CONNECTIONS ON TRIVIAL VECTOR BUNDLES

INDRANIL BISWAS, PHUNG HO HAI, AND JOAO PEDRO DOS SANTOS

ABSTRACT. Over a smooth and proper complex scheme, the differential Galois group
of an integrable connection may be obtained as the closure of the transcendental mon-
odromy representation. In this paper, we employ a completely algebraic variation of this
idea by restricting attention to connections on trivial vector bundles and replacing the
fundamental group by a certain Lie algebra constructed from the regular forms. In more
detail, we show that the differential Galois group is a certain “closure” of the afore-
mentioned Lie algebra. This is then applied to construct connections on curves with
prescribed differential Galois group.

1. INTRODUCTION

A fundamental result of modern differential Galois theory affirms that, for a proper
ambient variety, the differential Galois group might be obtained as the Zariski closure
of the monodromy group. Our objective here is to make a synthesis of results by other
mathematicians and use this to throw light on a similar finding in the realm of connections
on trivial vector bundles. In this case, the role of the fundamental group is played by a
certain Lie algebra (see Definition and the role of the Zariski closure by the group-
envelope (see Definition [4.8).

Let us be more precise: consider a field K of characteristic zero, a smooth, geometrically
connected and proper K-scheme X, and a K-point of o € X. In the special case
K = C, it is known, mainly due to GAGA, that the category of integrable connections
on X is equivalent to the category of complex representations of the transcendental object
m(X(C), z9). In addition, for any such connection (&, V), the differential Galois group
at the point z( (Definition is the Zariski closure of the image Im(My), where Mg :
m(X(C), zg) — GL(&4,) is the transcendental monodromy representation.

In this work, we wish to draw attention to the fact that the category of integrable
connections (&, V) on trivial vector bundles (that is, & ~ €%") is equivalent, not to a
category of representations of a group, but of a Lie algebra £x. Then, in the same spirit
as the previous paragraph, the differential Galois group of (&, V) at the point o will be
the “closure of the image of £x” in GL(&),,) (see Definition [4.8). The advantage here is
that, contrary to what happens to the computation of the monodromy representation in
case K = C, the image of £x is immediately visible. See Theorem [5.1]
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Once the above results have been put up, we apply our findings to construct connections
on curves with prescribed differential Galois groups. For this goal, we make use of the
fact that semi-simple Lie algebras can be generated by solely two elements, see Corollary
[6.1] Using the push-forward operation on connections, we show that on the projective line
minus three points, it is possible to find regular-singular connections having differential
Galois groups with arbitrary connected components; see Corollary [6.2] In addition, these
connections allow a simple determination. The paper ends, see Section[7], by securing some
side results which are unfortunately not recorded in writing in the necessary generality.
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Some notation and conventions. In all that follows, K is a field of characteristic

zero. Vector spaces, associative algebras, Lie algebras, Hopf algebras, etc are always to

be considered over K.

(1) The category of finite dimensional vector spaces (over K) is denoted by vect.

(2) The category of Lie algebras is denoted by LA.

(3) All group schemes are to be affine; GS is the category of affine group schemes. Given
G € GS, we let Rep GG stand for the category of finite dimensional representations
of G.

(4) If A stands for an associative algebra, we let 2-mod be the category of left 2-modules
which are of finite dimension over K. The same notation is invoked for Lie algebras.

(5) An ideal of an associative algebra is a two-sided ideal. The tensor algebra on a vector
space V' is denoted by T(V). The free algebra on a set {s;}ier is denoted by K{s;}.

(6) A curve C' is a one dimensional, integral and smooth K-scheme.

(7) A vector bundle is none other than a locally free coherent sheaf of finite rank. A trivial
vector bundle on X is a direct sum of a finite number of copies of 0.

2. CONSTRUCTION OF A HOPF ALGEBRA

Let ® and ¥ be two finite dimensional vector spaces, and let
g : P00 — U
be a K-linear arrow with transpose f* : ¥* — &* @ ®*. Let
Js = Ideal in T(®*) generated by Im 57,
and define
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It is useful at this point to note that Jz is a homogeneous ideal so that 2z has a natural
grading. In more explicit terms, fix a basis {¢;};_; of ® and a basis {¢;};_, of U. Write
{er}i_, and {¢;};_, for the respective dual bases. If

Blor ® o) = Z@W) - Vi,
i=1

then

By = > B i@yl

1<k, (<r

Consequently, 2z in is the quotient of the free algebra K{t;, ..., t,} by the ideal
generated by the s elements

Z 6§k€)tkt4, 1 = 1, ...y S

1<k 4<r
In particular, given V' € vect and elements A, ..., A, € End(V), the association

t; — A, defines a representation of 20 if and only if
S BM A =0, Vi=1,...,s
1<k 0<r
It is worth pointing out that if § is alternating, then
ke ke
Z Bty = Z Bty t). (2)
1<k <r 1<k<t<r

This reformulation has useful consequences for the structure of 2.
From now on, 8 is always assumed to be alternating.

Let L(®*) be the free Lie algebra on the vector space ®* so that T(®*) is the universal
enveloping algebra of L(®*) [BLicl I1.3.1, p. 32, Theorem 1]. Clearly

S 8™t t] € L@,  Vi=1,...s
1<k<t<r

Let
Lie ideal of L(®*) generated by the s

ke s
elements {7, /<, Bi( )[tk, t}is, in (2).

Proposition 2.1. The algebra Ag in (1)) is the universal enveloping algebra of L(®*)/Rs.

Ry =

Proof. The left ideal T(®*)- Rz is in fact a two sided ideal [BLi€, 1.2.3]; it is easily seen to
agree with Jg in . Now we use [BLiel, 1.2.3, Proposition 3] to complete the proof. [

Definition 2.2. The Lie algebra L(®*)/Rs shall be denoted by £4.
A simple remark should be recorded here.

Lemma 2.3. The above Lie algebra £5 is a quotient of the free Lie algebra L(®*). In
particular, £5 is generated by the image of ®*.
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Recall that for a Lie algebra L, the universal enveloping algebra UL has a natural
structure of Hopf algebra [Sw69, 3.2.2, p. 58] and hence from Proposition it follows
that 23 has the structure of a Hopf algebra. Analogously, T(®*) is also a Hopf algebra
and the quotient map

T(*) — Ag (3)
is an arrow of Hopf algebras.

In what follows, we give the category 2g-mod the tensor product explained in [Mo93|
1.8.1, p. 14]. It turns out that the canonical equivalence

£s-mod — 2Az-mod (4)

is actually a tensor equivalence.
The only case in which 2z will interest us is that of:

Definition 2.4. Let X be a smooth, connected and projective K-scheme. Let
B HYX, Q%)@ H' (X, Q%) — H(X, Q%)
be the wedge product of differential forms. We put
A = Ax and L5 = Lx.

3. CONNECTIONS

We shall begin this section by establishing the notation and pointing out structural
references. We fix a smooth and connected K-scheme X. Soon, we shall assume X to be
projective.

Definition 3.1. We let MC be the category of K-linear connections on coherent &'x—
modules and MIC the full subcategory of MC whose objects are integrable connections
[Ka70, 1.0]. We let MC" be the full subcategory of MC having as objects pairs (&, V)
in which & is a trivial vector bundle. The category MIC" is defined analogously: it is
the full subcategory of MIC having as objects pairs (&, V) in which & is a trivial vector
bundle.

A fundamental result of the theory of connections is that for each (&, V), the coherent
sheaf & is actually locally free [Ka70l, Proposition 8.8 | and hence, given 2y € X (K), the
functor “taking the fibre at xy” defines a tensor equivalence

e, : MIC = Repll(X, ), (5)

where T1(X, xo) is a group scheme over K; see [DM82, Theorem 2.11]. This group scheme
is sometimes called the “differential fundamental group scheme of X at xy”. It is in rare
cases that I1(X, x¢) will be an algebraic group, and hence it is important to turn it into
a splice of smaller pieces. This motivates the following definition, which at the end gives
a name to the main object of study of the present work.

Definition 3.2 (The differential Galois group). Let (&, V) € MIC be given, and let
pe - (X, zg) — GL(&|,,) be the representation associated to & via the equivalence
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in (). The image of ps in GL(&,,) is the differential Galois group of (&, V) at the point
Zg-

Remark 3.3. For (&, V) € MIC, the category of representations of the differential
Galois group of (&, V) at zg is naturally a full subcategory of MIC; it is not difficult to
see that it is

(&, V))g = {%//%// e MIC - there exist a;, b; € N such that }

MM C 691 E%% LR
From now on, X is in addition projective. Let us be more explicit about objects in
MC". Fix E € vect and let
A € Homp a¢(T(H(X, Q%)*), End(E))

= Hom(H"(X, Q%)*, End(E))

=End(F) ® H°(X, Q%).
Hence, A gives rise to a End(E)-valued 1-form on X which, in turn, gives rise to a
connection

on the trivial vector bundle Ox ® E. Explicitly, if {6;}?_, is a basis of H°(X, Q) with
dual basis {¢;}?_, of H(X, Q4)* and A; := A(yp;) € End(FE), we arrive at

g

da(l®@e) = Y (1@ Ai(e)) @ 6;

=1

foralle € E.
Definition 3.4. The above pair consisting of (Ox ® F, d4) shall be denoted by ¥ (E, A).

Let now {o;} | be a basis of H*(X, Q%) and write

h
O N0 = Z@-(M)'Uz‘;
=1

recall that {6,}7_, is a basis of H°(X, Q). Since X is proper, Hodge theory tells us that
all global 1-forms are closed [Del68, Theorem 5.5] and hence the curvature

RdA : ﬁx®E — (ﬁX@E)@ﬁXQ?X

of the connection d4 in @ satisfies
h
Ri(1@e) = 3 (1 ® ﬁg’f“AkAg(e)) ® 0.

Hence, Ry, = 0 if and only if
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for each i € {1, ..., h}. Also, since § in Definition is alternating, we conclude that
Ry, = 0if and only if for each ¢ € {1, ..., h},
>, 8 = Y AL Al =0,
1<k,(<g 1<k<(t<g
These considerations form the main points of the proof of the following result, whose

through verification is left to the interested reader. (It is worth recalling that K =
HY(X, O%).)

Proposition 3.5. The functor
v . T(H°(Q%)*)-mod — MC"
is an equivalence of K -linear categories. Under this equivalence, ¥ (E, A) lies in MIC"
if and only if (E, A) is in fact a representation of Ax (see Definition . O
Let us now discuss tensor products. Given representations
A T(HY(QY)") — End(E) and B : T(H°(Q%)*) — End(F),
we obtain a new representation of AX B : T(H°(Q%)*) — End(E ® F) by putting
AR B(p) = A(p) ®idp +idg ® B(y), YV ¢ € H(QY)"

This is of course only the tensor structure on the category T(H°(2%)*)-mod defined by
the Hopf algebra structure of T(H?(Q)*) [Sw69, p. 58]. With this, it is not hard to see
that the canonical isomorphism of &'x-modules

Ox ®(E®F) — (Ox ® E)®g, (Ox ®F)

is horizontal with respect to the tensor product connection on the right [Ka70, Section
1.1] and the connection dagp on the left (it is the connection induced by the connections
d4 and dg). We then arrive at equivalences of tensor categories:

Theorem 3.6.
(i) The functor
¥ . T(H(Q%)")-mod — MC"
is an equivalence of K-linear tensor categories.
(i) The restriction

¥ . Ay-mod — MIC"

15 also an equivalence of K-linear tensor categories. In addition, the composition
(o|z,) © ¥ is naturally isomorphic to the forgetful functor, where o|,, is constructed

in (see Definition[2.4] for Ax ).
(i1i) The composition of the equivalence in with ¥ : Ax-mod — MIC" defines a
K-linear tensor equivalence

£v-mod — MICY
(see Definition for £x).
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Making use again of the main theorem of (categorical) Tannakian theory, [DM82] p. 130,
Theorem 2.11], we obtain an equivalence of abelian tensor categories:

o, : MIC" = RepO(X, x), (7)
where O(X, xp) is a group scheme. In addition, the inclusion map

MIC" — MIC

defines a morphism

ax : (X, o) — O(X, zo),
where II(X, () and ©(X, z¢) are constructed in and respectively. Along the line
of Proposition 3.1 of [BT21], we have:

Proposition 3.7. The above morphism qx is in fact a quotient morphism.

Proof. Let & — 2 be an epimorphism of MIC with & € MIC"™; write e for the rank
of & and ¢ for that of 2.

Let G stand for the Grassmann variety of g—dimensional quotients of K®¢ and let
0g° —  stand for the universal epimorphism [Ni05, 5.1.6]. We then obtain a mor-
phism f : X — G such that f*% = 2. For each proper curve v : C — X,
the vector bundle v*2 = (f o~v)*% has degree zero [BS06, Remark 3.3]; in particular,
(f oy)*det Z has also degree zero. As det % is a very ample invertible sheaf on G, from
degree((fovy)*det %) = degree((fovy)*%) = 0 we conclude that (fov)* det % is trivial,
and hence the schematic image of fo~ is a (closed) point [Liu02, p. 331, Exercise 8.1.7(a)].
Now, Ramanujam’s Lemma (see Remark below) can be applied to show that any two
closed points z; and z2 of X belong to the image of a morphism v : ¢ — X from a
proper curve.

Hence, the schematic image of X under f is a single point. Since H°(X, Ox) = K, this
point must be a K-rational point and hence f factors through the structural morphism
X — Spec K. Consequently, f*% = 2 is a trivial vector bundle. The standard
criterion for a morphism of group schemes to be a quotient morphism (see [DM82], p. 139,
Proposition 2.21(a)] for the criterion) can be applied to complete the proof. O

Remark 3.8 (Ramanujam’s Lemma). Let Z be a geometrically integral projective K-
scheme and 23, 25 are two closed points on it. We contend that there exists a proper curve
C together with a morphism v : ¢ — X such that z; and 2, belong to the image of
. The proof is the same as in [Mu70], p. 56|, but the Bertini theorem necessary for our
purpose comes from [Jou83, Cor. 6.11].

If dim Z = 1, it is sufficient to chose C' to be the normalisation of Z. Let dim Z := d >
2 and suppose that the result holds for all geometrically integral and projective schemes
of dimension strictly smaller than d. We only need now to find a geometrically integral
closed subscheme Y C Z containing z; and z; and having dimension strictly smaller than
d. Let m : Z' — Z be the blow up of the closed subscheme {z;, z2}. Note that Z’
is geometrically integral [Liu02, 8.1.12(c) and (d), p. 322]. In addition, the fibres of 7
above z; and zy are Cartier subschemes of Z’ and hence of dimension at least one [Liu02,
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2.5.26, p. 74]. Let Z' — PV be a closed immersion, and let H C PV be a hyperplane
of codimension one such that

e 7' N H is geometrically integral [Jou83, 6.11 (2)-(3)] of dimension dim Z — 1, and
o Z'Nn1(z) # 0, loc. cit, (1)-(b).

Then, the schematic image of 7 : Z’N H — Z is the scheme Y that we are seeking.

Remark 3.9. In [Liu02, Ch. 8, p. 331, Exercise 1.5], the reader shall find a useful, but
slightly weaker version of Ramanujam’s Lemma.

Remark 3.10. The idea to consider certain connections as representations of a Lie algebra
can be found at least on [Del87, 12.2-5].

4. THE TANNAKIAN ENVELOPE OF A LIE ALGEBRA

All that follows in this section is, in essence, due to Hochschild [Ho59]; since he expressed
himself without using group schemes and his ideas are spread out in several papers, we
shall briefly condense his theory in what follows. The reader should also consult [Na(02],
where some results reviewed here also appear.

Our objective in this section is to give a construction of the affine envelope of a Lie
algebra. Omne can, of course, employ the categorical Tannakian theory [DMS82, p. 130,
Theorem 2.11] to the category £-mod to obtain such a construction, but we prefer to
draw the reader’s attention to something which is less widespread than [DM82] and more
concrete.

Let £ be a Lie algebra with universal enveloping algebra U£. Note that UL is not
only an algebra, but also a cocommutative Hopf algebra; see [Sw69, p. 58, Section 3.2.2]
and [Mo93, p. 72, Example 1.5.4]. Consequently, the Hopf dual (U£)° [Sw69, VI] is a
commutative Hopf algebra (see [Sw69, Section 6.2, pp. 122-3] or [Mo93, Theorem 9.1.3]).
This means that

G(£) := Spec (UL)°

is a group scheme, which we call the affine envelope of £. Let us show that this construc-
tion gives a left adjoint to the functor

Lie : GS — LA.

We start by noting that G is indeed a functor; given an arrow & — §), the associated
arrow (U$H)* — (UB)* gives rise to a morphism of coalgebras (U$H)° — (UB)°; see
[Sw69, p. 114, Remark 1]. The fact that the algebra structures are also preserved is indeed
a consequence of the fact that U® — US$) is also an arrow of coalgebras.

Let G be a group scheme, and let p : £ — LieG be a morphism of LA; we write
p for the arrow induced between universal algebras as well. Interpreting elements in
Lie G as elements of Endg(€0(G)), we obtain a morphism of K-algebras U(LieG) —
Endg(€(G)). Since O(G) is a locally finite Lie G-module, it is also a locally finite £-

module and a fortiori a locally finite U£-module. Let

0, O(G) — (UL)
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be defined by
ppla) © u— e(p(u)(a)), (8)

where

is the coidentity and v € UL.

Lemma 4.1.

(1) For each a € O(G), the element ¢,(a) in lies in the Hopf dual (UL)°.
(2) The arrow ¢, is a morphism of Hopf algebras.

Proof. (1) Let a belong to the finite dimensional U£-submodule V' of 0(G). Let I C
UZL be the kernel of the induced arrow of K-algebras UL — End(V); it follows that
I C Kerp,(a) and ¢,(a) € (UL)°.

(2) This verification is somewhat lengthy, but straightforward once the right path has
been found. We shall only indicate the most important ideas. Let us write ¢ instead of
¢, and consider elements of UL as G-invariant linear operators [Wa79, Section 12.1] on
O(G). In what follows, we shall use freely the symbol A to denote comultiplication on
different coalgebras.

Compatibility with multiplication. We must show that

[p(a) @ e(b)] (A(u)) = p(ab)(u) (10)
for all a, b € O(G) and u € UL. Obviously, formula holds for u € K C UL. In
case u € £, the validity of is an easy consequence of the fact that v : O(G) —
O(Q) is a derivation and Au = v ® 1+ 1 ® u. We then prove that if holds for u
then, for any given § € £, formula holds for ud. Since UL is generated by £, we are
done.

Compatibility with comultiplication. For ¢ € (U£)°, we know that Awg)e(() is defined
by
u®v — ((uv)
for u, v € UL. We need to prove that

e(uv(a)) = p®@¢poAa

for every triple u, v € UL and a € O(G), where ¢ is the homomorphism in @D This
follows from the invariance formulas Au = (id ® u)A.
Compatible with unity and co-unity. This is much simpler and we omit its verification.
Compatibility with antipode. A bialgebra map between Hopf algebras is automatically
a Hopf algebra map [Sw69, Lemma 4.0.4]. d

Proposition 4.2. The above construction establishes a bijection
¢ : Hompa (£, LieG) — Homppe(O(G), (UL)°)
= Homgs(G(L), G),
rendering G : LA — GS a left adjoint to Lie : GS — LA.
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Proof. We construct the inverse of ¢ and leave the reader with all verifications. Let
f: O(G) — (UL)° be a morphism of Hopf algebras. Let x € £ be given, and define

Yi(z) : OG) — K, a+— f(a)(x). (11)

It is a simple matter to show that 1 ¢(z) is an e-derivation, which is then interpreted as
an element of Lie G in a standard fashion [WaT79, 12.2]. In addition, ¢y : £ — LieG
gives a morphism of Lie algebras (the reader might use the bracket as explained in [Wa79,
Section 12.1, p. 93]). Then f +— 1)y and p — ¢, are mutually inverses; the verification
of this fact consists of a chain of simple manipulations and we contend ourselves in giving
some elements of the equations to be verified. That 1,, = p is in fact immediate. On
the other hand, the verification of

ey, (a)(u) = fla)(u), Va€OG),V ue UL
requires the ensuing observations. (We shall employ Sweedler’s notation for the Hopf
algebra 0 (G) [Sw69, Section 1.2, 10ff].)

(1) For 6 € £, the derivation 0(G) — O(G) associated to 1(d) is determined by

a— > aq - [flaw)(9))
(2) The axioms show that }, e(a))ap) = a.
(3) Suppose that for v € UL and 6 € UL we know that, for all a € O(G),

pup(a)(u) = fla)(u) and @y, (a)(d) = f(a)(d).
Then ¢y, (a)(ud) = f(a)(ud) because of the equations

fla)(wy) = flaw)(@) - flap)(y), VY =,y € UL,
(@)

which is a consequence of the fact that f is a map of Hopf algebras.

This completes the proof. U

In the proof of Proposition [4.2] we defined a bijection
¥ : Hom(G(£),G) — Hom(g, LieG)

by means of eq. . (We are here slightly changing the notation employed previously
by using arrows between schemes and not algebras on the domain; this shall cause no
confusion.) In case G = GL(V) and in the light of the identification Lie GL(V) = gl(V'),
1 has a rather useful description. Let f : G(£) — GL(V') be a representation and let
cr: V=V ®(UL)° be the associated comodule morphism. It then follows that

(idy ® evaluate at z) o ¢y = g(x). (12)

Corollary 4.3. Let V be a finite dimensional vector space and f : G(£) — GL(V)
a representation. Write 1y + £ — gl(V') for the morphism of LA mentioned above.
Then, this gives rise to a K-linear equivalence of tensor categories

Rep G(£) — £-mod.
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Proof. To define a functor Rep G(£) — £-mod it is still necessary to define the maps
between sets of morphisms.

Let f : G(£) — GL(V)and g : G(£) — GL(W) be representations, and let T' €
Hompg (V, W). We shall show that 7" € Homgg)(V, W) if and only if 7" € Homg(V, W).

Consider T' = (7{ ?) € GL(V & W) and denote by

Cr : GL(Va&W) — GL(Va W)

the conjugation by T. Then T is G—equivariant if and only if Cr o (‘5 2) = (g 2)

Similarly let us write e : gl(V@ W) — gl(V @& W) to denote conjugation by T". Then,
for given representations p : £ — gl(V) and ¢ : £ — gl(W), the arrow T is a

morphism of £-modules if and only if ¢p <'8 g) = (8 2) Employing equation ((12)),

we verify readily that

Hom (G(£), GL(V & W) —° . Hom(G(£), GL(V & W)

‘| |

Hom (&, gl(V @& W)) Hom (&, gl(V ® W),

ero(—)
commutes. We then see that @ becomes a functor, which is K-linear, exact and fully-
faithful.

Let us now deal with the tensor product. Given representations f : G(£) — GL(V)
and g : G(£) — GL(W), let us write

fOg:G(L) — GL(VaW)

for the tensor product representation. We then obtain on V' ® W the a structure of a
£-module via ¥, and it is to be shown that this is precisely the £-module structure
coming from the tensor product of £-modules. In other words, we need to show that
for any € £, the equation ¢¢(z) ® idw + idy ® ¢4(z) = ¥sn4(z) holds. We make
use of eq. again. Let v € V and w € W be such that c;(v) = > ,v; ® f; and
cg(w) = >, w; ®g;. Then crog(v@w) = 32, ;v ®w; @ fig; and hence

Vrog(@)(v@w) = Z"Uz ®@w; - (fi(x)e(g;) +e(fi)gi(z)),

where ¢ : (U£)° — K is the co-unit defined by evaluating at 1 € UEL, and we have
used that Az = z® 1+ 1®x. Now, > ve(fi) = vand > wie(g;) = w. Hence,
Yrog(@)(v@w) = 32, filx)vi @ w+ 32,0 ® gi(w)w;, as we wanted. O

Corollary 4.4. Let G be an algebraic group scheme, and let G(£) — G be a quotient
morphism. Then G is connected. Said differently, G(£) is pro-connected.

Proof. For the finite etale group scheme 7y(G) [Wa79, Section 6.7], the set
Homy,a (£, Lie (myG))
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is a singleton and hence Homgg(G(£), m(G)) is a singleton. It then follows that mo(G)
is trivial and G is connected [Wa79, Theorem of 6.6]. O

In what follows, we denote by
X : £ — LieG(£) (13)

the morphism of Lie algebras corresponding to the identity of Homgg(G(£), G(£)) under
the bijection in Proposition . This is, of course, the unit of the adjunction [Mac70,
IV.1]. Let us profit to note that, as explained in [Mac70, IV.1, eq. (5)], for each f €
Homgs(G(£), G), the equation

vy = (Lie f)ox. (14)

is valid.

One fundamental property of y needs to be expressed in terms of “algebraic density”
[Ho74, p. 175].

Definition 4.5. Let G be a group scheme. A morphism p : £ — Lie G is algebraically
dense if the only closed subgroup scheme H C G such that p(£) C Lie H is G itself.

Proposition 4.6. The morphism x : £ — Lie G(£) in is algebraically dense.
Before proving Proposition [4.6], we shall require:

Lemma 4.7. Let G be a group scheme. Then there exists a projective system of algebraic
group schemes

{GZ’, Ujj - Gj — Gz}
where each u;j; s faithfully flat and an isomorphism

G ~ l&nGZ
In addition, all arrows Lieu,;; : LieG; — Lie G, are surjective.

Proof. This is a simple exercise once the correct arguments in the literature are brought
to light. To find the projective system with the desired properties;, we employ [Wa79,
Corollary in 3.3, p. 24] and [Wa79, Theorem of 14.1, p. 109]. Then, [Mil7, Corollary
3.25, p. 72] and [Mil7, Proposition 1.63, p. 25] show that the arrows Lieu,; are always
surjective. U

Proof of Proposition[4.6. Let u : H — G(£) be a closed immersion and let p : £ —
Lie H be an arrow of Lie algebras such that

(Lieu) o p = x.
Let f : G(£) — H be an arrow from GS such that p = ;. From eq. (14)), we have
p = (Lief)ox.

Hence, x = (Lie(uf)) o x, which proves that uo f = idg(e) (see eq. (14)). In particular,
Liew is surjective.
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Let us now write

G(g) = lim G

as in Lemma [4.7] Define H; as being the image of H in G;; a moment’s thought shows
that
H = l'&th

and that the the transition arrows of the projective system {H;} are also faithfully flat.
This being so, the arrows between Lie algebras in the projective system { H;} are all surjec-
tive; see [Mil7, Corollary 3.25, p. 72] and |[Mil7, Proposition 1.63, p. 25]. Consequently,
the obvious arrows Lie G(£) — LieG; and Lie H — Lie H; are always surjective.
Hence, the natural arrows Lie H; — Lie GG; are always surjective.

Using [DGT0, Proposition 11.6.2.1, p. 259] and the fact that each G; is connected, we
conclude that H; = G;, and H = G(£). This proves Proposition [4.6] O

Let G be an algebraic group scheme with Lie algebra g. Recall that a Lie subalgebra of g
is algebraic if it is the Lie subalgebra of a closed subgroup scheme of G' [DGT70), Definition
11.6.2.4]. As argued in [DGT0, 11.6.2, p. 262|, given an arbitrary Lie subalgebra h C g,
there exists a smallest algebraic Lie subalgebra of g containing b: it is the (algebraic)
envelope of b inside g. Allied with [DGT70, 11.6.2.1a, p. 259], it then follows that there
exists a smallest closed and connected subgroup scheme of G whose Lie algebra contains
. This group carries no name in [DG70], so we shall allow ourselves to put forward:

Definition 4.8. Let G be an algebraic group scheme and h C LieG a Lie subalgebra.
The group-envelope of b is the smallest closed subgroup scheme of G whose Lie algebra
contains h. We also define the group-envelope of a subspace V' C LieG as being the
group-envelope of the Lie algebra generated by V in LieG.

Theorem 4.9 ([Ho59, Theorem 1, § 3]). Let f : G(£) — GL(E) be the representation
associated to the £-module p : £ — gl(E), that is, Yy = p. Then the image I =
image(f) of G(£) in GL(E) is the group-envelope of p(£) C gl(E).

Proof. Consider a factorization p : £ — Lie H, where H C GL(FE). Because p =
(Lie f) o x (see (14)), it then follows that x(£) C (Lie f)~!(Lie H). But (Lie f)~!(Lie H)
is just Lie f~'(H). Indeed, in case G(£) is an algebraic group, this can be deduced
easily from [DGT0, p. 259, Proposition 11.2.6.1] and an argument using the graph of f,
while the general case follows from this one and Lemma [1.7] Hence, f~1(H) = G(£)
because y : £ — Lie G(£) is algebraically dense. This implies that I C H. Because
p(£) = Lie(f)ox(£), we deduce that Liel D p(£), so that I is the group-envelope. [

5. THE DIFFERENTIAL GALOIS GROUP

In this section, X is assumed to be a proper, connected and smooth K-scheme and x
a K-point of X. We recall that ©(X, x¢) is the group scheme constructed in eq. (7).
Using the tensor equivalences

Rep(G(£x)) =5 £x-mod 5 Ay-mod — MIC™ 2% RepO(X, x0)
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obtained by eq. , Theorem and Corollary , we derive an isomorphism
v @(X, .Z‘o) ;> G(SX)

such that the corresponding functor 4# : Rep G(£x) — O(X, z) is naturally isomor-
phic to the above composition.

Let (E, A) € Ax-mod be given. With an abuse of notation, we shall let A denote
the linear arrow H°(Q4)* — End(F), the morphism of associative algebras 2x —
End(E) or the morphism of Lie algebras £x — End(E).

Theorem 5.1. The differential Galois group of ¥V (E, A) = (Ox ® E, dy) is the group-
envelope of A(H°(X, QL)%).

Said otherwise, given a trivial vector bundle & or rank r with global basis {e;}i_,, an
integrable connection

V:E — a0l
and a basis {0;}7_, of H(X, QY), define matrices A = (ag?))lgmg € M,.(K) by

Vej = Zg:zr:a,z(f) e Hk
k=1 i=1

Then, the differential Galois group of & at the point xq is isomorphic to the group-envelope
in GL,(K) of the Lie algebra generated by { A} _;.

Proof. We note that the Lie subalgebra of End(E) generated by A(H°(2%)*) is the image
of A(Lx); indeed, as a Lie algebra, £y is generated by H°(2%)* (see Lemma[2.3). Now we
apply Theorem |4.9| to conclude that the image of G(£x) in GL(FE) is the group-envelope
of the Lie algebra generated by A(H°(Q4)*). Because of Proposition [3.7, the image of
O(X, zy) ~ G(Lx) is the image of II(X, z), which is the differential Galois group. O

Remark 5.2. In “birational” differential Galois theory, one can find a result reminiscent
of Theorem ; see [PS03, p. 25, Remarks 1.33].

Remark 5.3. Theoremis certainly false if X is not proper: take X = Spec K|z, 7]
d

and define (Oxe, V) by Ve = ke ® % for any given k € Z.
x

6. APPLICATIONS

Fixing generators of the Lie algebra of an algebraic subgroup scheme of some general
linear group allows us to construct connections with a prescribed differential Galois group.

The following is deduced using Theorem

Corollary 6.1. Let X be a proper curve (smooth and integral, by assumption) over K of
genus g > 2 and carrying a point xog € X(K). Let G be a semi-simple linear algebraic
group. Then there exists a trivial vector bundle with a connection having differential
Galois group G.
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Proof. We know that g := Lie(G) is semi-simple [Mil7, p. 476]. According to Kuranishi’s
theorem (see [Ku49, Theorem 1] or [BLie, VIIL.2, p. 221, Exercise 8]), there exists a two
dimensional vector space V' C g generating g. Let G — GL(FE) be a closed immersion
and regard V' as a vector space of matrices in End(FE). We then construct any arrow of
vector spaces A : HY(X, Q%)* — End(FE) such that Im(A) = V. Note that G is the
group-envelope of V. 0

In what follows, we wish to study connections on
P =Py and P*= P~/{0,1, oo}

To carry over this task, we give ourselves a point p € P*(K) and put forward the following
construction. Let z be the inhomogeneous coordinate on P and, for each integer n > 3,
define X,, as being the smooth, projective and connected curve whose field of rational
functions is given by

K(z, w), w” = [plp—1D]"-2(z - 1).
Here, of course, we have abused notation and identified p and the value z(p). If
fon: X — P
is the induced morphism, then its restriction to
Xp = (P
is etale and the fibre f, *(p) possesses an obvious K-rational point, which shall be denoted
by x. In particular, H%(Ox,) = K and, according to [Go03, Exercise 3.8],

(n—1)/2, if nisodd,

genus(X,) = { (n —2)/2, if nis even.

It is not difficult to see that X — P* is a principal y,-bundle.
Let H be any connected linear algebraic group and define

minimal number of

5<H) = generators of Lie(H)-

Corollary 6.2. Let n € N be such that genus(X,)) > s(H). There exists a logarithmic
connection on P [Ka70, 4.0-4.3], call it (A4, V), having poles on {0, 1, oo}, such that
the connected component of the differential Galois group of M
addition, the group of connected components of the differential Galois group is fi,.

p+ at the point p is H. In

Proof. Provided that n is such that
genus(X,,) > s(H), (%)

it is possible to find a connection (A4, V) of the form ¥ (E, A) whose differential Galois
group at the point x is H. Let .# = f../ be endowed with its canonical logarithmic
connection, with poles on {0, 1, oo}, induced by V; see Remark . It is a known fact
that the restriction

Me — (Nxzle
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is an equivalence of categories; see for example [Kinl5l p. 6464, Lemma 2.5], where the
proof, written for the case of positive characteristic and Z-modules, can be used literally
in the present context. (The uninitiated reader might also profit from knowing that the
category of Z-modules and integrable connections are one and the same [BOTS, 2.15] in
characteristic zero.) We hence know that the differential Galois group of .4|x« at the
point z is also H (see Remark . Consequently, letting GG stand for the differential
Galois group of .Z

p+, we obtain a closed immersion
.t H— G
by means of the pull-back functor
(M |p)e — (N |x;)e-
From Proposition [7.2] we conclude that Coker(:) = u,. O

The following Remark was used in the proof of Corollary [6.2} it should be well-known,
but we were unable to find a suitable reference.

Remark 6.3. Let f : ¥ — X be a surjective morphism between smooth projective
curves. We recall some facts from [Ha77, IV.2]. The ramification divisor D7 for f is the
divisor of the cokernel 2y, of the natural morphism f*Qy — 5, so

Q= (f Q%) ® Oy(D). (15)

Set D = (DY)yeq and D = f(D)req. We note that f*D > DI (in fact, f*D — D > D),
SO using we have an injective homomorphism of coherent sheaves

Qy — (f'Qx) @ Oy (f*D) = f*(Qx ® Ox(D)). (16)
Let V : E — E ® Q) be a connection on a vector bundle E over Y. Using (16), this
gives
V:E — E® f(Q®0x(D)).
Taking direct image of it and using the projection formula, we get

£V LE — f(E® f(Qx ® Ox(D))) = (f.E) ® Qx ® Ox(D),

which is a logarithmic connection on f,FE.

We now want to elaborate on a statement similar to that of Corollary in which we
can actually assure that the differential Galois group is connected. The price to pay for
this seems to be a loss of control on the “constructibility” of our solution and on the types
of group attained; it is no longer possible to say exactly which connection produces the
desired differential Galois group.

Let us now suppose that H is reductive. Letting Z stand for its center and Out(H)
for the sheaf of external automorphisms [SGA3| Exposé XXIV], we assume that Z and
Out(H) are finite. (Conditions for the validity of this last assumption are spelled out by
Corollary 1.6 of [SGA3, XXIV].)
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Lemma 6.4. Let n > 3 be prime to #0ut(H) and #7Z, and let G be a group scheme
over K fitting into a short exact sequence

l1—H — G — p, — L (e)

Then G ~ H X p, and, in particular, H is a quotient of G.

Proof. By hypothesis, the morphism . : p, — Out(H) associated to (e) (cf. Section
is trivial. The action of u, on Z is also trivial because of this. Let us now adopt
the notations of [DGT70) II1.6] to employ this reference. (We shall mainly require the set
ExX', introduced on p. 435 of [DGT0].) From [DGT0, I11.6.4.6, p. 448, Corollary], we learn
that EX*(,, Z) = 0. (In the context of finite groups, this is the “Schur-Zassenhaus”
theorem.) Then, Theorem 3.1 of [FLAT9] may be applied (see also section[7.1]) to conclude
that there exists one unique (equivalence class of) extension of p,, by H whose outer action
fn, — Out(H) is trivial. This implies that G ~ H X p,,. O

Corollary 6.5. Suppose that H is reductive and that both Z and Out(H) are finite group
schemes. Then, there ezists a logarithmic connection on P, with poles on {0, 1,00}, whose
restriction to P* has differential Galois group H. U

Remark 6.6. We find useful to end this section by giving the interested reader some
information on the “inverse problem of differential Galois theory”, i.e., the problem of de-
scribing the linear algebraic groups which are differential Galois groups. A fore-running
result appears in [IT79]: each linear algebraic group over C is a differential Galois group
of a connection on some open subset of P!. The proof in op. cit. makes use of the funda-
mental group, the solution of Hilbert’s 21st problem, and a result saying that each linear
algebraic group is the closure of a finitely generated subgroup of its points. Another result
worth mentioning here is that of Mitschi and Singer in [MS96], where it is proved that,
provided K is algebraically closed, any connected linear algebraic group is the differential
Galois group of some linear differential system of the form

A A
y’=( D +Aoo)y,

zZ— zZ— ay

where A; are constant matrices. (Note that the system is regular-singular, except perhaps
at 00.) As this is a theme with many contributions and there is no chance of doing justice
to all its developments in this remark, we refer to [PS03|, Chapter 11].

7. APPENDIX

We use this appendix to record some subsidiary results which are unfortunately only
explained in insufficient generality in the literature.

7.1. Extensions of group schemes. Let H be a group scheme over a field, with center
Z and sheaf of automorphisms Aut(H). Write ¢ : H — Aut(H) for the conjugation
morphism. By definition, Ker(c) = Z, so that H/Z may be seen as a subsheaf of Aut(H);
it is usually called the sheaf of inner automorphisms of H and denoted by Inn(H). The
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quotient Aut(H)/Inn(H) is called the sheaf of outer automorphisms of H and is denoted
by Out(H). In summary, we arrive at the tautological short exact sequence

1 — H/Z = Aut(H) — Out(H) — 1. (1)
These constructions agree with the ones in [SGA3|, XXIV, 1.1].
We now consider an exact sequence of group schemes
1 —H-%F-%LGa—1 ()
If ¢ : E — Aut(H) is the morphism obtained by conjugation, passing to the induced
morphism of quotients, we derive a morphism of sheaves of groups
ke : G — Out(H),

called the canonical outer action.

Another relevant action coming from (e) is the following. Since Z is characteristic in
H, we deduce a morphism of sheaves of groups r : Aut(H) — Aut(Z), and Inn(7) is
certainly in the kernel of r. This allows us to define a morphism of sheaves Out(H) —
Aut(Z) and consequently an arrow of sheaves of groups

kz + G — Aut(2).

In [FLA19], the authors chose to work with a different interpretation of the canonical
outer action, which is to be related to the one introduced above in order that we be able
to apply the results of op.cit.

Noting that Z < E, the sequence (e) produces

1 — H/Z 5 E/Z 15 G — 1. @)
The natural morphism or sheaves of groups
¢c: E/Z — Aut(H)

gives rise, passing to the associated quotients, to k.. (We are using ¢ to denote also the
arrow H/Z — Aut(H), but this should cause no confusion.)
Pulling back the sequence (7) by k., we arrive at an exact sequence of sheaves

1 ——H/Z7— %) _AwtH) x ¢—" -G——-1. (K27)
Out(H),ke
Clearly, the diagram
1——~H/Z : E/Z 4 G 1
| v
| —=H/Z —— Aut(H) x G G 1
(€ e) Out(H) pr

commutes, and hence (€) is equivalent, as an extension, to (k7).
According to [FLAI9L Def. 2.4], an extension

1 — 0SS a—, (e)
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which induces the extension
| — H/Z 5 F')Z 25 G — 1, (@)

2

has “the same outer action as (e)” if there exists an isomorphism

o BE/Z =5 E'/Z
such that (€) and (€') are isomorphic via ¢ and

E|Z c Aut(H)

‘| /

E')Z

commutes.

Lemma 7.1. The extension (€') has the same outer action as (e), in the terminology of
[FLAT9], if and only if ke = Ker-

Proof. (=) This is a simple consequence of the commutative diagram

H/Z ! E/Z c Aut(H)

| |

H/Z E'/Z.

Zl

(<) This is quite simple given the isomorphisms of extensions (€) ~ (k’7) and (€’) ~
(k% 7) explained above. O

7.2. Generalising a result of Katz. In [Ka87, Proposition 1.3.2], Katz shows how to
compare the differential Galois group of a connection and of its push-forward along a
Galois etale covering. In this section, we extend this result to the case of a torsor under
an etale group scheme.

Let X be a smooth and connected K-scheme and zy a K-point of X. Given a finite
group scheme G, a G-torsor

f:Yy —X

and a K-point yo of Y above zy, we can say that:

Proposition 7.2. Let A be a vector bundle on Y with an integrable connection, and let
A be its push-forward connection on X. Then the connection f*(.#) is isomorphic to a
direct sum of the connection A . In addition, if G 4 (respectively, G 4 ) is the differential
Galois of M (respectively, N ) at the point xq (respectively, yo ), then the natural pull-back
functor

[Py — (N e

induces a closed immersion v : G4, — G, with cokernel G.
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Proof. The first claim is very simple and we offer no proof. We thus concentrate on the
relation between the differential Galois groups. The essence of the argument we offer is
explained in [BHdSI8| Proposition 2.2], but we reproduce the details for the convenience
of the reader. It is clear that ¢ is a closed immersion [DM82] p. 139, Proposition 2.21(a)].
Let T stand for the full subcategory of (.#)y having for objects those & € (.#)g such
that f*& is a trivial connection. The main theorem of Tannakian duality [DM82] p. 130,
Theorem 2.11] assures the existence of a group scheme ) such that the functor xj gives
us an equivalence

zy - ¥ — Rep(Q).

In addition, the inclusion T C (.#)g produces a quotient morphism G_, — Q.

We set out to prove that (a), (b) and (c) of [EHSO8, Theorem A.1(iii)], henceforth called
simply conditions (a), (b) and (c), are satisfied for the diagram G, — G, — Q.
Condition (a) is assured by the construction of @) from its category of representations.
Condition (c) is guaranteed by the fact that the counit f*f,.# — % is an epimorphism
for each # € (A")g. We only need to show that (b) holds. The verification employs the
following.

Let n = #G. Since A% ~ f(A®") and A" ~ f* 4 the projection formula

gives
M = [ fT( M)

As Ox is a quotient of .#Y @ .#, it then follows that the connection f,(0y) belongs to
(M) and hence to ¥, since f*f.(Oy) is certainly trivial. In addition, it is not difficult
to see that T C (f.(0y))s which assures the equality

T = <f*(ﬁY)>®'

Let now & € (4 )g be given. Denote by & the connection (f.0y)Y € ¥ and, for
each horizontal arrow ¢ : & — &, let &, stand for its image. Taking the sum over all
such ¢, we obtain a subobject &, of &; needless to say, & is actually a quotient of a finite
number of copies of &. Since f*Z is a trivial connection, we see that f*& is also trivial.
Let s € T'(Y, f*&) be horizontal and consider the evaluation map s" : f*(&Y) — Oy.
This givesrise tot : &Y — f.(Oy) and hence tot¥ : & — &. Now, it is not difficult
to see that, for each open affine subset U where &|y and &|y are free Opy-modules, the
restriction s|y belongs to the image of f*(t) : f*% — f*&. Hence s € T'(Y, f*&)
and (b) is assured.

To end, it must be observed that () ~ G, and this follows from the fact that the
associated bundle construction Y x¢ (=) gives us an equivalence between Rep(G) and

(f:(Oy))e. O
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