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Abstract

In this paper we provide an upper bound for the conjunction probability of smooth stationary
two-dimensional Gaussian fields. The key ingredient is the record method that is generalized from
the problem estimating the distribution of the maximum. The given upper bound also provides a
good asymptotic formula.
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1 Introduction

Let X be a real stationary centered Gaussian field with unit variance and almost surely smooth
sample paths. Assume more that it is defined on a compact set S C R?. Consider n independent

copies {X;(t);i =1,2,...,n} of X. For a given level u, the conjunction probability can be defined as

teS i=T,n

P(3tesS: Xi(t)>u,Viel,n) =P (maxmii{Xi(t)} > u) . (1)

This quantity is proposed by Friston and Worsley [19] with motivation in neurology. In particu-
lar, this quantity provides the critical value in statistical application to test whether the functional
organization of the brain for language differs according to sex. In this application, the index set is
the brain, n = 2 stands for two genders male and female, and the value of each field at each point
represents the intensity.

The conjunction probability can be seen as a generalization of the tail distribution of the maximum
of a smooth Gaussian field. Computing the tail of the maximum of random processes and random
fields is a classic topic that has drawn much of interest in probability theory, see three standard
monographs [, B, [14]. Many practical applications of this problem can be found in spatial statistics,
image processing, oceanography, genetics etc ..., see for example Cressie and Wikle [6]. Let us
summarize some celebrated methods to deal with this problem: double sum method (by Piterbarg
[I2] and Hashorva et al [7]), tube method (by Sun [I6] and Akimichi and Takemura [17]), Euler
characteristic method (by Adler and Taylor [I]), Rice method (by Azais and Delmas [2]), direct
method (by Azais and Wschebor [3]), record method (see Rychlik [15], Mercadier [9], and Azals and
Pham [3]).



Recently many authors have been interested in the conjunction problem. They have managed to
exploit the methods mentioned above. By Euler characteristic method, Friston and Worsley [19] and
also Taylor [I8] have provided a beautiful formula for the expectation of the Euler characteristic of
the conjunction set. By heuristic argument, they have argued that this expectation can be seen as
a good approximation for the considering conjunction probability. However, proving the validity of
this method is still an open, challenging and interesting (of course) question. By double-sum method,
Hashorva et al [8] have given a one-term asymptotic formula, but there appears an unknown constant
so-called the generalized Pickands constants. In [I0], the Rice method has been applied successfully
to give an upper bound and also an asymptotic formula for the conjunction probability of smooth
processes, but it seems hard to deal with higher dimensions. For direct method, let us mention a
recent result by Pham [I1]. In this result for the conjunction probability of two-dimensional Gaussian

fields, under some conditions, as the level u tends to infinity,

p <max min X,(t) > u) — 2 () [AQ(S) (n 4 nlnc 1)”) + 0(1)} : @)

teS 1<i<n 2 4
where Ay stands for the standard two-dimensional Lebesgue measure and ¢(.) is the density of a
standard normal random variable. In fact, he provided a complicated asymptotic formula for any
dimension, and it is interesting that this formula coincides with the leading term of the heuristic
approximation given by Euler characteristic method in [19].

In this paper, we are interested in giving an explicit upper bound for the conjunction probability
of two-dimensional Gaussian fields. Such an explicit is very important in practical statistics test to
guaranty critical value a. Here we rely on the record method. As mentioned above, to estimate the
tail distribution of the maximum of Gaussian fields, this method has been introduced for random
processes by Rychlik [I5] and has been later extended to two-dimensional random fields by Mercadier
[9]. In [3], the authors did refine the result of Mercadier by giving an explicit upper bound, and also
generalized to three-dimensional fields.

Throughout this paper, we assume the following condition on the considering field.

Assumption A: {X(t), t € NS C R?} is a stationary Gaussian field, defined in a neighborhood
NS of S with C* paths. Without loss of generality, we can assume more that

E(X(t)) =0, Var(X(t)) = 1, Var(X'(t)) = Iz,

since these conditions can be obtained by a suitable scaling.

We assume more that Var(X1(¢)) > 1. This condition is mild in the sense that it is true for a
wide class of stationary Gaussian field, see [3].

Our main result is the following.
Theorem 1. Let X satisfy the Assumption A and suppose that S is the Hausdorff limit of a sequence
of connected polygons Sn. Consider n independent copies {X;(t);i =1,2,...,n} of X. Then for each

given level u € R,

n liminf,, 01(8Sn)e(u) n 02(S)

P{Ms > u} < ®(u) NG 27

where ¢ = y/Var(X7{)) — 1.

The detailed proof of the main result is provided in Section[2] As mentioned above, here we exploit

[cp(u/e) + ud(u/c)] p(u), ()

the record method given in [3] in a suitable definition of the record point. Therefore the readers can

see the similarity between our presenting proof and the one in [3]. We would like to emphasis that

in conjunction problem, the geometric configuration is more complicated, see Subsubsection |2.1.1
In comparison with the asymptotic formula in , it is clear that our given bound in is also

a good asymptotic.



Notation

o
e For S C R?, 95 is its boundary; S is its interior.
e 0; is the surface measure of dimension 7. It can be defined as a Hausdorff measure.

e 1 X(t),01X(t),0,X(t) and 0, X (t) are corresponding the derivatives along the first, second

ordinate, along the direction «, and the second partial derivatives.

e dy is the Hausdorff distance between sets, defined by
du(S,T) =inf{e: SCT™, T C S}
e o(x) and ®(z) are the density and distribution function of a standard normal variable.
P(x) =1 — o(x).

e pz(.) stands for the density function of a random vector Z.

2 Proof of the main result

Let us first recall the definition of the “emptyable” property of the set S. This definition has been
proposed in [3].

Definition 1. The compact set S is emptyable if there exists a point O € S which has minimal
ordinate, and such that for every point s € S there exists a continuous path inside S from O to s with

non decreasing ordinate.

The meaning of the terminology “emptyable” is that if we make a small hole at O, then all the
water filled in S will empty out because of gravity. We also recall an example of a non-emptyable

set, see Figure[T]

Figure 1: Example of non-emptyable set. The non-emptyable part is displayed in black.

We need the following technical lemma. This is a high dimensional version of Lemma 2 in [10].
Lemma 1. Let X1(t), Xo(t),..., Xa+1(t) be independent Gaussian fields with continuously differen-
tiable sample paths such that they are all defined on a same bounded set B C R%. Then for a given

ULy .., Ud+1,
P(Ht € B: Xl(t) =Uly...,= Xd+1(t) = ud+1) =0.

Proof. For each positive €, we have

PEte S: Xi(t) =u1,...,= Xar1(t) = was1)
<PEte B: X1(t) =uw1,...,= X4(t) = uaand | Xg11(t) — uay1] <€)
<E(card{t € B: Xi(t) = u1,...,= Xa(t) = ugand [ Xg41(t) — var1| < €}).



By the Rice formula (see [0]), the above expectation is equal to
A E(| det(Z/(t))|H{\Xd+1(t)—ud+l|§e} | Z(t) = (ul, . ,ud))pz(t) (U17 ey ud)dt
=P(IXa+1(t) = uat| < f)/ E(|det(Z' (1) | Z(t) = (u1,. .., ua))pz (s, .., ua)dtt,
B

where at each point ¢ € S, Z(t) stands for the random vector (X1(t), Xa(t), ..., Xa(t)), and pz(.)
is its density function.
Let € tend to 0, the result follows. O

We are now ready to prove the main theorem. The proof consists of two steps: at first, we
prove for the base case when S is an emptyable polygon, then we generalize to general polygon. In
conclusion, by taking the limit of the upper bound for the sequence of polygons S,, the bound for

the conjunction probability on S is direct.

2.1 Step 1: Emptyable polygon

Suppose now that S is an emptyable polygon. We have

P{max min {X,()} > u} = P{min (X:(0)} > u} + P(3i € T Xi(0) < u, max min {Xi(0)} > u)

i=1,n i S i=1,n

=3"(u)+P{Iie1,n: X;(0) < u, I?Easx.mii{Xi(t)} > u}. (4)

i=1,n
Consider the domain
Hy,={(z1,...,2,) ER" : 2; > uVi € 1,n}.

Then the condition { min {X;(¢)} > u} implies that the conjunction set
i=1,n
Cluy={teS: (Xi(t),...,Xn(t)) € Hu}

is not empty. Let us consider the record point 7' on C(u) with minimal ordinate. Since the fact
{3i € 1,n : X;(0) < u} means that the point (X1(0),..., X,(0)) lies outside the domain H, and
the domain S is path-connected with non-decreasing ordinate (emptyable property), then under this
condition, at the record point T, the point (X1(T'),..., X, (7)) must be on the boundary of H,.

By considering two possibilities for the location of the record point 7T": in the interior or on the
boundary of S, we have

P{maxmin {X:(¢)} > u} < " (u) + P(T € 5) + P(T € 95). (5)

teS i=1,n

Now we will deal with the last two terms in the above inequality.

2.1.1 Record point in the interior of S

Suppose now that the record point 7" is in the interior of S. Since S is two-dimensional, then
applying Lemma [1] for the case d = 2 and u; = wu, there are at most two indexes ¢ # j such that
Xi(T) = X;(T) = u. We have

P(TeS)<P(Te .%, Jonly one indexi € 1,n: X;(T) = u)

—|—P(T€§,3tw0 indexesi # j € 1,n: X;(T) = X;(T) = u). (6)



e Suppose that 4 is the unique index such that X;(7") = u. Then for j # 4, it must be X;(T") > u.
Because of the minimal property of the record point, locally, for index ¢ and all point s € S

with smaller ordinate than T' (s2 < T%, i.e, s is lower than T'), X;(s) < u. It implies that
hXi(T) =0, X:(T) >0, 87, X;(T) <0and X;(T) > uVj #i.
Therefore

P(T € S, Jonly one indexi € 1,n: X;(T) = u)

T € S 81X1(T) = O, 82X7,(T) 2 0, alez(T) S 0 and XJ(T) > UV] 75 Z)

<> E (card{t €5 :MXi(t) =0, BXi(t) >0, 8% X:(t) < 0 and X;(t) > uVj # i})

=y /EE ‘det(Zz{(t))‘Hazxi(t)ZOHB%IXi(t)gOHHXj(t)>u | Zi(t) = (v, 0) | pz,;(1)(u,0) dt,

i=T,n G

where the third line follows by Markov inequality, and the last line follows by Rice formula
applied to the field Z;(t) = (X;(t),1X;(t)) from R? to R?. Since the fields X;’s are the

independent copies of X, we continue as

P(T € S, Jonly one indexi € 1,n : X;(T) = u)

< nd" () /g E (| det(Z'(t))[Ta, x (10102, x(ty<0 | Z(t) = (u, 0)) pz(t)(u,0) dt

— 3"t #(u) 2 - + —u —

= nd " (u)o2(9) Wor E ([01: X (8)]" [0 X (8)] T | X(t) = u, 01X (t) = 0)

— s #(u) + 2 - —u —

= nd (u)o2(9) Wor E ([0:X(1)]7) E ([01:.X(t)]” | X(t) = u, 01X (t) = 0)

= nd" ' (w)oa(S) ‘02(:) lep(u/c) + ud(u/c)]. (7)
where with abuse of notation Z(t) = (X(t),01X(t)), ¢ = y/Var(04X) —1 as introduced

in the statement of the main theorem. Here we use the fact that there random variables
(X (t),01X(t),0.X(t)) are independent and under the condition {0, X (t) = 0},

det(Z'(t)) = =07, X (£)02 X (t).

e Now we consider the case that there exist two indexes i # j such that X;(T) = X;(T) = v and
Xi(T) > u for all k # 4,j. Fixing these two indexes, by the minimal property of the record

point, we can eliminate the following cases
{61X1-(T) <0, 81Xj(T) < 0},

{81X1(T) > 0, 61Xj(T) > O}},
and
{82XZ(T) < O7 asz(T) < O}}

Note that by Lemma |1} the equality such as 0, (or Q)Xi(T) = 0 almost surely never occurs,
since we have already have two equations X;(T") = u, X;(T) = u. The remaining cases will be

considered as follows.



Case 1: 01 X;(T) > 0,00 X;(T) <0,0:X;(T) >0, 92X;(T) > 0. By Rice formula,
P(T (S ‘%, XZ(T) = X](T) = u,ale(T) > 0, 81XJ(T) < O,&gXl(T) > 0, (92XJ(T) > O,Xk(T) > uvk 75 Z,])
SP(Ht S % : Xz(t) = Xj(t) =u, ale(t)ale(T) > 0,81Xj(t) < 0,82Xi(t) > 0, 82Xj(t) > O,Xk(t) > uVvk 5£ Z,_])

<E <card{t (S g’ : Xz(t) = Xj(t) =u, 81Xi(t) > 0,81Xj(t) < 0,82Xi(t) > 0, 62Xj(t) > O,Xk(t) > uvk ;é Z,j})

:ﬁ’ E (\31Xi.02Xj - 32Xi01Xj|H81Xi(t)>oﬂalxj(t)<0]182xi(t)>0]182xj(z)>0
s

H Lx > | (Xa(), X;5(1) = (u,v) | px;0),x; 0 (u, u) dt
kti,j

(w)¢*(W)E (101 X:.0:X; — 02X;.01X|la, x; (ty>0la, x; (1) <0lo, x; (1) >0, X (t)>0) -

n—2

=02(S)®
(®)

Case 2: 01 X(T) < 0,01 X;(T) > 0,0:X(T) > 0, 0:X;(T) > 0. As in Case 1, we get the
upper bound

n—2

o2(S)®" " (u)p’ (W)E (101 X:.0: X5 — 02 X:.01 X [Ta, x, (1) <0l x; (1) 0L, x, (1)> 000, x, (1)>0) - (9)

Case 3: 01Xi(T) < 0,01 X;(T) > 0,0:X;(T) > 0,0:X;(T) < 0. It is clear that there exists a
line I; passing through T such that locally from T, if we go upward then the value of the field
X is decreasing, and meanwhile if we go downward then the value of the field X is increasing.
There exists also a line I; passing through T and reversing the monoticity of the value of the

field X; in comparison with /; to X;, see Figure 2.

Figure 2: Two lines I; and [; in Case 3.

Let a; be the angle of the line I; and the horizontal line (z-axis). For the vector €; =

(cos aii, sin a;), we have

0= ae,iXi(T) = COS 041'81Xi(T) -+ sin alagxl(T)

Therefore
tan q — sinai _ —81X1(T)
‘T cosa 0 Xi(T)
Similarly,
tana]- _ sinaj _ 81XJ(T)

cosa; —0:X,;(T)"
The minimal property of the record point T implies that a; > «;. Is is equivalent to tan(a;) >
tan(a;) and also to
N Xi(T)0:X;(T) — 0. X;(T)01 X;(T) <0.



As in Case 1, by Rice formula, we get the upper bound

-—n—2
02(8)®" " (u)® (W)E (|01 X:.0: X5 — 02X5.01 X;[To, X, (105X, (8)— 02 X, ()91 X, (1) <0
Lo, x, (1) <0lo, x,; (1) >0lay x; (1) 010, X, (#)<0) - (10)

Case 4: 01 X;(T) < 0,0:X;(T) > 0,0:X;(T) < 0,0:X;(T) > 0. Define two lines l; and I, as

in Case 3. By the same argument, we also deduce that
nXi(T)0:X,(T) — 0 X:(T)01 X;(T) < 0.

Then, as in Case 3, we get the upper bound

=n—2

02(8)®" " (u)” (W)E (|01 X:.0: X5 — 02X5.01 X;[To, X, (105X, (t)—02 X, ()01 X, (1) <0

I, x, (ty<ola, x; (1y>0la, x, (1 <olloy x; (1) >0) - (11)
Case 5: 01Xi(T) > 0,01 X;(T) < 0,0:X:(T) > 0,0:X;(T) < 0. Similar to Case 4, we get
the upper bound

—n—2

02(8)®" " (u)¢® (W)E (|01 X:.0: X5 — 02X5.01 X;[To, X, (102X, (8)— 02 X, ()01 X, (1) <0

Lo, x, (ty>0la; x; (t)<olla, x, (1) >0lay x; (1) <0) - (12)
Case 6: 0:X;(T) > 0,0:X;(T) < 0,0:X;(T) < 0,0:X,;(T") > 0. Similar to Case 5, we get
the upper bound

—n—2

02(8)®" " (u)p* (u)E (101 X:.0: X — 02X:.01.X;[To, x, (4105 X, (4) 02 X1 ()01 X (#)<0

Lo, x, (ty>0la, x; (1) <olla, x,; (1) <olop x; (1) >0) - (13)
Summing up the bounds -,

P(T € S, X,(T) = X;(T) = u, Xi(T) > u¥k # i, 7)
SO’Q(S)gni

=n—2

*(u)® (WE (|01 X:.0:X; — 0:X:.01X5]) /4 = 02(5)B" " (w)¢? (u) /4, (14)

Here the fact that
E(\alXi.ﬁng — 82Xi~81XjD = 17

can be deduced from the fact that the four random variables are i.i.d. standard normal variables

and in such case
E|XT - Y Z| :/ E(|X.t =Y.z | T =t,7 = z)exp[—(t* + 2°)/2]dtd=
R2

_ /RQ E(INV(0, £2 + 22)|) exp[— (2 + 22)/2]dtd=

2 t2+22 2 2 2
= [ YT TE xp[— (2 + 27)/2)dtdr = ——EN/T? + 22 = 1,
/R LS (P42 -

where T2 + Z2 has Rayleigh distribution with expectation /7 /2.

Note that, one has (g) ways to choose two indexes i, j. Then substituting and into (H) ,

—=n—1
n.®

P(T € S) < 02(S)

(u) “"2(? (cp(u/c) +ud(u/c)) + <§> <1>”‘2<u)s02<u>/4] - (19)



2.1.2 Record point on the boundary of S

T is on the boundary of S consisting of the edges (Fi,..., Fy). Almost surely, it is not located
at a vertex. Suppose that, without loss of generality, it belongs to Fi. Again, by Lemma there
is exactly one index ¢ such that X;(T) = u and X;(T") > w for j # ¢, since F is a one-dimensional

edge. By the property of the record point, it is easy to see that
X»L(T) =u, aaXi(T) > 0,8[3X¢(T) <0, and XJ(T) > uVy # i,

where @ is the upward direction on F; and ? is the inward horizontal direction.

Then, apply the Markov inequality and Rice formula in the edge I,

P{3T € Fy : Tis the record point}

< D P{AteFi: Xi(T) =u, 9aXi(T) > 0,05X:(T) <0, and X;(T) > uVj # i}
i=1,n
< Z E(card{t € Fy : Xi(T) =u, 9. X:(T) > 0,05X;(T) <0, and X;(T) > uVj # i})

= Z / 106X (t) L, x;(t)>0la, x; (¢ <0HHX >u | Xi(t) =u | px; o) (u) dt

J#i
—n—1 1 —cos®
= (R (We() B ((0aX(0) Tayxzo) = noa(F)2" (o) = 722,
where 07 is the angle (3, ?) Here the equality
1—cosf
E ((aaX(t))+HBaX(t>§0) = Wﬂl

can be deduced from the expression 93 X (t) = cos 61 9o X (t) +sin b1 Y, where Y is a standard normal
variable independent with 0o X (t).
Summing up all the bounds corresponding to all the edges Fy, the probability that the record

point is on the boundary of S is at most equal to

n@nil(uyp(u) Z (1- C(;sj%al(Fk) _nd a (1;)\4,/02(717:)01(85)7 (16)

since E o1(F;) cosf; = 0.

Hence summing up (| ., . and substituting into , we obtain the desired upper-bound in

our particular case.

2.2 Step 2: General polygon

In a more general case when S is a connected polygon, we will follow the idea as in [?]. The idea
is to decompose the original polygon S into smaller polygons with S1 the maximal emptyable subset

of S that contains O, and the complement S\S; consisting of several polygons S3,. .., 55", see Figure

B
We have

P{r&ag min {X;(¢)} > u} <P{max min {X;(0)} > u > u}
i=1l,n i=1,n

+ P{maxmin {X;(#)} > u, maz min {X;(0)} < u}

t€S1i=1,n i=1,n
+ ZP{max min {X;(¢)} < u, maxmin {X;(¢)} > u}. (17)
= teS1i=1,n tes}i=In



Figure 3: Decomposition of S.

Suppose for the moment that all the Sg, j =1,...,m are emptyable. Then, to give bounds to
the event

{max min {X;(t)} < u, max min {X;(¢)} > u},
t€S1i=T,n tesji=1,n

we can apply the reasoning of the preceding part but inverting the direction: in Sg, we search points

on the conjunction with maximum ordinate. We again consider two possibilities.

e The probability that the record point in the interior of Sé is at most equal to

02(S3) [n.cb“(u) 2 (cp(ufe) +ud(u/e)) + <§> <I>"2<u>s02(u>/4] (18)

e T lies on some edges of S3. Denote E; the common horizontal edge between S; and S3. Since

{max min {X;(¢)} < u}, then T is not on E. As in above part, we consider the event T is on
teS1i=1,n

each edge of Sg and sum up the bounds to obtain

P ({HT €aSiIn {{Ié%}l(lril%{)(z(t)} < u})

o @ (e [72(05) — 201(5))] 1
- 2v2r ‘
From and we have
P{Ms, <u, Mg; >u} < %;(Sé) (/) + ub(ufc)] + 2LILT1O5) = 2 (B)] o,

2v2r
Considering all the upper bounds for S%’s as in , and using the bound for S; that is obtained in
in Step 1 and substituting into , we can deduce the result.

In the general case, when some S% is not emptyable, we can decompose Sg as we did for S, and
search for the record point as above. Then the result follows.
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