ON THE VISCOSITY APPROACH TO A CLASS OF FULLY
NONLINEAR ELLIPTIC EQUATIONS

HOANG-SON DO AND QUANG DIEU NGUYEN

ABSTRACT. In this paper, we study some properties of viscosity sub/super-solutions of
a class of fully nonlinear elliptic equations relative to the eigenvalues of the complex
Hessian. We show that every viscosity subsolution is approximated by a decreasing
sequence of smooth subsolutions. When the equations satisfy some conditions on the
limit at infinity, we verify that the comparison principle holds, and as a sequence, we
obtain a result about the existence of solution of the Dirichlet problem. Using the
comparison principle, we show that, under suitable conditions, a Perron-Bremermann
envelope can be approximated by a decreasing sequence of viscosity solutions.
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1. INTRODUCTION

Let I' ¢ R™ be an open, convex, symmetric cone with vertex at the origin such that
I, CI' C Ty, where

'y = {l’ € R"™: 0'1(33') > 0, ...,O'k<£L'> > O},
for every 1 < k < n. Here oy (x) is the k-th elementary symmetric sum of the coefficients
of z, i.e.,

O'k(l’) = Z J,’jl...l’jk.
1<j1<...<jg<n

Let f: T — (0,00) be a continuous function such that

e f is symmetric, strictly increasing in each variable and concave.

e flr >0, flor = 0.
We define F' : H" — [—00,00) by
_Jro)) if He M(T,n),

where H™ is the set of all n x n Hermitian matrices and M (I',n) is the subset of H"
containing matrices H with the eigenvalues A(H) = (Ay, ..., A,) € I'. The conditions on f
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imply that F is concave on M (I',n) (see [3]) and
(2) F(M+ N) > F(M),

for every M € M(I',n) and for each positive semidefinite matrix N # 0.

We consider the fully nonlinear elliptic equation:
(3) F(Hu) = ¢(z, u),

in a bounded domain 2 C C", where Hu is the complex Hessian of v and ¢ > 0 is a
continuous function in Q x R which is non-decreasing in the last variable.

In the smooth setting, the existence and uniqueness of the classical solution of the
Dirichlet problem of (3) has been studied in [16] (see also [20] for corresponding prob-
lems on compact Hermitian manifolds). The real version of (3) has been studied ear-
lier by Caffarelli-Nirenberg-Spruck [3], Guan [6], Trudinger [21]... (see also [13], [7],
8], [9], [14] for some recent developments). Some important equations of the form
(3) are the complex Monge-Ampeére equations, the complex Hessian equations and the
complex Hessian quotient equations, where we take, respectively, f(z) = (o, (x))"/",
F() = (0n(@)) "H(1 < k < n) and f(z) = (on(x)/on(x)) (1 < L < k < n).

The viscosity method introduced in [1, 17] (see [2] for a survey) is useful for study-
ing partial differential equations in the non-smooth setting. A viscosity approach to the
equation (3) has been studied in [4]. The goal of this paper is to expand this research
direction. Following [2], a function v € USC(f?) is a viscosity subsolution (resp., super-
solution) of (3) iff for every zo €  and for any C?-smooth function ¢ in a neighbourhood
U of zy such that (u — q)(z) = 0 = maxy(u — q) (resp., (u — q)(20) = 0 = ming(u — q)),
we have F(Hq(zo)) > (20, u(20)) (resp., F(Hq(z0)) > ¥(20,u(20))). The reader can find
more details about the defintions and properties of viscosity sub/super-solutions in [4]
(see also the Preliminaries). By [11, Lemma 4.6, Remark 4.9 and Theorem B.8§], for every
u € USC(2), the following conditions are equivalent:

(i) F(Hu) > 0 in the viscosity sense in 2.

(ii) For every open set U € (2 there exists a decreasing sequence {u;} of smooth I'-
subharmonic functions on U such that v; — w as 7 — oco. Here a smooth function
w is I'-subharmonic if Hw(z) € M(I',n) for every z.

We say that a function v € USC(€2) is I'-subharmonic if it satisfies the above equivalent
conditions. Since I' C I'y, every I'-subharmonic function is subharmonic. An alternative
proof for the equivalence of (i) and (ii) is provided in this paper (see Corollary 3.3).
Futhermore, we generalize this fact for viscosity subsolutions of (3) in the case where
¥(z,7) is independent of r. Our first main result is as follows:

Theorem 1.1. Assume that ¥(z,r) does not depend on the last variable r € R. Then
a function u € USC(Q) is a viscosity subsolution of (3) iff u is I'-subharmonic and
F(H(u* xe)) > v % x. in Qe (in the classical sense). Here x. is the standard modifier, *
is the convolution operator and Qe = {z € Q : d(z,00) > €}.

When f satisfies some conditions on the limit at infinity, we use Theorem 1.1 to show
that every viscosity subsolution of (3) can be approximated by a decreasing sequence
of classical subsolution of (3). In the cases of Monge-Ampeére equations and Hessian
equations, this fact has been proved in [5] and [18].

Corollary 1.2. Assume that ¥(z,r) does not depend on r and
lim f(R,R,...,R) > sup.
Q

R—o0



FULLY NONLINEAR ELLIPTIC EQUATIONS 3

Then a function u € USC(Q) is a viscosity subsolution of (3) iff for every open set
U € Q, there exists a decreasing sequence {u;} of smooth I'-subharmonic functions on U
such that u; — w as j — oo and F(Hu;(z)) > ¢(z) in U for every j.

Our second purpose is to study the comparison principle for (3). It follows from [12]
that the comparison principle holds if ¢ (z,r) — er is non-decreasing in r for some € > 0.
Under appropriate growth restrictions on the behavior of F', one can permit € = 0 (see [4]).
In this paper, we establish a version of the comparison principle with weaker conditions
for F:

Theorem 1.3. Let @ C C" be a bounded domain. Let u € USC N L>(Q) and v €

LSC N L>(Q), respectively, be a bounded subsolution and a bounded supersolution of the
equation

(4) F(Hw) = ¢(z,w),

i Q. Assume that v < v in 0X) and
lim f(R,R,...,R) > sup(z,v(z)),
R—o0 K

for every K € ). Then u < v in ().

By Theorem 1.3 and the Perron method, if v is a viscosity supersolution of (3) satisfying
some suitable conditions then the function

¢, = sup{w : w is a subsolution of (3), w < v},
is a discontinuous viscosity solution of (3) (see Proposition 4.2). In the case where ¢(z,r)

is independent of r, we show that ®, is further locally approximated by a decreasing
sequence of viscosity solutions.

Theorem 1.4. Assume that 1 does not depend on the last variable and

lim f(R R, R) > (2),

for every z € Q. Suppose that v € L N LSC(S2) is a bounded viscosity supersolution of
(3) in Q which is continuous at every point z € ). Then, for every relatively compact
open subset U of Q, there exists a decreasing sequence u; of viscosity solutions of (3) in
U such that lim;_, u; = @, in U.

Acknowledgements. The authors would like to thank Lu Hoang Chinh for fruitful
discussions on discontinuous viscosity solutions. This research began while the first named
author was visiting Vietnam Institute for Advanced Study in Mathematics(VIASM). He
would like to thank the institution for the hospitality.

2. PRELIMINARIES

In this section, we recall the definitions and some properties of viscosity sub/super-
solutions.

Definition 2.1. (Test functions) Let w : Q@ — R be any function defined in Q and
20 € Q a given point. An upper test function (resp., a lower test function) for w at the
point 2 is a C*-smooth function q in a neighbourhood of zy such that w(zy) = q(z0) and
w < q (resp., w > q) in a neighbourhood of zy.

Definition 2.2. 1. A function uw € USC(R) is said to be a (viscosity) subsolution of
(5) F(Hu) = ¢(z, u),
in Q if for any point zo € Q and any upper test function q for u at zy, we have F(Hq(zo)) >

(20, u(20)) (and then Hq(zo) € M(I',n)). In this case, we also say that F/(Hu) > ¥(z,u)

in the viscosity sense in 2.
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2. A function v € LSC(Q) is said to be a (viscosity) supersolution of (5) in Q if for any
point zg € 2 and any lower test function q for v at zy, we have F(Hq(zo)) < ¥(20, u(20)).
In this case, we also say that F(Hv) < (z,v) in the viscosity sense in §Q.

3. A function u € C () is said to be a (viscosity) solution of (5) in Q if it is a subsolution

and a supersolution of (5) in €.
4. A function u € L*(Q) is said to be a discontinuous viscosity solution of (5) in  if u*

is a subsolution and u, is a supersolution of (5) in €.

It follows from the definition directly that if u, v are viscosity subsolutions of (5) then
max{u, v} is a viscosity subsolution of (5). Furthermore, we also have:

Proposition 2.3. Assume that G C € is an open set. Suppose that v is a viscosity
subsolution of (5) in G and u is a viscosity subsolution of (5) in Q such that

limsup v(z) < u(z),
Goz—20

for every zy € 0G N Q. Then, the function

_Ju in Q\G,
max{u,v} in G,

is a viscosity subsolution of (5) in €.

In the case of Hessian equations (i.e., f(z) = (ox(z))/* and ' = T}), we use the
notation Fy instead of F'. The following result has been proved in [18]:
Proposition 2.4. Let u € USC(Q2). Then the following conditions are equivalent:

a) u is a wviscosity subsolution of the equation Fi(Hw) = (z,w) in the sense of
Definition 2.2;
b) for every zy € §, for every upper test function q foru at zy, we have o, (A(Hq(zo)) >

VF (20, u(20)) (it does not require that Hq(z9) € M (Ty,n)).

Actually, in [18], a function u € USC(L?) is called a viscosity subsolution of the equa-
tion op(AN(Hw)) = ¥*(z,w) if it satisfies the condition b) in the above proposition. By
the proof of [18, Lemma 3.7], if b) is satisfied then, for every z; € Q and for every upper
test function ¢ for u at zg, the Hessian matrix Hq(z) = (%(20)) is k-positive, i.e.,

Hq(zp) € M(T'g,n). Then b) = a). The fact a) = b) is obvious.

If ue USC(Q) (resp., u € LSC(Q2)) then for every x € Q, the set

J*u(z) = {(Dw(z), Hw(z)) € R*™ x H" : w is an upper test function (resp. a lower test
function) for u at z}

is called the super-(resp., sub-)differential of u at z. The set
giu(z) ={(p,Z) e R?" x H" : 32,, = z and (pm, Zm) € J*u(2,,) such that

(P> Zm) = (p, Z) and u(zp) — u(2)}
is called the limiting super-(resp. sub-)differential of v at z. By the continuity of F' and v,
the limiting super/sub-differentials can be used to identify viscosity sub/super-solutions
as follows:
Proposition 2.5. a) Let u € USC(R?). Then u is a viscosity subsolution of the equation
(5) iff for any point x € Q, for every (p,X) € ngu(z), we have

F(X) > o(zu).

b) Let u € LSC(Y). Then u is a viscosity supersolution of the equation (5) iff for any
point x € Q, for every (p, X) € J u(z), we have

F(X) <9(z,u).
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The following proposition is deduced by combining Proposition 2.5 and [2, Proposition
4.3]:

Proposition 2.6. a) Assume that {us} is a family of viscosity subsolutions of the equation
(6) F(Hw) =(z,w),

in Q. If u = sup, u, is locally bounded from above then its usc reqularization u* is a
viscosity subsolution of (6) in Q.

b) Assume that {u,} is a family of viscosity supersolutions of (6) in Q. If u = inf, u, is
locally bounded from below then its lsc reqularization u, is a viscosity supersolution of (6)
mn §2.

b) Assume that u; is a decreasing (resp., increasing) sequence of viscosity subsolutions
(resp., supersolutions) to (6). Then uw = lim; . u; is either a viscosity subsolutions
(resp., supersolutions) to (6) or identically —oo (resp., 0o).

3. APPROXIMATION OF SUBSOLUTIONS

In this section, we will prove the Theorem 1.1 and Corollary 1.2. First, we have the
following lemma:

Lemma 3.1. There exists a mapping
o M(T,n) = M(T,,n)

H~— H=®(H)
depending on F' such that

a) For all Be€ M(T',n),
(7) F(B)=inf{AzB+ F(H)—-AzH:H e M(I',n)},

n.o <

where AgB = trace(ﬁB) = > hjib;.
k=1
b) For all B € H", if
(8) inf{AzB+ F(H)—-AzH:H e MT,n)} >0,

then B € M(T',n).

Proof. a) By the concavity of I in M(T',n), for every H € M(I',n), the subdifferential
O(—F(H)) is nonempty, i.e., there exists H € H" \ {0} such that

(9) F(B) = F(H) < Ag(B - H) = Ag(B) — Ap(H),

for all B € M(T',n). Moreover,

(10) F(B) = lim (F(H) + Ag(B — ).

Combining (9) and (10), we have

(11) F(B) =inf{Az(B)+ F(H)—Az(H): He M(I',n)}.

By (2) and (9), for every N € M(T,,,n) \ {0} and for each H € M (T, n), we have
(12) Ag(N)=Az(H+N—-H)>F(H+ N)—F(H) > 0.

Hence, H € M(L,,n) for every H € M(T,n).

b) Assume that B ¢ M(I',n) and the condition (8) is satisfied. Let ty > 0 such that
B+ tol € OM(I',n). Then, for every t > to, we have B +tI € M(I',n). By the
assumption, we get

A—~—B+FB+tl)—A—~—(B+tl)> inf {AzB+F(H)—-AzH} >0,

B+tI B+tI HeM(Tn)
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for every t > ty. Then

F(B—l—t[)—tAm[ZO,

for every t > to. Letting ¢ \ to, we get
F(B+tI F(B+tol
(13) limsup Az 1 < lim (B +tI) = (B +tol) =0.

+
t—td =1y t to

Moreover, it follows from (9) that

F(B4+(1+4t)I)—F(B+tl) <(1+ty—t) A1,

BHtI
for every tg <t < to+ 1. Letting t \ o, we get

F(B+(1 I)—F(B+tI
(14)  liminf A——T1 > lim (B + (1 +1t)1) (B +tI)
t_H:a_ +t[ t—>t3_ 1 + to — t

= F(B+ (1+to)I) > 0.

By (13) and (14), we get a contradiction.
Thus, the condition (8) implies that B € M(I', n). O

Corollary 3.2. Let t € [0,1] and 0 < 91,99 € C(Q). Assume that u; is a viscosity
subsolution of the equation F(Hw) = ;(z) in Q for j = 1,2. Then, the function tu, +
(1 —t)usy is a subsolution of the equation F(Hw) = ti1(2) + (1 — t)io(2).

Proof. By Lemma 3.1, we have, for j =1, 2,
(15) Ang—FF(H)—AﬁHZ@Dj,

in the viscosity sense in € for every H € M(T",n). Then, it follows from [10, Proposition
3.2.107, page 147] that (15) holds in the distribution sense. Therefore, we have

(16) Ag(tuy + (1= thug) + F(H) — AgH > tp(2) + (1 = 1)1ha(2),

in the distribution sense. Using again [10, Proposition 3.2.10°, page 147], we get (16)
holds in the viscosity sense. Thus, by Lemma 3.1, we obtain

F(H(tur + (1 = t)ug)) > th1(2) + (1 — t)1a(2),
in the viscosity sense. ]

Corollary 3.3. Let u € USC(Q2). Then the following conditions are equivalent

a) u is subharmonic and for every e > 0, uxx. is I'-subharmonic in Q.. Here x. is the
standard modifier, x is the convolution operator and Q. = {z € Q : d(z,00) > €}.

b) w is I'-subharmonic.

c) F(Hu) > 0 in the viscosity sense, i.e., for any point zo € Q and any upper test

function q for u at zy, we have Hq(zg) € M(T',n).

Proof. (a) = (b) and (b) = (c) are clear. It remains to show (¢) = (a).

Assume that F(Hu) > 0 in the viscosity sense. Then, by the definition and by the
condition I' C I'y, we have Au > 0 in the viscosity sense. Hence, by [10, Proposition
3.2.10°, page 147], we get u € SH(Q).

Moreover, it follows from Lemma 3.1 that

(17) Aju+ F(H) = AzH > 0,

in the viscosity sense for every H € M(I',n). Then, it follows from Lemma 3.4 that (17)
holds in the distribution sense. Hence

Aﬁ(u*xg) +F(H) —AIfIH > 0,
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in the classical sense in (). for every H € M(I',n). Using again Lemma 3.1, we have

H(ux*x.)(z) € M(I',n) for every ¢ > 0 and z € Q.. Thus u * x, is [-subharmonic in €Q,.
The proof is completed. O

Lemma 3.4. Let U C RY(N > 2) be a bounded domain. Assume that g € C(U) and
u € USC(U). Then, Au > g in the viscosity sense iff Au > g in the distribution sense.

Proof. 1f g € C*(RY) then v = Exg is a classical solution to the Poisson equation Aw = g,
where

s loglz| (N =2),
E(x):{ -1 1 (N23),

N(N—2)cn |z|N—2

and cy is the volume of BY. Tt follows from [10, Proposition 3.2.10°, page 147] that
A(u —v) > 0 in the viscosity sense iff A(u —v) > 0 in the distribution sense. Hence,
Au > g(= Av) in the viscosity sense iff Au > g in the distribution sense.

In the general case, since the problem is local, we can assume that g € C.(R"). Then,
we can choose a sequence g; € C?(R") such that g; /' g as j — oco. Hence, by the above
argument, we have

(Au > g in the viscosity sense) <> (Au > g; in the viscosity sense for every j)
< (Au > g; in the distribution sense for every j)
< (Au > g in the distribution sense).

O

Proof of Theorem 1.1. If u is T'-subharmonic and F'(H (u * x¢)) > @ * x, in Q. for every
€ > 0 then, by the definition, we have F'(H (u * x.)) > ¥ * X, in the viscosity sense in
for every e > 0. Hence, F(H(u*x.)) > 1, in the viscosity sense in 2, for every 0 < € < r,
where 1, (2) = inf|,_y|<, ¥(w). Since u is subharmonic, we have u * x. N\, u as € N\ 0.
Using Proposition 2.6, we get F/(Hu) > 1, in the viscosity sense in €, for every r > 0.
Letting 7 N\, 0, we obtain F'(Hu) > v in the viscosity sense in 2.

Conversely, assume that u is a viscosity subsolution of the equation F(Hw) = 9(z) in
Q2. By Corollary 3.3, we have u and u * y, are [-subharmonic (¢ > 0). Moreover, by the
same argument as in the proof of Corollary 3.3, we also have

Ag(uxxe)+F(H)—AgH > ¢ * x.,

in the classical sense in €, for every H € M (I',n). Hence, it follows from Lemma 3.1 that
F(H(u* xe)) > 1% xe in €2 in the classical sense. O

Proof of Corollary 1.2. If there exists a decreasing sequence {u;} of smooth I'-subharmonic
functions on U such that u; — u as j — oo and F(Hu;(x)) > 9(2) in Q for every j then,
by Proposition 2.6, u is a viscosity subsolution of (3).

For the converse, assume that u is a viscosity subsolution of (3) and U is a relatively
compact open subset of 2. By Theorem 1.1, we have uxy, \,uas e N\, 0and F(Huxy.) >
Y * x. in U for every 0 < € < ¢y, where ¢y > 0 is small enough such that U € €. Since
¥ * xe converges uniformly to ¢ in U, there exists 0 < ... < €11 < ¢; < ... < € < ¢ such
that lim;_,, €; = 0 and

1
|¢*X6_¢|<§7

in U. By the assumption, there exists R > 1 such that f(R, R, ..., R) > supy ¢ + r for
some 0 < r < 1. For every j > —log, r, we denote:

Rlz|*

u;(z) = u* X, + iy
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Then, u; is a decreasing sequence of smooth I'-subharmonic functions in U satisfying
lim;_,o u; = u. Moreover, for every j > —log, r and for each z € U, we have

F(Huy) > (1= s )F(Hux ) + o F(H (s v, + 220))
> (1- 2717)1# * Xe + %J%F(RJ)
> (1= 5 )W) — ) + () +7)
> (),
in U. B

4. COMPARISON PRINCIPLE AND APPLICATIONS

Now we prove the second main theorem of this paper:

Theorem 4.1. Let u € USC N L®(Q) and v € LSC N L=(SY), respectively, be a bounded
subsolution and a bounded supersolution of the equation

(18) F(Hw) = 1(z,w),

i Q. Assume that u < v in 0X) and

(19) lim f(R,R,...,R) > supy(z,v(z)).
R—o0 Q

Then v < v in .

Proof. First, we consider the case where u — §|z|? is a subsolution of (18) for some § > 0.
Assume that there exists zg € €2 such that

(20) (u—v)(20) = mﬁax(u —v) > 0.

For each N > 0, we denote
on(z,w) = u(z) —v(w) — N|z —w|?,

for all (z,w) € Q°. Since O is compact and ¢y is upper semicontinuous, there exists
(zy,wn) € Q° such that

on (2N, wN) = max ON-
Q

Moreover, by [2, Lemma 3.1], we can assume that zy and wy converge to zy as N — oo.
In particular, there exists Ny > 0 such that zy,wy € B(zg, R) for every N > Ny, where
0 < R < d(z,0). By the maximum principle [2, Theorem 3.2], there exist Zy, Wy € H"
such that (2N (zy —wn), Zn) € g+u(zN), (2N (zy —wy), W) € J v(wy) and Zy < Wy
for all N > Ny. Hence, we have

(21) F(ZN —25]) Z @D(ZN,U(ZN)),
and

(22) FWy) < (wn, v(wy)),
and

(23) F(Zy) < F(Wy).
Combining (22) and (23), we get

(24) F(Zy) < M,

for all N > Ny, where M := sup{¢(z,v(2)) : * € B(zp, R)}. Since limg_,o, f(R,..., R) >
M, there exist Ry > 1 and 0 < r < 1 such that
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F(RI) = f(R,...,R) > M +1.
for all R > Ry. Then, by (24) and by the concavity of F', we have, for every 0 < e < 1,
F(Zx) = F(Zy —201) _ F(Zy + Rol) - F(Zy)

20 - Ry

L F(Zn/) + (1= OF (Rl /(1 = ) = M

> i

- 1l—e(M+r)— M

iy RO Y

r
for all N > N,. Letti =
or a > Np. Letting e 2M+T,W6get
2M 62
2 F(Zy)>F(Zy —01) 4+ ————
(25) (Zn) =2 F(Zn )+(2M+T)R0’
for every N > Ny. Combining (21), (22), (23) and (25), we obtain
2M 52

(26) Y(en, u(zn)) + M+ 1R, < P(wn, v(wy)),
for every N > Ny. Since zy,wy — 29 and 9 is uniformly continuous, we also have
(27) lim (6 (zx. u(zn)) — dwy. u(zy))) = 0.

Moreover, it follows from [2, Lemma 3.1] that limy o (u(zn) —v(wy)) = max(u—v) > 0.
Hence, since v is non decreasing in the last variable, we get N

(28) hNHLiOI(l)fW(wN,U(ZN)) — Y(wy,v(wy))) > 0.

Combining (26), (27) and (28), we get

2M 52
0< l%vlgioféf(@b(zN,U(ZN)) —Y(wy,v(wy))) < “2M+ )R,y

and this is a contradiction. Thus, (20) is not true.

In the general case, for each § > 0, we denote us(z) = u(z) + 6(|z|*> — A), where
A = max{|w|?> : w € Q}. By the above argument, we have u; < v in Q for all § > 0.
Letting 0 \, 0, we get u < v in €.

The proof is completed. l

By using the Perron method [2] and Theorem 1.3, we obtain the following result:

Proposition 4.2. Let v € LSC N L*(2) be a bounded supersolution of the equation
(29) F(Hw) =9(z,w),
in ) such that

lim v(z) = v(2),
Q3z—2

for all z € 00 and
lim f(R,R,...,R) > supy(z,v(z)).
Q

R—o0

Denote by S the set of all viscosity subsolutions w to (29) satisfying w < v. Then the
function

u(z) = sup{w(z) : w € S},
is a discontinuous viscosity solution of (29) with u=u* € S.

Proof. By Proposition 2.6, we have u* is a viscosity subsolution of the equation F/(D?*w) =
Y(z,w) in . Moreover, since u < v in {2, we have
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limsupu*(z) = limsupu(z) < lim v(z) = v(2),
05z—2 O5z—2 1522

for all z € 0Q2. Then, it follows from Theorem 1.4 that «* < v. Hence, u* € S and u = u*.
It remains to show that wu, is a viscosity supersolution.

Assume that there exist a point 2y € €2, an open neighbourhood U C € of zy and a
function n € C*(U) such that 1(z0) = u.(20), 1 < us|y, Hn(z9) € M(T',n) and

F(Hn(z)) > ¥ (20,1(20))-
By the continuity of F, ¢, n and Hn, there exist r, s > 0 such that m Cc U, Hn(x) —
2s] € M([',n) for all z € B(zy,r) and
F(Hn(z) —2sI) > 4(z,n(2) + s),
for every z € B(zp,7). Denote

2
i(2) = (=) = sl = zf* 4+ min{s, =),

We have

(30) F(Hn(2)) 2 ¢(z,17(2)), Vl|z =z <,
and

(31) n(z) Su(z), Vr/2<|z—z|<r
Denote

i) = u(z) if ze€Q\ B(z,1),
max{u(z),n(z)} if =z & B(z,1).

Then @ € S and @ > u. Since u = sup{w : w € S}, we have & = u. Moreover,

Us(20) > M(20) > us(20) + min{s, S%} > Uy (20).

and it implies that @ is not identical to u. We get a contradiction. Thus, u, is a superso-
lution of (29). O

Note that every harmonic function is a supersolution of (29). By using Theorem 1.3
and Proposition 4.2, we obtain the following result which will be used in the next section:

Proposition 4.3. Assume that 2 is a bounded smooth domain and ¢ is a continuous
function on 0Q) satisfying

lim f(R,R,....R) > ¥(z,supy),
0N

R—o0

for every z € Q2. Suppose that there exists u € USC(RQ) such that ulso = ¢ and F(Hu) >

W(z,u) in the viscosity sense in §). Then, there exists a unique uw € C(2) such that
ulgn = ¢ and F(Hu) = ¢ (z,u) in the viscosity sense in ).

5. MAXIMAL VISCOSITY SUBSOLUTIONS

In this section, we study some properties of maximal viscosity subsolutions (see below
for the defintion). Theorem 1.4 is deduced by combining Proposition 5.1 and Theorem
5.2.

Similar to the concept of maximal plurisubharmonic functions [19] (see also [15]), we
say that a viscosity subsolution u for (3) is maximal if u satisfies the following condition:

For every open set U € 2 and for each v € USC(U) such that v is a subsolution for (3)
in U and v < u in U, we have v < u in U.
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Proposition 5.1. Under the assumption of Theorem 1.4, the function ®, is a maximal
viscosity subsolution for (3).

Proof. By Proposition 4.2, we have ®, is a viscosity subsolution of (3). We will show that
®, is maximal.

Let U be a relatively open subset of . Let w € USC(U) such that w is a subsolution
for (3) in U and w < @, in OU. By Proposition 2.3, the function

u(z) = O,(z) if z€Q\U,
| max{w(z), ®,(2)} if zeU,

is a subsolution of (3) in Q. Since u = ®, < v in Q\ U, it follows from Theorem 1.3 that
u < v in 2. Then, by the definition of ®,, we get u < ®,, in €.
Thus @, is a maximal viscosity subsolution of (3). O

Theorem 5.2. Assume that ¥ does not depend on the last variable and
(32) lim f(R,R,...,R) > ¢(z),
R—oc0

for every z € Q. Suppose that u is a mazximal viscosity subsolution for (3) in Q. Then,
for every relatively compact open subset U of §2, there exists a decreasing sequence u; of
viscosity solutions of (3) in U such that lim; oo u; = u in U.

In order to prove Theorem 5.2, we need the following lemma:

Lemma 5.3. For every e > 0, there exists an open set U with smooth boundary such that
Q. € U &), where
Qe={z€Q:d(2,00) > €}.

Proof. Consider the function g(z) = (d * x./4)(2), where x./4 is the standard modifier, *
is the convolution operator and d(z) = —d(z,02). We have ¢ is well-defined and smooth
in €2c/4. Moreover, for every /2 <t < 3¢/4,

Q.elU; e 96/4,

where Uy = {z € Q¢4 : g(z) < —t}. In particular, we have OU; C g~ (t) € Q¢4 for every
€/2 <t < 3¢/4. By Sard’s Theorem, there exists ty € (¢/2,3¢/4) such that Dg(z) # 0
for every z € g7 *(to). Then, OU,, = g '(t;) and U := U, is a smooth open set satisfying
Q.U e

The proof is completed. O

Proof of Theorem 5.2. By Lemma 5.3, there exists a smooth open set V such that U &
V € Q. By the compactness of U, we can assume that V has finite (open) connected
components. Then the problem is reduced to the case where U is a smooth domain.

By Corollary 1.2, for every open neighbourhood W & Q of U, there exists a decreasing
sequence {v;} of smooth I'-subharmonic functions on W such that v; — u as j — oo and
F(Hv;(z)) > 9(z) in W for every j. By Proposition 4.3, for each j € ZT, there exists a
unique u; € C(U) such that u;|ay = vjloy and F(Hu;) = 1(2) in the viscosity sense in
U. We will show that u; decreases to u as j — o0.

It follows from Theorem 1.3 that u; > w;;; > u, and then
(33) o= lim u; > u,

]4)00
in U. It follows from Proposition 2.6 that u is a viscosity subsolution of the equation
F(Hw) = (z). Moreover, we have

tloy = lm ujloy = lim vj|oy = ulay.
j—o0 j—o0
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Since u is a maximal viscosity subsolution of the equation F(Hw) = ¥(z,w), we get
(34) w> i,
in U. Combining (33) and (34), we obtain

u=1u= lim uj,
]4)00

inU.
The proof is completed. O

Corollary 5.4. Under the assumption of Theorem 5.2, if u is bounded then u is also a
discontinuous viscosity solution of (3).

Proof. By Theorem 5.2, for every relatively compact open subset U of 2, there exists a
decreasing sequence u; of viscosity solutions of (3) in U such that lim; ,,,u; = u in U.
Then, by Proposition 2.6, u, = (inf; u;). is a viscosity supersolution of (3) in U. Since U
is arbitrary, we get u, is a viscosity supersolution of (3) in 2. Hence, u is a discontinuous
viscosity solution of (3). O

Remark 5.5. By the same arguments as in the proof of Theorem 5.2, if we assume further
that T, f and v satisfy the hypothesis of [16, Theorem 1.1] then each mazximal viscosity
subsolution for (3) is approximated on every relatively compact subset of Q by a decreasing
sequence u; of classical solutions of (3).

Remark 5.6. In general, if u € USC N L>®(Q) is a discontinuous viscosity solution of
(3) then u may not be a maximal visocity subsolution. For example, let {a;}52, be a dense
subset of the unit ball B> in C" and let

v(z) = IZ!2+Z

We have u = €’ is a bounded plumsubharmomc functzon and u, = 0 in B®*. Therefore,
u is a discontinuous viscosity solution of the equation F,(Hw) = 0 in B*". However,
u is not a mazimal plurisubharmonic function in B®", since its Monge-Ampére measure
(dd°u)™ > e™(ddv)™ > e™(dd|z|*)" is not identically 0. Then w is not a mazimal
viscosity solution of the equation F,(Hw) = 0 in B?".

loglz a;|
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