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Abstract

We establish partial semigroup property of families of Riemann-
Liouville and Caputo fractional differential operators. Using this result
we prove theorems on reduction of multi-term fractional differential
systems to single-term and multi-order systems. As an application
we obtain existence and uniqueness of solution to multi-term Caputo
fractional differential systems.

1 Introduction

The theory of fractional differential equations has been developed fast in the
last few decades due to the contributions of scientists from various fields of
research (see [4, 7, 10] and the references therein). With its long memory and
nonlocal feature the fractional differential equations serve better for model-
ing real world precesses in many applications from physics, engineering to
biology and finance. It is of great importance, both from the theoretical and
practical point of view, to understand the fundamental properties of frac-
tional differential operators, especially those similar to the well investigated
properties of the classical integer order differential operators.

In this paper we deal with one of the fundamental properties of the frac-
tional differential operators, namely we study the semigroup property of the
families of Riemann-Liouville and Caputo fractional differential operators.
It is known that one of the important property of the classical differentia-
tion is its semigroup property: if a function f € C™la,b], [a,b] C R, m € N,
i.e. f is m times continuously differentiable on [a,b], then for all n,l € N,
n+1 < m we have f € C"[a,b], D"f € C'[a,b] and DY(D"f) = D" f;
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and vice versa. This semigroup property allows us to reduce a high or-
der ordinary differential equation to a high-dimensional system of ordinary
differential equations of order one, for which a well established theory is al-
ready developed. As for the fractional differential operators it is well known
that the semigroup property does, in general, not hold (see [4, 10]). Di-
ethelm [4, Lemma 3.13] has proved a kind of weak semigroup property of
the Caputo fractional differential operators and used it to derive a theorem
on reduction of a multi-term Caputo fractional differential equation to a
single-term Caputo fractional differential equation. This result is a useful
tool for studying multi-term fractional differential equations, since it allows
us to reduce a multi-term system to a single-term system for which many
tools of investigation are available. There are a number of works dealing with
this problem, especially the reduction to single-term fractional differential
equations is used to study the asymptotic behavior of solutions to multi-
order fractional differential systems [4, 5, 1, 3, 8, 11]. However, for a proof
of this weak semigroup property of Caputo fractional differential operators,
Diethelm [4] requires a strong assumption of smoothness of the functions un-
der differentiation. This high smoothness assumption seems unnatural, and
can hardly be fulfilled for a general Caputo fractional differential equation.
For a simple example let us consider an initial value problem with Caputo
fractional differential equation

“Dgz(t) — Ax(t) =0, t€[0,1],0<a <1,AeR,z(0) =z #0.

The solution to this problem is the Mittag-Leffler function zoE, (A\t*), which
is continuous on [0,1] but its derivative, 4 zEq(\®) = mg\* 1By o (AY),
has a singularity at 0, hence the solution x¢E, (M%) ¢ C1[0,1], thus does
not have the degree of smoothness required by Diethelm [4] for this Caputo
fractional differential equation. The problem is more visible if we replace
the constant A\ in the above equation by a piecewise constant or piecewise
continuous function A(¢), what can easily lead to non-differentiability of the
solution in points in the interior of the interval [0,1]. This shows that the
strong assumption of smoothness is hardly satisfied, so that the results of
Diethelm [4, Lemma 3.13, Theorems 8.1, 8.2, 8.9] have limited applicability
to the Caputo fractional differential equations. This example also shows
that a natural requirement for the solutions of initial value problems with
Caputo fractional differential equations is continuous Caputo fractional dif-
ferentiability of order a—the order of the fractional differential equation,
and that is what we do in this paper.

In this paper we will prove a (partial) semigroup property of the fami-
lies of Riemann-Liouville and Caputo fractional differential operators under



natural assumptions of fractional differentiability of the function under the
operators.

The paper is organized as follow. In Section 2 we present the defi-
nitions of Riemann-Liouville and Caputo fractional differential operators
which will be used in this paper. We present two approaches to the defini-
tion of the operators: the integrable and the continuous setting. In Section 3
we present the main results of the paper: theorems on (partial) semigroup
property of the families of Riemann-Liouville and Caputo fractional differ-
ential operators. In Section 4 we present two important applications of the
results on semigroup property derived in Section 3, namely the reduction of
multi-term Caputo fractional differential equations to single-term and multi-
order Caputo fractional differential systems, and a proof of the existence and
uniqueness of solution to multi-term Caputo fractional differential equation.
Section 5 presents two illustrative examples for the results of the preceding
sections.

2 Preliminaries

Let [a,b] C R, —00 < a < b < o0, be a closed finite interval of the real
line. Denote by Cfa,b] the space of continuous functions, by C™[a,m],
1 < m € N, the space of m times continuously differentiable functions, and
by Li[a,b] the space of integrable functions on [a,b]. Recall the notion of
Riemann-Liouville fractional integral operator (see e.g. [4]). For o > 0, the
operator J¢ defined on Li]a, b] by

1 x
JOf(z) = —— [ (xz—t)* f(t)dt,
21@) = e [ @0
for a < x < b is called Riemann-Liouwville fractional integral operator of
order a.. For a = 0, we set J° = I, the identity operator.
The integral operator J¢ has semigroup property with respect to its
parameter o > 0,

JOJB = JotB forall a>0,8>0.

Furthermore, clearly J¢ f(x) € Cla,b], hence the range of the operator J¢,
a > 0,isin C[a, b]. Clearly, Cla,b] C Li[a,b] hence J¢ can also be considered
as an operator from Cla, b] to C|a, b] for all a > 0.

In this paper we deal with two families of well-known fractional differ-
ential operators, Riemann-Liouville and Caputo fractional differential oper-
ators, which are defined based on the Riemann-Liouville integral operator.



Like the integral operator we can consider the differential operators, which
are inverses of the integral operator, in two settings: integrable and contin-
uous, what we do below (cf. [4, 12]).

Denote by R, Q, Z, N the sets of real numbers, rational numbers, integers
and natural numbers, respectively. For a real number o € R we denote by
[ar] the ceilling of «, i.e. smallest integer no smaller «, by [«a] the floor of
a, i.e. the greatest integer no greater than a.

Definition 1 (Riemann-Liouville fractional derivative). Let 0 < @ € R and
m := [a]. The operator #/D2 defined on L1[a, b] by

BIDS f = D™ ],

where D™ denotes the ordinary differential operator of integer order m, is
called the Riemann-Liouville fractional operator of order a. For o = 0, we
set DY = I, the identity operator.

If the function D™ J"~ f exists and is in the class L1[a,b] then we say
that the function f is Riemann-Liouville a-differentiable.

If f € Cla,b] and D™J"~*f exists and is in the class Cla,b] then we
say that f is continuously Riemann-Liouville a-differentiable.

So, in the integrable setting we consider #'D® : Li[a,b] — Lla,b,
whereas in the continuous setting D2 : Cla,b] — Cla,b]. Cleary, for
each fixed o > 0, there are functions f € Li[a,b] which are not Riemann-
Liouville a-differentiable, and there are functions f € Cla, b] which are nei-
ther continuously Riemann-Liouville a-differentiable nor Riemann-Liouville
a-differentiable.

Now we recall a definition of Caputo fractional differential differentiation
in both the integrable and continuous settings (cf. [4, 12]).

Definition 2 (Caputo fractional derivative). Let 0 < o € R and m := [«].
Moreover, assume that f € C™![a, b] is such that /D¢ f exists and belongs
to Li[a,b]. The operator “D2 defined on C™ [a, b] by

Dy f = "DG(f = T £ a]),s

where Ty,,—1[f;a] == 21:_()1 (Dkk%(t — a)* denotes the Taylor polynomial
of order m— of f centered at a, is called the Caputo fractional operator of
order o. For a = 0, we set CDg = I, the identity operator.

If the function “D2 f exists and is in the class Li[a, b] then we say that
the function f is Caputo a-differentiable.

If “D2 f exists and is in the class C[a, b] then we say that f is continuously
Caputo a-differentiable.



In parallel with the Riemann-Liouville fractional differentiation we see
that in the integrable setting D% : C*1=1[a,b] — L1a,b], whereas in the
continuous setting D2 : C*1=1[a, b] — Cla, b].

Notice that in Definition 2 we require the function f € C|a,b] to be
of class Cl*1=1[a, b], whereas some other authors (including Caputo in his
original work [2]) require the function f to be of class C*![a,b] to define
its Caputo a-derivative by a formula other than that of Definition 2, hence
in their approach D¢ : Cl®l[a,b] — Cla,b]. The first approach is a gen-
eralization of the second one, and in case f € C1?1[a,b] the two definitions
coincide.

Unlike the fractional integral operators J¢, 0 < a € R, and differential
operators of integer orders D™, m € N, the fractional differential operators,
both Riemann-Liouville BXD2 f and Caputo “D2f, 0 < a € R, do not
have semigroup property with respect to the parameter « of differentiation.
They may possess limited semigroup property under some assumptions (see
Diethelm [4] and Section 3 below).

3 Semigroup property of Riemann-Liouville and
Caputo fractional differential operators

In this section we investigate in details semigroup property of the fami-
lies of Riemann-Liouville and Caputo fractional differential operators. The
semigroup property derived is partial because it holds only for a particular
subset of the set of orders of differentiation 0 < o € R. However, the theo-
rems we get are true for all the functions (under differentiation) of suitable
a-differentiability, similar to the case of differentiation of integer order.

3.1 Semigroup property of the family of Riemann-Liouville
fractional differential operators

Theorem 3 (Partial semigroup property of Riemann-Liouville fractional
differential operators). I. Let 0 < 8 < a < 1 be arbitrary, f € C|a,b] be
continuously Riemann-Liouville a-differentiable. Then

(i) f is continuously Riemann-Liouville S-differentiable. Moreover, we
have (RLDP f)(a) = 0.

(ii) The derivative REDY f is continuously Riemann-Liouville (o — 3)-
differentiable. Moreover, RLDS P (RLDE f) = RLpDaf,

(iii) If f € C'a,b] and f(a) = O then for any 0 < 3 < 1 the func-
tion f is continuously Riemann-Liouville S-differentiable. Moreover, the



derivative RLD? f is continuously Riemann-Liouville (1 — j)-differentiable
and *'D; " (*ID] f) = Df.

IT. Conversely, let 0 < 5 < 1, v > 0 be arbitrary. Assume that a func-
tion h € Cla,b] is continuously Riemann-Liouville S-differentiable and the
derivative RLDg h is continuously Riemann-Liouville v-differentiable, then h

is continuously Riemann-Liouville (3++)-differentiable and #LD} (RLDS ) =
RL Dgﬂ h.

Proof. 1. (i) Since f is continuously Riemann-Liouville a-differentiable we
have J1=2f € C'a,b]. Put g := J1=*f. Then g € C'[a,b], and g(a) = 0
because 1 — o > 0. Since v — 8 > 0, by Miller and Ross [9, Theorem 2(b)]
we have

(t—a)*"'g(a)

D(Jg7Pg) = J3~"(Dg) + e p) Jo~?(Dyg).

Consequently, Jg - g € C'a,b]. Due to the group property of the family of
integral operators J/, 0 <r € R, we have

Ja—ﬁg _ Jﬁ‘ﬁJj‘“f = ,];_Bf,

a

Hence J2 P f is of C1 [a,b], thus f is Riemann-Liouville S-differentiable.
Now, since

BIDSf = D(JL P f) = D(J¢Pg) = J2 P (Dg)

we have (DS )(a) = J&P(Dg)(a) = 0 because Dg € Cla,b] and a—j > 0.
(i) Put f1 := BEDS f = Jo7P(Dyg). Since g € C'a,b] and g(a) = 0, due

to the group property of the fractional Riemann-Liouville integral, we have
Jo Oy = gy @2 (Dg) = Ji(Dg) = g € C'a, ).

Consequently, J;f(afﬁ ) fi € C'a,b], hence f is continuously Riemann-
Liouville (o — f)-differentiable. Now, we have

RID©=B) f, = D(J =P f1) = Dg = D(JL~f) = *ED2 f.

(iii) If 8 = 1 or B = 0 then (iii) is obviously true. Suppose that 0 < 8 < 1.
From the assumption f € C'[a,b] and f(a) = 0, due to Diethelm [4, Lemma
2.12], it implies that for any 0 < § < 1 the function f is continuously
Riemann-Liouville g-differentiable. Using the arguments of (i) and (ii) above
one can easily get the assertions of (iii).



II. By assumption Jo °h € C'a,b]. Put hy := BLDER = D(J27Ph).
Obviously, (Ja ?h)(a) = 0. Put k := [y] > 1 then k < [B+~] < k+1. From
the assumption that hj is continuously Riemann-Liouville y-differentiable it
follows that

JEhy € CFla,b) and  FLDYhy = DFJF7h,. (1)

Taking into account the fact that Jo °h € Cl[a,b] and (Jo "h)(a) = 0,
by Miller and Ross [9, Theorem 2(b)] and the semigroup property of the
operators J), 0 < r € R, we have

JFVhy = JEY DI PR) = DIFY(JPR) = DJFIGER) (2)
Now, if [5+ 7] =k + 1 then from (1)—(2) it follows that
DJPFN =N, = p =3+ = JE=7h, € CFla, b),

implying DF+LIIPY =B, — Dk E=7h, hence REDEYh = RLD)hy. If
[B+~| =k then from (1)—(2) it follows that

JIBHA=E ], = D= ) = JFThy € CFla, b],

implying DFJPHN=B4 ) — Dk 7E=Yh,  hence RLDZH 7 = RLDY hy.
The theorem is proved. O

Theorem 3 provides us with partial semigroup property of the family of
Riemann-Liouville fractional differential operators, similar to what of the
family of differential operators of integer orders, but limited to the range of
the orders of fractional differentiation 0 < o < 1.

If the order of differentiation is an integer then the Riemann-Liouville
differential operator coincides with the classical differential operator and
possesses some distinctive feature of the later. Next theorem takes into
account this circumstance.

Theorem 4. Let o > 1 be arbitrary, and f € Cla,b] be continuously
Riemann-Liouville a-differentiable. Then

(i) For those 0 < B < « such that « — 8 € N, the function f is contin-
uously Riemann-Liouville S-differentiable, the derivative RLpf f is continu-
ously Riemann-Liouville (o — 3)-differentiable and D% RLDS ¢ — RLpayf,

(ii) For any 0 < 8 < a — |/, the function f is continuously Riemann-
Liouville -differentiable and (RLDg f)(a) = 0. Moreover, for any 0 < v <
a— || — B the derivative BLDf f € C[a, b] is continuously Riemann-Liouville
~-differentiable and BLD)RLDS § = RLDST7 ¢,



Proof. (i) If @ € N then 8 € N, hence (i) is clearly true due to the properties
of the classical differentiation. Suppose that @ ¢ N. Put 2 < m := [a] € N,
n := [B] € N. By assumption, m > n and m —a = n — 5. Since f is
continuously Riemann-Liouville a-differentiable we have J"~*f € C™|a, b],
hence Jo? f € C™[a,b]. Consequently, f is continuously Riemann-Liouville
p-differentiable. Using J!"~*f € C™[a,b] and oo — f = m — n we get

RLD(CIXJC — DmJ:%—af — Dm—nDnJ;n—ozf _ Dm_nDnJ;'_ﬁf — Da_ﬂRLDgf.

(ii) If & € N then a — || = 0 and (ii) is obviously true. Suppose that
a ¢ N. Put a; :==a—|a], ag:= 4. Then 0 < as < a1 < 1. By (i) above
f is continuously Riemann-Liouville ay-differentiable. By Theorem 3(i) the
function f is continuously Riemann-Liouville ao-differentiable. Applying
Theorem 3 to the function f, which is continuously Riemann-Liouville ao-
differentiable, we complete the proof of part (ii).

The theorem is proved. O

Proposition 5. (i) Let > 1, 0 < 8 < « be such that « — 8 ¢ N and
B > a — |a]. Then there exists a function f € Cla,b] such that f is
continuously Riemann-Liouville a-differentiable, but f is not continuously
Riemann-Liouville -differentiable. Moreover, if 8 > (a — |a]) + 1 then f
is not Riemann-Liouville S-differentiable.

(ii) Let « > 1, 0 < 8 < a — |a] < 1 be arbitrary. Then for any
v>(a—lal)—=p5, (B+7) —a+ |a] €N, there exists a continuous function
f € Cla,b] such that f is continuously Riemann-Liouville a-differentiable,
hence continuously Riemann-Liouville -differentiable, but the derivative
RLDf f is not continuously Riemann-Liouville v-differentiable.

Proof. (i) Put ¢ := a — [a]. Then 0 < ¢ < 1. We choose f := (t —a)° €
Cla,b]. By Diethelm [4, Example 2.1], in case ¢ > 0 we have

Jhel=ap — glal=a _g)e = (t —a)T(c+ 1) € C®[a, b];
and in case ¢ = 0 we have Ja{a]*a f=1¢€ C®[a,b]. Hence f is continuously
Riemann-Liouville a-differentiable with (F-D2 f) € Cla, b] for any a > 0.
From assumption we have 8 — ¢ ¢ N, hence by Diethelm [4, Example
2.4] we have
I'(c+1)
F(c+1-5)

Furthermore, we have 8 > ¢, hence RLDf f & Cla,b]. Consequently, f is not
continuously Riemann-Liouville S-differentiable.

MDLf = (t—a)".



Now, suppose that > (a—|a])+1, then f—c > 1. In this case we have
RLDf f & Li]a,b]. Consequently, f is not Riemann-Liouville -differentiable.

(ii) If o € N then there is no 5 and (ii) is true.

Suppose that o ¢ N. We use the same function f as (i) above. Put
f1 :=BLDZ f. By Diethelm [4, Example 2.4], since (8 + ) — ¢ € N we have

T(c+1) B

RL RLpyy(RLpA — a)¢B+)

DY f1 = DY ("D = t .

afl a( af) F(C 1_(5 ,7))( CL)

Since ¢ — (8 + ) < 0 we have XD} f; & Cla,b] and (ii) is proved. O

Remark 6. (i) In the proof of Theorem 3 we need to use essentially the as-
sumption that f € Cla, b] is continuously Riemann-Liouville a-differentiable.
Note that this assumption implies that f(a) = 0 (use 8 = 0 in part (i) of
the theorem).

(ii) Part I of Theorem 3 is similar to Theorem 2.13 in Diethelm [4], which
is formulated for integrable setting.

(iii) Theorems 3-4 and Proposition 5 provide us with a complete description
of partial semigroup property of the family of Riemann-Liouville fractional
differential operators.

3.2 Semigroup property of the family of Caputo fractional
differential operators

Since Caputo differentiation is defined via Riemann-Liouville differentiation
it is not difficult to adapt the result of Subsection 3.1 above to the case of the
Caputo fractional differentiation. However, the Caputo differentiation has
its distinctive feature what allows us to prove partial semigroup property of
the family of Caputo fractional differential operators “D2f, 0 < o € R, for
a bigger set of the parameter o than the Riemann-Liouville case.

First we use Theorem 3 to prove a similar result for Caputo fractional
differentiation.

Proposition 7. Let 0 < 5 < a < 1 be arbitrary, f € C|a, b] be continuously
Caputo a-differentiable. Then

(i) f is continuously fS-differentiable. Moreover, (°DE f)(a) = 0.

(ii) The derivative CDEf is continuously Caputo (a — B)-differentiable.
Moreover, Dy PCDE f = Cpof.

Proof. (i) Put g := f — f(a). Since 0 < 8 < a < 1, by definition “D%f =

RLDag. Therefore g is continuously Riemann-Liouville a-differentiable. By



Theorem 3, g is continuously Riemann-Liouville S-differentiable, and (RLDB )(a) =
0. Consequently, f is continuously Caputo (§-differentiable, CDﬁ f= RLDﬁ
and (°Dg f)(a) = (*'D{g)(a) = 0.
(i) For f1 := DI f € Cla, b], by (i) above we have f1(a) = (°DE f)(a) =

0, and also f; = RLDg g. Since g is continuously Riemann-Liouville a-
differentiable, by Theorem 3, f; is continuously Riemann-Liouville (o — /3)-
differentiable and RLDS ™ fi = BID2g. Consequently, since -Dg - fi=

Cpe—F f1 because 0 < a — 8 < 1 and fi(a) = 0, taking account the equality

RLpeg = DS f we get “Dg " f; = D2 f. O

Unlike the Riemann-Liouville case where the semigroup property is lost
as soon as « > 1 as shown in Proposition 5, in the Caputo case we still
have some limited semigroup property of the operator of Caputo continuous
fractional differentiation for o > 1 as asserted in the theorems below. To
derive the theorem we will use the results by Vainikko [12].

Recall that for a smooth function f € C™[a,b], m € N, we denote by

Twlf;a] =311, (D g, “)( a)¥ its Taylor polynomial of order m centered
at a. For m € N we put

Cla,b] :== {v € C™[a,b] : v*(0) =0,k =0,1,...,m — 1}.

It is easily seen that for m € N the range of the Riemann-Liouville fractional
integral operator J!*, in the continuous setting, is

J"Cla,b] = {v € C™[a,b] : v*(0) =0,k =0,1,...,m — 1} = C"[a, D).

We denote by DF, 0 < a € R, the inverse of the Riemann-Liouville fractional
integral operator JZ, i.e.

Dsv = (J) v, for ve J*Cla,b];

that means D§ is defined on J'Cla,b], and for v € J$C|a,b], hence exists
u € Cla,b] such that Jlu = v, we set D§v = u. Clearly the range of Df is
a subset of C[a,b]. Using the semigroup property of the family of integral
operators J¢, 0 < o € R, one can prove that the domain of D is a subset of
C’éaJ [a,b] C Cla,b]; and the family of differential operators Df, 0 < o € R,
has semigroup property with respect to the parameter «, like the family
of classical integer order differential operators D", n € N, does. For more
details on the operator Df and its properties as well as its relation to Caputo
and Riemann-Liouville derivatives we refer the reader to Vainikko [12].
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Theorem 8. Let a > 0, [a] — 1 < § < a be arbitrary, f € C[*1=1[a,b] be
continuously Caputo a-differentiable. Then

(i) f is continuously S-differentiable. Moreover, if 8 ¢ N then (°Df f)(a) =
0.

(i) The derivative °Df f is continuously Caputo (o — 3)-differentiable.
Moreover, DS - CDg f= CDg‘ f.

Proof. (i) Putm := [a]. Thenm > 1, f € C"™ Ya,b]. Put g := Tp_1[f;a] =
2”;01 (Dkk,%(t — a)*. We consider two possible cases.

1. First we consider the case a ¢ N. By Vainikko [12, Proposition
5.1], f is continuously Caputo a-differentiable if and only if f — g is Df-
differentiable. This implies that f—g is Dg -differentiable because 0 < 8 < «
and the family of operators D(j, r > 0, has semigroup property with respect
to the parameter r. Then, again by virtue of Vainikko [12, Proposition 5.1]
we get that f is continuously Caputo S-differentiable. By Vainikko [12,
Theorem 5.2], since f € C™ 1[a, b] is continuously Caputo a-differentiable,
there exists a finite limit

lim(t — o)™ (D™ ) (1) — (D7) (@) = 3
and (°D2f)(a) = T'(a + 2 — m)yy,. Similarly, if 8 ¢ N there exists a finite
limit

lim(t —a)™ (D) () — (D™ )(@) =2, (4)

t—a

and (°DSf)(a) =T(8+ 2 —m)y,,. Since a — 8 > 0, from (3)-(4) we get

Y = lm(t—a)" (DT () — (D7) ()
= lim(t —a)* 7(t —a)" (D)) — (D™ ) (a))

t—a

= 0Xv,=0.

Thus (°Dj f)(a) =0 if 8 & N.

If € Nthen 8 =m — 1 and clearly f € C”[a,b], hence is continuously
S-differentiable.

2. Now we consider the case a € N. We have a = [a|] = m and
m—1 < f < m. Since f is continuously Caputo a-differentiable, f €
C"™la,b]. Therefore, by Diethelm [4, Lemma 3.11], f is continuously Caputo
B-differentiable with continuous derivative (CDg f) € Cla, b] and, moreover,
(CDgf)(a) = 0in case § ¢ N. If 8 € N then § = m — 1 and clearly
f € CPla,b], hence is continuously S-differentiable. Part (i) of the theorem
is proved.
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(ii) We prove this part in considering all four possible cases.
1. First we consider the case o ¢ N and 8 ¢ N, thus [a] = m and

B>m—1. Put f:=f—g, where g = Tp_1[f;a] = znol(Df)(a)( a)k.
Since f is continuously Caputo a-differentiable, by Vainikko [12, Proposition
5.1] the function f f — g is Dg-differentiable and Df f D2 f. Using
semigroup property of the family of operators Dy, r > 0, with respect to the
parameter 7, since 0 < 8 < « the function f is Dg -differentiable and Dg f
is Dy ~A_differentiable, furthermore

D5~ (Dgf) = D f =D . (5)
Due to part (i) above f is continuously Caputo [-differentiable, hence

the function f = f—g is Dg-differentiable with derivative Dg(f—g) € Cla,b]
and CDf f = Dg(f —g), that is

“DEf=DyF, (6)

and by (5) the derivative f; := CDE f is continuously Dy ~A_differentiable.
Since 0 < a — 8 < 1, by Vainikko [12, Proposition 5.1] we have

Dy (DY f) = DA (DY f) — (D (). (7)

Since f is continuously Caputo g-differentiable the function f =f—gis
continuously Caputo ﬁ-diﬂerentiable, because g is a polynomial of degree not
greater than [5] — 1 hence cps g = 0 Therefore, by Vainikko [12, Propo—
sition 5.1], the function f — Tp,—1[f;a] has continuous derivative D’B (f —
Tr-1[f;a]) € Cla,b] and °Df f = Dyg 5(f = Tm_1]f: a]). Moreover, since 3 ¢
N, °DZ f(a) = 0. Since g = Yoo ( g)( )( a)* we have T,,_1[f;a] = 0,
hence

“Dif=Dyf and Djf(a)=Dif(a)=0. (8)

From (6)—(8) it follows that the function f; is continuously Caputo (o —

B)-differentiable; and moreover, by virtue of (5) we have

CDaf DOé B(Dﬁf) CDOé Bfl

2. The case « € Nand 8 € N, thus 8 = m—-1 < a < m. Put
fo := D™1f then we have fo € Cla,b] and f» = °Df f. By Vainikko [12,
Theorem 5.2] the continuous Caputo derivative of order « of f is given by

Def(t) = o ((t— )" ()~ fola))

I'(m—«)
+(a—m+ 1)/ (t — s)™=O"2(fy(t) — fg(S))dS), a<t<b.
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Wehave 0 < a—f =a—m+1 < 1land [a—f]| = 1. Applying Vainikko [12,
Theorem 5.2] to the function fs we get that fs is continuously Caputo (a—/)-
differentiable and the Caputo derivative of order (« — /3) of fa is given by

A R— (6= a7 () — fota)

I'(m—a«

Flamma1) [ ) - M), a<t

Consequently, D2 PCDS f = Cpe=F ¢, = “Def.

3. The case « € Nand 8 ¢ N, thus & = m and []| = m. In this case f €
C™|a, b], and by Diethelm [4, Lemma 3.13] we have “DS?CDE f = Cpa .

4. The case « € Nand g € N, thus « = m and 8 =m — 1. In this case
the Caputo differentiation coincide with the classical differentiation. Since
f is continuously Caputo a-differentiable we have f € C™[a,b] and clearly
CpyPCplf="Cpay.

Part (ii) is proved. The theorem is proved completely. O

The following theorem asserts the partial semigroup property of the
family of Caputo fractional differential operators. This theorem includes
Theorem 8 as a particular case, whereas Theorem 8 is a generalization of
Proposition 7.

Theorem 9 (Partial semigroup property of Caputo fractional differential
operators). I Let o > 0 be arbitrary and f € C1*1=1[a,b] be continuously
Caputo a-differentiable. Then

(i) For any 0 < 8 < «, f is continuously Caputo S-differentiable. Fur-
thermore, if 5 ¢ N then (CDgf)(a) =0.

(ii) For any 0 < v < 1 such that 5+ v <« and [5+~v]| — | 5] = 1, the
derivative CDg f is continuously Caputo v-differentiable, and CDzCDg f=
C Dg-iﬁ f

II. Conversely, let 5 > 0, 0 < v < 1 be such that [B + ] — [8] = 1.
Assume that a continuous function h € C#1-1[a,b] is continuously Caputo
[-differentiable such that CDER is continuously Caputo ~y-differentiable, and
assume additionally that ¢pp h(a) = 0 if B & N. Then h is continuously
Caputo (8 + v)-differentiable, and “DJ(°DER) = DI h.

Proof. 1. (i) If [a] —1 < 8 < a then we are done by using Theorem 8(i). If
B < [a]—1, then |8]+1 < [a]—1, hence f € CB+1[a,b]. Consequently f is
continuously Caputo (|3] + 1)-differentiable. Therefore, by Theorem 8, f is
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continuously Caputo S-differentiable. Moreover, if 8 ¢ N then (CDE fla) =
0.

(ii) By (i) above, since 5+ v < a the function f is continuously Caputo
(B + ~y)-differentiable.

Now, since ¥ > 0 and [8+~] — 8] =1 we have [++] -1 < 8 < B+7.
Therefore, by Theorem &, the derivative CDg f is continuously Caputo -
differentiable, and CDJCDf f = CDE ¢,

II. We prove this part in considering all possible three cases.

Case 1: B ¢ N. We put h := h — Tig1-1[h;a]. Since h is continuously
Caputo S-differentiable, by Vainikko [12, Proposition 5.1] the function h is
Dg—differentiable and Dgil = CDgh =: hy. Note that, in this case 0 < v < 1.
Therefore, since by assumption hj is continuously Caputo ~y-differentiable
and hi(a) = 0, the function hy is D]-differentiable and CDih, = DJhy.
Consequently, by the semigroup property of the operators Dy, r > 0, with
respect to the parameter r, the function h is Dg *7_differentiable and we

have R X
DY h = DIDEh = DIhy = “DJhy.

Since [8] = [8+~] and h is Dg+7—differentiable, in case B+ € N by
Vainikko [12, Proposition 5.1] the function A is continuously Caputo (5+)-
differentiable, and CpBHIp = Dg *7h, hence CDBHh = CDYhy. Otherwise,
if B+~ € N then, since Tjg)_1[h;a] is a polynomial of degree not greater
than 8+ v — 1, we have

Dg—wil — DAY, — D,6’+7(h — Trg1-1[h;a]) = DB — CDng"Yh,

hence D27 = CDYh,.

Case 2: B €N, f+~ ¢ N. In this case we have [f+~v] =0+1, v < 1.
The function h € CP[a,b] and hy = °Dih = DPh € Cla,b] because h is
continuously Caputo S-differentiable. By Vainikko [12, Theorem 5.2], since
hy is continuously Caputo v-differentiable, 0 < v < 1, we have the finite
limit limy_,q(t — a) ™Y (h1(t) — hi(a)) =: ¢1 exists and

t
sup ‘/ (t — )7 (hy(t) — hi(s))ds| =0 as 671.
ot

a<t<b

Now apply Vainikko [12, Theorem 5.2] to the function h € C?[a,b] with
DBh = hy we get that the function h is continuously Caputo (8 + 7)-
differentiable and °DS™h(a) = T(y + 1)e1 = DIhy(a). Moreover, for
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a <t <bwe have

DI = gy (0700~ hafa)

= “Dihy(t).

Thus, D 7h = DI h,.
Case 3: B € N, 8+~ € N. Our assertion is true and this case due to
the rule of classical integer order differentiation. O

Next theorem concerns the distinctive case of one order of Caputo dif-
ferentiation being an integer.

Theorem 10. Let o > 0 be arbitrary and f € Cl*1=1[a, ] be continuously
Caputo a-differentiable. Then for any [ € N, 0 <1 < [a] — 1 the function f
is continuously Caputo [-differentiable. The derivative D!f is continuously
Caputo (a — I)-differentiable. Moreover, “D¢~!D!f = ¢Da f.

Proof. In case o € N we are back to the classical integer order differentiation
and the theorem trivially holds. Assume that o ¢ N.

Put m = [a], g := T_1lf;al, f1 := D'f, fo := D™ 'f. Since f
is continuously Caputo a-differentiable, by Vainikko [12, Theorem 5.2] the
continuous Caputo derivative of order « of f is given by

DO = gy (= 0"l ~ fala)

I'(m-—a«
+ (a—m+1) /t(t — 8)"TOT2(fy(t) — fQ(S))dS), a<t<hb.

Clearly, fo = D™ '=Lf, hence by Vainikko [12, Theorem 5.2] the function
f1 is continuously Caputo (« — I)-differentiable, and its continuous Caputo
derivative of order (a —[) is given by

DA = gy (= 0™ — ala)

I'im—a

+ (a—=m+1) /t(t —8)"TOT2(fy(t) — fg(s))ds), a<t<hb.

Consequently, “Do~! f; = €D f, thus “D~!D!f = €D2 f. O
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Proposition 11. (i) For any 0 < o, € R such that 8 ¢ N, [5] < «,
there exits a continuous function f € Cla,b] such that f is continuously
Caputo a-differentiable hence continuously Caputo §-differentiable, but the
derivative €Df f is not continuously Caputo (a — 3)-differentiable.

(ii) For any 0 < a, 8 € R such that 8 ¢ N, [f] + 1 < a, there exits
a continuous function f € Cla,b] such that f is continuously Caputo a-
differentiable hence continuously Caputo S-differentiable, but the derivative
CDf f is not Caputo (ov — B)-differentiable.

(iii) For any 8,7 > 0, 8 ¢ N, and v ¢ N, there exists a continuous func-
tion h € C W—l[a, b] which is continuously Caputo -differentiable such that
CDg h is continuously Caputo 7-differentiable, but €Dy (CDg h) # CDg h.

Proof. Put m := [a], n:= [f]. Choose f := (t —a)™ for both parts (i)-(ii)
of the proposition. By assumption, m > n and n — 1 < 8 < n. Since
f € C*®[a,b] the function f is continuously Caputo [S-differentiable as well
as continuously Caputo a-differentiable. A simple calculation gives

Dif = JTDMf=0,

_ _ Fn+1) _
_Cnp _ n—BpmPnge _ n—05_1 _ n—p3
=D = JVPD"f =] l= —————(t — .
fl af a f a n F(TL— B 1)( (L)
Consequently, we have
_ 53 T(n+1) _
Cra—p Cra—p n—p3
D = “D t—
o N “ T(n-p+ 1)( @)
I'n+1
(TL ) (t _ a)n—oc'
Fn+1-—a)

(i) Since by assumption a > [B] = n we have n — a < 0. Therefore
(t —a)" & Cla, b], hence f; = Df f is not continuously Caputo (o — 3)-
differentiable. Furthermore, in case —1 < n — a < 0 we have (t —a)"" % €
Li[a,b] hence f; is Caputo (o — 3)-differentiable, but “D2 f # €Dy P f,.

(ii) Since by assumption o > [/] + 1 we have n — a < —1. Therefore
(t —a)"* ¢ Lia, b, hence CDf f is not Caputo (o — B)-differentiable.

(iii) Take h := (t — a)® then h is continuously Caputo S-differentiable
with derivative hy = CD2h = ['(8+1) # 0. The function h; is continuously
Caputo v-differentiable, and “DJh; = 0. On the other hand,

L(B+1) _

CpB+rp, — CpBty g_Ltp+1) -

Da h = Da t—a)” = t—a .

= I - 'v)( )

Therefore, CDg(Cth) =CDhy # DI, 0
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Remark 12. (i) The assumption that f is continuously Caputo a-differentiable
in Proposition 7 does not imply that f(a) = 0 as in the Riemann-Liouville
case (cf. Remark 6(i)).

(ii) Lemma 3.13 in Diethelm [4] is similar to Theorem 10, but it requires a
stronger smoothness condition on f.

(iii) Theorem 9-10 and Proposition 11 provide us with a complete descrip-
tion of a (partial) semigroup property of the family of Caputo fractional
differential operators.

4 Applications

In this section we present some applications of the semigroup property of
the family of Caputo fractional differential operators derived in the preced-
ing section. Namely we will present our results on reduction of a multi-
term Caputo fractional differential equation to a single-term or to a multi-
order Caputo fractional differential system, and a theorem on existence and
uniqueness of solution to a general multi-term Caputo fractional differential
system.

In this section, speaking of a solution of Caputo fractional differential
equation we mean a function which is continuously Caputo differentiable
of the desired order and satisfies the equation in consideration; and for
the vector case we do the differentiation and computation component-wise.
Note that this is a natural definition of a solution of a differential equa-
tion, and it allows us to show that the Caputo fractional differential equa-
tion with continuous coefficients is equivalent to the corresponding Volterra
integral equation (see Diethelm, Siengmund and Tuan [5, Definition 2.1],
Diethelm [4, Chapter 6])

4.1 Reduction of a multi-term system to a single-term or
multi-order system of Caputo fractional differential equa-
tions

In this subsection we deal with the problem of reduction of multi-term Ca-
puto fractional differential equation to a system of single-term or multi-order
Caputo fractional differential equations.

In certain cases we have to deal with Caputo fractional differential equa-
tions of order higher than 1 or equation of many differential term of different
orders, for example in the problem of fractional relaxation and oscillation
(see Gorenflo et all [6, Section 8.1.2]), or the Bagley-Torvik equation (see
Diethelm [4, Chapter 8]). The results in this paper provide us with a tool
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to deal with such kind of equations by reducing a multi-term equation to a
single or multi-order fractional differential system. This is achieved by the
method of change of variable. This approach is simple and similar to the
one in the classical theory of ordinary differential equations, and is treated
in the book by Diethelm [4, Chapter 8]. The main key here is the connec-
tion of the Caputo fractional derivatives of different orders—the semigroup
property—provided by Theorem 9.

Since the semigroup property derived in Theorem 9 is partial, i.e. true
for only limited set of parameter of differentiation, the reduction we are
able to do is not simple as its counterpart in the classical theory of ordinary
differential equations.

First, we present a reduction theorem in the case of rational orders of
Caputo differentiation. Let us emphasize that while our Theorem 13 below
looks like Theorem 8.1 of Diethelm [4] the important difference is the fact
that using our result on semigroup property in Section 3 we are able to
drop the assumption on high smoothness of the solution, thus our theorem
provides a natural equivalence of the systems under consideration.

Theorem 13 (cf. Theorem 8.1 of Diethelm [4]). Consider the equation
“Dgra(t) = f(t,x(t), “Dgra(t), “Dy2a(t), ..., “Da* a(t)), (9)
t € [a,b], subject to the initial conditions

(Dz)(a) =2, j=0,1,... [ay] —1, (10)

a

where o, > ap—1 > - > 0, aj —aj—1 < 1 forall j = 2,3,...,k and
0<a; <1, f:[ab] x R¥ = R is a continuous function. Assume that
aj € Qforall j =1,2,...,k, define M to be the least common multiple of
the denominators of oy, o, ...,ar and set v = 1/M and N = May. Then
this initial value problem is equivalent to the system of equations

CDg.%'Q(t) = xl(t),
CD;Z.’El(t) = Jig(t),
: (11)
CDZQ?N_Q(t) = xN_l(t), N
CDng—l(t) = f(t7x0(t)7CDglma1/7(t)v'”7CDakilmak,1/'y(t))7

together with the initial conditions

Tg if j/M € N
(a) = ’ ’ 12
zi(a) { 0, if j/M ¢ N, (12)
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in the following sense.

1. Whenever the vector function X := (xq,1,...,2x_1)7 is the solution
of the system (11)-(12), the function x := x( solves the initial value problem
(9)-(10) on [a, b].

2. Whenever a function z € Cl*11 is a solution the initial value prob-
lem (9)-(10), the vector function

X = (w0, 21,...,an-1)" = (z,D)x, D) g, ... CDIN=Dr)T
solves the multidimensional initial value problem (11)-(12).

Proof. Note that the only difference between our theorem and Theorem 8.1
of Diethelm [4] is the assumption of smoothness of solution: we require the
solution of the problem (9)-(10) to be continuously Caputo ay-differentiable
whereas in Theorem 8.1 of [4] one needs a stronger assumption of Cl*1[a, b].

It is easily seen that same arguments as in the proof of Theorem 8.1 of
[4] with the change of the usage of Lemma 3.13 there to the usage of our
Theorem 9 furnish the proof of the theorem. O

Corollary 14. In the situation of Theorem 13, assume additionally that the
function f is uniformly Lipschitz in the x variable, i.e. there exists L > 0
such that

’f(t7y) - f(t,Z)‘ < LHy - ZHa forall 1€ [a,b}, Y,z € Rk-

Then both the initial value problems (9)-(10) and (11)-(12) have unique
solutions and the solutions agree in the sense of Theorem 13.

Proof. By Theorem 2.3 of Diethelm, Siengmund and Tuan [5] for any initial
value (12) the equation (11) has unique solution. Therefore, by Theorem 13
for any initial value (10) the equation (9) has unique solution and that
solution agrees with the solution of (11)-(12). O

As noted by Diethelm [4], Theorem 15 has limitation in applications: it
is applicable only to the case of rational indices of differentiation or com-
mensurate indices if all the indices are not greater than 1. Furthermore, the
reduced single-term system may be of very high dimension because the pa-
rameter v there can be very small. A way to tackle these drawbacks would
be the use of a multi-order Caputo fractional system instead of single-term
Caputo fractional system what we present below.

Let us consider Caputo fractional differential equation (9) on [a, b] sub-
ject to the initial conditions (10). Put Bi := a1, B = o — a1 for
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j=2,...,k x =2, x; ;= Dy’ 'z for j = 2,...,k. Without loss of
generality we assume further that there is no integer lying between two con-
secutive numbers «;, j = 1,...,k, because we may add an integer derivative
of z to the set of variables of f without changing the function f in (9). Note
that by the assumption on «j, j = 1,...,k, we have 0 < 3; < 1 for all j.
We have the following equivalence result.

Theorem 15 (cf. Theorem 8.9 of Diethelm [4]). Subject to the above
conditions, the multi-term equation (9) with the initial conditions (10) is
equivalent to the system

DR E(t) = ma(t),
CDExs(t) = ws(t),
: (13)
ODgttayy(8) = ax(t),
Cngxk(t) = f(ta xl(t)a xQ(t)¢ <. 7$k(t))
with the initial conditions
BT
zj(a) =9 2, ifj=1€eN, (14)
0, else,

in the following sense.
1. Whenever the function z € Cl*1=1 is a solution of the multi-term
Caputo fractional differential equation (9) with the initial conditions (10),

the vector function X := (z1,x2,...,z;) with
[ ), ifj=1,
z(t) = { DS a(t), i) > 2, (15)

is a solution of the multi-order Caputo fractional differential equation (13)
with initial conditions (14).

2. Whenever the vector function X := (z1,x9,...,x;)" is a solution
of the multi-order Caputo fractional differential system (13) with initial
conditions (14), the function z := x; solves the multi-term Caputo fractional
differential equation (9) with the initial conditions (10) on [a, b].

)T

Proof. Similar to the proof of Theorem 13 above. O

Remark 16. (i) Theorems 13 and 15 are still valid if we considers the equa-
tions on the infinite time interval [a, c0).
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(ii) In the situation of Theorem 13, if o, < 1 then one needs not assume
the indices aj, j = 1,...,k to be rational numbers but only the assumption
that they are commensurate, i.e. o;/cj € Q for all 7, j, suffices.

(iii) In Theorems 13 and 15 we do not assume neither existence nor the
uniqueness of solutions of the systems in the considerations.

(iv) The smoothness conditions on solutions of the systems considered
in Theorems 13 and 15 are natural enough such that it is automatically
provided by all the theorems on the existence and uniqueness of the solutions
of those systems under a natural requirement of Lipschitz continuity of the
coeflicients of the systems.

4.2 Existence and uniqueness of solution to multi-term Ca-
puto fractional differential systems

Based on our results above and the available partial results in the liter-
ature we are able to give a concise proof of a theorem on existence and
uniqueness of solutions to a general multi-term and general multi-order Ca-
puto fractional differential system. Notice that a theorem on existence and
uniqueness of solution to multi-term is proved by Diethelm [4, Chapter §]
using a fairly complicated method of approximation.

Theorem 17. Consider the equation
D% x(t) = f(t,z(t), “ DM x(t), D2 x(t), ..., “De* x(t)), (16)
t € [a,b], subject to the initial conditions
(DIz)(a) =2, j=0,1,...[ax] — 1, (17)

where o > ag—1 > - > 0, o —a;_1 < 1forall j = 2,3,...,k and
0<a; <1, f:][ab] x R¥ - R is a continuous function. Assume that f
satisfies an uniform Lipschitz condition, i.e. there exists a positive constant
L > 0 such that

|f(t,y) — f(t,2)| < L|ly — 2|, forall te€ a,b], y,zERk.

Then for any 2y € R” there exists unique continuous solution z : [a, b] — RF
to the equation (16) that satisfies the initial conditions (17).

Proof. Notice that the system (16)-(17) is exactly the system (9)-(10) treated
in Theorem 15. Use Theorem 15 to reduce the multi-term Caputo fractional
differential system (16)-(17) to a multi-order system (13)-(14). By Theo-
rem 15 all the orders of Caputo differentiation in the derived multi-order
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Caputo fractional differential system (13)-(14) are in (0, 1]. Therefore, due
to the assumption of Lipschitz continuity of f, Theorem 2.3 of Diethelm,
Siengmund and Tuan [5] is applicable to the multi-order system (13)-(14),
implying that for any initial value (14) the multi-order system (13) has
unique solution. By Theorem 15, this implies that for all initial value (17)
the original multi-order system (16) has unique solution. O

5 Illustrative examples

In this section we give two examples. The first is an example of a diagonal
system to show non-applicability of Theorem 8.1 of Diethelm [4] due to the
strong smoothness requirements, and in the meantime Theorem 13 is appli-
cable to that system. The second example is application of the reduction
technique to investigate Lyapunov stability of a linear multi-order Caputo
fractional system; this example is taken from [5].

Ezample 18 (a-differentiability but no C*l-smoothness). Consider the multi-
term Caputo FDE,

CDgx — A°Dfz =0, (18)
te0,2,0<f <a Choose A\=1,=1a=15s0a—8=05=:7,
B =27, a = 3. According to Kilbas et al. [7, Theorem 5.13] this equation
has solution

xo(t) = Ea*ﬁ’()‘ta_ﬁ) - )‘ta_ﬁEa*B,a*ﬂ+1()\ta_ﬁ) =1,
z1(t) = tE6 p2(MYP)=tE, (1),

where E,, 5(-) denotes the two parameter Mittag-LefHler function, and E,(-) :=
E,1(+) denotes the one parameter Mittag-LefHler function. We have x¢(0) =
1,Dz0(0) = 0 and z1(0) = 0,Dz;(0) = 1. These two solutions form a
fundamental system of solutions to the linear equation (18).

A simple computation gives Dx1 = E,(t7) + E, ,(t7)t” on [0, 2], and for
0<t<?2

D?xy = Eyy ()87 + (DEy ()7 + By ()47

hence z; € C1[0,2] N C?(0,2] but 1 & C2[0, 2].

Now we make a change of variables to apply Theorem 13 to reduce the
Caputo fractional equation (18) to the case of linear system of single-term
Caputo fractional differential equations. Put

() i=a(), y() =Dy, ys(-) == “DJya(-).
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Then the FDE (18) becomes

“Diyi(t) = wa(t),
“Diya(t) = ws(t), (19)
“Diys(t) = wys(t),
or, in the vector form,
U1 01 0
°Dly=Ay; yi=| 12 | €R? A=[0 0 1 | eR¥™
Y3 0 0 1

The characteristic polynomial of the matrix A of the linear time independent
single-term Caputo fractional differential equation (19) is

A4(s) = det(diag( A — A)) = X3 — \2. (20)

The matrix A has eigenvalue 0 with multiplicity 2 and 1 with multiplicity
1. Hence, by Diethelm [4, Theorem 7.14] the three-dimensional linear time
independent Caputo fractional differential equation (19) has general solution
with the first coordinate given by

y1(t) = a1 + ast” + azEy(t7), a1,a2,a3 € R.

Since 0 < v < 1 we must have “DJy;(0) = 0 hence a3 = —asI'(1 + 7).
Therefore the general solution of (19) is

U1 (t) = a1+ ast? — CLQF(l + ")/)E,y(t'y),
y2<t) = al'(1+ ")/) - GQF(l + ”)/)Ev(t'y),
ys(t) = —al'(1+~)E, (1),

for arbitrary a;,a2 € R. By choosing (a1 = 1,a2 = 0) and (a1 = 0,a2 =
—1/T'(1 4 7)) we get two vectors

1 1 — 7+ (1 + ) E ()
n)=1{ 0 [, 0= -TA+7)+T1+7)E,1)
0 (14 7)E, ()

forming a fundamental system of solution of (19). Notice that all the solution
of (19) are continuously Caputo fractional a-differentiable, but the first
coordinate of the solution f2(t) is does not belong to C?[0, 2], hence Theorem
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8.1 of Diethelm [4] is not applicable to the solution g of (19), whereas
Theorem 13 is applicable to the solution g of (19) allowing us to conclude
that the first coordinate of the vector g is a solution of the equation (18).

By the way one may verify that the solutions given by the application of
Theorem 13 and the ones given by the direct computation above agree, i.e.

—1 -t + T +7)E(t7) =tE,2(t).
This equality can be verified by using series presentation of E.(t”) and
E’}I:Q(t’y)'

Ezample 19 (Stability study by reduction to a single-term system). Recall
Example 3.6 of Diethelm, Siegmund and Tuan [5]. Consider the system

cpl/2
. Dy xi(t) | ~( 0.00001 1
Y= ( CDéMa?g(t) ) = Axz(t), where A= < —0.0022 0.1 ) (21)

This two-dimensional system can be written as a three-dimensional system
of order 1/4 in the form

0 1 0
Cpa/*a*(t) = A*z*(t), with A*= [ 000001 0 1 |. (22)
—0.0022 0 0.1

By Theorem 15 system (21) is equivalent to the system (22). Since A* has
eigenvalues —0.1.03917 and 0.101958 +0.10385¢, the system (22) is stable we
conclude that the system (21) is stable (see [5]). Notice that the stability of
(21) is not easily deducted without its reduction to the single-term system
(22). Furthermore we also note that the solution of (22) is not of the class
C', hence Theorem 8.1 of Diethelm [4] is not application to this situation.
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