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Asymptotic behaviour of solutions to
non-commensurate fractional-order planar systems

Kai Diethelm* Ha Duc Thaif Hoang The Tuan?

Abstract

This paper is devoted to studying non-commensurate fractional order planar
systems. Our contributions are to derive sufficient conditions for the global at-
tractivity of non-trivial solutions to fractional-order inhomogeneous linear planar
systems and for the Mittag-Leffler stability of an equilibrium point to fractional
order nonlinear planar systems. To achieve these goals, our approach is as fol-
lows. Firstly, based on Cauchy’s argument principle in complex analysis, we obtain
various explicit sufficient conditions for the asymptotic stability of linear systems
whose coefficient matrices are constant. Secondly, by using Hankel type contours,
we derive some important estimates of special functions arising from a variation of
constants formula of solutions to inhomogeneous linear systems. Then, by proposing
new weighted norms combined with the Banach fixed point theorem for appropri-
ate Banach spaces, we get the desired conclusions. Finally, numerical examples are
provided to illustrate the effect of the main theoretical results.
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1 Introduction

Fractional calculus and fractional order differential equations are research topics that
have generated a great amount of interest in recent years. For details on their various
applications in in science and engineering, we refer the interested reader to the collections
[2, 3, [14] 18, T9] and the references therein.
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To our knowledge, the first contribution in the qualitative study of the fractional order
autonomous linear systems was published by Matignon [I3]. In that paper, using Laplace
transform and the final value theorem, the author has obtained an algebraic criterion
to ensure the attractiveness of solutions. The BIBO (bounded input, bounded output)
stability for non-commensurate fractional order systems, i.e. for systems whose differential
equations are not all of the same order, was investigated by Bonnet and Partington [4],
and their result shows that the systems are stable if and only if their transfer function
has no pole in the closed right hand side of the complex plane.

Starting from [4], a new difficult task appears: finding the conditions to ensure that the
poles of the characteristic polynomial of the system lie on the open left side of the com-
plex plane. Trigeassou et al. [20] have proposed a method based on Nyquist’s theorem.
In particular, they have derived Routh-like stability conditions for fractional order sys-
tems involving at most two fractional derivations. Unfortunately, for higher numbers of
differential operators, this approach seems to be unsuitable by its numerical implementa-
tion. After that, Sabatier et al. [I6] have introduced another realization of the fractional
system. This realization is recursively defined and involves nested closed-loops. Based
on this realization, they have obtained a recursive algorithm that involves, at each step,
Cauchy’s argument principle on a frequency range and removes the numerical limitation
mentioned in [20] above.

In addition to the algorithmic approach as in [16], a number of analytic approaches have
been used to investigate the zeros of characteristic polynomials of systems of fractional
order systems. In [I2], the stability and resonance conditions are established for fractional
systems of second order in terms of a pseudo-damping factor and a fractional differenti-
ation order. The method in [I2] has been successfully extended in [26] for a wide class
of second kind non-commensurate elementary systems. By the substitution method, a
variation of constants formula and the properties of the Mittag-LefHler function in the sta-
ble domain, in [10], the authors have shown the asymptotic stability for fractional order
systems with (block) triangular coefficient matrices. By combining a variation of con-
stants formula, properties of Mittag-Leffler functions, a special weighted norm type and
Banach’s fixed-point theorem, Tuan and Trinh [23] have proved the global attractivity
and asymptotic stability for a class of mixed-order linear fractional systems when the co-
efficient matrices are strictly diagonally dominant and the elements on the main diagonal
of these matrices are negative. Using the positivity of the system and developing a novel
comparison principle, Shen and Lam [I7] have considered the stability and performance
analysis of positive mixed fractional order linear systems with bounded delays. Tuan et
al. [24] have established a necessary and sufficient condition for the asymptotic stability of
positive mixed fractional-order linear systems with bounded or unbounded time-varying
delays.

Although there have been some articles on mixed fractional order systems as listed above,
in our view, the qualitative theory of non-commensurate fractional order systems is still
a challenging topic whose development is in its infancy. Even in the simplest case when
the coefficient matrix is constant, the current results seem to be far away from a complete
characterization of the stability of these systems. In particular, the entire theory for
non commensurate systems is far less well developed than the corresponding theory for
commensurate systems (i.e. systems all of whose associated differential equations are of



the same order) that have been extensively discussed, e.g., in the papers mentioned above
or in [7, 8] and the references cited therein.

For these reasons, we study in this paper the fractional-order planar system with Caputo
fractional derivatives

D a(t) = Ax(t) + f(t,2(t), t>0, (1)
z(0) = 2° € R? (2)

where a = (ay, ap) € (0,1]? is a multi-index, A € R**? is a square matrix and f : [0, 00) x
R? — R? is vector valued continuous function. It is worth noting that for the case f = 0,
in [6], by constructing a smooth parameter curve and using Rouché’s theorem, Brandibur
and Kaslik have provided criteria for the asymptotic stability and for the instability of
solutions, respectively. However, these conditions are not explicit and are quite difficult
to verify. Motivated by [6], our aim is as follows. First, we want to give sufficient simple
and clear conditions that can guarantee the Mittag-Leffler stability of the system in
the homogeneous case. Then, by establishing a variation of constants formula, estimates
for general Mittag-LefHler type functions, and proposing new weighted norms, we show the
asymptotic behavior of the system when the vector field f is inhomogeneous or represents
small nonlinear noise around its equilibrium point.

The paper is organized as follows. Section [2] contains a brief summary of existence and
uniqueness results for solutions to multi-order fractional differential systems and a vari-
ation of constants formula for solutions to fractional order inhomogeneous linear planar
systems. Section [3| deals with some properties of the characteristic function to a general
fractional order homogeneous linear planar system whose coefficient matrix is constant.
Section [4] is devoted to studying important estimates for special functions arising from
the variation of constants formula for the solutions. Our main contributions are presented
in Section |5| where we show the asymptotic behaviour of solutions to fractional-order lin-
ear planar systems and the Mittag-Leffler stability of an equilibrium point to fractional
nonlinear planar systems. Numerical examples are provided in Section [f] to illustrate the
main theoretical results.

To conclude the introduction, we present some notations that will be used throughout
the rest of the paper. In R?, we define the norm || - || by ||z|| := max{|z:|, |z2|} for every
x € R2. For any 7 > 0, the closed ball of radius r centered at the origin 0 in R? is given
by B(0,7) := {x € R? : ||z|| < r}. The space of all continuous functions ¢ : [0, c00) — R?
is denoted by C([0, 00); R?). For any & € C([0,00);R?), let [|€]|c := sup;sq [|£(t)]|. Then,
we use the notation Cy([0,00); R?) := {¢ € C(]0,00);R?) : ||€]lec < 00} to designate the
subspace of C([0,00);R?) that comprises the bounded continuous functions on [0, c0).

For aw € (0,1) and J = [0,7] or J = [0,00), we define the Riemann-Liouville fractional
integral of a function f:J — R as

1 t
I§ f(t) = =— [ (t—95)*""f(s)ds, t € J.
500 = g [ =9 s, te
and the Caputo fractional derivative of the order o € (0, 1) of a function f:J — R as
C na d -«
Dy f(t) := = L (f(t) = f(0)), t € J\ {0},



where I'(+) is the Gamma function and % is the usual derivative. Letting o = (a1, ) €
(0,1] x (0,1] be a multi-index and f = (f1, f2) with f; : J — R, i = 1,2, be a vector
valued function, we write

ODg f(t) = (“DgLf1(t).C D2 fa(t)) -

See, e.g., [9, Chapter III] and [25] for more details on the Caputo fractional derivative.

2 Preliminaries

2.1 Existence and uniqueness of global solutions and exponen-
tial boundedness of solutions

Consider the two-component incommensurate fractional-order initial value problem with
Caputo fractional derivatives

CD8+x<t) = f(twr(t))’ t>0, (33)
z(0) = 2" € R? (3b)

where a = (ay,a3) € (0,1]% is a multi-index and f : [0,00) x R?* — R? is a continuous
function.

Theorem 2.1 (Existence and uniqueness of global solutions). Suppose that the function
f :]0,00) x R* — R? is continuous and that, for some constant L > 0, it satisfies the
Lipschitz condition

I f(t,z) — f(t,2)]| < L||lz — 2|, ¥t € [0.00), z,% € R?

with respect to its second variable. Then, for any initial value 2° € R2, the two-component
incommensurate fractional-order system has a unique global solution ¢(-,2%) on the
interval [0, 00).

Proof. See [22, Theorem 2.2 and Remark 2.3]. O

Theorem 2.2 (Exponential boundedness of global solutions). Suppose that the function
f satisfies the assumptions of Theorem [2.1 Moreover, let there exist a constant v > 0
such that

t
sup e‘”t/ (t —8)* Y| f(s,0)|ds < oo.
0

t>0

Then, for any initial value 2° € R?, the two-component incommensurate fractional-order
system (3)) has a unique global solution ¢(-,z°%) € C ([0, 00), R?) and

lo(t, 2%)]] < Me™, vt >0,

where M is some positive constant which depends on z°.

Proof. See [22] Theorem 2.4]. O



2.2 The variation of constants formula for the solutions

Consider the non-homogeneous two-component incommensurate fractional-order linear
system

DS a(t) = Ax(t) + f(t),t >0 (4a)
with initial condition
z(0) = 2 € R? (4b)

where a = (aq,az2) € (0,1*, A = (a;;) € R**? is a square real matrix and f = (f1, f2)* :
[0,00) — R? is a continuous function such that

If @) < Me™, ¥t =0 (5)

for some M > 0 and some v > 0. Then, we have

/t(t —5)¥ 7 fi(s)|ds < M/t(t —5)¥ e ds
0 0

Met [ il —(is
e ICIE R G ST
0
M’yt vt
= 6. / e e T dr
7 Jo

< e
f)/ 7

Due to Theorems and 2.2 for any initial condition 2° € R?, the system has a
unique exponentially bounded solution in C ([0, 00), R?). Taking Laplace transform on
both sides of the system , we obtain the algebraic system

{<8“1 —a11)X1(s) — anXo(s) = sVl + Fi(s) (6)

—a21X1<S) + (SOC2 — Clgg)XQ(S) = 8a2_1$8 + FQ(S) 7

where X;(s) and Fj(s), ¢ = 1,2, are the Laplace transforms of x;(t) and f;(t), respectively.
By Cramer’s rule, we see that

(sl — go0 57 4+ 200195927 + Fy(8) (892 — ags) + ajaFh(s)

Xils) = Q(s)
_ 5“1+a:Q—(S‘§225a1 o+ - ;Z)xg + Sa;(;s)“”m(g 4 %@SS), (7)
and
Xals) = ZY(smtor—l — g 50271y 4 x?amg(‘; +afi(s) + Fa(s) (s — an)
- T et e e



where Q(s) := sM792 — 1182 — a998*! + det A. Put

Sl(a)—)\

sQ(s)
)

S ! b
o @ B ananila) (90)

with I(a) := oy + aa. Then, with each i € {1, 2}, we obtain

RMt) =L} { } (), Ae{0,a1,as}, (9a)

SP(t)y=rL"" {

{ IR )}( = L7HL{S"} (5)L{fi} (s)} (1)
= LS« £} (s)} (1)
= 8" x fi(t), B € {au, a0, l()},

is the Laplace convolution operator.

7 77

where

From the arguments above, the unique solution to the initial value problem has the
following form.

Lemma 2.3. On the interval [0, 00), the non-homogeneous linear two-component incom-
mensurate fractional-order system has the unique solution

= (0m)

e1(t,2°) = (RO(t) — aeR™*(t)) 2 + a1aR™ (t)2

with

((Sal — anS" )« f1) (t) + a1z (8" % f) (1), (10)
©a(t,1°) = ayn R*(t ( O(t) — an R (¢ )) x5
+an (S’ 1) (1) + (8% — anS'@) « ) (1), (1)

3 Some properties of the characteristic function

In this paper, we only focus on incommensurate systems, i.e. on systems of the form
with oy # g, because the case a; = a5 has already been discussed in detail elsewhere
[13]. Thus, without loss of generality, we assume 0 < a3 < ay < 1. Our first auxiliary
statement in this context deals with functions of the form

Q(s) = sMT2 — qs* — bs™ +¢; (12)

the characteristic functions of the problems under consideration will be of precisely this
structure.

Lemma 3.1. Let 0 < a; < ay < 1 and a,b,c € R. Then, the following statements hold
for the function @ defined in (12).



(i) If ¢ < 0 then @ has at least one positive real zero.
(ii) If s € Cis a zero of @ then its complex conjugate is also a zero of Q).

(iii) Let 0 < w < 7. Then, @ has only a finite number of zeros in the set C = {z € C:
|arg (2)] < w}.

(iv) If ¢ > 0, then s = iw with w > 0 is a zero of @ if and only if

a = pow™t — cprw= 2,
P2 P1 (13)
b= cpow™ — pw?,
where - -
SHECS sin 2%
1= ) 2 = : 14
P sin (22=aa)m P sin (@2zau)m (14)

2

Proof. (i) and (ii) are obvious.

(iii) First, we assume that ¢ # 0. Then Q(0) # 0. Due to the continuity of @ at 0, we
can find e which is small enough such that ) has no zero in {z € C : |2| < e} . Moreover,
because |Q(s)] > [s]* T2 — |a| - [s|** — [b] - |s|** — |c|, we have that lim|y . |Q(s)] = 00
uniformly for all arg s. This implies that there is a positive real number R such that () has
no zero in the domain {z € C: |z| > R} . Hence, all zeros of @ in {z € C: |arg (z)| < w}
(if they exist) belong to the set Q := {2z € C: e < |z| < R, |arg(z)| < w}. Notice that
is a compact set and () is analytic on this domain. If now ) has infinitely many zeros in €2
then, because of the compactness of €2, the set of zeros has a cluster point. This implies,
in view of the analyticity of @, that Q(s) = 0 for all s which contradicts the definition of
Q. Hence, ) has only a finite number of zeros in 2. This shows that () has only a finite
number of zeros in the domain C if ¢ # 0.

To deal with the case ¢ = 0, we write

Q(s) = s™ (s — as™ ™" —b)

= s P(s),
where P(s) = s — as®~® — b. By repeating the above arguments for P, the proof is
complete.
(iv) See [5, Proposition 1, Part 3b]. O

Corollary 3.2. Assume that a,b,c > 0 and that one of conditions

(i) c(ps — p7) < ab < c(p5 + p7),

(i) ab < c(p2 — p1)*.

is satisfied where py, po are defined in (14]). Then, the function @) defined in has no

purely imaginary zero.



Proof. Consider the system ([13]). Due to the fact that p, # 0, this system is equivalent
to

P2 P2 (15)
praw®® + pobw™ = c(p5 — pi).

Thus, we obtain
ap1w® + bepyw™ 2 4 ab — c(p3 — p3) = 0. (16)

Setting X = w?, equation (|16} E takes the form
ap X7 + [ab — c(p3 — p})] X + bepr = 0. (17)

The discriminant of the quadratic equation ([17)) is

A = (ab —c(p3 — ,of))2 — 4abcp]
= a0 + A (p2 — p)? — 2abe(p? + p?)

= (ab—c(p} + p3))" — A0} p}
= (ab —c(p1 + /?2)2) (ab —c(py — 01)2) .

(i) Clearly, if c(p2 —p?) < ab < c(p3+p?), then A < 0. Hence, the quadratic equation ([17)
has no real roots. This implies that the system has no root w > 0. This together
with Lemma [3.1[ii) and Lemma [3.1|iv) shows that @ has no purely imaginary zero.

(i) If ab < ¢(ps — p1)?, the quadratic equation has two (not necessarily distinct)
real roots. Because 0 < p; < py, we have (p; — p1)? < p3 — p?. This implies that
ab — c(p3 — p?) < 0. Moreover, a,b, ¢, p; > 0, thus the two roots of the quadratic equation
are negative. Hence, in view of the relation X = w® with 0 < as < 1 between the
solution X of and the solution w of , the system has no root w > 0. Using
Lemma [3.1](ii) and Lemma [3.1](iv), we see that @ has no purely imaginary zero. O

Recall that if ¢ < 0, then ) has at least one non-negative real zero, which precludes any
kind of stability. Thus, in this section, we only consider the case ¢ > 0. As shown above,
because () has only a finite number of zeros in the domain C, there exists a constant
R > 0 which is large enough such that @) has no zero in {z € C: |z| > R}. On the other
hand, @ is continuous at 0 with Q(0) > 0, so we can find a small constant £ > 0 such that
Q(z) #01in {z € C: |z| <e}. We define an oriented contour 7 formed by four segments:

mi={s=iw:e <w< R};
7222{8:R6w ——<gp<2}

Y3 {s ce’ . 2 2

yii={s=iw: —R<w< —¢}.

:11\3
ﬁ

Clearly, if @ has no purely imaginary zero, then all zeros in the closed right hand side of
the complex plane {s = r(cos¢ +ising) € C:r > 0,¢ € (—m, 7|} of Q (if they exist)
must lie inside the contour . Based on Cauchy’s argument principle in complex analysis,
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we see that n(Q(C),0) = Z — P, where n(Q(C),0) is the number of encirclements in
the positive direction (counter-clockwise) around the origin of the the Nyquist plot Q(7),
Z and P are the number of zeros and number of poles of ) inside the contour ~ in
the s-plane, respectively. Due to the fact that @ is analytic inside v, we have P = 0
and thus n(Q(C),0) = Z. This implies that if ) has no purely imaginary zero, then
all roots of the equation Q(s) = 0 lie in the open left-half complex plane if and only if
n(Q(C),0) = 0. Notice that Q(0) > 0, lims |Q(s)| = 00, RQ(iw) = NQ(—iw) and
JQ(iw) = —SQ(—iw). It is easy to see that n(Q(C),0) = 0 if RQ(iw) > 0 for any w > 0
that satisfies IQ(iw) = 0. Consider w > 0 and put

hi(w) == R(Q(iw)) = w* T2 cos M — aw"? cos % — bw®* cos % +c, (18)
ho(w) == S(Q(iw)) = w2 sin M — aw™? sin a;—ﬂ — bw™! sin %. (19)

If there exists some w > 0 such that hs(w) = 0, then

sin Mm(u}) — sin (1 —l—2a2)7rh1 (w) — cos (a1 %—2042)7rh2(w)
= aw [ sin 227 cos (a1 + ag)m cos 2270 sin (a1 + ag)
2 2 2 2
+ bw™! (sin a;w cos (s on)ﬂ — cos Oé;r sin (o —i—2a2)7r)
+ csin —(a1 t ao)m
2
= csin (a1 +az)m +2a2)7T — aw®? sin 17— por sin 227

Thus, the variable w > 0 satisfies the system

{ ha(w) =0 (20)

hi(w) =c—aw*?q — bw* qy
with
sin 4T sin “2%
_ 2 I
g1 = sin (ag—‘;oq)ﬁ ) G2 = sin (ag—i—2a1)7r . (21)

It is then clear from our assumptions on «; and ay that g1, g2 > 0. Based on the analysis
above, we obtain some sufficient conditions that ensure that the function () has no zero
lying in the closed right half of the complex plane.

Lemma 3.3. Assume that a,b < 0, and ¢ > 0. Then, all zeros of () are in the open
left-half complex plane regardless of oy and «s.
Proof. See [0, Proposition 1(b)]. O
Lemma 3.4. Let 0 < a; < ap < 1. Assume that a =0, b > 0 and

¢ > (bg1)™** bgs. (22)

Then, all zeros of @ lie in the open left-half of the complex plane.

9



Proof. Because a = 0 and b > 0, we see that ho(wg) = 0 if and only if wy = (bql)l/”. From
(20]), we have hy(wy) = ¢ — (bql)oq/o62 bgs. By the assumption (22)), we obtain hj(wg) > 0.
This implies that all zeros of @ lie in the open left-half of complex plane. O

Lemma 3.5. Let 0 < a3 < ap < 1. Assume that b =0, a > 0 and

¢ > (ag)™'™ aqy. (23)

Then, all zeros of () lie in the open left-half complex plane.

Proof. Since b = 0 and a > 0, it is easy to show that hy(wy) = 0 if and only if wy =
(ag2)"*". From (20), it follows that hy(wp) = c — (ag2)*?*" agy. By the assumption [23),
we see that hq(wg) > 0 which implies that all zeros of @ lie in the open left-half of the
complex plane. |

Lemma 3.6. Let 0 < a; < as < 1. Assume that a,b,c > 0. Then, all zeros of ) are in
the open left-half of the complex plane if one of the following conditions holds:

(i) ago + bgy > 1 and ags ((a + b)g)™/™" + b(a + b)g3 < c.

(i) ags +bg1 <1 and aq; + bge < c.

Proof. We have

hy(w) = (a1 + ag)w™ T2 1 gin M — acpw® ! sin % — yw™ sin %

B (o + o) s . Qo .oaqT
= w1 ((oq + a2 )w? sin % — QW™ sin —= — bay sin — -

“ g (w) (24)

= w
where

(o1 + ag)m QT

go(w) == (o + ag)w™? sin 5 — apw®® ' sin —— — bay sin nr (25)

Notice that

dh(w) = az(ag + az)w™ 'sin M — (g — ) apaw® " sin %.

It is not difficult to check that gh(w) < 0 in (0,w;) and gh(w) > 0 in (wy, 00), where wy =

1/«
(%a@) " Due to the fact that 92(0) = —a1bsin T < 0, and limy, 4 g2(w) = +00,
the equation ga(w) = 0 has a unique root wy € (0, 00). Moreover ¢gs(w) < 0 in (0,ws) and
g2(w) > 0 in (wq,00). Hence, hy is decreasing in (0,ws) and increasing in (ws,00). On
the other hand, hy(0) = 0 and limy, 4o ho(w) = +oo. This shows that the equation
ho(w) = 0 has a unique root ws € (0,00) and then hs(w) < 0 for all w € (0,ws3) and

ha(w) > 0 for all w € (w3, 00).

10



(i) If aga+bq; > 1, then ho(1) < 0. This implies that ws > 1. Moreover, due to ay < ag < 1,
we have

hg(&)) > wataz gin M — (a + b)waQ sin % (26)
for every w > 1, and thus hy (((a + b)qg)l/m) > 0. This implies that 1 < w3 < ((a + b)gz)"** .

Hence, if
c>aq ((a+ b)qz)az/&1 +b(a +b)gs,

due to ¢ > ¢1 > 0, we obtain ¢ > aws?q; + bws* g2, which together with leads to
hi(ws) > 0. The proof of this part is complete.

(ii) If aga + bgy < 1, then ho(1) > 0. This implies that 0 < ws < 1. Due to ¢ > aq; + bga,
we have ¢ > aw3?q; + bws'qo,. This together with shows that hj(ws) > 0. The proof
is finished. n

Lemma 3.7. Assume that a < 0 and b,c > 0. Then, all zeros of () are in the open
left-half complex plane if one of the following conditions holds:

(i) ags + bgy > 1 and (bg1)*/*2 bgs < c.

(i) ags +bg1 <1 and bgy < c.

Proof. As shown in the proof of Lemma [3.6] we have h)(w) = w* ~gy(w) where g, is as
in ([25). Notice that

95(w) = az(on + az)w™ " sin M — (02 — o )ovpaw™ ™~ sin % >0

for w € (0,00). Due to the facts that g»(0) = —a1bsin 4" < 0 and lim,,_, o g2(w) = 400,
the equation go(w) = 0 has a unique root w; € (0,00). Moreover ga(w) < 0 in (0,w)
and ¢ga(w) > 0 in (wq, 00). This shows that hs is decreasing on (0,w;) and increasing on
(w1,00). On the other hand, since hy(0) = 0 and lim,, 1 ho(w) = +00, the equation
ha(w) = 0 has a unique root wy € (0,00) and he(w) < 0 for all w € (0,wy) and hy(w) >0

for all w € (wq, 00).
(i) If aga + bgy > 1 then hy(1) < 0. Thus wy > 1. Moreover, since a < 0, we have

(o +ag)m T

ho(w) > w2 sin 5 — bw™* sin =

and thus hs ((bql)l/az) > 0. This implies that 1 < wy < (bg;)"/*2. From that if

(bq1)™/** bgy < c,
we obtain ¢ > awy?q1 + bws' ¢z, which together with leads to hy(ws) > 0.

(i) If age + bgy < 1, then hy(1) > 0. Thus 0 < wy < 1. Due to ¢ > bgy, we see that

¢ > aws*q1 + bwy*qe. The proof is completed. O
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4 Estimates for the functions R* and S”

This section is devoted to the study of some important estimates of the functions R* and
8P on (0, 00). We recall their definitions from (9), viz.

I(a)—A

RMNt) = £ {S

SO0 } t), Xe{0,a1,as},
SP(t) :L—l{ )

Sl(a -p
Q(s)

where [(a) = a1 + ag and Q(s) = s — a115% — ages™ + det A.

}<t>, B € {on 0n.i(a)}

Lemma 4.1. Let a;, as € (0, 1] and denote v = min{ay, as}. Assume there are no zeros
of the characteristic function () in the closed right-half complex plane. Then, the following
estimates hold for A € {0, aq, a2} and 8 € {ay, ag, l(a)}:

RMt)=O(t™) ast— oo, (27)
SPt) =00t ast— oo, (28)
Sty =0@t""") ast—0. (29)
Moreover, i,
/ 1SP(t)|dt < oo. (30)

The proof of the lemma is quite lengthy and technical. Therefore, in order not to distract
the reader and to make it easier to focus on the main results, we provide the proof in the
Appendix at the end of the paper.

Our first application of Lemma deals with estimates for the convolution of S” and a
continuous function.

Theorem 4.2. Let oy, a2 € (0,1] and 8 € {ay,as,l(a)}. For each continuous function
g:[0,00) = R, we put

Fgﬁ(t) = 8P g(t) = /Ot Sﬁ(t —s)g(s)ds (31)
and
FP(t) = [87] gl (t) :/o 1S7(t — s)| - |g(s)|ds. (32)

Assume that all zeros of the characteristic function () are in the open left-half complex
plane. Then, the following statements hold.

(i) If g is bounded then F and F? are also bounded.

(i) If limyoo g(t) = O then limy_,o FP(t) = limy_,o0 FP(t) = 0.

12



(iii) If there exists some 1 > 0 such that g(¢) = O(¢t™") for t — oo then
Fﬁ( t)=0(t™") and Fﬁ( t)=0(t™") for t - o0
where p = min {oy, as,n} .
Proof. We denote v = min{ay, ap}. Since, by definition, |F2(¢)| < FP(t), the claims for

F, 5 immediately follow from those for F 5 and therefore it sufﬁces to expllcltly prove the
latter

Statement (i) is merely the special case of n = 0 of part (iii).

To prove (ii), we note that F(t) >0 by definition. Therefore, it is sufficient to show that
for every £ > 0 there exists a constant 7' = T(¢) such that

FP#)y<e forallt>T. (33)

g

Since this is trivially fulfilled if g(¢) = 0 for all ¢, we from now on assume that g(¢) # 0
for some t, and hence ||g||« > 0.

Our first observation is then that, from and , we know that there exists some
constant C' > 0 such that

Ctv bt fort>1
SA(t)] < =7 34
570 = {C’t”_l for t <1. (34)

Given an arbitrary € > 0, due to our assumption on g we may then find some T > 0 such
that |g(t)| < ve/(3C) for all t > T. Using these values 7' and C, we then define

3C 7\
Tv =T 4+ max ¢ 1, (—HQHOO )

3

Fort>T >T + 1, we can then write

Fo(t) = / S5t — 5)] - lg(s)lds + / 185t — 8)] - g(s)|ds + / S5t — 5)| - lg(s)|ds

0 T t—1

= Fi(t) + Fy(t) + Fy(t). (35)

Our goal now is to show that, under these assumptions, Fj(t) < e/3 for j = 1,2,3, which
implies and thus suffices to prove part (ii) of the Theorem. In this context, we see
that

Fi(t) = / 1S5t — 5)] - 19(s)|ds < [1g]looC / (t — sy ds

< lglloeCT(t = T)™ " <

Wl M

because here t — s > t — T>T-T > 1, so that we may use the first of the bounds
given in . In the penultimate step, we have bounded the integral by the product of

13



the length of the integration interval and the maximum of the integrand, and in the last
step, we have used the fact that ¢ > T" and the definition of T

Furthermore,
i—1
R)= [ 18- lgo)lds < 55 / )-1ds
7
vel . €
L ody) <
3 v ( ( ) 3

because here s > T', so that |g(s)| < ve/(3C), and t — s > 1, so we may once again use
the first bound of (34).

Finally,

¢ vel

R0 = [ 187 =)l lolollds < 550 [ (r—aptas = S0 =

where now t and s are such that we may invoke the second bound of (| . ) but, as in the
previous step, s > 7', so that once again |g(s)| < ve/(3C). This completes the proof of
part (ii) of the Theorem.

For the proof of (iii), we note that is valid in this case too. Moreover, since we are
interested in the asymptotic behaviour of F gﬁ (t) for large t, we may assume without loss
of generality that ¢ > 2. Then we write

1 t/2
:/0 |Sﬁ(t—s)|-|g(s)|ds—|—/1 S7(t = s)| - |g(s)|ds

t—1 t
w9 oo+ [ 1870 la(olas
= Fy(t) + F5(t) + Fo(t) + Fr(1), (36)
and we need to show that Fj(t) = O(t™*) for j =4,5,6,7.
In this connection, we first note that, by assumption,
lg()| <Ct" VYt >1 (37)

with some C” > 0, so that the upper branch of implies

0= R0 < Clle [ 1=+ s = Ao (e

v

< CHiHOO(t 1) = 0(t™) = Ot
and
t/2 t/2
0< F5(t) <cc’ (t—s) " tsds < C’C"/ (t—s)" ds
= CVC/ (t—1)7"—=(t/2)7") < OVC, t—1)"=0(t"")=0@1t")
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as well as

=1 N\ ptl
0 < Fy(t) < CC / (t—s)""Lsds < CC’ (5) / (t— )" \ds

t/2 t/2
cc’

=2 (- a2 <2 = o = o,

For the remaining part we need to invoke the second branch of in combination with

to derive
t t

0< Fp(t) <CC” / (t—s)"'sds < CC'(t—1)7" / (t—s)"'ds
t—1 t—1

ele

14

(t=1)"=0") =00,

thus completing the proof. O

As an immediate application of Theorem [£.2iii), we can conclude that
Fgﬁl (t)=0(t"") ast— 0 for ¢;(t) = min{1,¢7"}. (38)
Moreover, assuming v < 1 and setting
tv—1 fortelo1],
0 fort > 1,

g2(t) =t7" = gu(t) = {

we can obtain (using Lemma and the classical relation between the incomplete Beta
function and the hypergeometric Function o F}, cf. [I, eq. (6.6.8)]) the following bounds:

e If ¢t > 2 then we have
1
/ SP(t — s) —1)ds < C’/ (t—s)"'s7"ds = Ct7* By (1 — v, —v)
0

= 1—t-“ LR —-v1+v2—vt )y <Ot ! (39)

with some C’ > 0.
e If t € [1,2] then
/ ISPt — s)|(s7 — 1)ds < C’/l(t —8)"'s"ds = CBy (1 —v,v)
0
= 1Tt” LE(1—-vl—v2—vt )y <Ot (40)
with some C” > 0.

Since FJ(t) + F2(t) = F, .,

and in the following way:
Remark 4.3. Assuming that v = min{ay, s} < 1, there exists a constant C' such that,

for all t > 1 and § € {ay,aq,l(a)},

(t), we can summarize the observations of egs. ,

t
t”/ 1SP(t — s)|ids <C. (41)
0 s¥
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5 Asymptotic behaviour of solutions
to non-commensurate fractional planar systems

In this section we will study the asymptotic behaviour of solutions to fractional-order
linear planar systems and the Mittag-Leffler stability of an equilibrium point to fractional
nonlinear planar systems.

5.1 Asymptotic behaviour of solutions to fractional linear pla-
nar systems

Consider the non-homogeneous linear two-component incommensurate fractional-order
system

“Dgx(t) = Ax(t) + f(t), t >0, (42a)
2(0) = 2" € R? (42b)

where a = (a1, 9) € (0,1] x (0,1] is a multi index, A = (a;;) € R**? is a square real
matrix and f = (fi, f2) is a continuous vector valued function which is exponentially
bounded on [0, c0).

Theorem 5.1. Suppose that all zeros of the characteristic function Q = s*1*2 —q;5% —
(925 +det A lie in the open left-half of the complex plane. Then, the following statements
hold.

(i) If f is bounded, then for any 2° € R? the solution to is also bounded.
(ii) If limy o f(t) = O then the solution to tends to 0 when ¢ — oo for any z° € R%

(iii) If || f(t)]| = O(t™") as t — oo with some 7 > 0 then every solution x of (42a)) behaves
as ||z(t)|| = O(t™*) for t — oo where = min {ay, ag,n} .

Proof. The proof is straightforward by combining Lemma [2.3] Lemma [£.1] and Theorem
4.2 O

Based on Theorem and Lemmas [3.3] [3.4] and [3.7, we obtain the following

corollary.

Corollary 5.2. Let

Ty Q1T 1 Q27
Sin N and 4 = Sin 5
. (a1ta)T T . (artag)T
Sin s Sin s

q1 =

The statements of Theorem [5.1] (i), (ii) and (iii) are true if one of the following conditions
is satisfied.

(i) a11,a92 <0 and det A > 0.
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(ii) a1; =0, ag >0, det A > 0 and

(a22Q1)a1/a2a22qQ < det A.

(111) Q99 = 07 aip > 0, det A > 0 and

(a11¢2)**/* anq1 < det A.
iv) ay1,as,det A > 0 and one of the following conditions holds:
g

(iv)1 a11q2 + ag2qn > 1 and ay1¢s ((a1; + a22)q2)a2/a1 + ags(ay; + G22)Q§ < det A4;
(iV)Q a11q2 + as2q <1 and a11q1 + a92qe < det A.

(v) a1 <0, ag,det A > 0 and one of the following conditions holds:

(V)1 a11g2 + azeqp > 1 and (a22Q1)a1/a2 ag2q2 < det A;
(V)2 a11q2 + aseqr < 1 and agqs < det A.

5.2 Mittag-Leffler stability of fractional nonlinear planar sys-
tems

We now look at a different class of systems. Specifically, we now allow the differential
equations to contain nonlinearities, but we do require them to have the structure of an
autonomous system, i.e., we consider a fractional nonlinear planar system of the form

“Dg a(t) = Ax(t) + f(x(t)), >0, (43a)
z(0) =2" € Q C R?, (43b)
where a = (a1, as) € (0,1] x (0,1] is a multi-index, A = (a;;) € R**? is a square real

matrix, ) is an open subset of R? containing the origin and f : Q — R? is locally Lipschitz
continuous at the origin such that f(0) = 0 and lim,_,¢{;(r) = 0 with

e s M@=
ryeBOr), aty [T =Y
Definition 5.3. The trivial solution of (43al) is Mittag-Leffler stable if there exist positive

constants v, m and § such that for any initial condition 2° € B(0, d), the solution ¢(-, 2°)
of the initial value problem (43) exists globally on the interval [0, c0) and

max{ sup [lp(t,2°)||, sup || (t, 2°)([} < m.
te[0,1] t>1

Our aim is to prove the following theorem.

Theorem 5.4. Suppose that all zeros of the characteristic function Q(s) = s* T2 —
a118*? — a298“! + det A lie in the open left-half of the complex plane. Then, the triv-
ial solution of differential equation (43al) is Mittag-Leffler stable. More precisely, there
exist constants d,& > 0 such that for any ||2°|| < 4, the unique solution ¢(-,z°) of
the initial value problem (43]) exists globally on [0,00) and sup,~ t||¢(¢,2°)|] < e with
v = min{ay, as}. -

17



As shown above, we see that Lemmas 3.4 and give sufficient conditions
which ensure that the characteristic function () has no zero in the closed right hand side
of the complex plane. Thus, by combining these lemmas and Theorem we obtain the
result below.

Corollary 5.5. Let

sin % d sin %
G = - an Qo = ——F————-.
sin —(aﬁ;?)” sin —(O”Jrza?)”

The statement of Theorem is true if one of the following conditions is satisfied.

(i) a11,a2 <0 and det A > 0.
(11) app = 0, QAo > 0, det A > 0 and

(0226]1)0‘1/0‘2a22q2 < det A.

(iii) age =0, a3 >0, det A > 0 and

(01192)a2/a1a11q1 < det A.

(iv) aq1,ass,detA > 0 and one of the following conditions holds:

(iv)1 a11q2 + ageqn > 1 and ay1¢2 ((a1; + 0¢22)f]2)a2/a1 + ags(ar; + ag)gs < det A;
(iv)e a11G2 + ageq1 < 1 and aj1q1 + azqe < det A.

(V) a1 <0, ag,detA > 0 and one of the following conditions holds:

(V)1 a11g2 + azeqp > 1 and (Cl226h)a1/a2 ag2q2 < det A;
(V)2 a11q2 + ageqr < 1 and agqs < det A.

Proof of Theorem[5.4 From the assumption of the theorem that f is locally Lipschitz
continuous at the origin, we can find a constant €y > 0 such that the function f is
Lipschitz continuous on B(0, ). Denote by f a Lipschitz extension of f to R2. This
means that f is globally Lipschitz continuous and f(z) = f(z) on B(0,&y). We now focus
on the system

~

“DSg a(t) = Ax(t) + f(x(t)),t > 0, (44a)
z(0) = 2°. (44b)

Then, for any z° € B(0, &g), its unique solution @(-, %) = (p1 (-, 2%), $2(+, 2°))T on [0, 00)
staifies the relationships

¢1(-,2°) = (RO(t) — anR*(t)) 2§ + a1aR™ ()2}
+ (8 = a228") = (- °>>) (1) + aiz (8 + al@(,a%)) (1), (459)

@a(t,2°) = anR* (t)z] + (R°(t) — a1 R (¢)) 29
+an (S5 Ail@( 1)) () + (8 = anS™) x (@) (). (45D)
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To show the Mittag-Leffler stability of the trivial solution to the original system, we will
prove that for any small initial value vector, the unique solution of the system is
contained in the space Cy ([0, 00); R?) which is equipped the norm

1€]|u := max{ sup [|()]], sup”[|€(£)]]}-
t€[0,1] >1
It is easy to see that C\,([0,00);R?) := {€ € Cs(]0,00);R?) : |||l < 00} is a Banach
space with the norm || - ||,,. For € > 0, let Be, (0,¢) := {£ € Coo([0,00); R?) : [|€]]0 < €}

Based on the representation in , we establish a Lyapunov—Perron type operator 7o
on the space C,,([0, 00); R?) as follows. For any £ € C,,([0, 00); R?), let

(Teoé)1(t) = (Ro(t) — axpR™ (t)) 2 + a1 R (t)xs
(8% = a28') 5 fi(€()) (1) + ara (S x HLEC))) (1),
(Tao€)2(t) = anR*2(t)af + (RO(t) — anR* () 5
+an (S % AEE)) () + (8 = anS" @) x fa(&()) ).
On the interval [0, 1], we have
(Teo©1(D] < (RO®)] + lazal - R O]t + fa] - R (8)] - |5

+lf(H€Hoo)H§Hw/O (I8 ()] + (Jazz| + |ar2])[ 8" (s)]) ds
< sup ((IR°()] + aza| - [R**()]) 1] + |asa] - [R™(2)] - |23])

te(0,1]

1
1
+lf(llé“lloo)IISIIwC(l+Iazzl+|0L1z|)/0 el
< sup ((JR™(1)] + laze| - IR**(®)]) |25] + lare| - [R™ ()] - |a3])

te(0,1]

(1
(el lel), S0l o)), (16)

[(Ta0€)2(t)] < laza| - [R*(B)] - [29] + (IR*(®)] + lans| - [R™ ()])]3)
+lf(H€Hoo)H£Hw/0 (I5°2(s)] + (Jarz| + lan])[S"*(s)]) ds
< sup (Jax |- [R*2(®)] - [25] + (TR*(#)] + |an| - R (£)])|25])

te€(0,1]

1
1
N+ |+ an) [ s
< sup (Jaan |- IR (1) o8] + (RO + o |- R () DIaS))

te(0,1]

+ LN o) 1w

C(l + ’&21‘ + \all\)
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For t € [1,00), then

AT O] < sup (1 IROE)] + laaalt” R (1)) )] + Jasalt” R 1) 5]

+ lf(l!fHoo)t"/o (18t = 5) + (Jaze| + |ar2])|S" W (t — s)[) 575" |€(5)|ds

=S ((#1RO(0)] + lazalt” R (8)]) 28] + fasa 2[R (0] 291

+lf(||§||oo)|!§||wstl>lg>t”/o (151 (t = 8)| + (|laz| + law))|S"@ (¢ = 5)|) s™"ds,  (48)

1Ty 2(0)] < sup (Ja 1R ()] + (RO +lana || R (1) 3]

+ lf(HfHoo)t”/o (I5°2(t = 8)| + (laz| + lan IS (t = 5)[) s7"s”[|&(s) | ds

< sup (\azllt”lR” O]+ (RO @) + !an!t”!R‘“(t)Dlwg\)

+lf(||€||oo)\|§||w§g§t”/0 (I5°2(t = 8)| + (laz| + law )IS"@ (¢ = 5)]) s™"ds.  (49)

From (48) and , we obtain the estimates
I(Teonllws < (Rl + laza] - (1Rt + lasz] - IR [lu,1) [[2°] (50)

C
+ L ([1€] o) 1€ |0 ( (1 + [arz| + |aga|) + Ma, + (Jage| + |ar2]) Mia)

and

1(Teo€)2llws < (IRl + laza] - Rl + laxa| - [R™ [lu1) 2”1}

(51)
C
ENEN (S04 oal + ) + Moy + (il + las D)
Mg =

where [|{][w,1 = max{sup,cpy [£(£)],5upisg t7[€(2)]} for any & € Co([0,00); R),
SUp;>; f(f |SP(t — s)|s7Vds, for 8 € {ay, as,l(a)}, and By and (51), we see that

I(Teo)llo < IR w1 + (las] + lar2DIR™ |1 + (a2 + |az| - HR‘”Hw )|

(||§||OO)||£||w ( <2+ Z |aw|) + Mo, + Mo, + Z |CL,]|M1 > .

i,j=1 i,j=1

On the other hand, by virtue of the assumption that lim, ,ol(r) = 0, we can choose
e € (0,g9) so that

20 2 C
= Ma Ma i M, a _
To iy + T 2+i]z:%|a]|( l()—l—y)
Take § = (1 = 1)/ (2 R°[lw1 + (lana| + |ar2)[|[R* [, + (laz1| + laz2|)[[R*?|[w,1), then for

any initial condition 2 € B(0,4), we have

[Te0éllw <, V€ € Be, (0,),

lf(s) < 1.
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that is, To0(Be, (0,€)) C Be, (0,€). Moreover, for every &, € € Be, (0,¢),

. 2C 2 C .
1Teo€ = Taokllu < | = + Moy + Moy + Y laggl (Migo) + =) | L€ =€l (52)
i,j=1
= 70[|€ = €]|u- (53)

Thus, the operator To is contractive on B¢, (0,¢), and by Banach’s fixed point theorem,
T.0 has a unique fixed point £* in this set. Furthermore, this function is the unique solution
to the system in B, (0,¢). Notice that if £* € Be, (0,¢) then f(€*(t)) = f(£*(t)) for
every t € [0,00), and thus £* is also a solution to the system (43). This completes the
proof. O]

6 Numerical examples

To complete this paper, we now give some numerical examples to illustrate the main
theoretical results. In all the examples below, we use the functions f; and f, with

1 ifo<t<1
(1) = - T (i=1,2).

t2i
For all cases, we have calculated numerical solutions to verify the theoretical findings.
These solutions have been computed with Garrappa’s MATLAB implementation of the
implicit trapezoidal method described in detail in [11]. This algorithm is known to have
very favourable stability properties which makes it highly suitable for handling equations
like ours over large intervals (which is required in this case to demonstrate the asymptotic
behaviour). The step size has always been chosen as h = 1/200.

FExample 6.1. Consider the inhomogeneous two-component incommensurate fractional-
order linear system

DMy () = 0.2525(t) + fi(t), 0 (54)

ODyPws(t) = 21 () + 22(t) + folt), '
In this example, the characteristic function is Q(s) = 5% + s'/2 4+ 0.5. According to
Lemma [3.4] all zeros of @ lie in the open left-half of the complex plane. Furthermore,
the function f satisfies the assumption stated in Theorem [5.1 Hence, every solution to
tends to the origin as ¢ — oo with the rate O(¢~'/3). This property is illustrated in
Figure [l The left graph shows that the components z;(t) and z5(t) decay to zero; the
right graph visualizes the fact that t'/2z;(¢) tends to a nonzero constant for t — oo and
j = 1,2, thus demonstrating that the decay behaviour of x;(¢) is indeed O(t~1/3).

FExample 6.2. Consider the two-component incommensurate fractional-order nonlinear
system

{CDéf’xl(t) = 0.2525(t) + 27 (t)23(1), >0, (55)

Dy Pwa(t) = —2a1 () + 2a(t) + 22(t) + 23 (t),
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Example 6.1 Example 6.1 (3 =1/3)

Zl(t)

9z (t)
0y (t)| ]

g |
Y~

0 50 100 150 200

Figure 1: Solution to the differential equation from Example with initial condi-
tions 21(0) = 1 and 25(0) = 2. The left graph shows the components z;(t) of the solutions
themselves, the right graph shows the functions t/3z;(t).

It is not difficult to check that all conditions of Lemma [3.4] and Theorem [5.4] are verified.
Thus, the trivial solution to is Mittag-Leffler stable; more precisely, by Theorem ,
we have to expect an O(t~'/3) decay behavior for nontrivial solutions with initial values
sufficiently close to those of the trivial solution.

Defintion [5.3| states that the boundedness of the solutions cannot be expected for all
choices of the initial value any more (as had been the case in Example but only for
initial values sufficiently close to (0,0). Indeed we can see this behaviour in Figure [2| for
the initial value (0.1,—0.2), whereas Figure [3| shows that this behaviour is not present
for initial values farther away from (0,0) such as, e.g., the initial value (1,—1). In the
latter case, the solutions still seem to be bounded, but the decay behaviour appears to
be absent. If one moves the initial values even farther away from the equilibrium point,
then one cannot even expect this boundedness any more.

Example 6.2 Example 6.2 (8 =1/3)

0.1

0.1

z1(t)
z2(t)] | 0 Py (t)[]

-0.1

-0.2

-0.3

-04

-0.5

-06

-0.7

Figure 2: Solution to the differential equation from Example with initial condi-
tions z1(0) = 0.1 and x5(0) = —0.2. The left graph shows the components z;(t) of the
solutions themselves, the right graph shows the functions ¢'/ Sa5(t).
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Example 6.2

Zl(t)

zo(t) | ]

Example 6.2 (3 =1/3)

9z (t)
9y (t)

0 50 100 150 200 ’ 0 50 100 150 200

Figure 3: Solution to the differential equation from Example with initial con-
ditions x;(0) = 1 and x9(0) = —1. The left graph shows the components z;(t) of the
solutions themselves, the right graph shows the functions t!/3z; ().

Fxample 6.3. Consider the fractional linear system

{CDSf:vl(t) = m(t) + 225(t) + fi(t),

CDYBws(t) = —21(t) + folt), t>0. (56)

The characteristic function of the system is Q(s) = s**+s%6+2. By Lemma 3.5 all zeros
of @ lie in the open left-half of the complex plane and the assumptions of Theorem
are satisfied. Hence, every solution to this system converges to the origin as ¢t — oo with
an O(t7%9) convergence rate. As in Example we can also reproduce this behaviour
numerically. The corresponding graphs are plotted in Figure [4]

Example 6.3 Example 6.3 (3 = 3/5)

a1(t)
;;(t) ] 8 914 (t)] ]

2 0
0 -2
4
-2
-6
4
-8
6 10
0 50 100 150 200 0 50 100 150 200

Figure 4: Solution to the differential equation from Example with initial condi-
tions 21(0) = 1 and 25(0) = 2. The left graph shows the components z;(t) of the solutions
themselves, the right graph shows the functions t%6z;(t).

Example 6.4. Consider the system

ODYSx(t) = m1(t) + 232(t) + 23 (¢)23(2),
CDyEs(t) = —wi(t) + 23 (t) + x5(1),

t>0. (57)
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Based on Lemma and Theorem we see that the trivial solution of is Mittag-
Leffler stable. As in Example this is exhibited—together with the decay behaviour
predicted by Theorem [5.4}— in Figure [f

Example 6.4 Example 6.4 (3 = 0.6)

0.2 0.3

zy (1)) |

w2(2) 02 Iy ()] |

0.15

0.1

0.05
0.1

-0.05 b 0

-01
-0.1
-0.15

-02
-0.2
-0.25

-03 - - - -0.3

Figure 5: Solution to the differential equation from Example with initial condi-
tions 21(0) = 0.1 and z2(0) = —0.2. The left graph shows the components x;(t) of the
solutions themselves, the right graph shows the functions t*%z;(¢).

Fxample 6.5. Consider the inhomogeneous two-component incommensurate fractional-
order linear system

{008fx1<t> =) —wO +AO, (58)

CDgtas(t) = 21 (t) + wa(t) + fo(t),

The system has the characteristic function Q(s) = s%7 + s%4 + s°3 4 3. From Lemma
(i) and Theorem , it follows that every solution of this system tends to the origin
as t — oo as O(t~%3). Once again, our numerical results, shown in Figure[6] support this
statement.

Example 6.5 Example 6.5 (8 = 3/10)

25

z1(t)
z(t) |

8 |

Figure 6: Solution to the differential equation from Example with initial condi-
tions x1(0) = 1 and x2(0) = 2. The left graph shows the components z(¢) of the solutions
themselves, the right graph shows the functions t*3x;(¢).
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FExample 6.6. Consider the two-component incommensurate fractional-order nonlinear
system

{CD&%ﬁ@):leﬂﬂ-—0¢@@)+xﬂﬂxaﬂv £ 0. (59)

ODOras(t) = 0.721(t) + 0.222(t) + 23 (¢) + 23(t),
Its characteristic function is Q(s) = s*7 + 0.25%* 4 0.1s%3 + 0.3. Tt follows from Lemma

3.6(i1) and Theorem [5.4] that the trivial solution is Mittag-Leffler stable. Once again, we
can visualize this observarion on the basis of numerical results, cf. Figure [7]

Example 6.6 Example 6.6 (8 = 0.3)
0.2 T T T

z1(t)
z;(t) ]

0.15

0.1

0.05

-0.05

-0.1

-0.05
-0.15

-02 - - - -0.1

Figure 7: Solution to the differential equation from Example with initial condi-
tions 21(0) = 0.1 and z2(0) = —0.2. The left graph shows the components x;(t) of the
solutions themselves, the right graph shows the functions t*?z;(¢).

FExample 6.7. Consider the two-component incommensurate fractional-order linear system
DYy (t) = —z1(t) + 22a(t) + f1(2),
CDYPxy(t) = —5a1(t) + daa(t) + fo(t),

The system has the characteristic function Q(s) = s% +45%5 — s%3 6. According to
Lemma (1) and Theorem its solution converges to the origin with a rate O(t~%4).
As above, the numerical data shown in Figure [§] confirms this theoretical observation.

t>0. (60)

FExample 6.8. Consider two-component incommensurate fractional-order nonlinear system

CDSta(t) = —a1(t) — 22(t) + 23(t)23(t),
Its characteristic function Q(s) = s%° + 2s%° — 03 4 2. According to Lemma [3.7(ii) and

Theorem , the trivial solution of is Mittag-Leffler stable as illustrated graphically
in Figure [9

t>0. (61)

Appendix: Proof of Lemma (4.1

Proof of Lemmal[{.1. Due to the fact that there are no zeros of the characteristic function
@ in the closed right half of the complex plane, from Lemma (iii), we can find 9 > 0
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Example 6.7 Example 6.7 (3 = 2/5)

1
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0 50 100 150 200 0 50 100 150 200

Figure 8: Solution to the differential equation from Example with initial condi-
tions 21(0) = 1 and 25(0) = 2. The left graph shows the components z;(t) of the solutions
themselves, the right graph shows the functions t%4z;(t).

Example 6.8 Example 6.8 (8 = 0.4)
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Figure 9: Solution to the differential equation from Example with initial condi-
tions x1(0) = 0.1 and z2(0) = —0.2. The left graph shows the components z;(t) of the
solutions themselves, the right graph shows the functions t°4z;(¢).

(which is small enough) such that all zeros of () are not in the domain |arg(s)| < 7 + 6.
Let R > 0 be a large enough constant such that

1
|Q(s)] > §|s|o“+o‘2 whenever |s| > R. (62)

For o > 0 and 0 € (0,7), we establish an oriented contour (u,#) formed by three
segments:

o {scC:|s| >p,args =10},
o {seC:ls| = p,|args| <0},

e {s€C:|s| > pu,args =—0}.
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(i) Because all zeros of @ (if they exist) lie on the left of the contour y(R, 5 + 4), using
the same argument as in [2I, Lemma 4.1], we obtain the representation

2 Q(s)
Choose € > 0 such that @ has no zero in the ball {s € C: |s| < e}. From (63), we have

1 l(a)—A—1 st 1 l(a)—A—1 st
R*(t):—,/ ¥ds+—./ L s>
271 A Q(S) 211 Y(E,2+8) Q(S)

= I,(t) + L(t), (64)

1 l(a)=A—1 st
RM(t) = / s, t>0,0€ {0,010} (63)
(R, 5+0)

where A} is the clockwise oriented contour bounding the domain
€ T
Q= {SE(C:Z<|3| < R,|arg s| <§+5},

see Figure 10, Notice that (s!(®~=*~1lest)/Q(s) is analytic on ©; U A} for all ¢ > 1. Thus,
by applying Cauchy’s theorem, we obtain

Ii(t) =0 for all t > 1.

Therefore, for each ¢t > 1, we see that
1 l(a)—A—1 st
RMNt) = — / S C s
2mi Joz zv5  Q(s)

1 / Sl(a)f)\flestd 1 / Sl(a)f)\flestd 1 / Sl(a)f)\flestd
= | —dst o | —dst o [ s
2mi Ja,  Q(s) 2mi Jy,  Q(s) 2mi Jp,  Q(s)

= I3(t) + La(t) + I5(t) (65)
with
Ay = {sEC:]s|2%,args:g (5},
Ay = {s eC:|s| > %,argSZ —(g—i-é)},
Az = {SEC:| |:%,]args|<g+5}
Put

ni=  nf Q). (66)

s€v(e, 5+6)UB(0,¢)

For s € Ay, s =re'379) = r(—sind +icosd) with r > £, and therefore

dr. (67)

1 0o T‘l(a)_)\_1€i(l(a)_>\_1)(g+5)€rt(_ sin 6+ cos §) (_ qind + 4 cos 5)
Bl = 5
€

/i Q(r)

Here, Q(r) = Q(re'G+9)). From (66), we have the estimate 1Q(r)| > n for all r > <. This
implies that

<

1 ° .
|]3(t)| < %/ l(a)—)\—le—rtsmz?dr' (68)
e/t
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Figure 10: The contours and sets used in the proof of Lemma [£.1} The radii of the green
and magenta circular arcs are €/t and R, respectively. The contour v(R, 7/2+9) comprises
the upper blue ray, the magenta circular arc, and the lower blue ray and is traversed from
top to bottom; €2 is the open set bounded by the magenta and green boundary lines (so
these magenta and green lines together form the contour A}). A; comprises the upper
blue ray and the upper green line; A, denotes the union of the lower blue ray and the

lower green line, and As is the green circular arc.

By the change of variable r = u/(¢sin ¢),

l(a)—A—1 —rtsin 5d < / l(a)—A—1 —u
/E/t r e r < —(tsiné)l(a)—/\ i U e “du

1
= ooy @) =)
Cl,l

< Ala)—x-

Hence,

Cia
[13(t)]| < )

Similarly, there is a C} 5 > 0 such that

Cho
[14(t)] < e

For s € A3, s = (g/t)e’ with [p| < I+, and so
1 Z+0 (S/t)l(a)—A—l eiap(l(a)—k—l)ee(cos go—l—isinap)i(g/t)eicp

_[ t - — - N
T ~(3+9) Q)

de
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where Q(¢) = Q(%e). From ((66)), we know that 1Q(p)| > n for all ¢ € [—(5+6),5 +46].
Thus

1 ye\le)=x f2+0 Cis
- COS )

501< 5 (5) /M e edip < st (73)

2

From , , and , we obtain

R < <&

(o) =X < m (74)
for all £ > 1 and all A € {0, a1, o}, with C :==Cy 1+ C12+ C 5.

(ii) For the proof of the seocnd statement, we first look at the case 5 € {ay,as}. Here,
we apply the arguments as in the proof of the part (i) above to obtain

1 l(a)—B st
SP(t) / g ds
(%,

- 2mi zi)  @(s)
1 Sl(a)fﬁestd 1 Sl(a)fﬁestd 1 Sl(a)f,ﬁest
")y Qe C o)y, o) “ i)y o) ¢

with each ¢ > 1. In the same way as above, we can find a constant Cy; so that the
estimate

(75)

C
8 2,1
SO < fr-mm

holds for all ¢ > 1 and all 8 € {ai,as}. Clearly, t{®=+1 > »+1 for all t > 1 and all
ﬁ S {011,062}. ThUS,

Co,
ot

SP(t)| < 25, BE€{a, a0}, t> 1. (76)

Next, we consider the remaining case 5 = l(a). For ¢t > 1, we see

Sl(a)(t) = L/ e_StdS
- 2mi Y(£,Z+6) Q(s)

1 1, 1 (821192 — 11592 — (99571 )e™
= — e’ds — — ds
271 v(E,Z+6) det A 211 Y(5,Z+8) (det A)Q(S)
= Is(t) + I7(t) (77)

By using the same estimates as in the proof of the part (i) above, there exist constants
Cs9,Cs 3 and Cy 4 such that

02,2 02,3 02,4 < 22§i§4 02,1‘

|]7(t)| < H(a)+1 toat+l toet+l — tv+1 ’ vt > 1. (78)

On the other hand, by the change of variable s = # with some pu € (0,1), we find

1 1 1 1

Is(t) = — WOy, — —— —_ — ), 79
6( ) 27r,uztdetA /’Y(€”,,LL(72'+5)) ¢ b Y tdetA (O) ( )
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the last equality being deduced from [15] eq. (1.52)]. Combining and (7)), for each
t > 1, we conclude

l(a)
S| < o (50)
(iii) For each t € (0,1) and g € {a1, s, ()}, we have
1 l(a)—B st
21 Jyrzis) Q)
1 Sl(a)fﬁest 1 Sl(a)fﬁest
=— | ———ds+ —/ ————ds
211 Jy, (s) 2mi Jym =15 Q(S)
= Is(t) + Io(t), (81)

where U, is the boundary of the domain U, := {s € C: R < |s| < R/t,|args| < 5 +4}.
Since s/®=Fest /Q(s) is analytic on U, U W, for ¢ € (0, 1), by applying Cauchy’s theorem,
we obtain Ig(t) = 0 for all £ € (0,1). Thus,

SP(t) = — / AR
= — ————ds
27 S8 215 Qs)

1 Sl(a)—ﬁest 1 Sl(a)—ﬁest 1 Sl(a)—ﬂest
S NPT Y (O
271 Jy, (s) 211 Jy, (s) 271 Jy, (s)
== [10(t) + [11(t) —|— [12(t) (82>

where

For s € Uy, s = 7€"(379) = r(—sin§ +icosd) with r > R/t, and so
1 00 pl(a) =B pi(l(a)=B)(5+0) pri(—sin 6+icos §)
Lo(t) = —/ — (—sind +icosd)dr (83)
2mi 1 Q(r)

where Q(r) = Q(re(319)). From ([62)), we have the estimate

~ . 1 m 1 R
QI = |Qre 3 )| > Srelarojmrar = oyt vy > —. (84)
This implies
1 00 ,r.l(a)f,Befrt sin § 1 S| CS )
Lig(t)| < — —_—dr < dr = —=. 85
(t)] < n /R/t rie) "= 7t sin d /R/t rh+1 " t1-8 (85)
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The second inequality here is obtained by applying the relation e * < 1/x for x > 0.

Similarly,

For s € W3, s = (R/t)e" with |¢| < § + 0, thus

5+0 a)=B+1 i(l(o)—B) , R(cos p+isin )
Io(t) = L /2 (E) ei((a) )<PA6 ¢ ¢ iedp
270 Jog4+a) \ Q(¥)

where Q(p) = Q(£¢#). From (62), we have

A R, LR |7 1 (R\™T® ™ ™
= —e? || > = |—€e¥ =—|— v —(=4+46),=+96
Q= [o(Fe)| = 5| 7o (3 werGea g4,
and thus

1 546 R Ua)—B+1 |ei(l(a)76)<p| . |€R(cosap+isin<p)| o

[T12(t)] < %/( . (?) 0] lie?|de
,E+
2
R\-F1 [3%0 C
< 1-8 _/ eRCOS(pd(’DS 132
t m _(727+5) t

From , , and , we obtain

1SP(t)] < < vVt € (0,1),8 € {ay,an,l(a)}.

Finally, (30) is an immediate consequence of and .
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