Numerical attractors for rough differential equations
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Abstract

We study the explicit Euler scheme to approximate the solutions of rough differential
equations under a bounded or linear diffusion term, where the drift term satisfies a local
Lipschitz continuity and an one-sided linear growth condition. The Euler scheme is then
proved to converge for a given solution, where the convergence rate is independent of the
initial condition. For a dissipative drift term with linear growth condition and a bounded
diffusion term, the numerical solution under a regular grid generates a random dynamical
system which admits a random pullback attractor. We also prove that for bounded drift
and diffusion terms and under a centered Gaussian noise with stationary increments, the
numerical pullback attractor then converges upper semi-continuously to the continuous-
time pullback attractor as the time step goes to zero.

Keywords: rough differential equations (SDE), rough path theory, rough integrals, ran-
dom dynamical systems, random attractors, Euler numerical scheme.

1 Introduction

The theory of rough paths proposed by Lyons [19, 20] allows one to formulate and investigate
stochastic differential equations of the form

dyy = f(y)dt + g(y)d Xy, (1.1)

where f: R? — R?, g:R?Y — L(R™,R?), d,m € N have sufficient regularity and X; € R™ is
a stochastic process with stationary increments, such that almost surely all realizations are
v-Hélder continuous for some v € (3,1), e.g., fractional Brownian motions [21] with Hurst
indices H € (%, 1)). Using this theory one attempts to solve the controlled differential equation

dyr = f(yr)dt + g(y)dzy (1.2)

with the driving path z as a realization of X in the space C¥ (R, R™) of continuous paths with
finite v-H6lder norm on any finite time interval, such that x can be lifted to a rough path
x = (2, X), where X and z are related to each other by Chen’s relation.

The solution of (1.2) in the sense of either Lyons-Davie [19, 20] or Friz-Victoir [11, 22]
does not need rough path integrals to be specified. Alternatively, rough path integrals can be
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defined using fractional calculus, and the solution of (1.2) can be understood in couple with
its Levy area, see e.g. [12, 16].
Another approach is to interpret equation (1.2) in the integral equation form

t t
ytzyo+/0 f(ys)d8+/0 9(ys)dxs, (1.3)

where the second integral is a rough integral for controlled rough paths in the sense of Gu-
binelli [14]. This approach facilitates the derivation of estimates of solutions and is more
convenient for investigating their asymptotical behaviour and their approximation under nu-
merical discretization.

It was recently proved in Duc [8] that the system (1.3) has a unique pathwise solution for
a given initial condition under a Lipschitz continuity of the drift, which will be relaxed in this
paper (Theorem 2.4 and Corollary 2.5) to a local Lipschitz continuity and an one-sided linear
growth condition of the drift. A direct consequence gives an estimate of solution supremum
norm, which is then used to prove the convergence of the explicit Euler numerical scheme
(Theorem 3.1).

In this paper, we propose an analytic approach to study the numerical attractors of the
explicit Euler numerical scheme from the rough differential equations (1.1) and (1.2). To do
that, we follow a probabilistic setting in Bailleu et al [2] and Duc [7] for the rough noise to
prove that system (1.1), understood in the pathwise sense as (1.2) with pathwise solutions
in the Gubinelli sense, generates a continuous-time random dynamical system [1], while the
discrete-time Euler scheme generates a discrete-time random dynamical system.

Moreover, we go a step further by proving that under the dissipativity of the drift term
and with the bounded or linear diffusion term, there exists not only a pullback attractor for
the continuous-time RDS generated from (1.1) (see Duc [7, Theorem 3.1] and Theorem 5.1),
but also a pullback attractor for the discrete-time RDS generated from the explicit Euler
numerical scheme with the regular grid and a sufficiently small step size, although the latter
requires additional conditions on the linear growth of the drift term and the boundedness of
the diffusion term (see Theorem 5.2).

Finally, we prove in Theorem 5.5 that, under restricted assumptions that the drift term
f and diffusion term g are bounded and globally Lipschitz continuous and the driving noise
X is a centered Gaussian process, the numerical pullback attractor converges upper semi-
continuously and almost surely to the continuous attractor as the step size tends to zero. The
same questions on existence of numerical attractor and its upper semi-continuous convergence
in case of a linear diffusion term is still open for future work.

2 Rough path theory and rough differential equations

2.1 Rough paths

Let us briefly present the concept of rough paths in the simplest form, following and Friz &
Hairer [10] and Lyons [19].

For any finite dimensional vector space W, denote by C([a,b], W) the space of all con-
tinuous paths y : [a,b] — W equipped with the sup norm || - |l a4 given by [|ylloc (ap] =
SUPycfa,p) l4tll, where || - [| is the norm in W. We write ys: := yr — ys. For p > 1, denote by



CP~v([a, b], W) C C([a,b], W) the space of all continuous paths y : [a,b] — W of finite p-

1/p
variation [[yll,_yar fa.p) = <supn([a7b]) Yo Ytastin ||p) < 00, where the supremum is taken

over the whole class of finite partitions of [a, b].
Also for each 0 < a < 1, we denote by C%([a,b], W) the space of Holder continuous
functions with exponent « on [a, b] equipped with the norm

[[Ys,¢l
19l fap) = lYall + Yl , where [y, sup o < 00 (2.1)
olab) ¢ o[a.b] la b] s,t€la,b], s<t (t - 8)a

For o € (3, 3), a couple x = (2,X) € R™ & (R™ ® R™), where 2 € C%([a, b], R™) and

X
X € C**([a,b)*,R™ @ R™) := { X € C([a, ), R" @R™):  sup His’tm <00y,
s,t€fab], s<t |t - 5|
is called a rough path if it satisfies Chen’s relation
Xop — Xy — Xyt = Tsu @ Tyt Va<s<u<t<b. (2.2)
We introduce the rough path semi-norm
3 [1Xs,el
Il gy = Ul oy + IXU2, o yps Where  [Xllpopuye = sup < oo (23)

s,t€la,bl;s<t |t - $| @

Throughout this paper, we will fix parameters 3 < o < v < & and p = L so that C%([a,b], W) C

1
(03
CP~v*([a,b], W). We also set ¢ = & and consider the p—var semi-norm

1
10— o) = (U212 oy + I g )
1/q (2.4)
”|qu7var,[ab2 = ( Sllp Z H tz7tz+1H ) 9
([a,b]) i—1

where the supremum is taken over the whole class of finite partitions II([a, b]) of [a, b].

2.2 Gubinelli’s rough path integrals

Following Gubinelli [14], a rough path integral can be defined for a continuous path y €
C%([a,b], W) which is controlled by x € C*([a,b],R™) in the sense that, there exists a couple
(v, RY) with ¢/ € C%([a,b], L(R™, W)), RY € C?*([a,b]?, W) such that

Ysit = YsTsp + RYy, Va < s<t<hb. (2.5)

y' is called the Gubinelli derivative of y, which is uniquely defined as long as x is truly rough
[10, Definition 6.3 & Proposition 6.4], namely there exists a dense set of instants s of [a, b]
such that z is "rough at time s”, i.e.

(" wa)| _

Vh* € (R™)*\ {0} : limsup T

tls |



For instance, almost all trajectories of a fractional Brownian motion B with H > % is truly
rough [10, Section 6].

Denote by 22%([a,b]) the space of all the couples (y,’) controlled by =, then 22%([a, b))
is a Banach space equipped with the norm

1 9 20y 3= 19all IVl N @Y Wm0 s O gy = 19 Moy IR Do i
Then for a fixed rough path x = (z,X) and any controlled rough path (y,3') € 22%([a,b]),

the integral fst Yudx, can be defined as the limit of the Darboux sum

t
[lmti= i, 5 s+t

[u,v]€Il

where the limit is taken on all finite partitions II of [a, b] with |II| := [m?xn |v — u|. Moreover,
u,|€
there exists a constant Co, = Cy, g > 1, such that

t
H / yudxu —Ys & 'rs,t - y;Xs,t
s

| o0
<Calt = 3% (1ol o DR Voo + 19 Mgy D02 )

In our paper, we often use a similar version to (2.6) under p—variation semi-norm as follows

t
H / yudxu e @ xSvt - Z/;Xs,t
s

| )
SCfp( mwmpfvar,[s,t] |||Ry mqfvam,[s,t}2 + ‘Hy/mp—var,[s,t] |||§§Wq7var,[s,t]2 )7

with constant Cj, > 1 independent of x and (y, /).

2.3 Rough differential equations and solution estimates

The existence and uniqueness theorem for system (1.2) is first proved by Riedel & Scheutzow
[22], where the solution is understood in the sense of Friz &Victoir [11]. Using rough path
integrals, we interpret the rough differential equation (1.2) by writing it in the integral form

t t
%:%+/ﬂww+/mww&vaM, (2.8)

for any interval [a,b] and an initial value y, € R% Then we search for a solution in the
Gubinelli sense, and solve for (y,y’) € 22%([a,b],R?). This is possible because for g : RY —
L(R™ RY) satisfying (HZ) or (ng) below, it is easy to check (see e.g., [14]) that

(v.y) € 22%([a,b,RY) = (9(v),[9(y)]) € 22*([a,b], L(R™, R?)),
with  [g(y)]} = Dg(ys)y, € LR™, L(R™,RY)),

thus the second integral in (2.8) is well defined.



Throughout the paper, we will assume that.

(Hy) f is locally Lipschitz continuous and of one-sided linear growth
3C > 0: {y, f(») < C+yl*), Yy €RY (2.9)

in addition f is of linear growth in the perpendicular direction, i.e. there exists C'y > 0 such
that
(/)

70 =5

yH <cp(1+1gl), vy 0 (2.10)

either
H’) g belongs to C3(R%, £L(R™,R%)) such that
g b

Cy = max {lglocs Do | D2]lcos 1 D3lloc } < 00 (2.11)
or
(HL) g(y) = Cy for C € L(L(R™, R?),R?) such that
Cy = [|Cf| < o0; (2.12)

(Hx) for a given v € (3,1), z belongs to the space C¥(R,R™) of all continuous paths
which are of finite v-Holder norm on any interval [s,¢]. In particular, x is a realization of a
stochastic process X;(w) with stationary increments, such that x can be lifted into a realized
component x = (z, X) of a stochastic process (z.(w),X. .(w)) with stationary increments, and
the estimate

E(||;cs,t|yp n ||xs¢||q) < Or, |t — s, Vs, t € [0, 7] (2.13)

holds for any [0, 7], with pv > 1,¢ = § and some constant Cr,.

Assumptions (Hy), (Hg) or (ng), (Hx) are sufficient to prove the existence and uniqueness
of the solution of (1.2), as well as the continuity of the solution semi-flow and the generation
of a continuous random dynamical system, see e.g., Bailleul et al [2] and Riedel & Scheutzow
[22, Theorem 4.3].

Here we prove another version of the solution estimate of (1.2), under the definition of
solution in the Gubinelli sense, which extends the diffusion coefficient g to both the bounded
case (HZ) and the linear case (ng) We first modify assumption (2.9) by another equivalent
one as below.

Lemma 2.1 Condition (2.9) is equivalent to the following condition
3C >0 (g, F) < Cllyl (L + yl), ¥y € RY: (2.14)

Proof:  Condition (2.14) follows (2.9) automatically due to Cauchy inequality. For the
other direction, one can easily show that

(S @) < €V DIl sup 17+ 1+ ) vy < R
ylI<



Indeed, if ||y|| < 1, then

(v, F(y) < llyl Sup, 17 @Il < (€ VvV 1lyll ( Su LF@)I +1+ HyH)-

On the other hand, if ||y|| > 1 then by (2.14)

(o ) < O+l < Clall + 191) < (€ V DI sup 15+ 1+ o)
ylI<

Hence (2.14) is followed by choosing C' := (C'V 1)<supHy||§1 I f(y)|l + 1).
Due to Lemma 2.1, from now on we can work with the following assumption for f.
(H}) f is a locally Lipschitz continuous function which satisfies (2.14) and (2.10).

The techniques to be used are the Doss-Sussmann technique [23] and the so-called greedy
sequence of stopping times in Cass et al [3]. Namely, for any fixed v € (0, 1) the sequence of
greedy times {7;(7y,x, I)}ien is defined by
'y} AmaxI. (2.15)

7o=minl, T4 = inf {t > 1 1l ) =

Define N(v,x,I) :=sup{i € N: 7, <maxI}, then it is easy to show a rough estimate

N(v,%,1) S 1+ P xl)_ar 7 - (2.16)
In fact, it is proved in Cass et al [3] that e¥(¥*%1) is integrable. Other studies on continuity
and properties of stopping times can also be found in Duc et al [9, Section 4].

Note that from Duc [8, Theorem 3.4], the solution ¢.(x, ¢,) of the pure rough differential
equation

ddu = g(¢u)dru, u € [a,0],¢q € R (2.17)
is C! w.r.t. ¢, and %(-, X, ¢q) is the solution of the linearized system
déy, = Dg(du(x, ¢s))éudxy, u € la,bl, &, = Id, (2.18)

where Id € R¥? denotes the identity matrix.

The idea is then to prove the existence and uniqueness of the solution on each small
interval |7y, Tk+1] between two consecutive stopping times, and then concatenate to obtain
the conclusion on any interval. The Doss-Sussmann technique used in Duc [8, Theorem 3.7]
and Riedel & Scheutzow [22] ensures that, by a transformation y; = ¢(x, z;) there is an one-
to-one correspondence between a solution y; of (1.2) on a certain interval [0, 7] and a solution
z¢ of the associate ordinary differential equation

% = [%(t,x, zt)]_lf(qbt(x, zt)), t€][0,7], zo = yo. (2.19)

To estimate the solution norm growth, assign

a 1
vt =y — 2z, and by = [a—f(t,x, zt)] —Id, Vtelo,r],

6



where 7 > 0 is chosen such that 16C,Cy [[x[|,,_ar,0.-) < A for some A € (0,1) small enough.
The following result from Duc [ PI‘OpOSlthIl 2.1] shows solution norm estimates for
equation (2.17).

Proposition 2.2 Assume that ¢y is the solutions of (2.17). Introduce the semi-norm

W/% R" ”|p—var,[s,t] mﬁmp var,[s,t] + H‘Rﬁmq var,[s,t]?

Then for any interval [a,b] such that 16C,Cy ||x|| ap) < 1, the following estimates hold

i) H o R¢H1p ey < 80 Co Il o (2.20)
D | pettxo0) = 1 | [ 22 (tx,00)] = 1| < 10C,C Iy (220

A similar result for the linear case g(y) = C'y is formulated as follows.

Proposition 2.3 Assume that ¢(-,x, ¢q) is the solution of the rough differential equation

doy = Cpday, t € [a,b], ¢q € R (2.22)

Then for any interval [a,b] such that ACpCy [|X|,_var (a4 < 1. the following estimates hold
H(@Rﬂup ey < 3o, oy 190l (2.23)

— < .
i) [ e ttx,0a) 1] | [ x,00)] 1] <8O Il suegory (220

Proof: The existence and uniqueness theorem for equation (2.22) is proved in [8]. To
estimate the solution norms, one uses (2.7) to obtain that

Isll <Cylldsllzell + C2116s) %ol
RO I —

10 v oy 1€ © Clly v s |

g—var,[s,t]
<(Co Il var o + O3 Wl o ) {05l +-Co o ) ]
<20y Il var o 19511+ 20y Wy smeon |6, 2|
whenever Cg [|x[|, oy 5.0 < 1. As a result
191 —var o < 200 Il 1651+ 2C5Co Il [0 B2

whenever Cj ||x|| < 1. The similar estimate for H‘Rd’m is already included in

p—var,[s,t]
the above estimate, hence

pfvar»[sat]

o, 72| < AC Il . 165+ 4G Co Il gy [| 6 B

p—var,[s,t] p—var,[s,t]



whenever Cy [|x|| < 1. Taking the term || from the right hand side to

p—var, [Svt] -

the left hand side, we obtain

|

whenever 4C,Cy (x|, _yar (5. < 3, which proves (2.23).
To prove (2.24), observe that the solution ¢(t, %, ¢,) is linear w.r.t. ¢, i.e.
99

¢(ta X, ¢a + h) - ¢(ta X, ¢a> = ¢(t7 X, h) = %(t X, d)a)h'

¢, B||

p_Va'n[s»t]

o, 1| < 8C X0l o) 165

p—var,[s,t]

Hence one deduces from (2.23) that

qu(t, X, h) - h‘” < |||¢(> X, h)mp—var,[a,b} < 809 mxwinfvar,[a,b} ||h”7

which implies that

99
o 156, (t, %, @a)h — I
—(t,X,¢q) — Id|| = su a < 8Cy %[, —varias >Vt E la,b].
Ha(ba( ¢ ) || heﬂgd HhH g m ’”p Jla,b] [ }
-1
The estimate for ‘ [a%l(t, X, d)a)} — Id|| is similar. O

We now state below the existence and uniqueness theorem as well as the solution norm
estimate for rough differential equation (1.2) under bounded diffusion coefficient g.

Theorem 2.4 Under the assumptions (H}), (HZ), (Hx ), there exists a unique solution of
(1.2) on any interval [0,T]. In addition, for each A € (0,1) small enough, there exist some
generic constants C(N),5(\) such that the solution satisfies the following estimates

A
[Wllse. o1 < N7 (Jlyoll + CNT + 5N

2 <160Apcg’xa [OvT])) =: R (2.25)

Proof: The existence and uniqueness of the solution of the equations (1.2) as well as
(2.19) on some small interval [0, Tjocq], thus we only need to prove that the solution can be
extended into whole interval [0, 7]. Indeed, with such 7, it then follows from (2.20) and (2.21)
that

A
1vell = llge(x, z¢) —zell < 5 and gl <A, VE €[0,7]. (2.26)
To estimate ||z¢||, we rewrite (2.19) as

Zr = (Id+ o) f(2e + 1) (2.27)

The additional technical condition (2.10) is equivalent to the following: for y € R% and y # 0,
f(y) is decomposed in the unique form

)= LW L p)), where wh=1-m, and [mi(F@)] < O+ ).

[yl
(2.28)
Consider two cases.



Case 1: z; + v # 0. From (2.14) and condition (2.28), we can check that

d

QTht”ZtHQ = <zt7 (Id + ) [

(2 4+ vt f (20 + 1))
[l 2t 4+ vel|?

(2t + ) + WthJr%(f(Zt + %))] >

_ (ze+7) \/ 2+ 1
- <Zt7 (Id + U}t) Hzt + 'Yt” >< Hzt + 'Yt” ) f(zt + 7t)> + <Zt + 7t77rzt+’n(f(zt + 7t))>

—<’Yt, Wthﬂt(f(Zt + ’Yt))> + <Zt7 Tﬁtﬂiﬂt(f(zt + ’Yt))>
< @+ NS+ ) + (el + Belllzl ) I (G + )
< @4 NIC+ ) +AG + 12 (14 12l +3)- (2.29)

Case 2: z; + v = 0. Then the same arguments with the Cauchy inequality show that

d

Q*dtIIZtH2 = (2, (Id + ) £(0)) < (1 + M F(O)[[]z]l- (2.30)

By applying the Cauchy inequality to the right hand side of (2.29) and (2.30), we can show
that there exist generic constants C'(\) and 6(\) such that

d
%HZ%II2 < C) +3WN)ll=l?, vt e [0,7], (2.31)

which, together with Gronwall lemma, yields

c(N) C(N) c(\)
< S _ < ST ST
In particular
c(N) A
(N1 (AT
1Ylloo0.11 < I2lloo o] + 1V lloo o] < €7 [lyoll + FoN) (6 W 1> +3 (2.32)

(2.32) implies that ||2¢]| is bounded as long as ¢t € [0, 7], thereby proving the existence and
uniqueness of the solution z; of equation (2.19) on [0, 7], and so is the solution y; of (1.2) on
0, 7].

Next, with such a A > 0, construct a greedy sequence of stopping times {Ti(ﬁ, x,[0,77)}.
On each interval [7;, 7;41] it is similar to prove the existence and uniqueness of the solution of
the two differential equations (1.2) and (2.19) with the shifted time

BWevr, = [Werr)dt + 9(Y11r,)dTi1r,,  VEE [0, 71 — 75
. 0 -1
Zt-f—Ti - [?ﬁ(ta X~+7'z'7 Zt+7—i):| f(¢t(x~+T,‘7 Zt+Ti))7 Vt S [07 Ti+1 — Ti]) ZTi = 3/7-1--

As a result, the existence and uniqueness of the solution of the two systems (1.2) and (2.19)
on [0, 7] is proved by concatenation. To estimate the solution norm, observe from (2.32) that
C(N)

A
< SN (Th1—7k) ( A (Trg1—Tk) _ ) Z <k<N-—
[Yrea |l < € 1yr | + 50 ¢ )+5, 0<k<N-1,



which implies that

C(A A
e—(s()\)Tk+1Hka+l H S 6—6()\)Tk||y7_k|| + ( ) (6_6()\)Tk _ 6—6()\)Tk+1) + 56_6()\)Tk+1.

3(A)

Hence by induction, one can easily show that

k+1
B C(\) - A
6(}\)7’k+1 < _ 5(>\)Tk+1 - 6(}\)7’
e sl < oll+ 555 (1= )+35 e
C) A
< 0N Tht1 TN 6N Tt Z (M) Tht1
hence lrsall < O gol] + 55 (e 1) + Sk +1)e
< NV (HZOH + O\ st + %(k: + 1)), 0<k<N-1

That together with (2.32) yields

_ c(N) _ A
S(AN)(Tk T) (M) (T T
HyHOO7[Tk77k+1] < e (M) (Tr41 k)HkaH + W(e N (Tep1—78) _ 1) + 3
< e (IIZoH + C(N) 741 + %(k + 1)), 0<k<N-1.

By the definition of stopping times (2.15), 7x = T, which yields (2.25).
O
A similar result for the linear case is formulated as follows.

Corollary 2.5 Under the assumptions (H}), (Hé), (Hx ), there exists a unique solution of
(1.2) on any interval [0,T]. In addition, for each X € (0,1) small enough, there exist some
generic constants C(N),5(\) such that the solution satisfies
A C(\) c(N)
to < exp{ld(A\)T + AN(——— x,[0,T ( —)-—::R. 2.33
Proof:  The proof follows the proof of Theorem 2.4 line by line, except for a minor
change. Specifically, due to Proposition 2.3, (2.26) has the form

A
el = lide(x, 2) = zell < Sllzell and - [ldell <A, vt €[0,7]. (2.34)
This change does not change (2.30) while it modifies the estimate (2.29) to
d _
Ll < (L NCQ + ) + 20O (14 @+ W) (@2:39)

Therefore one can still prove (2.31), which makes (2.32) have the form

1Ylloo,o,r] < (14 Mlzlloo,j0,7)

C(A
< (1N [0z + S (&)) (e~ 1)] 256
c\)
< ST S(MNTHA 1),
< Sl + 55 (e 1)

Therefore the existence and uniqueness of the solution on each small interval [7;, 7;4+1] is proved
and also on the whole interval [0, 7] by concatenation. The solution estimate (2.33) is then
followed by induction. O
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Proposition 2.6 Assume that ||f||lec := supyega [|f(y)|| < 0o. Then under the assumptions

(Hb) and (Hx ) there exists a generic constant C1 = C1(|[floo: Cg, [%l,,10.77,T) independent
of the initial condition, such that any solution y. of (1.2) satisfies

Il —var oy < Cr(b—a)” and  [R,_pr jop) < CL0— ), VO<a<b<T. (237)

If in addition f is globally Lipschitz continuous w.r.t. a constant Cy then there exists a generic
constant Co = Co([|flloc; Cr, Cg, 1%, o7y, ') independent of the initial conditions such that

any two solutions y(x,y),i = 1,2, of equation (1.2) satisfy
12 = ¥ lloofa) < Collyz = vall. VO<a<b<T. (2.38)

Proof:  The proof follows similar arguments and estimates in Duc [7, Proposition 2.1]
and Duc [8, Proposition 3.1], thus we only sketch the arguments here. First, observe that

Ys = g(ys) and [g(y)]s = Dg(ys)g(ys) with

1 2
[2]. e < Co IR oo + 508 1oy Doy van-

It then follows from the fact || f||co, ||g]/cc < 00 and the estimate (2.7) that

il < [ Itwllan-+ | [ sturie,
< [ flolt = 9) ()90l Kol
L IDIW)IOy ot ¥y g+ [|RO W |
< 1 loolt = ) + Cy Il —ar oy + C2 1K1 var o
+3Cp{C§ |||X|Hf)7var,[s,t] N9l —var (5.0 + Co 1%l —var, 5,9 1727l g—var. 5.2 }
As a result,

Il —var s, S lloo (= 5) + Co Il —var s + Co 1%l —var s
+ 30, { 2 I a5 W0 —var 50 + o XM 5.0 TR a2 - (2:39)
A similar estimate for RY then shows that
VRVl g I Flloo(t = )+ C2IXI e o (2.40)
o+ 30, { C2 Iy Il var o + ¥l v 1 v -

Hence, provided that 16C,C, ||x||

which is smaller that 1 5 Nyl
to obtain

p—var,[s,t] < 1, one takes 30 02 |||XH|p var,[s,t] |Hy”|p var,[s,t]’
from the right hand side to the left hand side of (2.39)

p—var,[s,t]?

19l —var 5,0 < 2l flloo(t =) + 2Cq Il —var, 5,6 T 1B llg—var, 5,412 - (2.41)

Replacing (2.41) to the right hand side of (2.40) and then taking all terms of || RY||
from the right hand side to the left hand side of (2.40) yields

g—var,[s,t]?

(Riag| 2 < 3| flloo(t = ) + 3C7 XNy a1 (2.42)

q—var,[s,t]

11



Now replacing (2.42) to (2.41), one deduces

Bl —var o < 511 lloot = ) + 5C Il var fo - (2.43)

Note that (2.43) and (2.42) hold whenever 16C,Cy [IX[l,_ar (5.4

greedy sequence of time {TZ(IGCng’ ,[a,b]) bien as in (2.15) and using (2.16), one can easily
show that

< 1. Next, by constructing a

W
. N(W o, b])
1 =
<
<N (500 o) DR V-
. N(va’[a’b})*l
! =
<5V (4 casle b)) ; (1Al i = 73) + Co IxT i) )
1 2(p—1)
<BN(—o v B
_5N(160pcg,x, [O,T]) (Hf\loo( a) + Cy I1xll, _var ab]) (2.44)
1 2(p—1) )
< _— p _ —v _a)V.
N (15c o 0T1) 7 (171~ @' 5 Cylixlop )6 - )

A similar estimate for ||RY|| [a,p)2 Shows that

q—var,

2(p—1)

1 B
IR SN (155 0.T1) 7 (fleb =)+ C2IXE, gy (245)
p~g

g—var,[a,b]?

2(p—1)

1
< - z CoNI=20 2 2 2
SN (55erg > 0T1) 7 (Wlloelt =)' 4 G Ixl oy ) 6= 0

Therefore, (2.37) is proved by choosing

Oy = 5N(1w1pcg’ x, [0, 7)) 2@;” (171100 (T2 v 1) + Cy Il 0.1y V (C Il g0 ﬂ

(2.46)

Finally, take any two solution y’(x, yj), write 2; := y? —y/ on [0, T] and use the semi-norm

as in Proposition 2.2. If f is globally Lipschitz continuous w.r.t. constant C't, one can apply
the following estimate in Duc [8, Theorem 3.9]

22 Bl v gy <2 / Cyllzulldu +4C{ Cy Ixlly—ar sy ¥ C2 UK var o) (247)
2| =27 o+ I R -
% < * H‘y p—var,[s,t] Y p—var,[s,t] ) (HZ H + ”|Z |Hp—var,[s,t} )
By (2.42) and (2.43), the term <1 + H)yl, RY' H) - + H‘yQ, RY’ - ) are bounded by
p—var,|s,t p—var,|s,t
1+ 16| flloo (£ — ) + 16Cy X ]|, _var, 5.5y < 2+ 16T f]loo

12



whenever 16C,Cy || x| ; < 1. This and (2.47) leads to

p—var,[s,t

t
sl + 2 Bl —var fsp < Mlzsll + 2/ Crllzulldu
s
8C,Cy Il g (14 8T o) (251 + 12 Bl o)
whenever 160}709 |||me—var,[s,t} <L Hence, as long as 8CPCS] |||x|||p—var,[s,t] (1 + STHfHOO) < %7

by taking the term | zs|| + ||z, R?|| from the right hand side to the left hand side, one
obtains

p—var,[s,t]

t
lzell < Mlzsll + 12, Bl —var s, < 2lls]l +4/ Crllzulldu. (2.48)

S

One can now apply Gronwall lemma for (2.48) to conclude that

l2ell < 2zle*“7 ™) whenever 16C,C, x| 1 (1+ 8T flloo) < 1.

p—var,[s,t

By the same arguments as in [8, Theorem 3.9] together with a construction of the greedy
sequence of time {Ti(16Cng(1<lk8T|\fHoo) ,X, [a,b]) }ien, one can show that

1
<24 ACT + N ,x,[0,77) log2 .
el s < llzall exp {4CST + N ({3, 0,71 Tog 2}
This proves (2.38) by choosing
1
= 4C¢T + N T)) ¢- 2.4
Co=exp {40/ T + (16Cng(1—|—8T||f|]oo)’x’[0’ 1)} (249)

3 Explicit Euler scheme for rough differential equations

For any finite partition IT := {0 = tg < t; < to < ... < ty-1 < t, = T} such that
ITI| = supy, |[tg+1 — tk|, we consider the explicit Euler scheme of equation (1.2) to approximate
the fixed solution y(+,0,yp), i.e.,

Yo = Yo

(3.1)
Ui = Uk + L) bkt — i) + WD Tty + DaiD) gD Xy ey, 0 <k <m — 1.

Since the solution y(¢, 0, yo) is fixed on [0, T'], its supremum norm is bounded by a fixed number
R following (2.25).

Our main result below in this section shows that the error between the continuous solution
y and the discrete solution of the explicit Euler numerical scheme (3.1) is small on the whole
interval [0, 7.

Theorem 3.1 Assume that y(t,0,y0) is a solution of the rough differential equation (1.2) on

[0, T, under assumption (H) for f, assumption (Hg) or (Hé) for g, and assumption (Hy )
for x. Then there exists a generic constant

C=C(f,9: 1%l 0.2 T llgoll) > 0

13



for R defined in (2.25) such that for |II| < § small enough

sup [y (t, 0,0) — yxll < CIIP~". (3.2)
0<k<m

Proof: We first prove the conclusion for bounded g under assumption (Hg). To begin,
we follow Garrido-Attienza & Schmalfuss [13] to introduce a cutoff functions fr such that

e fr(y) = f(y) for all y € B(0, R+ 1) and fr(y) = f(0) for all |ly[| > R+ 2;

e fr is globally Lipschitz continuous w.r.t. constant C'y, and is bounded by a constant
I7Rlloo on R,

Specifically, fr(y) := f(Cr(y)) for all y € R, where (g € C?(R% R?) is constructed with
Crly) =y if ||yl < R+ 1 and (r(y) = 0 if ||y|| > R + 2, such that (g is bounded by R + 1
and || D¢ |loo; [ D*CRlloo < o0

Consider the truncated rough differential equation

dyt = fr(ye)dt + g(ye)dx(t), t € [0,T7]. (3.3)

It is easy to check that equation (3.3) also satisfies the existence and uniqueness theorem.
To differentiate the solutions of (1.2) and (3.3), one denotes by ygr(t,s,&) the solution of
(3.3) that starts at time s at point ¢ € RY  Since [Ylloc,jo,;) < R, the solution y; lies
entirely in the ball B(0,R + 1) and f(y:) = fr(y:) for all ¢ € [0,T], which implies that
y. = y.(x,y0) is also the unique solution of (3.3) starting from yo, i.e. yr(-,0,%0) = v.(X, y0)
on [0,7]. Since fr and g are bounded, by Proposition 2.6 there exist generic constants
Cr([lfrlloos Cgs 1%, 10,77 - 1) Co(ll fRlloos Ctrs Cgs 1%l 0,77 - T) Which are independent of the
initial conditions, such that any two solutions of (3.3) satisfy (2.37) and (2.38).

Next, define for the finite partition IT:= {0 =ty < t; <ty < ... < ty—1 < t;, = T} the
explicit Euler scheme for the truncated rough differential equation (3.3) as follows

Yo = Y0;

. (3.4)
Yer1 = Uk + fROWE) (tev1 — t) + 9(WR) Tyt + DI(i)9(Wi) Xty 41,0 <k <m — 1.

The proof applies traditional arguments from Friz & Victoir [11, Theorem 10.30]. Namely,
denote by z;, the solution to (3.3) at time 7' that starts from y; at time t, ie. 2z :=
yr(T,tr,y;). Then 2o = yr(T,0,y5) = y(T,0,y0) and zy, = yr(T,tm,yy,) = Y- Using
(2.38), we obtain

m—1
lyr(T,0,95) — ymll < D ll2k — zk+1ll
k=0
m—1
S ”yR(Ta tkaylt) - yR(T7 tk+17ylz+l)H
k=0
m—1
S ”yR(Tv tk-‘rlv yR(tk-i-lv tkv y;::)) - yR(T7 tk+17 yZ‘-{—l) ||
k=0
m—1
<Ca([|fRllscs Crrs Cos XMl 10,27 T) D Nyr(Ees1s tes Yk) — visall- (3:5)
k=0
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On the other hand, from the definition of yr(tx+1,tx, y;) and yj |, we apply (2.7) and (2.37)
to obtain, up to a generic constant

YRtk th, Yi) — Vs

S‘ /tkkH[fR(yR(U)) — fr(y)ldu + / kH[g(yR(u)) — g(yp))da.,

tg

SCva (tk+1 - tk) H’yR(7 tk‘? yZ) |||p—var,[tk7tk+1]
+ CP( m‘r”|p—var,[tk,tk+1] ||| RR |Hq—var,[tk,tk+1}2 + ”|X|”q—var,[tk,tk+1}2 ”|yR(7 s yl:)mp—var,[Tk,TkJ,_l] )

<C1(Rlloos Cos Il 0,27 T [ Cra T2 + Cp (Il o1y + U2 0,17 ) (B — t4)™

Therefore, one can estimate (3.5) with a constant

Cs = C2C1 [ C T + Cy (Iloy + XU 0.1y )] (3.6)
as follows
m—1 m—1
lyr(T,0,45) = vl < Cs Y (tera — t)™ < Ca|TI» 1Y " (b1 — 1) = CsTI* 1 (3.7)
k=0 k=0

The right hand side of (3.7) converges to zero as |II] — 0. Similar arguments also hold if we
replace t,, = T above by any t; and define z;, := yg(t;, tg, y;) for all 0 < k < 4. Hence one
obtains (3.2) for the Euler numerical scheme of the truncated equation (3.3) by assigning

C(f,9. Il o277 Ilwoll) 1= C5T = CoCx | Cp T2 + Gy (Il o1y + Il o1 ) |2 (3:8)

which depends on f,g,x and R, thus also on ||yo|| due to (2.25). Note that ygr(tx,0,y0) =
y(tr, 0,0), thus by choosing [II| < 6 for 6 = &(|| frlloc, Cfrs Cg, 1%, 0,77, ') small enough, we
deduce that
sup |yl < [1Yllooo. + CO*H <R+ 1.
0<k<m

As a result, fr(y;) = f(y)) for 0 < k < m, hence the Euler scheme (3.4) for the truncated
equation (3.3) coincides with the actual Euler scheme (3.1) in the ball B(0, R + 1), which
proves (3.2).

The conclusion still holds for the linear diffusion function g under assumption (ng), since
one can introduce a bounded function gr in a similar way to fr, where R is given by (2.33).
Since similar arguments are invovled, we skip the proof for this case here. O

4 Generation of random dynamical systems

4.1 Probabilistic settings

The generation of a random dynamical system from rough differential equations (1.1) and
(1.2) is proved in Bailleul et al [2], where the solution of rough equation is understood in the
Lyons-Davie as well as the Friz-Victoir sense. In this section we follow Duc [7] to present a
similar version for Holder spaces, where the solution is understood in the Gubinelli sense.
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Let (€2, F,P) be a probability space equipped with a so-called measurable metric dynamical
system 0 : R x Q — Q such that 6; : Q — Q is P— preserving, i.e., P(B) = P(6; ' (B)) for all
Be F,teR, and 0,15 = 0,00, for all t,s € R. Recall that a continuous random dynamical
system o : R x Q x RY = R, (t,w, yo) — ©(t,w)yo is defined as a measurable mapping which
is also continuous in ¢ and yg such that the cocycle property

ot + 5,w)y0 = @(t, B.w) 0 p(s,w)yo, Vi, s € R,w € Qo € RY (4.1)

is satisfied, see Arnold [1].
In our setting, denote by T2(R™) = 1 & R™ & (R™ ® R™) the set with the tensor product

(1791,92) ® (1,h1,h2> — (1791 +h1,gl ®h1 +92 +h2),

for all g = (1,g',¢%),h = (1,h!, h?) € TZ(R™). Then it can be shown that (T2(R™),®) is a
topological group with unit element 1 = (1,0,0) and g=! = (1, —¢', ¢! ® g' — ¢?).

Given a € (},v), denote by €%*(I, TZ(R™)) the closure of €°°(I, TZ(R™)) in the Holder
space €%(I,T?(R™)), and by CK(?’Q(R,Tf(Rm)) the space of all paths g : R — TZ(R™))
such that g|; € €%*(I,T?(R™)) for each compact interval I C R containing 0. Then
55(? *(R, T2(R™)) is equipped with the compact open topology given by the a-Holder norm
(2.1), i.e the topology generated by the metric

Aol ) =3 5 (g~

k>1

a—kk A L)

As a result, it is separable and thus a Polish space.

Let us consider a stochastic process X defined on a probability space (2, F,P) with real-
izations in (‘ﬁ(? YR, T2(R™)), F). Assume further that X has stationary increments. Assign
Q= %S’Q(R,TE(RT”)) and equip it with the Borel o-algebra F and let P be the law of X.
Denote by 0 the Wiener-type shift

(Ow). = wi ' @wiy, VE € R,w € (R, TE(R™)), (4.2)

and define the so-called diagonal process X : RxQ — TE(R™), X4(w) = w; forall t € R,w € Q.
Due to the stationarity of X, it can be proved that 6 is invariant under P, then forming a
continuous (and thus measurable) dynamical system on (€2, F,P) [2, Theorem 5]. Moreover,
X forms an a-rough path cocycle, namely, X (w) € €y*(R, T2(R™)) for every w € Q, which
satisfies the cocyle relation:

Xt+8(w) = XS(W) ® Xt(GSW),Vw € Qvta 5 € Ra

in the sense that X, 14 = X;(fsw) with the increment notation X, g4 := Xl @ Xy Itis
important to note that the two-parameter flow property

X57u & Xu,t = Xsﬂj,VS,t S R

is equivalent to the fact that X;(w) = (1,x¢(w)) = (1, 24(w), Xo +(w)), where z.(w) : R — R™

and X..(w) : I? = R™ @ R™ are random funtions satisfying Chen’s relation relation (2.2).
To fulfill the Holder continuity of almost all realizations, it follows from condition (2.13)

and the Kolmogorov criterion for rough paths [11, Appendix A.3] that for any a € (%, v) and
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p= é, there exists a version of w-wise (z,X) and random variables Kg € LP, Kz € L9, such
that speaking w-wise and with an abuse of notation, ||xs|| < Kalt—s|®, |[Xsll < Kolt—s|?*,
for all s,t € [0,7], so that x = (x,X) € €*(I). Moreover, we could modify « such that

z e C%(I) = {zeC(): iiLnOO<fup<A |l|is;:|a =0},
—s

0,2a/ 72\ .__ 200/ 12\ . 1: ||Xs7t” o
Xe O I7) :={XeC*™I): ilinokfiliA 7 — 50 0},

thus €“(I) C CY(I)@C%2%(1?) is separable due to the separability of C%(I) and C%2(I?).

As pointed out in [7, Remark 1] and due to [2, Corollary 9], the above construction is
possible for X; to be a continuous, centered Gaussian process with stationary increments and
independent components, satisfying: there exists for any 7' > 0 a constant C7 such that for
all p > 2 E|| X, — X,||P < Cplt — s for all s,¢ € [0,7]. Then X can be chosen to be the
natural lift of X in the sense of Friz-Victoir [11, Chapter 15] with sample paths in the space
Cg’o‘(R, TZ(R™)), for a certain « € (0,v). In particular, the Wiener shift (4.2) implies that

”|X(0hw)”|p—var,[s,t] = |||X(w)H’p—van[s—l—h,t—i—h] ’ N[SJ] (X(ehw)) = N[S-i-h,t-‘rh} (X((U)) (43)

4.2 Continuous flows

Given the setting in Subsection 4.1, we are going to generate a random dynamical system for
stochastic rough differential equation (1.1). The first step is to study the properties of rough
path integrals. Given each realization w of the diagonal process X;(w) = wy = (1,x¢(w)) =
(1, z4(w), Xo¢(w)), we can define the stochastic integral in the pathwise sense as a rough path
integral introduced in Subsection 2.2, i.e.

b
/ Yudw, := lim Z (yu ® Ty p(w) + y;Xum(w)).

|TI]—0 o
The expression of the Darboux sum in the right hand side can be rewritten as
Yu © o) + YK (@) =5 G ) B(1, 200 (@), Ko@) ) (4.4)

where the operator ® in the right hand side of (4.4) is defined as the left hand side. Since w
is the realization of X, it follows from Chen’s relation (2.2) that

(17 xs,u(w)a Xs,u(w)) ® (17 Lu,v (w)7 Xu,v (w)) = (L xs,v(w)a Xs,v(w))
hence the shift property (4.2) yields
(1, xu,v(w),xu,v(w)) = @ wy = (Buw)o_e, YO <5<t (4.5)

We therefore can rewrite the definition of the above rough integral as

b
/ Yudwy, = lim Z(yu,yL)@é(euw)v_u. (4.6)

1T
||—>01_I
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Since @y 4w = 0,00,w, it is easy to check that the rough integral in (4.6) satisfies the additivity
and the shift properties, i.e.

c b c
/ Yudwy = / Yudwy + / Yudwy, Va <b<c (47)
a a b
b+r b
/ Yudwy, = / Yurrd(Orw)y, VYa <breR. (4.8)
a+r a

These two properties (4.7), (4.8) and the existence and uniqueness theorem 2.4 then suffice to
prove the cocycle property (4.1) of the generated random dynamical system from stochastic
rough differential equation (1.1). We quote a result from Duc [7, Proposition 2| as follows.

Proposition 4.1 Given the measurable metric dynamical system (2, %, P, 0) and the p-rough
cocycle X : R x Q — TZ(R™) as above, the system (1.1) generates a continuous random
dynamical system o over (2, .%,P,0), such that for any [0,T] and all w € Q, p(t,w)yo is the
unique solution (in the Gubinelli sense) of (1.2), which is understood in the pathwise integral
form (2.8) on [0,T], where x = (x,X) is the projection of X.(w) on R™ @& (R™ @ R™).

4.3 Discrete flows

Given the probabilistic setting in Subsection 4.2, for a realization w; = (1, z4(w), X ¢(w)) of
the diagonal process X;(w), we consider the explicit Euler scheme for the regular grid with
step size h > 0, i.e. IT = {kh}ren and

yy € RY,
h h h h By h (4.9)
Ykr1 = Yk + FW)h + 9i)Ten, e+ 0)n (W) + Da(yr) 9y ) X, e+ 10 (W), k€ N.
Such a scheme is well defined. Using (4.4) and (4.5), we rewrite (4.9) as
vi = (ut+ 7wR) +( (o) D)) (wan e n (@) Xin () )
::F(Vh,y]’;) ::&yﬁ)
= F(hyp) + G(QQ@(L T, (ke 1)k (W), th,(k+1)h(w)>
= F(hyp) + Gyp)®(Ornw), = H(h, Opnw)yp, (4.10)
where we introduce the generator function
H(h,w)y := F(y) + G(y)@wp,. (4.11)

Hence similar to Proposition 4.1, we can easily prove that the Euler numerical scheme (4.10)
generates a discrete-time random dynamical system ¢ : N? xQxR% — R% over N* := {kh}en
and (£2,.%,P,0) such that for any w € Q and y? € R, o"(k,w)yl is defined from (4.10) by

) . (4.12)
=yp = H(h,0p—ypw) o...o H(h,w)yy, Vk=>1.
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5 Random pullback attractors

Given the random dynamical systems ¢ and ¢ on the phase space R, we follow Crauel
& Flandoli [5] (see also Arnold [1, Chapter 9] and Crauel & Kloeden[6] and the references
therein) to briefly present the notion of random pullback attractors.

In the probabilistic setting, recall that a set M := {M(w)}weq is called a random set, if
w = d(y|M(w)) := inf{d(y,2)|z € M(w)} is .F-measurable for each y € R, A universe 9
is a family of random sets which is closed w.r.t. inclusions (i.e. if Dy € 2 and Dy C Dy
then D € 2). In our situation, we define the universe 2 to be a family of tempered random
sets D(w), that is, D(w) is contained in a ball B(0, p(w)) a.s., where the radius p(w) > 0 is a
tempered random variable (i.e. tl}rinoo % log™ p(Oiw) = 0 a.s., see e.g., Arnold [1, pp. 164, 386]

and Imkeller & Schmalfuss [17, p. 220]).

A random set A is said to be invariant if p(t,w)A(w) = A(fiw) for allt € R, w € Q. An
invariant random compact set A € Z is called a pullback attractor in 2, if A attracts any
closed random set D € 2 in the pullback sense, i.e.

Jim dpr((t, 6-1w) D(0- )| A(w)) =0, (5.1)

where dg(|-) is the Hausdorff semi-distance, i.e. dg(D|A) := supgep infaea ||d — all.

The existence of a pullback attractor follows from the existence of a pullback absorbing set
(see [6, Theorem 3]), namely a random set B € Z is called pullback absorbing in the universe
2 if B absorbs all closed random sets in &, i.e. for any closed random set De 9, there exists

A~

a time ty = to(w, D) such that
o(t,0_w)D(0_w) C B(w), for all t > to. (5.2)

Then given the universe  and a compact pullback absorbing set B € &, there exists a unique
pullback attractor A(w) in &, given by

Aw) = [ e(s,0-sw)B(0_sw). (5.3)

t>0s>t

As proved in Duc [7, Theorem 3.1], under the assumptions (HY), (Hg), (Hx) and the
dissipativity condition

3D120,D2>0:  (y.f(y) < llyll(D1 = D2llyll), VyeR% (5.4)

there exists a pullback attractor A(w) for the generated random dynamical system of the
stochastic system (1.1) such that |A(-)| € LP for any p > 1. It is important to note that
assumption (5.4) is equivalent to the dissipativity condition: there exist constants dq > 0, ds >
0 such that

(y, f(y)) < d1 —da|ly|?, VyeR%: (5.5)

see Duc [7, Lemma 1.1].
We show below the same conclusion for the linear g, but require further that the stochastic
process X is Gaussian and Cy = ||C/| is small enough.
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Theorem 5.1 Let the assumptions (H}), (ng), (Hx ) hold and further that X is a centered
Gaussian process. Then for sufficiently small Cy, there exists a pullback attractor A(w) for
the generated random dynamical system of the stochastic system (1.1) such that |A(-)| € L
for any p > 1.

Proof: We will follow the arguments in Duc [7, Theorem 2.1] line by line to prove that
for any A > 0 small enough, there exist constants dy, C > 0 such that the following estimates
hold

A A
< )\N<7, ,O,t)}[ —oxt CN(i, ,O,t)}, vt € [0, 7).
ol < exp {AN (355 10.01) [l + O (55, 0.1 0,71
(5.6)
To do this, the main task is prove that there exists constants C'y,dy > 0 such that

1d _
5%”4“2 < O — Ol (5.7)

To prove (5.7), one follows the notation in (2.34) and (2.28) to estimate

5%”%”

(2, (Id + pe) f (2t + 1))

(ot )[BT ) bt (4 20)])

(2 4+ 7t) zZe + Ve
<Zt7 (Id+ @th) Hzt +’Yt” > < HZt +P)/tH’f(Zt +’7t)>

—=:M =:M>
o (21, (Td+ ), (F (22 + 7)) - (5.8)

=:M3

The estimates for M; and My look the same as in the proof of [7, Theorem 2.1], thus there
exists a generic constant C such that

_ D
MMy < C\ — 72(1 — )l

With g satisfying (ng), there is a small change with M3, which according to (2.35) looks like
My < 2|2l1Cy (14 (L4 Vil ) = 20708 + Nl + Cp(lzl + 1)

The coefficient of ||z||? in M3 is then can be controlled by choosing sufficiently small A € (0, 1).
As a result, one can always find generic constants C), dy such that dg > 0 and
1d

5 g llatl® = MiMo+ My < Ox = allz|*, Vi € [0,7].

Hence by Gronwall lemma and Cauchy inequality, one obtains

()

Izl < llzolle™" + 5
A
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which deduces that

bt Cx
lyrll < L+ Nzl < llyolleX™>7 + (1 LR

Assign C)y = (1+ )\)%, then for each t € [0, 1], by constructing the sequence of greedy times

{T(ﬁ, x), [0,t]}, one can easily prove by induction that

A . A
< A= v, i=0,...,N 0,]).
ly= Il < llyolle +iCre, 1=0,..., (160 c,’ x, [0,1])

In particular, (5.6) holds. For ¢t = 1, one obtains

A
< N(—— 1) -4
Il <loll DA (g o6 0. 1)) = 03}

/

:577("(“1)7[071])

x, [0, 1]) exp{ AN (

(5.9)

+C,\N(

A A
—_ —_— 1},
TeneR weg o0

=:§(x(w),[0,1])

By replacing w by 6_,w and applying the discrete Gronwall lemma [4, Lemma 5.4], one can
prove that

n—1
lyn (0w, yo) | <llyoll T ] n(x(0-nw), [ii +1])
=0
+Z§ iy + 1)) Hn ), 7,7 +1)).

Jj=i+1

Since X is Gaussian, it can be lifted to a Gaussian rough path, from which one can prove
the integrability of exp{)\N(ﬁ,x, [0,1])} (see Cass et al [3]). Hence &(x(w),[0,1]) is an
integrable random variable and tempered. On the other hand, by using (4.3) and applying
Birkhorf’s ergodic theorem, one can show that

n—1

1
1};:8;1)712; og N(x(0—_pw), [i, i+ 1]) = lisogpn; og n(x(f—iw), [0,1])
A
= EAN(———-,x("),[0,1]) — 6. 5.10
(160pcg7x( )7[ ? ]) A ( )
Similar to the arguments in Duc [7, Theorem 3.3], one can choose A\ := Cj for sufficiently

small Cy so that the right hand side of (5.10) is negative. One then follows the arguments in
Cong et al [4, Theorem 4.5 & Lemma 5.2] to conclude that there exists a random pullback
attractor. O
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5.1 Random pullback attractors for the explicit Euler scheme

We now consider a similar result on the existence of a pullback attractor for the discrete-time
RDS generated by the Euler numerical scheme (4.10) for sufficiently small step size h > 0.
The difference is that condition (2.10) is not enough, thus we need f to be of linear growth
and g is bounded. We formulate the result as follows.

Theorem 5.2 Under the hypotheses (H}),(HZ) and (Hx ), assume further that f is dissipa-
tive with (5.4) and of linear growth, i.e. there exists C'y such that

IF Il < Cr(1+lyl]). (5.11)

Then there exists a hg > 0 such that for all h < hqg, the generated discrete-time random
dynamical system ©" from (4.10) admits a global random pullback attractor &/ (w).

Proof: It suffices to prove that there exists an absorbing set for the generated RDS
©". Consider the Lyapunov function ||y,’€‘|| then by applying Cauchy inequality and using
assumptions (Hy), (Hg) and (5.11) we obtain

lyiall® =l + iR+ 9w zkn e 0n + D)9 Xen el
<y l® + 20w F WD+ |LF i) 12h?
h h h hy (o h

+ 2<yk + (W)l 9(WE) Tk, (k+1)n + Dg(yk)g(yk)xkh,(k+1)h>

+ 20l g () i,k 1yn I* + 20 D9 W) 9 W) X, b1y I
<llyrll? + 2kl g l(Dr = Dallyiill) + 2CFR* (1 + [lyi]*)

h npy)2 L L 2 2
b (Il CorL+ kD) + 5 (Collan esnnl + OF 1% esml)
+ 2C2 |2k, (b 1)nl” + 285 1 Ken, e 1y I
h)|2 272 D? 2,2 272411, /02 2;3
<llghl1? (1~ Do +2C30%) + S1h+ 20302 + axh(1 + CH2) [ + 2xC3h
2

1

204 ) (O hown el + O % i)

<llyil1? (1 = Dah + 20307 + axh(1 + C3h?) ) + & (IX@N o ernyy ) (5:12)

where

D? 1
h 1 272 213 L 2 42 4 44
E(A) = 2h+2th +2xCth +2(1+Xh)(CgA +C A ) (5.13)

and we can choose x := % so that

D D D
L= Doh +207h? + dxh(1 + CFh?) = 1 = —2h + 207h° + 20Fh* <1——Zh - (5.14)
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whenever
D

h<— 22 Al=:h. 5.15
1C3(2 + Dy) ’ (5:15)

Note that from (4.3), fg(mx(w)H\pfvar’[kh’(kﬂ)h}) = fg(mx(ﬁkhw)]prvar,[oyh]) which can be writ-

ten as £ (Okpw), where €8 € L1 is an integrable random variable. Replacing (5.14) into (5.12)
we show that for h < hg in (5.15)

Do _Dy
Iyl < (1= Z20) Ik I + €6 Oraw) < € TPk + €6 (Bne).

Hence by induction we can prove that
k—1
2 < e T2 + Y e F e (Opiw), VR 21,
i=0
By applying similar arguments to the ones in [7, Theorem 3.3] we conclude that there exists
a random pullback absorbing set B"(w) = B(0, R"(w)) where

RMw) = 3 e R (0 ). (5.16)

Since &8 € LY, so is log™ &8, which implies that %log‘*' EM(O_4w) — 0 as t — co. Hence & is
tempered, and it follows from Cong et al [4, Lemma 5.2] that R"(w) is finite and also tempered
a.s. This proves the existence of a random pullback attractor /" (w) defined by (5.3). O

Remark 5.3 When g is linear, the question on existence of a numerical attractor for the
discrete RDS ¢" generated by the Euler scheme is still open.

Remark 5.4 Although &0 is integrable random variable, it follows from (5.13) and (5.16)

that )
h o
&hEél ~

1—e 4

4

ER" =
Doh

E¢h

which diverges to infinity as h tends to zero, since £} (w) contains element 7 [|x(w) |||,§_Var 0,8 &

h2v—1 |||x(w)||\,2/7[071]. This implies that the absorbing set B"* might blow up as h tends to zero,
which makes it difficult to prove the upper semi-continuous convergence of the numerical
attractor in the next section.

5.2 Upper semi-continuous convergence of the numerical attractor

The upper semi-continuous convergence of the numerical attractor to the attractor of an
autonomous ordinary differential equation is now a classical result in numerical dynamics,
see e.g., Han & Kloeden [15]. Similar results have been established for many other types of
differential equations including random ordinary differential equations [18]. It is well known
that the stronger continuous convergence in the Hausdorff metric holds only in very special
cases.

For the rough differential equation (1.3) in the sense of Gubinelli, where the stochastic
process X with stationary increments, we can only prove an analogous result for bounded f
and g, i.e., that @ — & in the Hausdorff semi-distance as h — 07T, i.e., converges upper
semi-continuously. We formulate the result as follows.
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Theorem 5.5 Assume (HZ ) and (Hx ) with a centered Gaussian process X. Assume further
that f is globally Lipschitz continuous and bounded, such that the dissipativity condition (5.4)
is satisfied. Then ©" admits a numerical pullback attractor A" which converges to the attractor
A a.s. in the Hausdorf semi-distance, i.e.,

lim di (A" A) =0 a.s. (5.17)
h—0

Proof: For any time step h < 3, assign [ := |+] € N. Then h € (l+1’ ] with 1 —h <
lh < 1. It implies from the proof of Theorem (3.1) that in case f is bounded, we obtain from
(2.37) and (3.7) for T := 1 that there exist constants

Cs(w) = C(w) =C2C1 [Cr + Cp (el + Il 0,11 ) |
2(p—1)

5N (g 0.11) 7 [l + Gy Ixlgoy v (ol )

X exp {4Cf + N<1GCng(11+ 8”f”oo)7x, [0, 1])}
% [Cp + Cp( Ul po, + Il o1 )] (5.18)

as in (2.46), (2.49) and (3.8) such that
" (1, w)yo — (1, w)yoll <lle" (Uh,w)yo — o (lh,w)yoll + lle(th,w)yo — @(1,w)yol|

hy- .
< sup ™ (i, w)yo — @(ih, w)yoll + ll (s w)oll,—var .1y
AN

<C(w)h™ ™' + C3(w) (1 — th)”
<C(W)(h¥1 + 1Y)
<C(w)h31.
As a result, there exists a constant C'(w) independent of the initial condition yg such that
" (th, w)yoll < llp(L,w)yoll + Clw)h™ ™, Wyo € RY. (5.19)

Observe that in the last formula in (5.18), C(w) is the product of 3 terms, where the first
and third terms are integrable due to the fact that |||, ;) is integrable of any order, and so
is the second term due to Cass et al [3, Theorem 6.3]. Hence by Cauchy inequality, C(w) is
also integrable. Now applying Duc [7, Theorem 3.3] for dissipative function f, there exists a
constant 7 € (0,1) and an integrable random variable &o(w) = &o([[x(w)]l, o,1) such that

lo(Lw)yoll < nllyoll + éo(w),  Vyo € R

Hence

" (1, w)yoll < nllyoll + Eolw) + Clw)h™ 1,
which, by similar arguments to [7, Theorem 3.3| proves the existence of a pullback absorbing
set B"(w) = B(0, R"(w)), where

Zﬂk(& (0—kinw) + C(0—ginw)h™~ 1)
k=0
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We are going to find an upper bound for R*. To do that, we use (4.3) to rewrite R" as

RM"w)

Z 0" |:§0(|||X(9*k2lhw)|||1/7[O71}) + C(H\X(H,klhw)my’[o’l])h:’w—l}
k=0

= Y f[elxw)
k=0

It is easy to check that |klh| > —klh > —(|klh] 4+ 1), and

)+ CURE) Ny pan gD ]

[—kih, —klh +1] C [— \klh] — 1, — | klh] + 1}, Vk € N.
On the other hand, it follows from [h > % that
\kih] < |(k+1)Ih] < [klh] +1, and |Kklh] < |(k +2)Ih]. (5.20)

Hence (5.20) implies that the sequence {|klh]}ren covers the set N of natural numbers and
every number in the sequence only appears at most twice. By writing j := |klh| we can easily
prove that

Rh(w) < Z 77U€th [50( Ix(w )mu,[—Lkth_L_Lklhﬁ_l} ) + C( Wx(w)|||Vv[—Lkth—1,—Lkth+1] )h3u71]
< 2217 [0 (@)1 540 ) + O )0

< 23 eIl g ) + O IOl )] = 2R (5.21)
=0

Similar to the argument in proof of Theorem 5.2, since §o([|x(w)ll,, (_117) and C([lx(w)ll, ;—1,1})
are integrable, it follows that log™ So(llx (W)l (=1,1) and log™ O( (@)Il,,;—1,1)) are also inte-
grable. Thus o([|x(w)ll, —1 1), C([Ix(w)]l,,(_1 1) are tempered random variables which, to-
gether with [4, Lemma 5.2], shows that R(w) is well defined and also tempered. That means
AMw) € B"(w) = B(0, R"(w)) for h < } are entirely contained in a tempered set B(0, 2R(w)),
hence they are uniformly attracted to o/ (w) in the pullback sense under the flow ¢. Hence
for any € > 0 small enough, there exists a M (e,w) such that

dn (gp(l{:,ﬂ_kw)ﬂh(@_kwﬂ&%(w)) <6 Vk>Mew), Vh< % (5.22)
With such fixed M (e,w), there exists a constant C(w, M) such that for all h < §(w, M) A &
and all " € &7" in the w-wise sense
(M, 0_ )y (0_prw) — (M, 0_ppw)y(0_pw)|| < Clw, MR L < €
Since the above inequality holds for all y* € o/", it yields
dy ((ph(M, 0_n1w) " (0_rr) |0 (M, o_Mw)M(e_Mw)) <e (5.23)

From (5.22) and (5.23), it follows from the invariance of .27 under " and the triangular
inequality that

dp (" (W)| (W) < 2, Yh < 6w, M)A =
This proves that (5.17) hold almost surely. O
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