg(e;). This implies
that f is an exit for a.

Consider the case when sg(e;) = sg(ej) for some 1 < i < j < m. Then,

<j<mn) We
=r(w) \ F7 #
-

0
wr= OTg( )

there exist two integers k and [ such that i < k < [ < j, sg(er) = sg(e;) and
sg(ex) # sg(ey) for all k < K # 1" <1 with (k',l") # (k,l). This implies that
B :=erery1---e is a cycle in G with an exit e;; 1, where e;,4+1 := e;.

Therefore, in any case the ultragraph G always contains a cycle with exits, thus
finishing the proof. U

Let G be an arbitrary ultragraph. We denote by F(G) the set of all finite
subsets of G! USing(G). It is obvious that F(G) is directed since the union of two

elements is their join. Now we are able to present the main result of this section,
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which plays an important role in the proof of the main result (Theorem 3.4) of
the next section.

Theorem 2.8. Let K be a field, G an ultragraph, F' an element of F(G), and
B(F) the subalgebra of Li(G) generated by the set {py, se,ss | e,v € F}. Then
the following statements hold:

(1) B(F) = Lk (Gr);

(2) Lk (9) = UFe]-'(g) B(F) = @Fef(g) B(F);

(3) L(9) =lim, g Lr(GF).

Proof. (1) We define the elements {P, | z € G,} and {S,, S; | y € G} of Lx(G)
by setting

SeSe if v = e,
Px: pv(l_ZfGFI st}) if.%:’l),

PN mi e (1= PU, o r(e)) (L= Pro)(1 = 2o pepr sy87) i o =w,

(PfSZ lfy:(evf)v SePf lfy:(eaf)v
Sy =14 5P, ify=(ev), and Sy =1 Pust ify=(e,v),
(selw ify = (e,w) P,st ify=(e,w).

By repeating verbatim the argument in the proof of [20, Proposition 4.2], we
have P, P, = 6{17,$/P$ for all x € G%, Ps(y)Sy = Sy = SyPr(y), S;Ps(y) = S; =
PSSy and S; Sy = 0y Py for all y € GL, and P, = Z{yeG%w:S(y)} SyS,
for all regular vertex x € G%, where ¢§ is the Kronecker delta. Then, by the
universal property of Leavitt path algebras of graphs, there exists a K-algebra
homomorphism 7 : Lg(Gr) — Lk(G) such that n(z) = P,, n(y) = S, and
m(y*) = S, for all z € GY% and y € G}. Clearly, 7 is a Z-graded homomorphism.
By repeating approach described in the proof of [16, Lemma 2.13 (ii)], we have
P, #0 for all z € G%. Then, by [27, Theorem 4.8], 7 is injective. Moreover, by
repeating verbatim the argument in the proof of [20, Proposition 4.2], we obtain
that the family {Qz,S,,S; | = € GY,y € Gzl/} generates B(F'), that means,
m(Lix(Gp)) = B(F). Therefore, Lx(GF) is isomorphic to B(F).

(2) Tt immediately follows from Lemma 2.6.

(3) It follows from items (1) and (2), thus finishing the proof. O

A (not necessarily unital) ring R is called von Neumann regular in case for
every r € R there exists s € R such that » = rsr. A matricial K-algebra is
a finite direct sum of full finite dimensional matrix algebras over the field K.
A locally matricial K-algebra is a direct limit of matricial K-algebras (with not
necessarily-unital transition homomorphisms). In [22, Theorem 2.9] the authors
showed that the ultragraph Leavitt path algebras arising from acyclic countable

ultragraphs are precisely the von Neumann regular Leavitt path algebras, and in
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this case they are exactly locally matricial algebras. We close this section with the
following corollary, extending this result to Leavitt path algebras of ultragraphs
of arbitrary size.

Corollary 2.9. Let G be an ultragraph and K a field. Then the following condi-
tions are equivalent:

(1) L (G) is von Neumann reqular;

(2) G is acyclic;

(3) Lx(G) is a locally matricial K -algebra.

Proof. (1)==(2). It was proved in the direction (1)==-(2) of [22, Theorem 2.9]
under the assumption that G is countable. However, the assumption on the
cardinalilty of the ultragraph was not used in this proof, and so the statement is
valid for ultragraphs of arbitrary size.

(2)=(3). By using Lemma 2.7 (1) and Theorem 2.8 (3), and repeating ver-
batim the argument in the proof of the direction (2)==(3) of [22, Theorem 2.9]
we immediately obtain the statement.

(3)==(1). It is well known that every matricial K-algebra is von Neumann
regular, and so is a direct limit of such algebras, thus finishing our proof. O

3. THE GELFAND-KIRILLOV DIMENSION OF AN ULTRAGRAPH LEAVITT PATH
ALGEBRA

In this section, based on Theorem 2.8, we determine the Gelfand-Kirillov di-
mension of an ultragraph Leavitt path algebra Li(G) (Theorem 3.4) and show
that it is exactly the Gelfand-Kirillov dimension of the Leavitt path algebra of
the associated graph of G (Theorem 3.8).

We begin this section by recalling some general notions and facts on the
Gelfand-Kirillov dimension of algebras. Given a field K and a finitely gener-
ated K-algebra A. The Gelfand-Kirillov dimension of A (GKdim(A) for short)
is defined to be

GKdim(A) := lim sup log,, (dim(V")),

n—oo
where V is a finite dimensional subspace of A that generates A as an algebra over
K. This definition is independent of the choice of V. If A does not happen to be
finitely generated over K, the Gelfand-Kirillov dimension of A is defined to be

GKdim(A) = sup{GKdim(B) | B is a finitely generated subalgebra of A}.

It is well known (e.g., [18, Lemma 3.1]) that the inequality GKdim(B) < GKdim(A)
holds whenever B is a subalgebra of A, or if B is a factor algebra of A. See [18]
for a general treatment of the Gelfand-Kirillov dimension. The following result of
Moremo-Ferndndez and Siles Molina will play an important role in our analysis.

Theorem 3.1 (|21, Theorem 3.1]). The Gelfand-Kirillov dimension of algebras

commutes with direct limits.
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A cycle a = ajas - --a, is called an exclusive cycle if there does not exist a
cycle 8 = 18 - - - B, which is different from a cyclic permutation of o and such
that s(c),s(8;) € r(ai—1) Nr(Bj—1) for some 1 < i <n and 1 < j < m, where
r(ag) = r(ayn) and r(By) := r(Bm). Equivalently, a cycle a = ajag---ay, is
called an exclusive cycle if there does not exist a cycle 8 = 8182 - - - B such that
s(ei),s(85) € r(ai—1) Nr(Bj—1) and (aj—1, ;) # (Bj—1, ;) for some 1 < i < n
and 1 < j < m. In other case, we say that « is a non-exclusive cycle. We say
that ultragraph G satisfies Condition (EXC) if every cycle of G is exclusive. The
following lemma provides us criteria for ultragraphs having Condition (EXC).

Lemma 3.2. An ultragraph G satisfies Condition (EXC) if and only if G satisfies
Condition (EXC) for every non-empty finite subset F' of G! U Sing(G).

Proof. (=>). Assume that there exists a non-empty finite subset F of G! U
Sing(G) such that Gp does not satisfy Condition (EXC). We then obtain that
Gr has two cycles ¢ and d having a common vertex such that c is different from
a cyclic permutation of d. Write ¢ = cica---¢, and d = dids---d,,, where
ci = (ei,ei01) € F! x F! with s(e;p1) € 7(e;) forall 1 <i <n—1, ¢, = (en,e1)
with s(e1) € r(e,), and dj = (fj,fj+1) € F' x F! with 8(fj+1) € r(fj) for all
1<j<m-=1,dn = (fm, f1) with s(f1) € r(fm). Since ¢ and d have a common
vertex, without loss of generality, we may assume that e; = sg,(¢) = sqp(d) =
f1. Consider the cycles a = ejea---e, and 8 = fifo- - frn in G. We then have
s(e1) = s(f1) € r(en)Nr(fm), and so « is a non-exclusive cycle in G. This implies
that G does not satisfy Condition (EXC).

(<=). Assume that G does not satisfy Condition (EXC). Then, there exist
two cycles o = ajag -+ - oy and B = 152 - - - By, such that s(y), s(B;) € r(ai—1)N
r(Bj—1) and (-1, ;) # (Bj—1,0;) for some 1 <i < nand 1 < j < m, where
r(ag) == r(an) and r(Bo) == r(Bp). Let F:={ar,az,...,an,p1,82,....6m} C
G'. We then have that o/ = (a;, a;y1) - (Qn_1, an) (o, 1) (a1, ag) - - (i1, ;)
and 8" = (@i, ig1) -+ (@1, ) (an, 1) (o1, a2) - - - (2, 1) (i1, B;) (B, Bj+1)
- (Bm=1,Bm)(Bm, a1)(B1, B2) - - - (Bj—2, Bj—1)(Bj-1,0;) are two closed paths in
Gp with sg, (/) = a; = sg.(8'), and so Gp does not satisfy Condition (EXC),
thus finishing our proof. 4

For two exclusive cycles a = ajag - o and 8 = 5182 - - - B, We write a = 3
if there exists a path p such that s(p) € r(a;) and s(5;) € r(p) for some 1 <i <n
and 1 < j < m. A sequence of exclusive cycles ay, as, ..., qx is a chain of cycles
of length k if a1 = a9 = -+ = ap. We say that such a chain has an exit if the
cycle oy has an exit. The following lemma provides us criteria for ultragraphs
having chains of cycles of finite length and chains of cycles of finite length with
exits.

Lemma 3.3. Let G be an ultragraph having Condition (EXC). Then the following

statements hold:
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(1) G has a chain of cycles of length ¢ if only if there exists a non-empty finite
subset F of G! U Sing(G) such that G has a chain of cycles of length t.

(2) G has a chain of cycles of length ¢’ with an exit if only if there exists a
non-empty finite subset F' of G' U Sing(G) such that G has a chain of cycles of
length ¢’ with an exit.

(3) If the maximal length of chains of cycles in G is equal to ¢ and the maximal
length of chains of cycles in G with an exit is equal to t/, then there exists a
non-empty finite subset F of G! USing(G) such that the maximal length of chains
of cycles in G is equal to ¢t and the maximal length of chains of cycles in G
with an exit is equal to t'.

Proof. (1) (=). Assume that a; = ag = -+ = at is a chain of exclusive cycles
of length ¢t in G. Write o; = e(l)e(z) ..e,(f} where eJ eGlforalll <i<tand
1 < j < mn;. Then, for each 1 < i <t — 1, there exists a path p; in G such that
s(pi) € r(e,(:)) and s(e (Hl)) € r(p;) for some 1 < k; < n; and 1 < kl < n;y;.

Write p; = {7 f57 - £5) with £ € ' forall 1 < i <t —1and 1 < j < m;. Let
Fee {0 1<i<ti<i<t-11<j<n,1<k<m}Cg"

We then have that 3; = (el),eé))(egi),eg)) ... (e 5:)71,67(3)( @ eg)) are exclusive
cycles in G for all 1 < ¢ <t, by Lemma 3.2. Let

@i = (e AV L) - (s FED D e ™)

for 1 < i <t—1. We then have sg,(q;) = e,(c) and ¢, (¢) = e(+ ) for all
1<i<t—1. This 1mphes that 8; = Biy1 forall 1 <i<t—1, and s0 we obtain
that f; = B2 = --- = B is a chain of cycles of lenght ¢ in Gp.

(<=). Assume that there exists a non-empty finite subset F' of G! U Sing(G)
such that Gr has a chain of exclusive cycles of length ¢, say ¢; = ¢ = -+ = ¢.
Write

e = (e e ) (e ) . (e y el (el e,
where e() € F and sg(e @) ) € rgle ()) forall 1 <i<tand 1l <j<n; (with

€j+1
65:,?+1 = eg)). For each 1 < i <t —1, we have ¢; = c¢;11, and so there exists a

path p; in G such that sq, (p;) = e,(g? and rg. (pi) = el(j,‘H) for some 1 < k; < n;

and 1 < k! < mn;;q. Write

pi= (A D, 10y - (f9 L £y,

where f{) € F, f{" = sap(p) = e}, fli) = rap(m) = eV and sg(f{2)) €

Tg(fj@) foralll <i<t—1land1l < j < m; Let oy = egi)e() 67(11) and
Bi =D forall 1 < i <tand 1< j <t—1. We then have that oy’s

are exclusive cycles in G such that sg(3;) € rg(e G )) and sg(e,, ( )) € rg(B;) for all
11



1 <+¢ <t—1. Therefore, we have a chain of exclusive cycles a1 = as = -+ =
in G of length t.

(2) It follows from item (1) and Lemma 2.7.

(3) It follows from items (1) and (2), thus finishing the proof. O

Now we are able to present the first main result of this section which deter-
mines the Gelfand-Kirillov dimension of an ultragraph Levitt path algebra and
extends Moremo-Ferndndez and Siles Molina’s result (see [21, Theorem 3.21]) to
the ultragraph case.

Theorem 3.4. Let G be an ultragraph and K a field. Then the following state-
ments hold:

(1) GKdim(Lg(G)) < oo if and only if G satisfies Condition (EXC) and the
maximal length of chains of cycles in G is finite.

(2) Assume that G satisfies Condition (EXC) and the maximal length of chains
of cycles in G is finite, say ¢, and the maximal length of chains of cycles in G with
an exit is finite, say t. Then

GKdim(Lk(9)) = max{2t — 1, 2t'}.

Proof. (1) (=). Assume that GKdim(Lx(G)) < co. Then, by Theorem 2.8 (1)
and [18, Lemma 3.1], GKdim(Lx(Gr)) < GKdim(Lg(G)) < oo for all F' € F(G),
where F(G) is the set of all finite subsets of G! U Sing(G). By [21, Theorem 3.21
()], we obtain that Gp satisfies Condition (EXC) and the maximal length of
chains of cycles in G is less than or equal to GKdim(Lg(G)) for all F' € F(G).
This shows that G satisfies Condition (EXC) and the maximal length of chains
of cycles in G is less than or equal to GKdim(Lk(G)), by Lemmas 3.2 and 3.3
respectively.

(<=). Assume that G satisfies Condition (EXC) and the maximal length of
chains of cycles in G is finite, say ¢t. Then, by Lemmas 3.2 and 3.3 respectively,
G satisfies Condition (EXC) and the maximal length of chains of cycles in G is
less than or equal to ¢ for all F' € F(G). From this observation and [21, Theorem
3.21 (ii)], we receive that GKdim(Lk(Gr)) < 2t for all F' € F(G). By Theorems
2.8 (3) and 3.1, we have

GKdim(Lk(G)) = hg GKdim(Lk(GF)) < 2t,
FeF(G)
as desired.

(2) Since G satisfies Condition (EXC), G satisfies Condition (EXC) for all
F € F(G). Since the maximal length of chains of cycles in G is equal to t and
by Lemma 3.3 (1), the maximal length of chains of cycles in G is less than or
equal to t for all F € F(G), and there exists an element F; € F(G) such that
the maximal length of chains of cycles in G, is equal to t. Moreover, since the
maximal length of chains of cycles in G with an exit is equal to ¢ and by Lemma

3.3 (2), the maximal length of chains of cycles in Gr with an exit is less than or
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equal to t’ for all F' € F(G), and there exists an element F € F(G) such that the
maximal length of chains of cycles in G, with an exit is equal to t’. Then, by
[21, Theorem 3.21 (ii)], GKdim(Lx(Gr)) < max{2t — 1,2¢'} for all F € F(G),

and so
GKdim(Lk(9)) = @Fef(g) GKdim(Lg(Gr)) < max{2t — 1,2t'},

by Theorem 2.8 (3). On the other hand, by Lemma 3.3 (3), there exists an element
F' € F(G) such that the maximal length of chains of cycles in Gpr is equal to
t and the maximal length of chains of cycles in Gp with an exit is equal to .
Then, by [21, Theorem 3.21 (ii)], we have GKdim (L (Ggr)) = max{2t — 1,2¢'}.
By Theorem 2.8 (1) and [18, Lemma 3.1], we obtain that

max{2t — 1,2t'} = GKdim(Lg (Gp)) < GKdim (L (G)),
so GKdim(Lg(G)) = max{2t — 1,2¢'}, thus finishing the proof. O

The rest of this section is to show that the Gelfand-Kirillov dimension of the
Levitt path algebra of an ultragraph G is equal to the Gelfand-Kirillov dimension
of the Levitt path algebra of the associated graph of G.

Definition 3.5. Let G = (G°,G!,r, s) be an ultragraph. The associated graph
Eg = (Eg,Eé,T‘Eg,SEg) of G is defined by:

Ey =G EL={(e,v)|ecgGver(e)}

SEQ(<€7 v)) = s(e), TEQ((67U)) =v.

The following lemma provides us criteria for ultragraphs having Condition
(EXC) and cycles with exits in terms of their associated graphs.

Lemma 3.6. For an ultragraph G, the following statements hold:
(1) G satisfies Condition (EXC) if and only if Eg satisfies Condition (EXC).
(2) G has a cycle with an exit if and only if Eg has a cycle with an exit.

Proof. (1) (=). Assume that Eg does not satisfy Condition (EXC). We then
have that Eg has a non-exclusive cycle ¢ = cica ... ¢y, that means, there exists
a cycle d = dids . ..d,, in Eg which is different from a cyclic permutation of ¢
such that sg,(c;) = sg;(d;) and ¢; # dj for some 1 <7 < nand 1< j < m.
By renumbering edges of ¢ and d, without loss of generality, we may assume
that i = j = 1. Write ¢; = (es,v;) € E} with sg(eiy1) = vi, sgle1) = vp,
and d; = (fj,w;) € Eé with sg(fj+1) = wj, sg(fi) = wm. We have v, =
sg(e1) = sg(f1) = wm. Let o := ejea---e, and B := fifo-+- frn. We then
receive that « and 8 are two cycles in G with sg(a) = v, = wy, = sg(8). Since
c1 = (e1,v1) # (f1,w1) = di, we have either e; # f1 or v1 # wy. If e; # f1, then
since v, = sg(e1) = sg(f1) = wm € rg(en) Nrg(fm), o and B are non-exclusive
cycles. If ey = f1, then we must have vy # wi, and so ey # fo. Since sg(ez) = v1

and sg(f2) = w1 € rg(e1) = rg(f1), @ and S are non-exclusive cycles. Therefore,
13



in any case, G always contains a non-exclusive cycle, and so G does not satisfy
Condition (EXC).

(«<=). Assume that G does not satisfy Condition (EXC). We then have that
G contains cycles @ = ajaz--- oy and S = 152 - By, such that s(),s(8;) €
r(ai—1) Nr(Bj—1) and (a1, 04) # (Bj-1,B;) for some 1 < i < n,1 < j < m,
where 7(ap) = r(ay,) and 7(5p) = 7(Bm). By renumbering edges of o and S,
without loss of generality, we may assume that ¢ = j = 1. Consider the following
two cases:

Case 1: s(aq) = s(f1). Let ¢ = (a1, s(a2))(ag, s(ag)) - - (an, s(a1)) and d =
(B1,5(B2))(B2,5(83)) - - (Bm,s(B1)). We then have that ¢ and d are two cycles in
Eg such that sg,(c) = sg,(d) and c is different from a cyclic permutation of d
(since (@i—1,04) # (Bj-1,B;)), and so Eg does not satisfy Condition (EXC).

Case 2: s(a1) # s(B1). Let ¢ = (an, s(a1))(aq, s(a2)) -+ - (ap—1, $(ay)) and d =
(s 5(81)) (B, 5(82)) -+ (Bons 5(01)) (1, 5(02)) (@2, 5(0)) - (@1, 5(n)). We ob-
tain that c and d are two cycles in Eg such that sg;(c) = sg,(d) and c is different
from a cyclic permutation of d. This implies that Eg does not satisfy Condition
(EXC).

Thus, in any case we arrive at that Eg does not satisfy Condition (EXC).

(2) (=). Assume that G has a cycle a = ejez---e, with an exit. Then,
there is either an edge f € G! such that there exists an 1 < i < n for which
s(f) € r(e;) but f # ej+1 (where e,41 := e1), or a sink w such that w € r(e;)
for some 1 < ¢ < n. If the first case happens, then FEg contains a cycle ¢ =
(a1, s(a2))(ag, s(as)) - (an, s(a1)) with an exit (e;,s(f)) when s(e;y1) # s(f)
and with an exit (f,s(f)) when s(e;+1) = s(f). If the second case happens, then
Eg contains a cycle ¢ = (aq, s(ag)) (a2, s(asz)) - - - (an, s(aq)) with an exit (e;, w).

(<=). Assume that Eg has a cycle ¢ = (a1, s(a2))(a2, s(ag)) - (an, s(a1))
with an exit (f,w). Then, there exits an 1 < ¢ < n such that sg(f) = sg(ait+1)
and (f,w) # (it1,sg(iye2)). If f # a;y1, then G has a cycle a := ejea--- e,
with an exit f. If f = a;41, then we must have w # sg(ajt2). If w is a sink,
then w is an exit for «. If w is not a sink, then every edge g € sgl(w) is an exit
for . Thus, in any case « always has an exit, finishing our proof. O

The following lemma provides us criteria for ultragraphs having chains of cycles
of finite length and chains of cycles of finite length with exits in terms of their
associated graphs.

Lemma 3.7. For an ultragraph G having Condition (EXC), the following state-
ments hold:

(1) G has a chain of cycles of length ¢ if and only if Eg has a chain of cycles of
length t. Consequently, the maximal length of chains of cycles in G is equal to ¢
if and only if the maximal length of chains of cycles in Eg is equal to t.

(2) G has a chain of cycles of length ¢’ with an exit if and only if Eg has a chain

of cycles of length ¢’ with an exit. Consequently, the maximal length of chains of
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cycles in G with an exit is equal to ¢’ if and only if the maximal length of chains
of cycles in Fg with an exit is equal to ¢.

Proof. (1) (=). Assume that a1 = ay :> - = ay is a chain of cycles of length
tin G. Write o; = egl) @) e,(%) with e € g1 forall 1 <i<t,1<j<mn,.
Then, for each 1 < i <t — 1, there exists a path p; such that s(p;) € r(e,(;))
](;,_H)) € r(p;) for some 1 < k; < n; and 1 < kl < n;q. Write p; =
FOf i) with £ € G forall 1 <i <t —1and 1< j <my. Let

B; = (e s(ef)) (e, s(ef)) - (el y s(ef) (el s(el?))

for 1 <i<t, and
ai = (e sCON U s(F57) -+ (a1 sCEED) () s(ef ™)

for 1 <4 <t —1. We then have 3;’s are cycles in Eg with sg;(¢;) = Sg(egi)) and

rEg(qi) = 3g(e](:,_+1)) forall 1 <i<t—1,and so f8; = B4 forall 1 <i <t —1.

This implies that 81 = (2 = --- = B; is a chain of cycles of lenght ¢ in Ejg.
(«<=). Assume that Eg has ¢; = co = -+ = ¢ is a chain of cycles of length ¢.

and s(e

Then, by renumbering edges of ¢;’s, without loss of generality, we may assume that
for each 1 < i <t — 1, there exists a paths p; in Eg such that sg,(p;) = sg,(c:)
and g, (pi) = sgg(cip1). Write

¢ = <e§“,v§’>>< R0 O PR CORSIC)
with v} € rg(e;”) and 1y = (e

€nir1 =€ , and write

pi=(f{ ><f2 awy) - (£ wf)
with w() € Tg(f( )) Um =5 (f1 ), j = 5g(f](21) and wT(ﬁ)Z = Sg(egﬂ_l)) for all
1§i§t—1and1§j§mi,wheref 41 ::fl(i). Let
(@) @) 0

forall 1 <i<tand 1< j < n;, where

a; =e; ey
for all 1 <1¢ <t, and let
pi= 11 1S

forall 1 <4 <t—1. We then have that a;’s are cycles in G and SQ(BZ) = Sg(fll ) =
oh) € rglen)) = rg(a), and sglain) = sglef ™)) = wii) € rg(fin)) = rg(8;) for
all 1 <4 <t —1. This shows that a; = ;11 for all 1 <i <t — 1. Therefore, we
have a chain of cycles a1 = a9 = -+ = a4 in G of length t.

(2) It follows from item (1) and Lemma 3.6, thus finishing our proof. O

Now we are able to present the second main result of this section, showing that
ultragraph Levitt path algebras Ly (G) and Levitt path algebras Lx (Eg) of the

associated graphs Eg have the same Gelfand-Kirillov dimension.
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Theorem 3.8. Let G be an ultragraph and K a field. Then GKdim(Lg(G) =
GKdim(Lg (Eg).

Proof. 1t follows from Theorem 3.4, Lemmas 3.6 and 3.7, and [21, Theorem 3.21].
O

4. ON ULTRAGRAPH LEAVITT PATH ALGEBRAS WHOSE SIMPLE MODULES ARE
FINITELY PRESENTED

In this section we describe ultragraph Leavitt path algebras whose simple mod-
ules are finitely presented, and show that these algebras have finite Gelfand-
Kirillov dimension (Theorem 4.11). Moreover, we provide new classes of simple
modules over ultragraph Leavitt path algebras associated with minimal infinite
emitters (Theorem 4.2 and Remark 4.3) and minimal sinks (Theorem 4.5) which
have not yet appeared in the context of Leavitt path algebras of graphs, and in-
vestigate the finite representation of these modules (Proposition 4.4 and Theorem
4.5 (5)) and the simple modules associated with infinite paths (Corollary 4.10).

We start this section with the notion of minimal infinite emitters, introduced
in [24, Definition 3.2]. Let G be an ultragraph and V € G°. We say that V is
an infinite emitter if the set {e € G' | s(e) € V} is infinite. Otherwise we say
that V is a finite emitter. The set V is called a minimal infinite emitter if V is
an infinite emitter, contains no proper subsets in G° that are infinite emitters,
and contains no proper subsets in G° which are finite emitters and have infinite
cardinality.

We will construct a new class of simple modules over ultragraph Leavitt path
algebras associated with minimal infinite emitters. Let K be a field, G an ultra-
graph and V' a minimal infinite emitter in G°. We denote by Sy, the K-vector
space having

V]={aeG ||a|>1,V Cr(a)}Uu{V}

as a basis. For each A € G° we define a linear map g4 : Sy oo — Sy oo Such that

a if |a| > 1 and s(a) € A,
gale) =< a ifa=VandV C A,

0 otherwise,

for all a € [V]. For each e € G! we define linear maps te and ¢} : Syco — Sveo
such that, for all a € [V]

ea if || > 1 and s(a) € r(e),
te() =qe ifa=Vand V Cr(e),
0  otherwise,

16



and

g ifa=efand |B] > 1,
ti(a) =<V ifa=eand V Cr(e),

0 otherwise.
The above endomorphisms induce a representation of Ly (G) as described below.

Proposition 4.1. Let K be a field, G an ultragraph and V a minimal infinite
emitter in GO. Then, there exists a K-algebra homomorphism 7wy : Li(G) —
Endg (Syoo) such that my(A) = qa for all A € G°, my(se) = te and my (s%) = t?
for alle € Ggt.

Proof. We show that the endomorphisms {qa,t.,t: | A € G°, e € G} satisfy the
relations analogous to (1) - (4) in Definition 2.3. For (1), it is straightforward
to see that qagp = qanp for all A and B € G°. Let A, B and C be elements in
GY. We claim that paup = pa + pB — panp. Indeed, for all a € [V]\ {V'}, one
considers the following three cases:

Case 1: s(a) € (A\ B)U (B \ A). We then have gaup(a) = o = qa(a) +
qB(@) — qanp(@) = (g4 + g8 — qanB)(@).

Case 2: s(a) € AN B. We then have ga(a) = o, ¢p(a) = a,qanp(a) = a and
gaup(a) = a. Therefore, qaup(a) = a = (g4 + ¢ — qanB) ().

Case 3: s(a) ¢ AU B. We then have qaup(a) =0 = (g4 + g8 — qanB)(a).

Next we prove that gaup(V) = (g4 + g8 — ganB) (V). Consider the following
two cases:

Case 1: V.¢ AU B. We then have ga(V) = 0,¢p(v) = 0,qanp(v) = 0 and
qauB(V) =0, and so gau(V) = 0 = (g4 + g5 — qanB) (V).

Case 2: V. C AU B. If V contains an infinite emitter v in G°, then V = {v}
(since V' is a minimal infinite emitter in QO). Then it is straightforward to see
that gaup(V') = (g4 + ¢ — qanp) (V). If V does not contain infinite emitters in
G’O, then V is an infinite set. Since V is a minimal infinite emitter in go, we have
either VN D =V or VN D is finite for all D € G°. If VN A and V N B are finite,
then V=V N(AUB)=(VNA)U(VNB) is finite, a contradiction. Hence, we
consider the following three possible subcases.

Case 2.1: V. C Aand V ¢ B. We have qaup(V) =V =V +0-0 =
(g4 + g8 — qanB)(V).

Case 2.2: V. C Band V ¢ A. We have qaup(V) =V =0+V -0 =
(qa +qB — qanB)(V).

Case 2.3: V.C AN B. We have gaup(V) =V =V +V -V = (qga + g5 —
qang) (V).

In any case we arrive at that qaup(@) = (g4 + ¢ — ganB) () for all a € [V],
that means, gaup = (¢4 + 9B — qanB), as desired.

For (2), for each e € G! we have
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s(ey(ea) if [a] > 1 and s(a) € r(e),
qs(e)te(a) = QS(e)(e) ifa =V and V C r(e),

0 otherwise,
\

(ca if la| > 1 and s(«) € r(e),
=<(e ifa=VandV Cr(e), =te(a)

0  otherwise,

for all « € [V], and

te(a) if o] > 1 and s(a) € r(e),
teqr(ey(@) = { te(a) if =V and V Cr(e),

0 otherwise,

ea if || > 1 and s(a) € r(e),

=<¢e ifa=VandV Cr(e), =tec(a)

0  otherwise,

for all @ € [V]. This shows that g te = te = teqy(e)-
For (3), for each e € G! we have

(tZ(ea) if |a| > 1 and s(a) € r(e),
tite(a) = qti(e) ifa=V and V Cr(e),

\ 0 otherwise,

a if |a| > 1 and s(a) € r(e),
=V ifa=VandVCrle), =Dpola)

{ 0 otherwise,

for all @ € [V]. Let e and f be two distinct edges in G1. We then have

ti(fa) if |a| > 1 and s(a) € r(f),
titp(a) = S t5(f) ifa=VandV Cr(e), =0

0 otherwise,

for all a € [V].
For (4), let v be a regular vertex in G. We then have V & {v} (since V is a
minimal infinite emitter in G°), and so

@W(V)=0= 3 tti(V)=( Y ttd)(V).

e€s—1(v) e€s—1(v)
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Let a € [V]\ {V}. If s(a) # v, then t(a) = 0 for all e € s~!(v), and so
(D tt))= Y ttila)= Y (t(ti(@) =0=q(a).

e€s~1(v) e€s—1(v) e€s~1(v)

Consider the case when s(a) = v. Write a = ejey... €, with e; € s71(v). We
thenhave (Y tetl)(a) = ) teti(a)= > te(ti(a)) =te(e2...€q)) =

e€s—1(v) ecs—1(v) ecs—1(v)
a = ¢y(cv). This implies that ¢, = >  t.t, proving (4).
e€s—1(v)
By the universal property of ultragraph Leavitt path algebras, there is a unique

K-algebra homomorphism 7y : Lig(G) — Endg(Sys) such that my(A) = ga
for all A € G° 7y (se) = te and 7y (s}) = t for all e € G, thus finishing the
proof. O

We denote the scalar multiplication of L (G) on Sy by “-”, that means,
r-u=my(r)(u) for all r € Li(G) and u € Sys. The following result provides
simple modules over ultragraph Leavitt path algebras associated with minimal
infinite emitters.

Theorem 4.2. Let K be a field, G an ultragraph, and V and W minimal infinite
emitters in G°. Then the following statements hold:

(1) Sveo is a simple left Ly (G)-module;

(2) Sveo = Sweo as left Li(G)-modules if and only if V.= W;

(3) EndLK(Q) (SVoo) =2 K.

n
Proof. Let x be a nonzero element in Sy .. Write z = > k;«a;, where k; € K\ {0}
i=1
and «;’s are distinct elements in [V]. Without loss of generality, we may assume
that |a1| < |az] < -+ < |ayp|. We then have

St @ =7y (s5,) O ki) = kv (sh, ) () = kaV,
i=1 =1

soV =kylsh -x € Lg(G)z and o = my(sa)(V) = sa -V € Lg(G)z for all
a € [V]. This implies that Syo = Li(G)z, and so Sy is a simple left Li(G)-
module, showing (1).

Assume that ¢ : Syse —> Sweo is an isomorphism of left Lg(G)-modules.
Then, we have 0 # ¢(V) = > kja;, where k; € K \ {0} and «;’s are distinct
i=1

elements in [IW]. We claim that n = 1 and a; = V. We assume the converse.
Then we may assume that |a;| is longest among all the |a;|’s. In particular, we
have |a1| > 1, and so s}, -V =0 and

0=(sa, V) =54 0V) =155, " (Z kioi) = ki W # 0,
=1
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a contradiction. This shows the claim, and so we obtain that V = W and
Endyp, ) (Sveo) = K, proving (2) and (3), thus finishing our proof. O

It is worth mentioning the following note.

Remark 4.3. In [15, Lemm 4.4] and [10, Lemma 5.3], the second author and
his coauthors defined the simple left Ly (G)-module Ny, where v is an infinite
emitter in an ultragraph G. It is obvious that {v} is a minimal infinite emitter
in GY and S{v}oc = Nyoo. Using Theorem 4.2 we may construct a new class of
simple modules over ultragraph Leavitt path algebras. For example, let G be the
ultragraph such that G = {v, | n € N} and G' = {e,, | n € N} with s(e,) = vy,
for all n € N, r(eg) = {v, | n > 1} and r(e,) = {vo,v,} for all n > 1. Then
r(ep) is a minimal infinite emitter in G. We refer the reader to [8, Example 3.20]
in more details. By Theorem 4.2, S, ) i a simple left Ly (G)-modules. This
provides a new class of simple modules over ultragraph Leavitt path algebras
which has been not appeared in [14, 15, 10].

The following result extends [23, Proposition 2.2] to ultragraph Leavitt path
algebras.

Proposition 4.4. Let K be a field, G an ultragraph and V a minimal infinite
emitter in GO. Then, the simple left L (G)-module Sy is not finitely presented.
Consequently, if every simple left L (G)-module is finitely presented, then G is a
row-finite ultragraph such that G° has no minimal infinite emitters.

Proof. Assume that Sy is finitely presented. Consider the exact sequence
0 — ker () <> Li(G)pv 2> Svee = 0,

where ¢ is the canonical injection and p(z) = -V for allz € Lk (G)py. Since Sy oo
is finitely presented and by [19, Schanuel’s Lemmal, ker (¢) is a finitely generated
submodule of the left Ly (G)-module Lk (G)py. Let x1,--- ,x, be the generators
of ker (). For each 1 <t < n, by Lemma 2.5, we can write x; = » . kisa,pa,ss,
where m; > 1, k; € K\ {0}, o, B; € G*, A; € GY and r(a;) N A; N r(B;) # O for
all 1 < ¢ < my. Consider the following two possible cases.

Case 1: V contains an infinite emitter in G°. Then, since V is a minimal infinite
emitter, V = {v}. We claim that |5;| > 1 for all 1 < i < t. Because, otherwise,
by renumbering the terms of x;, we may assume that x; = Zf 1kisa,pA,PB; +
D1 kjsa;pa; sp,» Where v € r(ei)NA;NB; € GO forall 1 <i < s, and v = s(3;)
and |BJ| >1foralls+1<j< e We then have 24 = x4py = (371 kiSa,pA,PB,+

J Y1 KjSa;DA; sﬁ )Py = ZZ 1 Kisq /v + Z;ntsﬂ kjSa, DA, SE , where 1 < s’ < s,
k; € K\ {0} and «}’s are distinct paths in G* with v € r(a}). Since s, -v =0 for
all s+ 1< j <my, we have 0 = p(xy) = 2 - v = (Zi:l k:lsagpv) v = El/:l k@sag
in Sye. This implies that &k, = 0 for all 1 < ¢ < &, a contradiction, thus
showing the claim. Therefore, each z; is a K-linear combination of finitely many
monomials of the form sq;pa;sj,, and so ker(p) = 371 Li(G)sq;pa,85,, Where
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m>1, q;,8 €G* A € G¥and (o) N A; N r(Bi) # 0, |Bi] > 1 and v = s(5;)
for all 1 <+4¢ < m. Since v is an infinite emitter, there exists an edge e € G I such
that v = s(e) and §; # ey for all v € G* for all 1 < ¢ < m. Since s} -V =0,
sy € ker(p), and so sy = Y1, yiSa,pa,;Sp,, where y; € Li(G). We then have
Pr(e) = Sese = (imy yisaipAisgi)se =y YiSa,pa;S5,5e =0 (since 85, Se = 0).
On the other hand, by Lemma 2.5 we always have p,.(.) # 0, a contradiction.

Case 2: V does not contain infinite emitters in G°. We then have either
VNA =V or VN Ais finite for all A € G°. We note that z;py = x; for
all 1 < ¢t < n. Therefore, we have s(5;) € V for all §; with |8;] > 1, and
V Cr(a;) N A; N B; or r(a;) N A; N B; is a finite subset of V for all 3; = B; € G°.
Assume that there exists a number 1 < ¢t < n such that

s r me
Tt = ZkiSOzipAi + Z kjSOéjij + Z kl50qul$Z?l7
i=1 Jj=s+1 I=r+1

where k; is nonzero in K for all s +1 < j < r, A;’s are finite subsets of
r(a;) NV and Bj’s are elements in G° with V' C r(a;) N Bj. We then have
0=op(r) =a¢-V = Z;:s+1 kjsa; in Syeo. This implies that k; = 0 for all
s+ 1 < j < r, a contradiction. Therefore, each z; is a K-linear combination
of finitely many monomials of the forms Sa/PA, and saijjSEj, where A is a
finite subset of V N r(c}) and |B;] > 1, s(B;) € V. Since V is an infinite emit-
ter, there exists an edge e € G' such that s(e) € V, 3; # ey for all vy € G*
and for all 8;, and s(e) ¢ A, for all A,. Since s} -V =0, s} € ker(y), and so

*

st =YL Yjsa;PA; S5, + doit1Yisarpay, where y;.y; € Li(G). We then have
Pr(e) = SeSe = (71180, PA; S5, T 2ty ViSayPar)Se = D51 YjSa;PA;Sf,Se +

Zﬁl YiSarParSe = 0 (since s s. = 0 and s(e) ¢ A;). On the other hand, by
Lemma 2.5 we always have p,(.) # 0, a contradiction.
In any case we arrive at a contradiction. This shows that Sy is not finitely

presented, thus finishing the proof. O

Let G be an ultragraph. A generalized vertex A € G° is called a minimal sink
if A is a finite emitter with infinite cardinality and has no subsets (in G%) with
infinite cardinality (see [24, Definition 3.8]). We will construct an additional class
of simple modules over ultragraph Leavitt path algebras associated with minimal
sinks.

Let K be a field, G an ultragraph and V a minimal sink in G°. We denote by
Ny the K-vector space having

V]i={a€G"||a|>1,V Cr(a)}u{V}

as a basis. By repeating the method established in Proposition 4.1, there exists a
K-algebra homomorphism 7y : Li(G) — Endg (Ny) such that 7y (A) = ga for
all A€ G% my(se) =te and Ty (s}) =t for all e € G', where endomorphisms ¢4

(A € G% and t., t: (e € G') are defined similarly as directly before Proposition
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4.1. This forms the scalar multiplication of Ly (G) on Ny denoted by “- 7, that
means, r - u = 7wy (r)(u) for all » € Lig(G) and u € Ny. Moreover, we have the
following.

Theorem 4.5. Let K be a field, G an ultragraph, and V and W minimal sinks
in GO. Then the following statements hold:

(1) Ny is a simple left Ly (G)-module;

(2) Ny 2 Nw as left Li(G)-modules if and only if V. =W;

(3) Endp,g)(Nv) = K;

(4) Ny % Sy for all minimal infinite emitter V' € G°;

(5) Ny is not finitely presented.

Proof. Ttems (1), (2) and (3) are done similarly as in the proof of Theorem 4.2.

For (4), assume that ¢ : Ny — Syio is an isomorphism of left Ly (G)-
modules. We then have 0 # (V) = > | kjoy, where k € K \ {0} and o;’s
are distinct elements in [V’]. We claim that n = 1 and oy = V'. We assume
the converse. Then we may assume that |a;| is longest among all the |a;|’s. In
particular, we have |a1| > 1, and so s}, -V = 0 and

n
0=(sh, - V) =sh, - o(V) = s, - O ki) = V! #0,
i=1
a contradiction. This shows the claim, and so we obtain that 0 # ¢(V) = k1 V.
Since V # V', we obtain that V NV’ is finite, and 0 = p(py - V) = pyr - (V) =
pyr - (k1V') = k1V' # 0, a contradiction. This implies that Ny 2 Sy for all
minimal infinite emitter V' € GY, proving (4).
For (5), assume that Ay is finitely presented. Consider the exact sequence

0 — ker (¢) % L (G)py 2 Ny — 0,

where ¢ is the canonical injection and ¢(z) = x-V for all z € Li(G)py. Since Ny
is finitely presented and by [19, Schanuel’s Lemma], ker (¢) is a finitely generated
submodule of the left L (G)-module Lk (G)py. By repeating the method estab-
lished in Case 2 of the proof of Proposition 4.4, we obtain that ker (¢) is generated
by finitely many elements of the forms Sa/pa; and Sq;pa; s}j, where A/ is a finite
subset of V Nr(af) and |8 > 1, s(B;) € V. Since V is infinite, there exists a

)

vertex v € V such that v # s(f;) for all 3;, and v ¢ A for all A,. Since p,-V =0,
pv € ker(p), and so p, = 377, Yjsa;pa; S, + doiv1Yisarpar, where yj,y; €
Lk (G). We then have py = pypy = (3711 YjSa,PA,; 85, + Doim1 YiSaPar)Pv =

Py YjSa;PA; S5, v + doic1 YiSarParpe = 0 (since v # s(f;) and v ¢ Aj). On the
other hand, by Lemma 2.5 we always have p, # 0, a contradiction, thus finishing
the proof. O

For clarification, we illustrate Theorem 4.5 by presenting the following example.
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Example 4.6. Let K be a field and G the ultragraph such that G° = {v,, | n € N}
and G! = {e} with s(e) = vp and 7(e) = {v,, | n > 1}. Then r(e) is a minimal
sink in G°. By Theorem 4.2, N;(e) is a simple left L (G)-modules, but not finitely
presented. This provides a new class of simple modules over ultragraph Leavitt
path algebras which has been not appeared in [14, 15, 10].

Let G be an ultragraph. An infinite path in G is a sequence ejes - --e, -+ of
edges in G such that s(e;+1) € r(e;) for all ¢ > 1. We denote by p> the set
of all infinite paths in G. For p = ejea---e,--- € p>° and n € N, we denote
by 7<n(p) the finite path ejes - - - e,, while we denote by 7~,(p) the infinite path
ént1€nto---. If p and ¢ are infinite paths in G, then we say that p and ¢ are
equivalent (written p ~ q) in case there exist non-negative integers m, n such that
Tsm(p) = T>n(q). Clearly ~ is an equivalence on p>°, and we let [p] denote the
~ equivalence class of the infinite path p. Let ¢ be a closed path in G. Then the
path ccc--- is an infinite path in G, which we denote by ¢*°. An infinite path p
is called a rational path if p ~ ¢ for some closed path c¢. An infinite path p is
called an irrational path if p is not rational.

Forp:=ej---e,--- € p, in [14, Proposition 3.9] Gongalves and Royer defined
the simple left Ly (G)-module V},) to be the K-vector space having [p] as a basis
and with the scalar multiplication satisfying the following: for all A € G°, e € G!
and a € [p],

. _{a if s(a) € A, _ {ea if s(a) € r(e),
ba-a= Se - @

. e =
0 otherwise,

0 otherwise

and

S, - =

. >1(a) if a =er1(a),
0 otherwise.

We should note that in [15, Subsection 4.2] Hazrat and the first author con-
structed all these modules V], by using the realization of ultragraph Leavitt
path algebras as Steinberg algebras. The following proposition provides us with
another method to construct the modules V},; where p is an irrational path, which
extends [6, Theorem 3.4] to ultragraph Leavitt path algebras.

Proposition 4.7. Let K be a field and G an ultragraph, and let p=e1---¢e, - -

be an irrational path in G with v = s(p). Let €g = py, and €; = Se, -+ - Se; Sk -+ S

€e; : :1
for alli > 1. Then, a cyclic left module S, over Lk (G), generated by x subject
to x = e;x for all i > 0, is both simple and isomorphic to Vi,. Consequently, one

has
Anng, (g)(x) = @ Lic(G)(ei — €141) & Lic(G)(1 — eo),

where L (G)(1 —€) :={r —reg |7 € Lx(G)}.
23



Proof. We note that €; - p = p, as elements in V},}, for all ¢ > 0. Since V) is a
simple left Ly (G)-module, V|p) is an image of S, under the map sending = € S,
to p € V), and so S, is nonzero. Let x9 = poxr = z and z; = si, -+ s;, x for
all © > 1. We have x = s, ---5¢,x; for all ¢+ > 1. Let y be a nonzero ele-
ment in S,. Since S, = Lk (G)zr, y may be written in the form y = rz and
0#r=73"kisa;pa,shs € Lk(G), where m is minimal such that k; € K \ {0},
o, B € G, A; € QO and ’I“(Oéi) N A; ﬂr(ﬁi) #* O for all 1 < ¢ < m. Let
n > max{|8;] | 1 < i < m}+ 1. We then have y = (32, kisa,pa,sh )z =
ooy kzisaipAisgi)enm = kisaipAiszisgn(p)es;n(p))x. By the minimality
of m, SaipAiSE»;STgn(p)si<n(p) # 0 for all 1 < i < m. In particular, we have
85,51 (p) # 0 for all 1 <4 < m. Then, for each i, there exists a path §; € G*
such that [6;] > 1, 7<,,(p) = B;d; and s(0;) € r(ay) N A; Nr(B;). This implies that

m m m
= O a1 )7 = (i )0 = 3 B
i=1 B i=1 B i=1
By the minimality of m, sq,s,2,’s are nonzero, pairwise different elements in S,
and so «;0;’s are pairwise different paths of positive length in G*.

By renumbering paths «;9;, without loss of generality, we may assume that

d

ps(a151)y = ps(alﬁl)(z kisaiéixn) = Zi:l kisaiéi»’Un; where 1 S d S m, and
s(aid;) = s(a1dy) for all 1 < i < d. We note that s}, 5 Say8, = Pr(a15,) = Pr(
and 831618041'51' =0 for all 2 <14 <d, and so

m<n(P))

d
—1 * —1 *
kl S1en(p)Sa16,Ps(r61)Y = kl S1<n(p) Sy (Z kisai‘;ix”) = Sren(p)tn = T
=1

This implies that € Lk (G)y, and hence S, = Lg(G)r = Lk (G)y. Therefore,
Sp is both simple and isomorphic to V), thus finishing the proof. O

Let G be an ultragraph and v, w € GY. We write w > v to mean that there
exits a path a € G* with s(o) = w and v € r(a). We denote by Tg(v) the set
{w € G° | v > w}. We say there is a bifucation at v if |s~!(v)| > 2. The vertex v
is called a line point if |r(e)| = 1 for all e € G* with s(e) € Tg(v) and there is no
bifucations or a cycle based at any vertex in Tg(v). Let p = e1---€e,--- be an
infinite path in G. We say that p contains a line point if there exists a number
m such that s(e,,) is a line point.

Corollary 4.8. Let K be a field, G an ultragraph and p =e1---e,--- an irra-
tional path in G. Then, the simple left Lk (G)-module Vi, is finitely presented if
and only if p contains a line point.

Proof. (). Assume that Vip) is finitely presented. By Proposition 4.7, the

(o]
direct sum @ Lx(G)(e; — €+1) is a finite direct sum, where €9 = py(,) and
i=0

_ *
€ = Sey * " S¢; 8

SRR s’gl for all + > 1, and so there exists m such that €¢,, = €44
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for all © > 0. We then have

e * .. * .. e * .« .. * .. P *
Priem) = Sem Se, €EmSey Sem = Sem Se €Em+1Se; Sem = Semt1 Sem+17

and

Ps(ems1) = Ps(ems1)Priem) = Ps(em+1)8em+13:m+1 - Sem+13:m+1 = Pr(em)-

This shows that r(e,,) = {se,,,,}. Similarly, since €, ; = €p1i41 for all i > 0,
we obtain that 7(em4i) = {s(ém+i+1)} for all i, that means, all these v; (i > m)
are line points.

(<=). Assume that there exists m such that v, is a line point. We then

have €, = €m; for all i > 0. By Proposition 4.7, V|, is finitely presented, thus

P]
finishing the proof. O

The following result extends [6, Theorem 3.7] to ultragraph Leavitt path alge-
bras, showing that V) is finitely presented for all rational path p.

Proposition 4.9. Let K be a field and G an ultragraph, and p = 7 a rational
path with a simple closed path w based at vertexv. Then Vi = Vg is isomorphic
to a cyclic left Li(G)-module Sy generated by x € S subject to spx = x, whence
it 1s both isomorphic to L (G)py/ Lk (G)(py — sx) and finitely presented.

Proof. We have s, - p = p as elements in V},;. Since V], is a simple left L (G)-
module, V[, is an image of Sx under the map sending = € Sr to p € V}), and so
S, is nonzero.

We note that x = s”x as elements in S, for all n > 0, where 7° := p,. Let y
be a nonzero element in S;. Since Sy = Lk (G)x, y may be written in the form
y=rzand 0#r=>", kiSa;pa;sh, € Lk (G), where m is minimal such that
k; EK\{O}, a;, B € G*, A; € go and r(ai)ﬂAiﬂr(ﬁi) #@for all 1 <i<m.

Let n be a positive integer such that |5;| < n|r| for all 1 < i < m. We then
have

m m m
Yy = (Z kiSa,pA;85,)T = (Z KiSa,DA;S5p,)Snt = (Z kiSa;DA; S5, 57)T-
i=1 i=1 i=1
By the minimality of m, saipAisEisﬁ # (0 for all 1 <4 < m. Then, for each ¢,
there exists 6; € G* such that |0;| > 1, 7" = (;0; and s(9;) € r(a;) N A; N7 (B;).
This implies

m m
Y= (Z kiSaipAiSEiSZ)ﬂ? = (Z kiSas,)%.
i=1 =1

By the minimality of m, s,,s,2’s are nonzero, pairwise different elements in S,
and so «a;0;’s are pairwise different paths positive length in G*.
By renumbering paths «;9;, without loss of generality, we may assume that

Ps(a161)Y = ps(oaél)(z kiSa5,x) = Z?:l kisa;s,z, where 1 < d < m, and s(aid;) =
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s(a1dy) for all 1 < i < d. We note that s}, 5 8016, = Pr(ais,) = Pr(x) and
32151 Sq,6, = 0 for all 2 <1 < d, and so

d
k1_15:;151ps(a151)y = kl_lszlél (Z kisaiéﬂf) = Dr(m)T = Pr(r) (s77) = 870 = .

i=1
This implies that © € Lg(G)y, and hence S; = Lg(G)x = Li(G)y. Therefore,
S is both simple and isomorphic to Vj,, thus finishing the proof. O

Consequently, we obtain the following corollary.

Corollary 4.10. Let K be a field, G an ultragraph and p an infinite path in G.
Then, the simple left Lk (G)-module V}, is finitely presented if and only if p either
contains a line point or is equivalent to a rational path.

Proof. It immediately follows from Corollary 4.8 and Proposition 4.9. O
Now we are able to present the main result of this section.

Theorem 4.11. Let K be a field and G an ultragraph such that every simple left
Lk (G)-module is finitely presented. Then the following statements hold:

(1) G is a row-finite ultragraph having Condition (EXC);

(2) There are neither minimal infinite emitters nor minimal sinks in G;

(3) The maximal length of chains of cycles in G is finite;

(4) Every infinite path in G either contains a line point or is equivalent to a

rational path;
(5) GKdim(Lk(9)) < 0.

Proof. (1) By Proposition 4.4, G is a row-finite ultragraph. Assume that G con-
tains two cycles @ = aqag -y, and f = (152 B such that s(a;),s(5;) €
r(ai—1)Nr(Bi—1) and (-1, 05) # (Bj—1, B;j) forsome 1 < i <n,1 < j < m, where
r(ag) := r(ay) and 7(5p) := r(Bm). By renumbering edges of a and 3, without
loss of generality, we may assume that ¢ = j = 1. We then have an irrational path
p=apa?p?...a"p"---. By Corollary 4.8, the simple left L (G)-module Vi is
not finitely presented, a contradiction. Therefore, G satisfies Condition (EXC).

(2) It follows from Proposition 4.4 and Theorem 4.5 (5).

(3) If there exists a chain of cycles of infinite length in G, then this chain
may be expanded to an irrational path p in G. This leads to a contradiction
since the corresponding simple left L (G)-module Vj, is not finitely presented,
by Corollary 4.8. Thus, the maximal length of chains of cycles in G is finite.

(4) Let p be an infinite path in G. We then have that the simple left Ly (G)-
module Vj,; is finitely presented. By Corollary 4.10, p either contains a line point
or is equivalent to a rational path, as desired.

(5) It follows from items (1) and (3) and Theorem 3.4, thus finishing the
proof. O
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