Meromorphic nearby cycle functors and monodromies
of meromorphic functions

(with Appendix by T. Saito) *
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Abstract

We introduce meromorphic nearby cycle functors and study their functorial
properties. Moreover we apply them to monodromies of meromorphic functions
in various situations. Combinatorial descriptions of their reduced Hodge spectra
and Jordan normal forms will be obtained.

1 Introduction

In [15] Gusein-Zade, Luengo and Melle-Hernandez generalized Milnor’s fibration theo-
rem to meromorphic functions and defined their Milnor fibers. Moreover they obtained
a formula for their monodromy zeta functions. Since then many authors studied Milnor
fibers of meromorphic functions (see e.g. [3], [4], [12], [24], [32], [38], [41] [46], [50] etc.).
However, in contrast to Milnor fibers of holomorphic functions, the geometric structures
of those of meromorphic functions look much more complicated. For example, Milnor
[31] proved that if a holomorphic function has an isolated singular point then the Milnor
fiber at it has the homotopy type of a bouquet of some spheres. This implies that its
reduced cohomology groups are concentrated in the middle dimension. To the best of
our knowledge, we do not know so far such a nice structure theorem for Milnor fibers
of meromorphic functions. For this reason, we cannot know any property of each Mil-
nor monodromy operator of a meromorphic function even if we have a formula for its
monodromy zeta function. We have also a serious obstruction that the theory of nearby
and vanishing cycle functors for meromorphic functions is not fully developed yet. Indeed,
nowadays the corresponding functors for holomorphic functions are not only indispensable
for the study of Milnor monodromies but also very useful in many fields of mathematics.

In this paper, we overcome the above-mentioned problems partially by laying a foun-
dation of the theory of nearby cycle functors for meromorphic functions. In particular,
we prove that they preserve the perversity as in the holomorphic case. Then we apply
our new algebraic machineries to Milnor monodromies of meromorphic functions. In this
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way, we obtain various new results on them especially for the eigenvalues A # 1. In order

to describe our results more precisely, from now we prepare some notations. Let X be

a complex manifold and P(x),Q(z) holomorphic functions on it. Assume that Q(z) is

not identically zero on each connected component of X. Then we define a meromorphic

function f(z) on X by

fla) = 2
Q(x)

Let us set I(f) = P71(0)NnQ7*(0) C X. If P and Q are coprime in the local ring
Ox. at a point € X, then I(f) is nothing but the set of the indeterminacy points of
f on a neighborhood of z. Note that the set I(f) depends on the pair (P(z),Q(x)) of
holomorphic functions representing f(x). For example, if we take a holomorphic function
R(z) on X (which is not identically zero on each connected component of X) and set

(z € X). (1.1)

P(x)R(x)
Q(x)R(x)

then the set I(g) = I(f) U R~'(0) might be bigger than I(f). In this way, we distinguish
flz) = gg) from g(x) = gggggg even if their values coincide over an open dense subset
of X. This is the convention due to Gusein-Zade, Luengo and Melle-Hernéndez [15] etc.

Now we recall the following fundamental theorem due to [15].

g(x) = (x € X), (1.2)

Theorem 1.1. (Gusein-Zade, Luengo and Melle-Herndndez [15]) For any point x €
P~1(0) there exists g > 0 such that for any 0 < € < gy and the open ball B(x;e) C X of
radius € > 0 with center at x (in a local chart of X ) the restriction

B(z;e)\ Q7'(0) — C (1.3)

of f: X\ Q10) — C is a locally trivial fibration over a sufficiently small punctured
disk in C with center at the origin 0 € C

We call the fiber in this theorem the Milnor fiber of the meromorphic function f(z) =

ggg at z € P71(0) and denote it by F,. As in the holomorphic case, we obtain also its

Milnor monodromy operators

B;0 : H(FyC) 5 HI(FC)  (j € D). (14)

Then we define the monodromy zeta function (;,(t) € C(¢) of f at x € P~(0) by

Cralt) = H{det(id _ tqy@)}(_l)j e C(1). (1.5)

JEZ.

In [15] Gusein-Zade, Luengo and Melle-Hernandez obtained a formula which expresses
Crz(t) € C(t) in terms of the Newton polyhedra of P and () at = (for the details, see
Theorem 3.9 below). However it is not possible to deduce any property of each monodromy
operator ®;, from it. From now, we shall explain how we can overcome this problem
for the eigenvalues A # 1 of ®;,. First we extend the classical notion of nearby cycle
functors to meromorphic functions as follows (see also Raibaut [41] for a similar but
sligthly different approach to them). Denote by DP(X) the derived category whose objects
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are bounded complexes of sheaves of Cx-modules on X. For the meromorphic function

f(z) = gg; let

ir: X\ QN0) = X x C (1.6)

be the (not necessarily) closed embedding defined by = — (z, f(z)). Let t : X x C — C
be the second projection. Then for F € DP(X) we set

UFeO(F) = ti(Rig(Flx\g-10) € DP(X). (1.7)

We call w;ﬂem(]: ) the meromorphic nearby cycle sheaf of F along f. Then as in the
holomorphic case, for any point z € P~!(0) and j € Z we have an isomorphism (see
Lemma 2.1)

HIYPro(F)y ~ HY (Fy; F). (1.8)

Moreover we will show (see Theorem 2.2) that the functor
YFee(s) : DP(X) — DP(X) (1.9)

preserves the constructibility and the perversity (up to some shift). Then thanks to the
perversity, we obtain the following theorem. The problem being local, we may assume
that X = C" and 0 € I(f) = P~1(0) N Q'(0). For j € Z and X € C we denote by

H7(Fy; C)\ C H?(Fy; C) (1.10)
the generalized eigenspace of @, for the eigenvalue A.

Theorem 1.2. Assume that the hypersurfaces P~1(0) and Q7'(0) of X = C" have an
isolated singular point at the origin 0 € X = C" and intersect transversally on X \ {0}.
Then for any A # 1 we have the concentration

H (Fy;C)y~0  (j#n—1). (1.11)

Combining the formula for (;(t) € C(t) in [15] (see Theorem 3.9 below) with our
Theorem 1.2, we obtain a formula for the multiplicities of the eigenvalues A # 1 in ®,,_; .
It seems that there is some geometric background on Fy (like Milnor’s celebrated bouquet
decomposition theorem in [31]) for Theorem 1.2 to hold. It would be an interesting
problem to know it and reprove Theorem 1.2 in a purely geometric manner. From now

on, we assume also that f(z) = gg; is a rational function. To obtain also a formula for

the Jordan normal form of its monodromy ®,,_; o as in Matsui-Takeuchi [30], Stapledon
[47] and Saito [43], we have to assume moreover that f is polynomial-like in the following
sense.

Definition 1.3. We say that the rational function f(x) = ggg is polynomial-like if there
exists a resolution 7y : X — X = C" of singularities of P=2(0) U Q~1(0) which induces
an isomorphism X \ m;*({0}) — X \ {0} such that for any irreducible component D; of
the (exceptional) normal crossing divisor D = m; ' ({0}) we have the condition

ordp, (P o my) > ordp,(Q o m). (1.12)



For typical examples of polynomial-like f(z) = %, see Definition 5.13. If f(x) is non-

degenerate and satisfies the condition in it, then by a toric modification  : X5 X=Cn
of X = C™ we can check that it is polynomial-like in the above sense. Note that in the
study of fibrations of mixed functions (of type fg) recently Oka [37] introduced a similar
condition and called it the multiplicity condition. Then we obtain the following result.

Theorem 1.4. In the situation of Theorem 1.2, assume also that f is polynomial-like.
Then for any X\ # 1 the weight filtration of the mized Hodge structure of H" (Fy;C),

is the monodromy weight filtration of the Milnor monodromy ®,_1o: H" ' (Fp;C)y =
H" Y(Fy; C), centered at n — 1.

By this theorem, forgetting the eigenvalue 1 parts of the Milnor monodromies ®;, we
can define (see Definition 5.11) the reduced Hodge spectrum sp () of the Milnor fiber
Fy which satisfies the symmetry

Bralt) = 1" 5y ;) (1.13)
centered at 3. Moreover, we define the motivic zeta function of the rational function f and
the motivic Milnor fiber as its limit. In fact, in [41] Raibaut has defined the same objects
earlier, but our proofs are different from his ones. In the last half of Section 5, we also
give more explicit formulas in terms of Newton polyhedrons. See Section 5 for the details.
Then, assuming also that f is non-degenerate at the origin 0 € X = C" and P(x), Q(x) are
convenient, we obtain combinatorial descriptions of the reduced Hodge spectrum sp;,(t)
of Fy and the Jordan normal forms of ®,_;, for the eigenvalues A # 1 as in Esterov-
Takeuchi [10], Matsui-Takeuchi [30], Stapledon [47] and Saito [43]. See Section 6 for the
details. We can also globalize these results and obtain similar formulas for monodromies
at infinity of the rational function f(z) = ggg They are natural generalizations of the
results in Libgober-Sperber [25], Matsui-Takeuchi [28], [29], Stapledon [47] and Takeuchi-
Tibar [49]. See Section 7 for the details.
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of Science and Technology (VAST) and the Japan Society for the Promotion of Science
(JSPS) under the Grant QTJP01.02/21-23.

2 Meromorphic nearby cycle functors

In this section, we introduce meromorphic nearby cycle functors and study their functorial
properties. In this paper we essentially follow the terminology of [9], [18] and [19]. Let k



be an arbitrary field and for a topological space X denote by DP(X) the derived category
whose objects are bounded complexes of sheaves of kx-modules on X. If X is a complex
manifold, we denote by DP(X) the full subcategory of DP(X) consisting of constructible

objects. Let X, P(x),Q(x) and f(z) = % etc. be as in Section 1 and for F € DP(X)

define the meromorphic nearby cycle sheaf ¢7*(F) € DP(X) of F along f as before.
Then we have the following results.
Lemma 2.1. (i) The support of YF"°(F) is contained in P~'(0).

(ii) There exists an isomorphism
VFTUF) = OB e oug-ton (F))- (2.1)
(iii) For any point x € P~1(0) and j € Z we have an isomorphism
HIYPro(F)y ~ H (Fy; F) (2.2)
compatible with the monodromy automorphisms on the both sides.

Proof. The assertion (i) is trivial. For the proof of (ii) it suffices to show

Y (RT p-10yug-1(0)(F)) = 0. (2.3)

But this follows from (iii). Let us prove (iii). The problem being local, we may assume
that X = C" and z is the origin 0 € P~!(0) C X = C". We denote by F, the (usual)
Milnor fiber of the projection t: X x C; — C; at 0 € X = C". We will see later that
Rip(F|x\@-1(0)) is constructible (see the proof of Theorem 2.2). Therefore, by the basic
fact for the nearby cycle functors (see e.g. [9, Proposition 4.2.2]), we have an isomorphism

HoYy(Rig(Flx\g-10)))o = H (F0; Rig(Flx\o-1(0))) (2.4)

which is compatible with the monodromy automorphisms on the both sides. Consider a
Whitney stratification of X x C adapted to Ris.(F|x\g-1(0)) and refining the partition
XXxC=i(X\Q0)U (X xC)\if(X\Q0)). Then, for any ¢ € C* such that
0 < |t| < 1 the hyperplane H; = X x {t} C X x C of X x C intersects the strata in it
transversally on a neighborhood of Fiy C H; (see e.g. [26, Proposition 1.3]). This implies
that for the inclusion map

ige iy (Hy) ~ig(X\Q'(0)) N Hy — H, (2.5)
we have an isomorphism

{Rip(Flxo @) Hm 2= RBlip)(Flia,) (2.6)

on the open subset F,, C H, of H,. Since we have iﬁ(Ftyo) = F{y, the cohomology group
HI(F,0; Rig(F|x\g-1(0))) is isomorphic to H’(Fy; F). O



From now on, we shall prove that the functor
Y§ee() : DP(X) — D"(X) (2.7)

thus defined preserves the constructibility and the perversity (up to some shift). For the
closed embedding

kp: X\ Q7H0) = (X \Q7H(0)) x C, (2.8)
defined by = + (z, f(z)) and the inclusion map j; : (X \ Q7*(0)) x C;, — X x C, we have
iy = jr o ky and hence an isomorphism

Rig(Flx\g-10) = Rif(REp(Flx\@-1(0))- (2.9)

Moreover, if F € DP(X) is constructible (resp. perverse), then Rks.(F|x\g-1(0) €
D"((X \ Q71(0)) x C;) is constructible (resp. perverse). However the functor

Rjs : DP((X\ Q(0)) x C;) — D"(X x Cy) (2.10)

does not preserve the constructibility (resp. perversity) in general. Nevertheless, we can
overcome this difficulty as follows.

Theorem 2.2. (i) If F € D"(X) is constructible, then ¢p°(F) € D"(X) is also
constructible.

(ii) If F € DP(X) is perverse, then p°(F)[—1] € D*(X) is also perverse.
Proof. Assume that F € DP(X) is constructible. Define a hypersurface W of X x C; by
W ={(z,t) e X xC | P(z) —tQ(x) =0} (2.11)

and let p : W — X be the restriction of the first projection X x C; — X to it. Then p
induces an isomorphism

p XN\ QTH0) — X\ Q7(0) (2.12)
and p~1(X \ Q71(0)) is nothing but the graph
{(z, f(z)) € (X\QH0)) xC |2z e X\Q'(0)} (2.13)

of f: X\Q'0) — C. In this way, we identify X \ Q7!(0) and the open subset
p HX\ Q7(0)) of W. Let

b XA QT0) = o7 (X QTN0) = W (2.14)

and iy : W < X xC; be the inclusion maps. Then for the constructible sheaf F € D"(X)
we have an isomorphism

Rig.(Flx\g-10) = iwx(Bepu(Flx\g-10)))- (2.15)
Moreover, by the Cartesian diagram
X\Q) —— W
’ffl liw (2.16)
(X\Q'0) xC T> X xC
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we obtain isomorphisms
Rijr.j; Gwap ' F) = Rjpkpus ' p ' F
Then we obtain the constructibility of
Rig(Flx\o-1() = Rjp g7 (iwsp ' F)

~ RHomCXXC<C(X\Q—1(O))><(C> ZW*pil./_') (218)
by [19, Theorem 8.5.7 (ii)]. If moreover F € D"(X) is perverse, then the perversity of
ij*jfl(iw*pfl]:) € DP(X x C;) follows from [19, Proposition 10.3.17 (i)] on the Stein
map j;: (X \Q7(0)) x C; — X x C, (see also the paragraph below [9, Corollary 5.2.17]

and Schiirmann [45, page 410]). Finally, by applying the t-exact functor ;(-)[—1] :
DP(X x C;) — DP(X) to it, we obtain the assertions. O

By this theorem we obtain a functor
() DY(X) — DE(X), (2.19)
Moreover by its proof, for F € DP(X) there exists a natural morphism
Fp-1(g) — P°(F). (2.20)

REMARK 2.3. Assume that the meromorphic function f(x) = % is holomorphic on a

neighborhood of a point z € X i.e. there exists a holomorphic function g(z) defined on
a neighborhood of x € X such that P(z) = Q(x) - g(z) on it. Then by identifying f(x)
with the holomorphic function g(z), we have an isomorphism

VFT(F)e = Up (B x\g-1(0)(F))a (2.21)

for the classical (holomorphic) nearby cycle functor 1¢(-). This implies that even if f(z)
is holomorphic on a neighborhood of x € X we do not have an isomorphism

@D}nero(}—)x >~ p(F)a (2.22)
in general.
The following useful result is an analogue for /7°(-) of the classical one for ¢ (-) (see
e.g. [9, Proposition 4.2.11] and [19, Exercise VIIL.15] etc.).

Proposition 2.4. Let 7 : Y — X be a proper morphism of complex manifolds and f o
a meromorphic function on'Y defined by

fo7r:gZ:. (2.23)
Then for G € DP(Y) there exists an isomorphism
U(Rr.G) = Rr e (0). (224)
If moreover 7 induces an isomorphism
YA H(PTH0)uQ™H(0) — X\ (PTH(0) UQ™(0)), (2.25)
then for F € DP(X) there exists an isomorphism
YPUO(F) ~ Rrpfsre(m ' F). (2.26)



Proof. Let m° : Y \ (Qom)~1(0) — X \ Q71(0) be the restriction of m to Y\ (Q o) ~1(0).

Then by the commutative diagram
Y\ (Qom)(0) L5 ¥ x €,
- | | s (2.27)
X\Q1'0) —— XxC
’Lf

for G € DP(Y)) there exist isomorphisms

Rip (BTG x\o-1(0) = Ripe(R7(G v\ (Qom)1(0)))
~ R(m x ide, ). Rifors (Gl (@om) 1 (0)- (2.28)

Then by [9, Proposition 4.2.11] and [19, Exercise VIII.15] we obtain isomorphisms

1/J}Iler0(Rﬂ_*g) - 1/}t<le*(R7T*g|X\Q*1(O)))
~ ¢y (R(7 x ide, )s Riore(Gly\(@om)-1(0))
~ RW*@Dt(RZ’foﬂ*(g|y\(Qo7r)71(0))) = RW*QﬁJIPO(iO(g). (229)

Assume now that 7 induces an isomorphism
VAT (PH0)UQ™H(0)) — X\ (PTH(0)UQ™(0)). (2.30)
Then for F € DP(X) we have an isomorphism
RTx\p1 0 0) (F) — BUx\(p-10)ug-1 o) (R F). (2.31)
By Lemma 2.1 (ii) we thus obtain isomorphisms

@D}nero(f) ~ w}nero(RI“X\(PA(O)UcQ*l(0))("r»
o Y (Rn ) = R (e ) 2

This completes the proof. n

For the meromorphic function f(x) = ggg and F € D"(X) we set also

VFTOUF) = du(Rip(Flxg-1(0)) € D(X). (2.33)

(see Raibaut [41]). We call it the meromorphic nearby cycle sheaf with compact support
of F along f. Then we obtain a functor

PPree() - DP(X) — DP(X) (2.34)

which satisfies the properties similar to the ones in Lemma 2.1 (i) (ii), Theorem 2.2 and
Proposition 2.4. Moreover if f is holomorphic on a neighborhood of a point z € X, then
we have an isomorphism

U (Fe = p(Fxio10)a (2.35)



for the classical (holomorphic) nearby cycle functor 1¢(-). However the isomorphism in
Lemma 2.1 (iii) does not hold for ¢/;**"*“(F). This implies that the natural morphism

by HF) — P (F) (2.36)

is not an isomorphism in general. In fact, in [41] Raibaut introduced a functor which is

identical to our ¢**°(:)

From now on, we restrict ourselves to the case K = C. For a point z € X and
F € DX(X) let

O(F)j0 : HYPTO(F)y — HIPPT(F), (j €7) (2.37)

be the monodromy automorphisms of H’ w}nem(]—" ) at 2. We define the monodromy zeta
function ((F)s.(t) € C(t) of f for F at x € X by

((F)ga(t) = [T{ det(ia - t(I)(]-")N)}(l)j € C(t). (2.38)

jez
Then we obtain the following sheaf-theoretical reformulation of [15, Theorem 1], which is

also an analogue for meromorphic functions of [27, Propositions 5.2 and 5.3].

Proposition 2.5. (cf. [15, Theorem 1]) Assume that X = C", the hypersurface P~*(0)U
QY0) of X is a normal crossing divisor {x € X | x1x9---x, = 0} for some 1 <r <n
and f(z) = 2"z - - 2™ (m; € Z). By the inclusion map j : X\ (P~1(0)uQ1(0)) — X
set

F = Rju(Cx\(proue-1 o) € DI(X). (2:39)

Then, if r =1 and my > 0 we have ((F)o(t) = 1—t™. Otherwise, we have ((F)yo(t) =
1.

Proof. As in the proof of [28, Theorem 3.6] we construct towers of blow-ups of X over
the normal crossing divisor P~1(0) U Q'(0) to eliminate the points of indeterminacy of
f. Then we obtain a proper morphism 7 : ¥ — X of complex manifolds which induces
an isomorphism

YAa (PH0)UQ™H(0) — X\ (PH(0)uQ(0)) (2.40)

If r > 2, then by calculating (7' F) for,(t) € C(¢) at each point y of 771(0) the assertion
follows from [9, page 170-173] (see also [45] and [28, Proposition 2.9]) and Proposition
2.4. 0

For a (shifted) perverse sheaf F € D?(X) on X and A € C, let
O(F) o (F) — v (F) (2.41)

mero

be the monodromy automorphism of ¢}"°(F) and by taking N > 0 set
UESE(F) = Ker| (A-id = @(F) Y 0o (F) — 0fo(F)| € DUX),  (242)

where the right hand side is the kernel in the abelian category of (shifted) perverse sheaves.
We can define @/}?}f\ro(F ) also when F is not perverse but constructible. For a more precise
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account, see e.g. [9, Remark 4.2.5]. We call ¥7{°(F) the generalized eigenspace of
PPee(F ) for the eigenvalue A\. Then we have a decomp051tion

mero @ ¢mero ) (24?))

AeC

Similarly we can define also ¢mer° “(F). The following result will be used in the proof of
Proposition 4.2.

Proposition 2.6. Assume that X = C" and the meromorphic function f(z) = gg) is

defined by P(z) = x{"zy?-- 2™ (m; € Z, m; > 0) for some 1 < k < n—1 and
Q(z) = x,. Then for any A # 1 the natural morphism

N

Vi (Cx)o — ¥F°(Cx)o (2.44)
18 an isomorphism.

Proof. Note that the hypersurface P~1(0) U Q~1(0) of X is a normal crossing divisor
{r € X | zyzy- - xpx, = 0}. As in the proof of [28, Theorem 3.6] we construct towers of
blow-ups of X over the normal crossing divisor P~1(0) U Q71(0) to eliminate the points
of indeterminacy of f. Then we obtain a proper morphism 7 : ¥ — X of complex
manifolds which induces an isomorphism

YAa(PTH0)UQ™H(0)) — X\ (PH(0)UQ™(0)). (2.45)

By Proposition 2.4 and its analogue for 1"”(-) we obtain isomorphisms
Ura " (Cx) ~ Bmapg X (Cy), (2.46)
ix°(Cx) = Rmabri (Cy) (2.47)

for any A € C. Set D = 7~} (P71(0) UQ~(0)) and let j : Y\ D < Y be the inclusion

map. Then by Remark 2.3 and its analogue for ¢;*"*(-) we have isomorphisms
Vina (Cy) = Yrorn(1Cy\p), (2.48)
Vhora(Cy) =~ Yror A (RjCy\p) (2.49)

for any A € C. Hence it suffices to prove that the natural morphism
RL(77(0); ¥or 0 (7:Cy\p)) —> RL(771(0); ¥ for A (RjCy\p)) (2.50)
is an isomorphism for any A # 1. By the distinguished triangle
§Cyip — Rj.Cy\p — (Rj.Cyr\p)p — (2.51)
we have only to show the vanishing
RU(771(0); Yo ((RjsCyrp)p)) ~ 0 (2.52)

for any A # 1. From now on, assume that A # 1. First let us treat the simplest case
k = 1. In this case, the normal crossing divisor D = 7~ '(P~1(0) U @'(0)) in Y has
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my + 2 irreducible components D; (—1 < i < my) such that we have ordp,(f o7) = i.
See the proof of [28, Theorem 3.6] for the details. Note that D_; is noting but the proper
transform of the pole set Q7'(0) = {xr € X | z, = 0} of f in Y. Since the support of
(Rj.Cy\p)p is contained in D, that of its nearby cycle 9 tor((Rj:Cy\p)p) is contained
in D; N Dy. But by our assumption A # 1 we have ¢ o A((Rj.Cy\p)p) =~ 0 also on
D1 N Dy. Next consider the case k = 2. Let m; : Y7 — X be the blow-up of X over the
set {v € X | 1 =z, =0} C I(f) in the first step of the construction of 7 : ¥ — X.
We define divisors D; C Y] (=1 < i < my) as in the case k = 1. Now let K C Y; be
the proper transform of {z € X | 9 = 0} C X in Y;. Then f om still has some points
of indeterminacy in the set D_; N K. So we construct a tower of blow-ups over it until
we get a morphism 7y : Y — Y] such that m = m o my. See the proof of [28, Theorem
3.6] for the details. Let E; C Y (—1 < i < msy) be the exceptional divisors of my such
that ordg,(f o m) = i. Denote the proper transform of Dy C Y; in Y by H. Then (on a
neighborhood of E = 7, '(D_; N K) in Y)) we have

(fom) ™ (0)=FE,UEU---UE,, (2.53)

and the support of (Rj,Cy\p)p is contained in E_;U---UE,,,UH. For A # 1 this implies
that the support of ¥ sor ) ((Rj:Cy\p)p) is contained in (E; U---U Ep,,) N H. Moreover
by truncation functors, it suffices to prove the vanishing

RE (7 (0); ¥ or (Cir)) = 0. (2.54)

But this follows from the primitive decompositons (of the graded pieces w.r.t. the weight
filtration) of the nearby cycle sheaf o \(Crx) (see e.g. [6] etc. for the details). Indeed,
for any 1 < i < my — 1 the restriction of ¢ for A(Cp) to the subset

7 0)N{E;\ (Bi-1UFE;jy)} ~C* (2.55)

of 771(0) is zero or a non-trivial local system of rank one. Moreover by our assumption
A # 1 we never have the condition \* = A1 = 1. This implies that the restriction of
Yion A (Crr) to E;NE;11 is zero. Similarly, we can prove the assertion for any 1 < k < n—1.
This completes the proof. n

3 Milnor monodromies of meromorphic functions

In this section, by using the meromorphic nearby cycle functors introduced in Section 2 we
study Milnor monodromies of meromorphic functions. Let us consider the meromorphic
function f(x) = % in Section 2. The problem being local, we may assume that X = C"
and 0 € I(f) = P~1(0)NQ~1(0). Let Fy be the Milnor fiber of f at the origin 0 € X = C"
and

Bj0: HI(FyiC) = H(FiC)  (j €2) (3.1)
its Milnor monodromy operators. Then we define the monodromy zeta function (so(t) €
C(t) of f at the origin 0 € X = C" by

‘ (-1
Crolt) = H{det(ld - tcpj,o)} e C(t). (3.2)
JEL
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By Propositions 2.4 and 2.5 we can reprove the following result of Gusein-Zade, Lu-
engo and Melle-Herndndez [15, Theorem 1], [17, Theorem 1.19], which is an analogue for
meromorphic functions of A’Campo’s formula in [2].

Theorem 3.1. (Gusein-Zade, Luengo and Melle-Herndndez [15, Theorem 1], [17, Theo-
rem 1.19]) Let 7 : Y — X = C" be a resolution of singularities of P~1(0)UQ~*(0) which
mduces an isomorphism

YA (PTH0)UQ™(0) — X\ (PTH(0)UQ(0) (3.3)

such that 7=1(0) and D = == (P71(0) U Q~%(0)) are strict normal crossmg divisors in
Y. Let UF_D; be the irreducible decomposition of D = == 1(P~1(0) U Q1(0)) such that
7 10) = Ul_D; for some 1 <r <k. For1 <i<r set

D = Di\ (UjD;) (3-4)

and

m; = ordp,(Pom) — ordp,(Q om) € Z. (3.5)

Then we have

Crolt) = H (1 — ¢ )X, (3.6)

2:m; >0
For m > 1 we define the Lefschetz number A(m)o € Z of the meromorphic function
f at the origin 0 € X = C" by
A(m)po =Y (=1)te{@7, : H/(Fy;C) = H/(Fy;C)}. (3.7)
JEZ
Then as in [1] we obtain the following corollary (see also e.g. [28, Remark 3.2]).

Corollary 3.2. In the situation of Theorem 3.1, for any m > 1 we have

Am)o= Y x(D)-m. (3.8)

i:mi>0,mi|m
From now, let us prove Theorem 1.2.

Proof. By Theorem 2.2 ¢#"°(Cx[n])[—1] € D"(X) is a perverse sheaf. The same is true
also for its A-part ¥P°(Cx[n])[—1] € D(X). Let 7 X — X = C" be a resolution
of singularities of P~1(0) and Q~'(0) which induces an isomorphism X \ w3 '({0}) =
X\{0}. Let 15—\1(/0) and Q/—\l(/O) be the (smooth) proper transforms of P~1(0) and Q_l(ON)
in X respectively. We may assume that/tgez intersect transversally. Now let m : Y — X

be the blow-up of X along P~1(0) N Q-1(0) and set 7 := mpom : ¥ — X. Then by
Propostion 2.4 there exists an isomorphism

N (Cx[n])[-1] = Rmab 77 (Cy [n]) [-1]. (3.9)

By the construction of 7, we can show that for A # 1 the support of ¢77% (Cy[n])[-1] €
D"(Y) is contained in 771({0}) C Y. Indeed, let E C Y be the exceptional divisor of the

12



P '

blow-up m; : ¥ — X and denote the (smooth) proper transform of P=1(0) (resp. Q—(0))
in Y by Dp (resp. Dg). Then we have Dp N Dg = 0 and Dp U Dg U E is a normal
crossing divisor in Y. Moreover on Y \ 7~1({0}) (i.e. outside 7=!({0})) the meromorphic
function f o on Y takes the value 0 only on Dp. This implies that on Y \ 71({0})
the support of the perverse sheaf }°(Cy [n])[—1] € D"(Y) is contained in Dp. Since
the divisor Dp U Do U E' is normal crossing, we can easily see also that there exists an
isomorphism

Vier’ (Cy[n))[=1] = ¢755 (Cy [n])[-1] (3.10)

on Y\ 77'({0}). Hence the support of the perverse sheaf ¢§°(Cx[n — 1]) € D(X)
is contained in the origin {0} C X. Then by [18, Proposition 8.1.22] we obtain the
concentration

HIYP(Cxln —1])g ~ HTHFy; C)a =0 (j #0). (3.11)
O
By Theorems 3.1 and 1.2 we obtain the following result.

Corollary 3.3. Assume that the meromorphic function f(x) = % satisfies the condi-
tions in Theorem 1.2. Then in the notations of Theorem 3.1, for any A # 1 the multiplicity
of the eigenvalue X\ in ®,_; o is equal to that of the factor t — X in the rational function

[T @™ - nE @ e ). (3.12)

i:m; >0

Definition 3.4. Let g(z) = >, ;. cu#” (¢, € C) be a Laurent polynomial on the algebraic
torus T' = (C*)".

(i) We call the convex hull of supp(g) == {v € Z" | ¢, # 0} C Z" C R" in R" the
Newton polytope of g and denote it by NP(g).

(ii) If g is a polynomial, we call the convex hull of U,cgupp(g)(v + R’} ) in R’ the Newton
polyhedron of g at the origin 0 € C™ and denote it by I, (g).
(iii) For aface v < NP(g) of NP(g), we define the v-part g of g by ¢7(z) := > .. c,a’.

vey Y

Let I't(P),I'+(Q) C R™ be the Newton polyhedra of P and @ at the origin 0 € C"
and

LL(f) = D (P) + T4(Q) (3.13)

their Minkowski sum. From now, we recall Bernstein-Khovanskii-Kushnirenko’s theorem
[22]. Let A C R™ be a lattice polytope in R". For an element u € R™ of (the dual vector
space of ) R™ we define the supporting face v, < A of u in A by

Yo = {v €A (u,v) = mirAl(u,w)} : (3.14)
we
where for u = (u1,...,u,) and v = (vy,...,v,) we set (u,v) = > " | u;v;. For a face y of
A set
o(y)={ueR" |~y =7} CR" (3.15)

13



Then o(7) is an (n — dim~y)-dimensional rational convex polyhedral cone in R"™. Moreover
the family {o () | v < A} of cones in R™ thus obtained is a subdivision of R™. We call it
the dual subdivision of R™ by A. If dimA = n it satisfies the axiom of fans (see [11] and
[35] etc.). We call it the dual fan of A. More generally, let Aq,..., A, C R™ be lattice
polytopes in R" and A = Ay +--- + A, C R" their Minkowski sum. Then for a face
v < A of A, by taking a point u € R" in the relative interior of its dual cone o(vy) we
define the supporting face v; < A; of w in A; so that we have v = + -+ 4+ ,.

Definition 3.5. (see [36] etc.) Let g1,¢2,...,9, be Laurent polynomials on 7' = (C*)".
Set A; = NP(g;) (1t =1,...,p) and A = Ay +---+ A,. Then we say that the subvariety

Z={zeT=(C)"|gi(z) =g2(x) =--- = gp(x) =0} of T'= (C*)" is a non-degenerate
complete intersection if for any face v < A of A the p-form dgj* A dg3*> A -+ A dg,” does
not vanish on {z € T = (C*)" | g/*(z) = --- = g,"(z) = 0}.
Definition 3.6. Let Ay, ..., A, be lattice polytopes in R™. Then their normalized n-
dimensional mixed volume Volz(Aq, ..., A,) € Z is defined by the formula
1 . n—k
Volz(As, - An) = — > (-1 > Vol (Z Ai> (3.16)
k=1 1c{1,...,n} iel
|T|=k

where Volz( - ) = n!Vol( - ) € Z is the normalized n-dimensional volume with respect to
the lattice Z" C R".

Theorem 3.7. (Bernstein-Khovanskii-Kushnirenko’s theorem [22]) Let g1, ¢a, ..., g, be
Laurent polynomials on T = (C*)". Assume that the subvariety Z = {x € T =

(CH | g1(x) = gox) = -+ = gp(x) = 0} of T = (C*)" is a non-degenerate complete
intersection. Set A; = NP(g;) (it =1,...,p). Then we have
(Z) = (—1)"P Voly(Ay, . Ary o Ay LA, 3.17
()()mzm>1 2(1‘1 L,—’J) (3.17)
mliLFTg;:n m1-times myp-times
where Volz(\Al, e ,Alj, oo AY) € Zis the normalized n-dimensional mized vol-
mllgmes mp:S?mes

ume with respect to the lattice Z" C R™.

Now, let ¥, ¥p and X be the dual fans of I' . (f), ['1(P) and ' (Q) in R’} respec-
tively. Then the dual fan X of the Minkowski sum I'y (f) = ' (P)+1"4(Q) is the coarsest
common subdivision of ¥p and . This implies that for each face v < I';(f) we have
the corresponding faces

V(P) =<TH(P), Q) =T+(Q) (3.18)

such that
7 =7(P) +(Q). (3.19)
Definition 3.8. We say that the meromorphic function f(x) = % is non-degenerate

at the origin 0 € X = C" if for any compact face v of I'; (f) the complex hypersurfaces
{r €T =(CH" | PPP)Nz) =0} and {z € T = (C*)" | Q"9 (z) = 0} are smooth and

reduced and intersect transversally in 7" = (C*)".
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For a subset S C {1,2,...,n} we set

RS = {v = (vy,v9,...,0,) ER" | ;=0 (i ¢ S)} ~ R (3.20)
and
Ly(f)¥ =T (f)NR7. (3.21)
Similarly, we define T'; (P)%, T, (Q)° C R? so that we have
Ly (f) =T4(P)” + T4 (Q)". (3.22)

Let 77,75, ... ,75(5) be the compact facets of I'y(f)® and for each 77 (1 < i < n(S))
consider the corresponding faces

7 (P) < TL(P)%,  77(Q) <T4(Q)° (3.23)

such that
7 =7 (P) +47(Q). (3.24)
By using the primitive inner conormal vector o € Z% \ {0} of the facet 77 < 'y (f)® we

define the lattice distance d7(P) > 0 (resp. d(Q) > 0) of 47 (P) (resp. 77 (Q)) from the
origin 0 € R¥ to be the (unique) value of af on 2 (P) (resp. 77(Q)) and set

d? =d?(P) —d?(Q) € Z. (3.25)

Finally by using the normalized (|S| — 1)-dimensional volume Volyz( - ) we set

|S|—1
vl =Y Volz (35 (P), ..., 7 (P), % (Q), ..., 7 (Q)) € Z. (3.26)
k=0

-~

~
k-times (]S]| = 1 — k)-times

Then we have the following celebrated theorem of Gusein-Zade, Luengo and Melle-
Hernéndez [15].

Theorem 3.9. (Gusein-Zade, Luengo and Melle-Herndndez [15]) Assume that the mero-

morphic function f(x) = ggi; 1s non-degenerate at the origin 0 € X = C". Then we

have
Gralt) = TT{ IT (1 o) e, (3:27)

S#0 i:df>0

Decomposing X = C" into some tori (C*)* as in the proof of [27, Theorem 3.12], we
can reprove this theorem by Propositions 2.4 and 2.5 and Theorem 3.7 (see also Varchenko
[51] and Oka [36]). By Theorems 3.9 and 1.2 we obtain the following result.

Corollary 3.10. Assume that f(x) = ggg is non-degenerate at the origin 0 € X = C"

and P(z),Q(z) are convenient. Then in the notations of Theorem 3.9, for any A # 1 the
multiplicity of the eigenvalue X in ®,_1 ¢ is equal to that of the factort — X in the rational

function
H{ IT a* - 1)(_1)"7'5‘”15} e C(1). (3.28)

S0 i:dis>0
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4 Mixed Hodge structures of Milnor fibers of rational
functions

In this section, by using the meromorphic nearby cycle functors introduced in Section 2 we
study the mixed Hodge structures of Milnor fibers of rational functions and apply them
to the Jordan normal forms of their monodromies. Let us consider a rational function
f(z) = gg; on X = C" such that 0 € I(f) = P71(0) N Q~*(0). In order to obtain also a
formula for the Jordan normal form of its monodromy ®,,_; o as in Matsui-Takeuchi [30],
Stapledon [47] and Saito [43], we need the following condition.

Definition 4.1. We say that the rational function f(z) = % is polynomial-like if there

exists a resolution my : X — X = C" of singularities of P~2(0) and Q~(0) which induces
an isomorphism X \ 75! ({0}) — X \ {0} such that for any irreducible component D; of
the (exceptional) normal crossing divisor D = m;*({0}) we have the condition

ordp, (P o) > ordp,(Q o m). (4.1)
Proposition 4.2. Assume that the rational function f(x) = ggz) 15 polynomaial-like and
satisfies the conditions in Theorem 1.2. Then for any X\ # 1 the natural morphism

Uen(Cx[n))[=1] — ¢FR°(Cx[n])[-1] (4.2)

~

1s an isomorphism. Morevoer, the supports of the both sides of it are contained in the
origin {0} C X = C".

Proof. Let m : X — X = C™ be a resolution of singularities of P~1(0) and Q~(0) which
induces an isomorphism X \ 7, ({0}) — X\ {0} such that for any irreducible component
D; of the (exceptional) normal crossing divisor D = 7, ({0}) we have the condition

ordp, (P o my) > ordp,(Q o m). (4.3)

Then by Proposition 2.6 we can show that for any A # 1 the natural morphism

Utomon(Cx[n])[=1] — P50 A(Cx[n])[-1] (4.4)
is an isomorphism and the supports of the both sides of it are contained in m;'({0}).
Indeed, let P=1(0) (resp. Q~'(0)) be the (smooth) proper transform of P~'(0) (resp.

Q~1(0)) in X. Then the divisor P~1(0) UQ-1(0) U D in X is normal crossing, and the
meromorphic function fomy on X takes the value 0 on (P~1(0)UD)\Q~1(0) and has a pole

—_—

of order 1 along @~1(0). First, by Remark 2.3 and its analogue for meromorphic nearby

—_ e/~

cycle functor with compact support, on (P~1(0) U D) \ @~'(0) we have an isomorphism
Vioms (Cxln))[=1] — ¢ (Cxln))[-1). (4.5)

Next, with the help of Lemma 2.1 (ii) and its analogue for meromorphic nearby cycle
functor with compact support, by reducing the problem to the situation in Proposition

—_——

2.6, we can check that for A # 1 the stalk of the morphism (4.4) at each point of (P~1(0)U

16



—_——

D)n C?T(/O) is an isomorphism. Moreover, since P~1(0) U C?T@) is normal crossing in
X\ 751 ({0}) =~ X \ {0}, by the proof of Theorem 1.2 if A # 1 we have

Viomn(CxM))[=1] — Y70 s (Cxn])[-1] = 0 (4.6)

on X \ 751 ({0}) ~ X \ {0}. Now by Proposition 2.4 and its analogue for meromorphic
nearby cycle functors with compact support, all the assertions immediately follow. O

Now we shall introduce natural mixed Hodge structures on the cohomology groups
HI(Fy; C)y (A € C) of the Milnor fiber Fy. For a variety Z over C we denote by MHM
the abelian category of mixed Hodge modules on Z (see e.g. [18, Section 8.3] etc.). First we
regard Y} (Cx [n])[—1] (resp. ¢\ *(Cx[n])[—1]) as the underlying perverse sheaf of the
mixed Hodge module /% (i, (CX[nl [, 1)) (resp. 67 (i,(C2 ]l \q-10)) € MHMy,
where @Dt{{)\ (resp. iy,, if,) is a functor between the categories of mixed Hodge modules
corresponding to the functor ¢ \[—1] (resp. Riy,, Riy,) and C¥[n] € MHMy is the
mixed Hodge module whose underlying perverse sheaf is Cx[n]. For the inclusion map
Jo: {0} — X, we consider the pullback

Jovinlis, (C¥[nllx\o-1(0)) € D*(MHMp)) (4.7)
by jo, whose underlying constructible sheaf is j, (@Dmem( x[n])[—1]). Since the (j—n+1)-
th cohomology group of ji ' (VF5°(Cx|[n])[—1]) is HI(Fy;C),, we thus obtain a natural

mixed Hodge structure of H’ (Fo7 C)x. In the following, we focus our attention on its weight
filtration W,H’(F,;C),. Recall that the weight filtration of the (middle dimensional)
cohomology group of the Milnor fiber of an isolated hypersurface singular point is the
monodromy weight filtration (for the definition, see e.g. [29, Section A.2] etc.) of the
Milnor monodromy. We will show that if the rational function f(x) = % satisfies the
conditions of Proposition 4.2 the cohomology groups of the Milnor fiber Fj of f also have
a similar property. By Proposition 4.2, we thus obtain the same nice property also for
the corresponding stalk of the perverse sheaf ¢"\"™“(Cx[n])[—1] (see Theorem 5.9 for its

description by a motivic Milnor fiber). First, we need the following lemma.

Lemma 4.3. Let g be a holomorphic function on a complex manifold Z. Moreover, let

M, M’ be mized Hodge modules on Z and M — M’ a morphism in the category of mized

Hodge modules. Assume that M (resp. M') has wez’ghts < (resp. > 1) for some integer

I, i.e. we have Gry’ M = 0 (k > 1) (resp. Gry’M' =0 (k < 1)). Then, for A # 1

if the natural morphism ¢g,k( ) — ¢g7 (M") is an isomorphism, the weight filtration of
g/\(M’) is the monodromy weight filtration centered at | — 1.

Proof. See Appendix A. n

In the situation of Proposition 4.2, we set

M =i (CX[n][x\o-1 ), M :=1i7,(CX[n]lx\g-10)) € D°(MHMyxc).  (4.8)

Recall that C4[n] has a pure weight n. Therefore, by the basic properties of the functor
if, (resp. ig,) (see [18, Section 8.3] etc.) the mixed Hodge module M (resp. M’) has
weights < n (resp. > n). Then we can apply Lemma 4.3 to obtain the following theorem.
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Theorem 4.4. In the situation of Proposition 4.2, for any A\ # 1 the weight fil-
tration of H" 1(Fy;C)y is the monodromy weight filtration of the Milnor monodromy
D, _10: H" Y (Fy; C)y = H" 1 (Fy; C)y centered at n — 1.

Proof. Since by Theorem 1.2 we have
H/(Fy;C)x =0 (j#n—1), (4.9)

the complex j5ibih(ir, (C¥[n]|x\o-10))) € DP(MHMyg) is quasi-isomorphic to
HOj5bi\ (ip, (CR[n]|x\o-1(0))) and its underlying perverse sheaf is H"'(Fp;C)x. By
Lemma 4.3 the weight filtration of o/ (if, (C¥[n]|x\q-1))) is the monodromy
weight filtration centered at m — 1. Moreover, in this situation, the support of
YA (ir, (CE[n]|x\q-1(0))) is contained in {0}. This implies that ¢/ (i, (C¥ [n]|x\0-1(0)))
is the zero extension of Hj5o /! (if,(C¥[n]|x\o-1(0))). Hence we can identify the weight
filtration of HOj5o /! (if,(C¥[n]lx\o-1(0))) with that of ¥/ (if, (C¥[n]|x\q-1())). This
completes the proof. O

REMARK 4.5. For k € Z-( and A € C we denote by Ji » the number of the Jordan blocks
in ®,,_; o with size k for the eigenvalue A\. Then by Theorem 4.4 for A # 1 we can describe
Jix in terms of the weight filtration of H"~!(Fy; C), as follows:

Jea = dim Gr)V, H" ' (Fy; C)y — dim Gr!", ,H" *(Fy; C),. (4.10)

Moreover the number of the Jordan blocks in ®,,_; ¢ with size > £ for the eigenvalue A is
equal to
dim Gr),  H" ' (Fy; C)s + dim Gr),  H" ' (Fp; C)y. (4.11)

5 Motivic Milnor fibers of of rational functions

Following Denef-Loeser [6], [7], [8], Guibert-Loeser-Merle [14] and Raibaut [40], [41], we
shall define and study the motivic reincarnations of the Milnor fibers of rational functions.
More precisely, we will define the notion of motivic Milnor fiber of rational functions and
give their relation with the topological properties of the Milnor fiber. Such work was
studied by Raibaut [41] where the author considered elements in the Grothendieck ring
under the action of G,,. In this section, we use another construction for the motivic
Milnor fiber, namely, we consider the Grothendieck ring under the action of fi and define
the notion of motivic Milnor fiber as an element in Mé. In our opinion, in this section
we give, in some sense, another proof for the results in [41].

Let f(x) = ggg be a rational function on X = C" and set Xy := P~1(0). Assume
that 0 € P71(0) N Q~'(0). For two positive integers m,r > 0 we set

Xy = {9 € Lun(X) | ordQ(p(t)) < rm, f((t)) =™ mod ™1} (5.1)

and
X10 =19 € Xp,1 | m5' () = 0} (5.2)

where £,,(X) is the space of order m arcs on X and n" is the truncation morphism
L, (X) — X. They are locally closed subvarieties of £,,(X) (see, e.g. [8, Section 1] for
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the notions of arc spaces). Since m > 1, we see that 77" (X;,;) C Xo. Then X ; is an
Xo-variety. Now for m € Z~g, let u,, ~ Z/Zm be the multiplicative group consisting of
the m-roots in C. We denote by /i the projective limit @Mm of the projective system

{pi }i>1 with morphisms g, — p; given by ¢ — ™. Then X, 1 and X7, 4 o are endowed
with a good action of p,, (and hence of 1) defined by A - ¢(t) = p(At).

Following the notations of [7], for a variety S over C we denote by ./\/l“ the ring obtained
from the Grothendieck ring K“ (Varg) of varieties over S with good fi-actions by inverting
the Lefschetz motive L which is the class of AL x S € K&(Varg) with trivial action of fi.
Recall also that for an S-variety E with good fi-action, we denote its class in Kg (Varg) by
[E, 1] (also denoted by [E/S, fi], or simply by [E]). When S consists of only one geometric
point, i.e. S = Spec(C), We will write K“(Var(c) instead of K“(Vars) For any s € S(C),
there are natural maps i;! : Kf(Varg) — K4(Varg) and i7! : M% — ML, defined by
[E, ii] — [Es, i) where Ej is the fiber at s of E— 5. Thus we obtain elements [, 1/ Xo, 1]

(or [X}, 1,4, or [X}, 1]) of Mﬂ and [X7, o] of M. Note that [0 10 = i ([, 4])-
Definition 5.1. For a positive integer » > 0 and the rational function f = g X — AL
we define a power series Z7(T') of T' over M b
ZH(T) = 32 (196, 1/Xo, i - L7 ) T, (5.3)
m>1
We call it a motivic zeta function of f.
We recall the notion of rational series.

Definition 5.2. Let A be one of the following rings

ZIL, LY, Z {L,Ll, - _1L_i] N and MZX. (5.4)

Let A[[T]]s be the A-submodule of A[[T]] generated by 1 and by finite products of elements
of the form % with ¢ in Z and b in Z-,.

By [6], there is a unique A-linear homomorphism

lim : A[[T]]s — A (5.5)
T—o0
such that Lo
A e b (5.6)

For a finite set I, we consider rational polyhedral convex cones in RZ,. By this, we mean
a convex subset of R defined by a finite number of integral linear inequalities of type
[ > 0or!l > 0 and stable by multiplication by R.y. Let A be a rational polyhedral convex
cone in RL ) and let A denote its closure in RIZO. Let | and v be two integral linear forms

on Z! positive on A\ {(0,...,0)}. Let us consider the series

Sauo(T) : Z Lv(@7ie) (5.7)

aEAﬂN

in Z|L,L7Y[[T]]. Then we have the following lemma (see [13, Lemma 2.1.5] and [14,
Section 2.9]).
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Lemma 5.3. With the above notations, the series Sa,,(T) lies in Z[L,L7Y[[T]]s and
the limit imy_,o Sa1.(T) is equal to x.(A) i.e. the Euler characteristic with compact
support of A. In particular, if A is a rational polyhedral convex cone in RL defined by

Zaixi < Z ;T; (5.8)

€K 1e\K

with a; € Zy, a; > 0 fori € K, K and I\ K non-empty, then we have limr_,o, Sa,(T) =
0.

We shall describe the motivic zeta function of f in terms of log-resolutions. For this
purpose, assume that f satisfies the conditions in Theorem 1.2. Then there exists a
resolution of singularities m : X — X = C" of P~}(0) and Q~!(0) which induces an
isomorphism X \ 75 ({0}) = X \ {0} such that 75 '({0}) and 75 '(P~1(0) UQ~(0)) are
strict normal crossing divisors in X. Denote by D; (1 <i< m)\tﬁe irreducible compo-

—_——

nents of the normal crossing divisor D = 7, *({0}), let Dp = P~1(0) and Dg = Q~1(0)
be the (smooth) proper transforms of P=2(0) and Q~*(0) in X respectively. Note that
they intersect transversally. Then the rational function f o7y on X has some points of
indeterminacy. As in the proof of [28, Theorem 3.6] we construct towers of blow-ups of
X over it to eliminate the points of indeterminacy of f o my. Then we obtain a proper
morphism 7 : Y — X of smooth complex varieties. Set T =mpom : Y — X and let
771(0) = UX_, E; be the irreducible decomposition of the normal crossing divisor 7710) in

Y. Let Ep and Eg be the (smooth) proper transforms of Dp = P=1(0) and Dy = Q~1(0)
in Y respectively. By our construction of Y, the divisor 771(0) U Ep U Eg in Y is strict
normal crossing. Denote by G the union of its irreducible components along which the
order of the rational function g = f o mis < 0 so that we have Eg C G. Now we define
an open subset Q2 of Y by 2 =Y \ G and set

U=r0)\G=710)nQcx 0). (5.9)
Then we have an isomorphism

¢}nero’C(CX)0 ~ RFC(U; @ZJfoTr(Cy)). (510)

Foreachi € {1,...,k}U{P}, let N;(P), N;(Q) > 0 be the orders of the zeros of Por,Qom
along E; and b; := N;(P) — N;(Q) € Z that of g = f o7 along E;. Set

Co={ie{l,....k}:b>0}U{P). (5.11)

For eachi € {1,...,k}U{P}, we also denote by v; — 1 the multiplicity of E; in the divisor
of m*dx, where dx is a local non-vanishing volume form at 0, i.e. a local generator of the
sheaf of differential forms of maximal degree at 0. Note that we have v; > 0.

For a non-empty subset I C {1,2,...,k, P}, set E; =(..; Ei

el v

E}’:EI\{<UEZ~) uEQ} cY (5.12)

il

and d; = ged(b;)ier > 0. Then, as in [8, Section 2.3], we can construct an unramified

Galois covering By — E} of E} as follows. First, for a point p € E} we take an Zariski
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affine open neighborhood W of p in Y on which there exist regular functions &; (i € I)
such that F; N W = {& = 0} for any ¢ € I. Then on W we have g = g1w(g2w)¥,
b.

where we set g1w = g [ic; &0 and gow = [Lc; ¢'7. Note that g1,w 1s a unit on W and
gow: W — C is a regular function. It is easy to see that E} is covered by such affine
open subsets W. Then as in [8, Section 2.3] by gluing the varieties

Ef = 1{(t,2) € C* x (B3 W) [ 1% = (gw) " (2)} (5.13)

together in an obvious way, we obtain the variety E\;’ over 7 as an Xy-variety. The
unramified Galois covering Ev‘; of B} admits a natural p4,-action defined by assigning the
automorphism (¢, z) — ((g,t, 2) of /EV}’ to the generator (g, := exp(2nv/—1/d;) € g,
Namely the variety /E? is equipped with a good fi-action in the sense of [7, Section 2.4].
Then [Ev‘; , ] is an element in K&(Vary, ).

By the same argument as in proof of [8, Theorem 2.4] we obtain the following.

Lemma 5.4. With the previous notations, for any positive integers r,m > 0, we have the
following equality in M

[ =™ 7 (L1 LoZerbe | (5.14)

m,1
IC{1,... k}U{P} ki>1,icl
I Do kibi=m, > ki N (Q)<r > kib;

The Euler characteristic of complex constructible sets can be regarded as a ring ho-

momorphism )
x : Ki(Varg) — Z. (5.15)

Since we have x(L) = 1, it extends uniquely to a ring homomorphism
X: ME— . (5.16)

The following result is an analogue for rational function of [8, Theorem 1.1] and is also
obtained in [41] under a different construction.

Corollary 5.5. There exists ro > 0 such that for any r > ro and m > 1, the Lefschetz
number A(m)yo of f at the origin 0 € X is equal to x(X},1,)-

Proof. With the previous notations, we have x((IL — 1)I=1) = 0 for any I with |I| > 1.
Then, it follows from Lemma 5.4 that

X(x:n,l,o) = Z bix(E7). (5.17)
i€{l,....,k},b;>0
bilm,N; (Q)<rb;

Therefore, if 7 > 79 := supy;.4,~.01 %, we get
X(Xio) = D bix(ED). (5.18)
i€{l,....,k},b;>0
b;|lm
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Combining this with Corollary 3.2 we obtain

A(m)f,o = X(xrm,1,o)~ (5.19)
O

The following results and definitions are inspired by [7, Section 3.5], [8, Section 2],
[14, Section 3.8], [40, Section 1.4] and [41, Section 4.1]. The result below could be implied
from [41, Theorem 6], though we provide here a different proof.

Theorem 5.6. There exists ro > 0 such that for any r > rq the series Z3(T') is rational,

and it is independent of r > ro. Moreover for r > ro the limit limy_,o, Z3(T) € M[)L(O
exists. For r > ry we set

S]rcnero,c — _Th_{rolo Z]?;(T) c MﬂXo' (520)
Then we have —
S}nero,c — Z (1 _ L)U‘*l[E}”ﬂ]_ (521)
I1CC,I#0

Proof. Tt follows from Lemma 5.4 that

Zm= S @L-nmEY. > L~ Tier b

IC{1,... k}U{P} m>1 ki>1,i€lm>1
0 o kibi=m, Y ki Ny (Q)<r > k;b;
(5.22)

For each nonempty subset I of the set {1,...,k} U{P}, we consider the cone

AT = {(m, (k) € Rog x RL | Y kiNi(Q) <7 ) kibi, > kiby = m} . (5.23)

icl iel iel
Let us consider also the linear forms I, v on R x RL defined by
m, (k) =m,  v(m, (k)= vk (5.24)
el
Then we can rewrite the motivic zeta function as follows

ZyT) = Y (L—DIYER - Sapil(T). (5.25)
Ic{1,...k}u{P}
0

It is easy to see that A7 is a rational polyhedral cone and the integral linear forms [, v are
positive on A7\ {0}. Then by Lemma 5.3 the series Z3(T) is rational.

First, consider the case where I C C. Then we have b; > 0 for any ¢« € I. So for
r > 1 = sup;e; NVi(Q)/b; we get

LT
Sar10(T) = H T LT (5.26)

el
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and hence limy_,o0 Sargo(T7) = (—1)/"l. Next, consider the case where K := I\ C' # 0.
Then we have limz o0 Sar1.(T) = Xxc(A}). Nevertheless, the cone A} is homeomorphic
to the following one in RZ:

(k) € RLy | > ki(Ni(Q) —1bi) < D kilrby — Ni(Q)) ¢ - (5.27)

ieK iel\K

By Lemma 5.3 its Euler characteristic with compact support is equal to 0. This completes
the proof. O

Applying the base change morphism Fiberg : ./\/lﬁX0 — Mé, defined by [A/ Xy, ii] —
[A xx, 0, i] we set )
Sio ¢ = Fiberg(S;°) € M¢. (5.28)

Definition 5.7. We call S?gro’c € Mfé the motivic Milnor fiber with compact support of
f at the origin 0 € X = C".

By Theorem 5.6 we obtain the following result. The formula in this result could be
obtained from [41, Proposition 4].

Theorem 5.8. The motivic Milnor fiber with compact support Sy5* of f at the origin
0 € X =C" s written as

Spee = > {(1 —L)"FES\ Bpl + (1 -L)M[E; N Ep]} e ML, (5.29)
Ic{1,...k}nC
1#£0

where [E N Ep| € /\/lé is endowed with the trivial action of ji.
As in [7, Section 3.1.2 and 3.1.3], we denote by HS™" the abelian category of Hodge

structures with a quasi-unipotent endomorphism. Then, to the object ¢?er°’c(Cx)o €

D"({0}) and the semisimple part of the monodromy automorphism acting on it, we can
associate an element

[H}I’lgro,c] — Z(_l)j[Hj¢}nero,C(CX)0] e Ko(HSmon) (530>
jez
as in [6] and [7], where the weight filtration of the limit mixed Hodge structure

[HI ¢ (Cx)o] € HS™ is the “relative” monodromy filtration defined by the Mil-
nor monodromy of ¢****(Cx)o. To describe the element [H ;"] € Ko(HS™") in terms

of S§p" " € Mé, let
Xn: ME — Ko(HS™™) (5.31)

be the Hodge characteristic morphism defined in [7] which associates to a variety Z with
a good pg-action the Hodge structure

x(12]) = S (1Y [H(Z: Q)] € Ko(HS™) (5.32)

with the actions induced by the one z — exp(27yv/—1/d)z (z € Z) on Z. Then as in
[30, Theorem 4.4] and [39], by applying [6, Theorem 4.2.1] and [14, Section 3.16] to our

situation (5.10), we obtain the following result. This result could be also implied from
[41, Theorem 8§].
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Theorem 5.9. In the Grothendieck group Ko(HS™), we have the equality
[H o] = xn(Spg ) (5.33)

From now on, we assume that f is polynomial-like and satisfies the conditions in
Theorem 1.2. For an element [V] € Ko(HS™"), V € HS™" with a quasi-unipotent
endomorphism ©: V — V, p,q > 0 and A € C denote by e”4([V]), the dimension of the
M-eigenspace of the morphism VP4 —s VP¢ induced by © on the (p,q)-part VP47 of V.
Then by Proposition 4.2 and Theorem 4.4 we obtain the following result.

Corollary 5.10. Assume that A\ # 1. Then we have e ([Hy5™])x = 0 for (p,q) ¢
[0,n — 1] x [0,n — 1]. Moreover for any (p,q) € [0,n — 1] x [0,n — 1] we have the Hodge
symmetry

e ([Hyg™ P = " 7P ([HEg™ D (5.34)

Definition 5.11. We define a Puiseux series sp; o(t) with coefficients in Z by
o) = > (dim Grft " (B Clugpanyiay ) £ (5.35)
ae(Q\2)N(0,n)
We call it the reduced Hodge spectrum of f at the origin 0 € C™.

By Corollary 5.10 and
e I([Hyog "D = e ([Hyy " ])x (5.36)

we obtain the symmetry of the reduced Hodge spectrum

_ o1
Brolt) = 1"+ 5hs0(7) (5.37)

centered at 7.

We can reduce S}Tjg“”c € ./\/lé as follows. Let mp : X — X = C™ be a resolution of
singularities of P~(0) and Q~*(0) which induces an isomorphism X \ 75 ({0}) = X\ {0}
such that for any irreducible component D; (1 < i < m) of the (exceptional) normal
crossing divisor D = m; ' ({0}) we have the condition

ordp, (P o my) > ordp,(Q o m). (5.38)
For 1 <i < m let a; > 0 be the order of g = f o my along D;. Namely we set

a; = ordp, (P om) — ordp, (Q o mp) > 0. (5.39)

P

Let Dp = P~1(0) and Dg = Q~'(0) be the (smooth) proper transforms of P~*(0) and
Q7'(0) in X respectively. For a non-empty subset I C {1,2,...,m}, set Dy =(\,c; D;,

DS :Dl\{<UDi> UDQ} cX (5.40)

il
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and ey = ged(a;)ier > 0. Then we can construct an unramified Galois covering DS \ Dp
of D¢\ Dp with a natural yu.,-action as above. Let [D$ \ Dp| be the element of the ring

M which corresponds to D9\ Dp. Then as in the proof of [29, Theorem 4.7] we obtain
the following result. Define an element R;"™ € Mg by

Rygo =S {1 =D D + (1 L) (D50 Dpl b e ME, (541)
1£0

where [D$ N Dp] € M~ is endowed with the trivial action of fi.
Theorem 5.12. In the Grothendieck group Ko(HS™"), we have the equality

Xn(Syo ) = xn(Rig™)- (5.42)

mero,c

From now on, we shall rewrite our formula for R, ™" € /\/lé more explicitly by using
the Newton polyhedron I (f) of f. For this purpose, we assume that the rational function
f(z) = % is non-degenerate at the origin 0 € X = C" and P(z), Q(z) are convenient.

For f to be polynomial-like, we assume moreover that I' (P) is properly contained in
' (Q) in the following sense.

Definition 5.13. We say that the Newton polyhedron I'(P) is properly contained in
the one I'; (Q) if for any vector u € Int(R"}) in the interior Int(R") of R" we have

min (u,v) > min (u,v). 5.43
UGF+(P)< ) U€F+(Q)< ) ( )

In this case, we write I', (P) CC ' (Q).

We use the notations in Section 3. For a compact face v < I'; (f) of [';.(f) let

VP)<Te(P), Q) =T(Q) (5.44)
be the corresponding faces such that
7 =7(P)+(Q). (5.45)

Let 00, C R™ be the convex hull of v(P) and v(Q). We define the Cayley polyhedron
. (P)+T'(Q) C R™™! to be the convex hull of

(T+(P) x {0}) U (I (@) x {1}) (5.46)
in R+,
EXAMPLE 5.14. Let P(z,y) = 2* + y*, Q(z,y) = 2? + 2y + y>. Then, one can check that
the rational function f(x,y) = ggz; is non-degenerate at the origin 0 € X = C? and
' (P) cC I't(Q). The Newton polyhedron of P has one compact facet AB and that of
@ has two compact ones C'D and DFE (see Figure 1). For the face v = FG of I (f) we
have

v(P)=AB, ~(Q)=CD,

and O, is the convex hull of the four points A, B, C, D (see Figure 1). The Caley polyhe-
dron I'y (P) x ' (Q) is shown in Figure 2 below.
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Figure 1: Newton polygons

Figure 2: Caley polyhedron

By our assumption I'y (P) CC I',(Q), the first projection R*™! = R" x R! — R”
induces an isomorphism of a side face 4 of I'; (P) %' (@) to O0,. Hence we have dim[(J, =
dim~y + 1. Denote by L(0J,) ~ RY¥™7*! the linear subspace of R parallel to the affine
span Aff(0,) ~ R¥™+1 of OO in R". Let H(y,P) (resp. H(v,Q)) C Aff(0,) be the
affine hyperplane of Aff(0J,) containing v(P) (resp. 7(Q)) and parallel to Aff(y). By
a suitable choice of a translation isomorphism Aff(0],) ~ L(O,), we may assume that
the image of H(v, Q) C Aff(0,) in L(,) passes through the origin 0 € L(CJ,). Denote
by L(v, P) (resp. L(v,Q)) C L(O,) the image of H(v, P) (resp. H(v,Q)). Let M, =
Z"NL(O,) ~ Z9™7+1 be the lattice in L(0,) ~ R4+ In the dual L(0,)* ~ RI™ 1 of
LL(0,) consider also its dual lattice M ~ Z%™ ™ We define a one dimensional subspace
L(7,@)" = R of L(0,)* by

L(7,Q)" = {u € L(O,)" | (u,v) =0 (v € L(v,Q))} C L(O,)". (5.47)

Let a, € (L(v,Q)" N M)\ {0} ~ Z\ {0} be the primitive vector whose value on
L(~,P) c L(O,) is a positive integer. We call it the lattice distance of L(v, P) from
L(v,Q) and denote it by d, > 0. By using the lattice M, = Z" N L(0O,) ~ Z4™*! in
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L(O,) ~ R+ we set
Tr, := Spec(C[M,]) ~= (C*)™™+1, (5.48)

For v € M, define their lattice heights ht(v,~v) € Z from L(v, Q) in L(O,) by ht(v,v) =
(ay,v). Set (g = exp(%ﬁ) € C*. Then to the group homomorphism M, — C*

defined by v — C 4, 7 We can naturally associate an element 7, € Tp,. We define a
Laurent polynomial g, (z) = > . a, " on I, by

(0, (v E€(P)),

Cy = _bv (U € 7(@))7 (549>

[ 0 (otherwise),

where P(x) = Zvem a,x’ and Q(z) = Z@€Z1 byz’. Then the Newton polytope NP(g,)

of g, is U, suppg, C 7(P) U~(Q) and the hypersurface Zf, = {z € T, | g,(z) = 0}
is non-degenerate by our assumption. Since 25 C T, is invariant by the multiplication
l. : Th, — T, by 7, Z7, admits an action of y4,. We thus obtain an element [Zgw] of
Mé. For a compact face v < I'; (f) let s, > 0 be the dimension of the minimal coordinate
subspace of R" containing v and set m., = s, — dimy — 1 > 0. Finally, for A € C and an
element H € Ko(HS™") denote by H) € Ko(HS™") the eigenvalue A-part of H. Then
by applying the proof of [30, Theorem 4.3 (i)] to our geometric situation in Theorems 5.9
and 5.12, we obtain the following result.

Theorem 5.15. Assume that A # 1. Then we have the equality

[HTE ) = xa(STE%)s = Z Xu((1=L)™ - [Z5 Da (5.50)

in Ko(HS™"), where in the sum ). the face v of I'y(f) ranges through the compact ones.

Proof. For a compact face vy < T, (f) of I (f) set T, := Spec(C[Z"NL(v, Q)]) ~ (C*)3m,
Then we can naturally define a Laurent polynomial P,(x) (resp. Q,(z)) on it whose
Newton polytope is 7(P) (resp. 7(Q)) and the non-degenerate hypersurface 2y C 1n, ~
(C*)dimr*1 ig isomorphic to

{(z,t) € T, x C* | Py(a)t> — Q,(x) = 0}. (5.51)

On the other hand, as in the proof of [30, Theorem 4.3|, we can show that the contribution
to Xn(Syo )a = xn(Ryg “)x for A # 1 from the compact face v is equal to

xa((1=L)™ - [Z5 D, (5.52)

where we set

° x e, Py(2)
75 = {(m,t) €T, x C* | Py(a)- Q. (z) # 0,7 = W} (5.53)
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Let us set
Z,={(z,t) e T, x C*" | P(z) = Q,(z) =0} C Zf, - (5.54)
Then we have an equality

Za,) = 125, = 14,]. (5.55)

in ./\/lé. Since the restriction of I to Z, is homotopic to the identity, for A # 1 we obtain

Xn((1=L)™ - [25 Dx = xa((X = L)™ - [Z5 )a. (5.56)
This completes the proof. n

Now by Theorems 4.4 and 5.15 and Remark 4.5 (see also the proof of [30, Theorem
4.3 (ii)]), we obtain the following theorem.

Theorem 5.16. Assume that A\ # 1 and k > 1. Then the number of the Jordan blocks
for the eigenvalue N with sizes > k in ®,_10: H" ' (Fy; C) — H"(Fy; C) is equal to

(=" > {Z P 0xn((1 —1L)™ - [ZEWD)/\}) (5.57)

p+q=n—2+kn—1+k o'

where in the sum ) the face v of I'\(f) ranges through the comapct ones.

6 Combinatorial descriptions of Jordan normal forms
and reduced Hodge spectra

In this section, for the meromorphic function f we give combinatorial descriptions of the
Jordan normal forms of its Milnor monodromy ®,,_;( for the eigenvalues A # 1 and its
reduced Hodge spectrum as in Matsui-Takeuchi [30], Stapledon [47] and Saito [43].

6.1 Equivariant Ehrhart theory of Katz-Stapledon

First we recall some polynomials in the Equivariant Ehrhart theory of Katz-Stapledon
[20] and Stapledon [47]. Throughout this paper, we regard the empty set () as a (—1)-
dimensional polytope, and as a face of any polytope. Let P be a polytope. If a subset
F C P is a face of P, we write F' < P. For a pair of faces FF < F’ < P of P, we denote
by [F, F'] the face poset {F" < P | FF < F" < F'}, and by [F, F'|* a poset which is equal
to [F, F'] as a set with the reversed order.

Definition 6.1. Let B be a poset [F, F'] or [F, F']*. We define a polynomial g(B,t) of
degree < (dimF’ — dimF)/2 as follows. If FF = F' we set g(B;t) = 1. If F # F’" and
B = [F, F'] (resp. B = [F, F']"), we define g(B;t) inductively by

tdimF’_dimFg<B; t_l) _ Z (t . 1)dimF/_dimF//g([F7 F”]; t). (61)

FI'e[F,F']

(resp. tdimF’fdimFg(B; t*l) _ Z (t - 1)dimF”fdimFg([F//’ F/]*7 t)) (62)

Fe[F,F]*
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In what follows, we assume that P is a lattice polytope in R™. Let S be a subset of
PNZ" containing the vertices of P, and w: S — Z be a function. We denote by UH,, the
convex hull in R™ x R of the set {(v,s) e R* x R| v € S,s > w(v)}. Then, the set of all
the projections of the bounded faces of UH,, to R™ defines a lattice polyhedral subdivision
S of P. Here a lattice polyhedral subdivision § of a polytope P is a set of some polytopes
in P such that the intersection of any two polytopes in S is a face of both and all vertices
of any polytope in § are in Z™. Moreover, the set of all the bounded faces of UH,, defines
a piecewise Q-affine convex function v: P — R. For a cell F' € S, we denote by o(F) the
smallest face of P containing F', and lks(F') the set of all cells of S containing F'. We call
lks(F) the link of F' in S. Note that o() = () and lks(0) = S.

Definition 6.2. For a cell F' € S, the h-polynomial h(lks(F');t) of the link lks(F) of I’
is defined by

tdimPfdith(lkS(F);tfl) _ Z g([F, F’]; t) (t o 1>dimP7dimF/. (63)
F'elks(F)
The local h-polynomial Ip(S, F';t) of F in S is defined by
p(S, Fit) = ) (=)™ (kg (F); 1) - g([Q, PI;¢). (6.4)
o(F)<Q<P
For A€ Cand v e mPNZ" (m € Z, := Z>o) we set

1 <exp (2mv/=1-mu(L)) = )\)
wy(v) = (6.5)

0 (otherwise).

We define the A-weighted Ehrhart polynomial ¢, (P, v;m) € Zlm| of P with respect to
v:P —Rby

o(Prim) = > wy(v). (6.6)

veEmMPNZ™

Then ¢, (P,v;m) is a polynomial in m with coefficients Z whose degree is < dimP (see

47]).
Definition 6.3. ([47])
(i) We define the A-weighted h*-polynomial h(P,v;u) € Z[u] by
m 5 (P, v;u)
> oa(Pvsmpu™ = (lium- (6.7)
m>0

If P is the empty polytope, we set hi(P,v;u) =1 and h§(P,v;u) =0 (X # 1).

(ii) We define the A-local weighted h*-polynomial I}(P, v;u) € Z]u] by

B(Pvsu) =Y (=1)M™PimChs(Q, v|giu) - g(1Q, P15 w). (6.8)
Q=P

If P is the empty polytope, we set [(P,v;u) = 1 and I[5(P,v;u) =0 (A # 1).
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Definition 6.4. ([47])

(i) We define the A-weighted limit mixed h*-polynomial h} (P, v;u,v) € Z[u,v] by

(P, v;u,v) ZvdlmFﬂl/\(F v|p;uv™) - h(lks(F); uv). (6.9)

Fes
(ii) We define the A-local weighted limit mixed h*-polynomial I5(P,v; u,v) € Z[u,v] by

I5(P,v;u,v) Z v ER S (F oy pruv™t) - 1p(S, Fyuw). (6.10)
Fes

6.2 Jordan normal forms and reduced Hodge spectra

Assume that the meromorphic function f(z) = gg; is non-degenerate at the origin 0 €

X = C" and P(z),Q(x) are convenient. For f to be polynomial-like, we assume moreover
that Iy (P) is properly contained in I'; (Q): T'y(P) CC ' (Q) (see Definition 5.13). We
call the union of the compact faces of I'; (P) (resp. [';(Q)) the Newton boundary of P
(resp. ) and denote it by I'p (resp. I'g). Denote by K the convex hull of the closure
of ' (Q) \ I'+(P) in R™ and define a piecewise Q-affine function v on K which takes the
value 1 (resp. 0) on I'g C R” (resp. on the convex hull of I'p C R") such that for any
compact face v of I'y (f) the restriction of v to [0, is an affine function. For A € C we
define the equivariant Hodge-Deligne polynomial for the eigenvalue A (of the mixed Hodge
structures of the cohomology groups of the Milnor fiber Fy) E\(Fo;u,v) € Z[u,v] by

E\(Fo; u,v) Z Z YRR (H? (Fy; C))uPv? € Zu,v], (6.11)

P,qEZ JEL

where h{'(H(Fy; C)) is the dimension of Gr}.Gr) H(Fy;C)y. Then for A # 1, as in
[30], [47] and [43], by Theorem 5.15 we can calculate the A-part of the Hodge realization
of the motivic Milnor fiber S;"* of f and obtain the following formula for Ex(Fp; u,v).

Theorem 6.5. In the situation as above, for any A # 1 we have
w B\ (Fy;u,v) = (=1)" 5K, v;u,v). (6.12)

Let S, be the polyhedral subdivision of the polytope K defined by v. By the definition
of the h*-polynomial, for A # 1 we have

V(K v u,u) = > RO, v ) k(S Oy ), (6.13)

v<I4(f):compact

where in the sum ¥ the face vy ranges through the compact ones of I'; (f). The polynomial
lk(S,,0,;t) is symmetric and unimodal centered at (n — dimy — 1)/2, ie. if a; € Z is
the coefficient of ¢t in Ik (S,,0,;t) we have a; = ay_dimy—1-; and a; < a; for 0 < < j <
(n — dimy — 1)/2. Therefore, it can be expressed in the form

(n—1—dimm)/2) o
(S, Opt) = > Lt e g mOmy), (6.14)
=0
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for some non-negative integers Z:,, € Z>o. We set

|(n—1—dimy)/2

(S Oty = > Lt (6.15)

=0

For k € Z~o and A € C we denote by Jj,  the number of the Jordan blocks in ®,,_; ¢ with
size k for the eigenvalue A. Then we obtain the following formula for them.

Corollary 6.6. In the situation as above, for any A # 1 we have
Z T pauFT Z (O, v 1) Ak (S, O,;u?), (6.16)
0<k<n-—1 Y<I4(f):compact

where in the sum X of the right hand side the face v ranges through the compact ones of
L (/)

Let q1,...,q (resp. 7,...,7) be the O-dimensional (resp. 1-dimensional) faces of
I, (f) such that ¢; € Int(R") (resp. the relative interior rel.int(v;) of 7; is contained in
Int(R?)). For each ¢; (vesp. v;), we set d; := dg, > 0 (resp. e; := d,, > 0). Moreover, for
A#1and 1 <i <! such that \* =1 we set

n(A); :=f{v € Z" Nrelint(0,,) | ht(v); = k}
+t{v € Z" Nrelint(0,,) | ht(v); = e; — k}, (6.17)
where k is the minimal positive integer satisfying A\ = Cfi and for v € Z™ Nrelint(0d,,)
we denote by ht(v); > 0 the lattice height of v from the hyperplane H(v;, Q) C Aff(O,,).

Then we have the following generalization of [30, Theorem 4.4] to polynomial-like rational
functions.

Theorem 6.7. In the situation as above, for any A\ # 1 we have

(i) The number of the Jordan blocks for the eigenvalue \ with the maximal possible size
nin ®,_10: H"(Fy; C) — H"'(Fy; C) is equal to t{g; | A% = 1}.

(ii) The number of the Jordan blocks for the eigenvalue A with the second mazimal
possible size n — 1 in ®p,_1 s equal to Y, e,y n(N);.

For a compact face v < I'y(f) we define a Puiseux series h.(t) with coefficients in Z

hW(t) = Z {¢exp(27r\/—715)(|:|77 v, LﬁJ + 1) - qbexp(?ﬂ\/—ilﬁ) (DWa v, LﬁJ)}tﬁ (618)
Be(Q\Z)N(0,+00)

Then as in [29, Theorem 5.16] (or [43, Corollary 5.3]), by Theorem 5.15 (or Theorem
6.5) we obtain the following result.

Corollary 6.8. In the situation as above, we have
Pro® = D (LTI by (o), (6.19)
y=<I'4 (f):compact

where in the sum X of the right hand side the face v ranges through the compact ones of
L (/)
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7 Monodromies at infinity of rational functions

In this section, we consider monodromies at infinity of rational functions. Let X be a

smooth and connected algebraic variety over C and P(z),Q(x) regular functions on it.

Assume that Q(x) is not identically zero on X. We define a rational function f(x) on X

by

fr)= 0
Q(z)

Then there exists a fnite subset B C C such that f : X \ @7'(0) — C induces a locally
trivial fibration

(z € X). (7.1)

f(C\B)—C\B. (7.2)

The smallest finite subset B C C satisfying this property is called the bifurcation set of
f. For the study of such subsets for regular and rational functions, see e.g. [3], [5], [17],
132], [33], [34], [48], [52] etc. For large enough R > 0 let

@ B (f~H(R);C) < HI(fU(R);C)  (je7) (73)

be the monodromy operators associated to the preceding fibration. Then we define the
monodromy zeta function (3°(¢) € C(t) at infinity of f by

, R
Go(t) = H{det(ld — 1 )} e C(t). (7.4)
jez
We have the following global analogue for (3°(t) of A’Campo’s formula in [2], which could

be deduced also from the proof of [16, Theorem 1] and the results in [9, Section 6.1]. Here
we give a short proof to it for the reader’s convenience.

Theorem 7.1. Assume that the hypersurfaces P~*(0) and Q=*(0) are smooth and inter-
sect transversally in X. Let X D X be a smooth compactification of X such that for the
complement D := X \ X the union DU P~(0)UQ~Y(0) C X is a strict normal crossing
divisor in X. Let D = Ur_,D; be the irreducible decomposition of D. For 1 <i <r set

Df = D; \ (UjD; U P7H0) UQ™(0)) (7.5)
and
l; = OI‘dDi(Q) — OI‘dDi<P) € 7. (76)
Then we have
Q“J?O(t) =(1- t)X(Q‘l(O)\P‘l(O)) . { H (1-— tli)x(Df)}_ (7.7)
3:1;>0

Proof. Let h : P! — C be a local coordinate at oo € P such that h(occ) = 0. By
f:X\Q10)— C and the inclusion map j : C — P! we set

F = jiRACx\g-1(0) € DY(P). (7.8)

Then we have ($°(t) = ((F)n0o(t). Indeed, (3°(t) is equal to the zeta function associated
to the monodromy automorphisms

~

H;(f7(R);C) — H;(f(R);C)  (j € Z). (7.9)

32



Moreover we have the Poincaré duality isomorphisms

H(f7H(R);C) =~ HI'72(f7H(R);C) (5 € Z). (7.10)

Hence the monodromy zeta function at infinity C}’O(t) is equal to the one associated to the
monodromy automorphisms

HI(f7(R);C) — HI(f'(R);C)  (j €2). (7.11)

As in the proof of [28, Theorem 3.6] we construct towers of blow-ups of X over the
normal crossing divisor D U P~1(0) U Q~%(0) to eliminate the points of indeterminacy of
f. Then we obtain a proper morphism 7 : Y — X of complex manifolds which induces
an isomorphism

Y\a (DUPH(0)uQ'(0) = X\ (DUP0)UuQ (0)) (7.12)
and the assertion follows from the proof of [28, Theorem 3.6]. O]

Definition 7.2. We say that the rational function f(x) = gg; is polynomial-like at

infinity if it satisfies the assumptions of Theorem 7.1 and there exists a smooth com-
pactification X D X of X (satisfying the condition in Theorem 7.1) such that for any
irreducible component D; of D = X \ X we have the condition

ordp, (P) < ordp,(Q) (7.13)
i.e. f hasa pole of order ordp,(Q) — ordp,(P) > 0 along D;.
For j € Z and A € C and R > 0 we denote by
H(f71(R);C)x € H'(f/(R); C) (7.14)

the generalized eigenspace of ®3° : HY(f~'(R);C) — H(f~'(R);C) for the eigenvalue
A. Then as in Takeuchi-Tibar [49] we obtain the following result.

P(x)
Q@)

Theorem 7.3. Assume that X is affine and the rational function f(xr) =
polynomial-like at infinity. Then for any X\ # 1 we have the concentration

HI(fY(R);C)y~0  (j#dimX —1). (7.15)
Moreover the weight filtration on HY™X=1(f=1(R);C), coincides with the monodromy
filtration of ®9° ;.

Combining the formula for (3°(¢) € C(¢) in Theorem 7.1 with Theorem 7.3 above, we
obtain a formula for the multiplicities of the eigenvalues A # 1 in & ;.

From now on, we consider the special case where X = C" and P(z),Q(z) are con-
venient polynomials. Let I'(P) C R™ (resp. I'no(Q) C R™) be the convex hull of
{0} UNP(P) (resp. {0} UNP(Q)) in R™ and

Poo(f) = o (P) + e (Q) (7.16)

their Minkowski sum. Since P(x), Q(x) are convenient, they are n-dimensional polytopes
in R™. As in the case of ', (f), for each face v < I'oo(f) we have the corresponding faces

1(P) <Tw(P), (@) < T(Q) (7.17)

such that
v =7(P) +7(Q). (7.18)
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Definition 7.4. We say that the rational function f(z) = % is non-degenerate at
infinity if for any face v of I'o(f) such that 0 ¢ ~ the complex hypersurfaces {z € T =
(€™ | PP (x) =0} and {z € T = (C*)" | Q"9 () = 0} are smooth and reduced and

intersect transversally in 7" = (C*)".

For a subset S C {1,2,...,n} we set
Too(f)® =T(f) NRS. (7.19)
Similarly, we define T'o.(P)%, T'»o(Q)® C R so that we have
Foo(f)® =Tae(P)” + T'e(Q)*. (7.20)

Let 77,75, . .. ,75(5) be the facets of T'w(f)® such that 0 ¢ 47 and for each v (1 <i <
n(S)) consider the corresponding faces

7 (P) < T(P)%, 77(Q) < T(Q)* (7.21)

such that
W=7 (P)+7(Q). (7.22)

By using the primitive outer conormal vector o € Z5 \ {0} of the facet 77 < I'oo(f)® we
define the lattice distance d7(P) > 0 (resp. d(Q) > 0) of 47 (P) (resp. 77 (Q)) from the
origin 0 € R® and set

d¥ =d?(P) —d?(Q) € Z. (7.23)

Finally we define v{ > 0 as in Section 3. Then we obtain the following result.

Theorem 7.5. Assume that the rational function f(z) = % s non-degenerate at infinity
and the hypersurfaces P~*(0) and Q~(0) are smooth and intersect transversally in X =

C™. Then we have

CP(t) =(1— £)XQ 7 ONPTHO) H{ H (1- tdf)(flw—lvf}_ (7.24)

S#0 i:df>0

Proof. Let ¥ be the dual fan of I'oo(f) in R™. Since P(x),Q(z) are convenient, any
face of R} is a cone in it. Then we can construct a smooth subdivision ¥ of ¥ without
subdividing such cones. In other words, the fan Y, in R? formed by all the faces of R’}
is a subfan of ¥. Denote by Xy the smooth toric variety associated to it and containing
X = C". Then we obtain the assertion just by applying Theorem 7.1 to the smooth
compactification Xy D X of X = C". [

If moreover I' (@) CC T'o(P), then the rational function f(x) = ggg is polynomial-

like at infinity in the sense of Definition 7.4 and we obtain also combinatorial descriptions
of the Jordan normal forms for the eigenvalues A # 1 in ®2°, and its reduced Hodge
spectra at infinity. We leave their precise formulations to the readers.
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A Proof of Lemma 4.3 by Takahiro Saito

In this appendix, we prove Lemma 4.3 in the main paper. For k € Z we set
Lkiﬁg,\(M) = ¢5A(Wk+1M)7 Lkl/’ﬁA(M/) = ¢5A<Wk+lM,)' (A1)

Recall that the weight filtration Wi\ (M) of ¢!\ (M) is the relative monodromy fil-
tration with respect to the filtration L.ng(M ). Namely for any k& € Z the filtration

on Gryepl, (M) induced by the weight filtration W,/ (M) is the monodromy filtration
centered at k. Therefore, it is enough to show that

Gryyi\(M) =0 (A2)

for any k # [ — 1. Take a sufficiently large ko(> [ — 1) such that

Lko¢gA(M) = ﬁA(M), Lkowa(M') = @Uf,\(M/)- (A-3)
Since we have ¢!\(M) —— I\ (M"), for such ko the morphism GrﬁO@Z)gA(M) —

Gry, 2\(M') is an epimorphism. On the other hand, by the exactness of the functor
Pil(+), it follows from our assumption on the weights of M that we have Gry, (M) =
£A<GYZ[O/+1M) = 0. Therefore, Grﬁoz/}g/\(]\/[’) is also zero and hence we obtain

(M) = Ly g (M') = L1005 (M), (A.4)

Repeating this argument, we get Grﬁwg/\(M 'Y =0 for any k > [ — 1. Similarly, we can
show that Grﬁzﬂf/\(M’) = 0 for any k # [ — 1. This completes the proof.
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