SOME NEW REGULARITY CRITERIA FOR THE NAVIER-STOKES
EQUATIONS IN TERMS OF ONE DIRECTIONAL DERIVATIVE OF
THE VELOCITY FIELD

N.V. GIANG AND D.Q. KHAI

ABSTRACT. We establish some regularity criteria for the solutions to the Navier—Stokes
equations in the full three-dimensional space in terms of one directional derivative of
the velocity field. Revising the method used by Zujin Zhang (2018), we show that
a weak solution u is regular on (0, T] provided that 57“3 € LP(0,T; LY(R?)) with

s =2for3<¢<6 15<s<2fr6<qg< gy and § <s < g for

£/ 3(2;3‘93;23 - 23((25(:—33)) <q< 63—% where s = % + % They improve the known results

+%:2f0r3§q§%and%+%§§+1$3quor%§q<oo.

[N MW

1. INTRODUCTION AND MAIN RESULTS

We consider sufficient conditions for the regularity of solutions of the Cauchy prob-
lem for the NavierStokes equations in R?

(1.1) %—Au—i—u-Vu%—Vp:O in R® x (0, 00)
(1.2) V-u=0 in R* x (0, 00)
(1.3) ul,_g = Uo

where u = (uy,us,uz) : R® x (0,7) — R3 is the velocity field, p : R® x (0,7) — R
is a scalar pressure, and ug is the initial velocity field. We recall some well-known
function spaces, the definitions of weak and strong solutions to (1.1) and introduce
some notations before describing the main results. Throughout the paper, we sometimes
use the notation A < B as an equivalent to A < C'B with a uniform constant C', for
1 < ¢ < oo we use the well-known Lebesgue spaces L4(R?), with norms ||- HLQ(RB) = ||1l4-
Further, we use the Bochner spaces L*° (t,T;X)), 1 < s < 00, where X is a Banach
space, if X = L(R?) then we denote

1/s

T
L5<t,T;L‘1(R3)) = (/t ||'||SL‘1(R3) dT) - H HHq Hs;t,T - H ) Hq,s;t,T'
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We use standard Sobolev space and do not differentiate between scalar and tensor

function. We write u = (uy,us, uz) € X instead of u = (uy, ug, u3) € X>. We denote
up = (ur,u2), Vip = (01, 0) , Ay = 0101 + 020,

To deal with solenoidal vector fields we introduce the space of divergence-free smooth
compactly supported functions C§% (R?)) = {u € Cg°(R?)), div(u) = 0}, and the spaces
LA(R3) = WHIHQ. Let ug € L2(R?), a weak solution of (1.1)-(1.3) on [0,7] (or
[0,00) if T'= 00) is a function u : [0, 7] — L2(R?) in the class u € C,, ([0, T]; L2(R3)) N
L2 (0,T; H' (R?)) satisfying

loc

(ult), (1)) + / {— (. 000) + (Y, Vp) + (- Vi, 9) } ds = (i, 9(0))

for all ¢ € [0,7] and all test functions p € C5° ([0,T) x R*) with V - ¢ = 0. Here
(+,+) stands for L inner product, and C,, signifies continuity in the weak topology. For
every ug € L? (R3), there exists a weak solution of (1.1)-(1.3) on [0, 00) satisfying the
following energy inequality (see Leray [5])

t
(1.4) (-, )12 + 20 / IV, 8)Bads < fluollZs
to

for almost all ¢y € [0, 00) including to = 0 and all ¢ € [tg, 00) . A Leray-Hopf solution of
(1.1)-(1.3) on [0, 7] is weak solution on [0, 7] satisfying the energy inequality (1.4) for
almost all ty € (0,7) and all t € [ty, T]. A weak solution of the Navier-Stokes equations
that belongs to u € L> ([0, T]; H' (R®)) N L% (0, T; H? (R?)) is called a strong solution.
We say that a Leray weak solution is regular if w € C*((0,T) x R?). Tt is well-known
that if the above Leray weak solution u satisfies

we L*(0,T; H'(R)) N L*(0,T; H*(R?)),

then such solution is regular.

There are many known sufficient conditions on the velocity which guarantee that
a solution is regular for all time. The first such criterion is usually referred to as the
Prodi-Serrin condition [10,17] saying that if

2 3
we LP(0,T; LYRY)), = + = = 1,q € [3,00),
P g

then w is regular and is unique in the class of all weak solutions satisfying the energy
inequality. Notice that the case u € L>®(0,T; L*(R?)) was covered by Escauriaza et
al. [3]. A related well-known sufficient condition is due to Beirdo da Veiga [1]. Namely,
if

s 2 3 3

Vu e LP(0,T; LY(R%)), -+ - =2,q € [—,oo),
P g 2

then u is regular. Note that the case Vu € L*(0,T}; L2(R?)) follows immediately from
the Sobolev imbedding theorems and [3].
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Recently, many authors became interested in the regularity criteria involving only
one directional derivative of velocity field, namely 8‘9—;’“3. In [7,9] Penel-Pokorng showed

that if
ou 3 3

2
— e LP(0,T; LYR3)), =+ - ==,2<¢<
G e 0T LRY). 4 = 2 g < o0
then w is regular on (0, T|. Later on, authors proved the regularity criterion in several
papers, see [2,4,6,19]. Here, if

ou 2 3 3

— e IP(0,T; LY (R?)),=+=-=2, —<¢<3

G € LOTILIRY), -+ 2 =2, S <q<
then w is regular on (0, T]. In 2019, Zhang, Yuan, Ganzhou, Zhou and Zhuhai [20]

proved two regularity criteria

ou 2 3 8 9 )
— € LP(0,T; LYR?)), “4+-< -+ -—, —<g<
oy € U1 R, S+ S5tiy 250
o 0 2 3 14 3
u
— e LP(0,T; LR?), “+=-<—+—, 4<¢g<o0.
Z. Skalak [12] proved the following regularity criterion
ou 2 3 3 10
— € LP(0,T; LYR?), —=+-<1+4+-,3<q<—.
7 ( (R)) il . q<
Very recently, Skalak [16] showed that if
ou 2 3 19
— e LP(0,T; LY(R?)), =+ ==2, 3<¢<—
po e POTILE), 2+2-2 3<q<y

then u is regular on (0, T), crossing so for the first time the barrier ¢ = 3. In this paper
we will focus on the method used in [19] to improve the results from [12,16,20]. The
following theorems is the main results of our pager.

Theorem 1.1. Let ug € H'(R3) with V-u = 0,T > 0. Assume that u is a Leray weak
solution of the problem (1.1)-(1.3) with the initial data uy. Then u is reqular on (0,T)
if

Ou

_ p . T4 3
5. € L0, LI(R?))

with

(1.5) +2=2 3<g¢<6.

q

2

P
Theorem 1.2. Let ug € H'(R3) with V-u = 0,T > 0. Assume that u is a Leray weak
solution of the problem (1.1)-(1.3) with the initial data ug. Then u is regular on (0,7T)

if

ou
— e LP(0,T: LY(R?
5o € V(0.5 LI(R?))
with
19
(1.6) —<5<2,6<¢<
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or
2 _ _
(L.7) ESSSE,§ s?+2s—3  3(s S)SQS 6
6 10" 2 (25 — 3)? 2(2s — 3) 6s — 11

where

2 3

s==+-.
p q

Remark 1.3. The result of Theorem 1.1 improves that of [12,16]. If s = % then the

" 19 191 < 8, 9 19 151 ~ 14 , 3.
condition (1.6) becomes 6 < ¢ < 15 and we have 15 > 175 > ttip 0 > 6 = o Ty

if s = & then the condition (1.7) becomes ¢ > 3T\/E + 21 ~ 7.1406 and we have
B > mp (OV145 +317) > £+ 1, § > g5 (11V145 +763) > {7 + 2, therefore the
result of Theorem 1.2 improves that of [20].

The following lemmas will be useful in several cases

Lemma 1.4. (Troisi Inequality). Suppose that r,p1,ps, ps € (1,00) and

Then there exists a constant C' > 0 such that for every f € C5°(R3)
3
171l < e TT 011"
i=1

Lemma 1.5. For each 1 < s < 00,0 < A < 00, then exists some constant C such that
for each f € C3°(R?),

1

I llensna < ClOAZ o0l P17 £

where 1, 7, k is a permutation of 1, 2, 3.

For the proofs of Lemmas 1.4 and 1.5 see [18] and [19], respectively.

Lemma 1.6. (Hdlder’s inequality in mized-norm Lebesgue space).
Let 1 <nr,p,q,7r,p,q <00 and —oo <t <T < oo satisfy the relations
D) =)+ ().
rr pp qa q
Suppose that f € LP(t,T; LP(R?)) and g € Li(t,T; LY(R®)). Then fg € L"(¢,T; L"(R?))

and we have the inequality

||ngr,F;t,T < Hpr,ﬁ;t,THqu,(j;t,T'

Lemma 1.7. ( Interpolation inequality in mized-norm Lebesgue space).
Let 1 <r,p,q,7,p,qg<o00,—00<t<T <ooand0 <0 <1 satisfy the relation
11 11 11
() =1=0(, ) +6(, )

rr pp q q
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Suppose that f € LP(t,T; LP(R®)) N L9(¢, T; L9(R®)). Then f € L"(¢t,T; L"(R?)) and

we have the inequality

Hf”rrtT HprptTHquth

The proofs of Lemmas 1.6 and 1.7 are elementary and may be omitted.

2. THE PROOF OF THE MAIN RESULT

The proofs of Theorem 1.1 and 1.2 are based on the method used in [19]. We
define the quantities £ and J (see [1,4]) and then prove that £ and J are uniformly
bounded in time. Let T* = sup{r > 0;u is regular on (0,7)}. Since uy € H' u is
regular on some positive time interval and T* is either equal to infinity (in which case
the proof is finished) or it is a positive number and w is regular on (0,7™), that is Vu €
L2 ([0,T*); L?) . Tt is sufficient to prove that T* > T. We proceed by contradiction
and suppose that 7% < T. We take ¢ > 0 sufficiently small (it will be specified later)
and fix 1 € (0,7") such that [|Osul[s, 714 < €. Taking arbitrarily ¢ € (¢1,7) the
proof will be finished if we show that ||Vu(t)|, < C' < oo, where C' is independent of
t. Actually, the standard extension argument then shows that the regularity of u can

be extended beyond 7™ and it contradicts the definition of 7. We define

T*t) = max ([Vun(); + [|9su(r)) /HA% ) + [IVsu(r)][;)d
3
£2(0) = max | fua(r) [ + /Hv jus(r) )37, A >,

The proof will be finished if we show that J(t) + L£(t) is bounded on (¢, T™).
Proof of Theorem 1.1
We will start with the estimate of J. The NSE may be rewritten as

8uk

wr Auk—i-Zu]@ uy +0p =0 (NSEy),

7j=1

where k = 1,2,3. Now, we proceed as in [6]. For k = 1,2, multiplying the equation
NSE by —Auy, and (1.1) by 9303u in L*(R?), respectively, and adding them together

we obtain
d 2 2 2 2
= [I57unll3 + 19sul3] + |13 + (Vs3]

(2.1) < |Osu||[Vuy [*d +/ lug||Osul|(|Auy| 4+ |VOsu|)dx
R3 R3
= Jl + JQ,
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where the first inequality was proved in [19], by the Hélder and Gagliardo-Nirenberg

inequalities

Ty < |18sullq|| Vun]|” 20 S 10sull, HVUhHQ

Integrating in time and using the Holder inequality we obtain

2q—3 3
q 2
a q
OO,Q;thtHAuh”Q,Q;tl,t S 06‘7 (t)

(2.2) / J1d7-<C’||83u|| 2 qm|
t1

Using the Holder inequality to estimate the term .Jy

t t
/ JodT :/ / |us)|Osu| (|Aug| + [VOsul)dzdr
t1 JR3

t1

(2.3) — H|u3||83u|(|Auh| + |Vosul)

1,15t ¢

f§ ||u3”a,t_l;tl,t||a3u||b,l3;t1,tHAuhv V83u||2,2;t17t7

where
2.4) G+ (G7) = (p)

Applying the interpolation inequality, Lemma 1.5 and the Holder inequality in order

a

to obtain

[[us]aat e < Hu3H2)\oot1 tHu3H (22A+1)q, 2C2E D04, ¢

_1 _||v1
W atas 15 [0 2

2(2241
2EA D9y

1—vq
< JJus|
~ U3 2x cost

1—v 2v
< sy 2 | Valua 12510 UII”“
= 531 12,0050, 11 ¥V RIT3T {12 )2:8, ¢ 2q_.4, 4

where interpolation inequality with

11 1 1 dg =3
(25) (=)= -u)(5, 0+ “1<(2A +1)g" 22\ + 1)g

Using the interpolation inequality, we get

), Ogﬂlgl

1—v v

Ha3qu,l_);t1t = Hag’UH 2?1 it t“a3u”2,200;t1,t

where
11 1 2¢—3 1

2.6 -, = 1-— -0 0<wv, <1.
(2.6) (5:7) = v2)(q . ) +02(35,0), 0<wp<
It follows from (2.4), (2.5), and (2.6) that

1-— U1 U1 1-— (% (%] 1
2.7 2 _ -
27) 2\ +(2)\+1)q+ q +2 2
and

4qg — 3 2q — 3 1

(28) q—Ul _|_ q (1 _ U2) —

202\ + 1)g 2q
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From the above estimates we have

+1 —vy 1—vq 2vq
<l H”“ [Tl | v 7 [ 12217 | I
/t Jod7 S |03 4,52 s 2,00:t1,t Vlus| 2,2:t1,t Osu 2,00:t1,t Aup, Vsu 2,2:t1,t
1

tlt

—v1 2vq

5 ETH'H_UQJH'U? (t)ﬁl N Tt (t)

We deduce that
T2 () < | Vun(t) 5 + 19su(tr) |5 + CeT*(?)
(2.9) + Cemtrti—n gle ) £ 5 +axd (1)
< O+ CeT?(t) + Cenbi g e L5 o (),

We are now prepared to proceed with the estimate of L. proceeding as in [13], multi-

plying the 3rd equation from (1.1) by ]u3|2’\_2 uz and integrating over the whole space

2 4N\ — _
Lo (222 [l = 20 [ gl

By the standard procedure one gets

we get

Il
&

d
[

—Adsp =2 Z 0;0; (ui03u;) = 2 Z Z 0;0; (u;03u;) + 2 Z 050; (ussu;)

3,j=1 =1 j=1

and so we have the decomposition of dsp :

83p =2 Z Z R R uzﬁguj + 2 Z Rg U383Uj =p1 + P2

=1 j=1

where R; = \/T is the Riesz transformation, which is bounded from L" (R?)) to itself
for 1 <r < oo. We have

t
(210) / Ldr 5 ||p1 ‘U3|2)\72 u?’Hl,l;tLt + HPQ |U3‘2/\72 U3H171;t17t = Ll(t) + Lg(t)
t1

Using the Holder inequality we obtain

(211) La(t) < NunlleaoallOsul, oo, sl o

where

(2.12) (=, =)+ (=
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Using the interpolation inequality, Lemma 1.4, Sobolev and Hélder inequalities in order

to obtain

1—
[unllez,e < HuhH Usﬁq .tlt‘|uhHg3oo-t1,t

1
< H||f93UhIIq IV neanll3 | eqUSt MVunllsics,

2(1—v3) )
< [|Osuall, Lq;thtHVhUh||2,03t1¢||Wh||2?oo;t1,t

v3
3
HaSuH 2‘1 35t t||vuhH2,oo;t1,t’

where interpolation inequality with

1 2¢—3

(2.13) (1, 1) (1- vg)(3q 6—q) +v3(6,0), 0<wv3 <1,

c C

Applying the interpolation inequality, Lemma 1.5, and the Holder inequality in order
to obtain

~ < 1—vyg v4
Hu3|’d,d§tl’t = Hu3H2/\,oo;tl,tHu3H(2)\+1) M-tlt

1-vg
< H |u3|AH2 ;'tl tH Hai%“?»“qHl [V ( |U| QAH H 2(2*“)‘1 i1t
<WW|MWHJ%\V%ZENVMW$W§EM

where interpolation inequality with

(2.14) (é, é_) = (1 — va)(

1 4g-3
172 ), 0<w<l

) +”4((2A+ g’ 221+ 1)’

1
2,0

From the above estimates we have

(t) < Cllo ||1+ A 2 I 1 oo [\ (3
3Uf, 20 it Uh|lg som, ¢111U3 2oot1t us 2,2:t1,t
< Ce 3”3+”45§11”J2+%(t)£“ B ),

Applying the Hélder, interpolation, and Sobolev inequalities in order to obtain

22—1
La(t) < [us]| 224 ara,, [15ull, 22, ollusl 224 s,

_ 2|12
- H|U3| H%,%;tl,t”aguuq,%;tht
By 29=3 3
(2.15) < |Hu3| H27C(>10§t17tH‘u3’)\”g,2;t1,tHa?’qu,?;—fg;tl,t

< Az 2 T
S s o e el Vsl 3 o, N1 Os0ll, 22,

< eL2(t).
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Thus
(2.16) L3(t) < C+ Ly(t) + Lo(t)
vg(2A—1) 2+4v3 (1—vg)(2A—1) | 2v4(22—1)

<O+ Ce T JIE )L T o (1) + CeL2(t).
It follows from (2.12), (2.13), and (2.14) that

1—v3 s 11—y Uy 1
2.17 — 20 —1 -=1
(2.17) 30 6 <2)\ +q(2)\—|—1)>< )+
and
29 —3 1—wv3 w2V —1) (2N = 1)
2.1 1 =
(2.18) 2 (57051 ) 2 1 1)
Now, solve (2.7), (2.8), (2.17), and (2.18) we obtain
14203 —29 —2X\+gA 6 — 5g — 3\ + 2g A\
219) o= LE2VEZ20 220 E ), b= SR BAT A
—3+2q¢+ A —3+2¢+ A
3+ 10g — 4\ — 4gA 142X)(9 — 6q + 2qX\
(220) oy = 1100 0. oy — (1 +2A)(9 — 69 +2¢A)
34 2¢+ A 3(—3 +2¢ + \)(—1 + 2))

Reducing 0 <v; <1,0 <1y <1,0< 03 < 1,0 < v < 1,A > 3,¢ > 3, yields
10q+3 o< 12¢

3<q< (f+3)

+4 = T 49+3
. 3 10g + 3 2 -3
Z(\/5+3)<q§6,4 <A< T
Hence, the range of ¢ is [3,6]. From the above estimates of J and £ we have
(2.21) T2(t) < C + CeJ3(t) + Cemnti=v2 git () £h (¢)
and
(2.22) L2(t) < O + Ce 33501 02 () L2 (1) + CeL2(1)
where
(2.23) 7 1:9;}2’ Z _ (2;911;{1 Z; 4 2210,

J2 = 73 A At

Since 0 < vy < 1, it is obvious that 1 < j; < 2, and we may apply Holder inequality
o (2.21)

THt) < C+ CeJ*(t) + %JQ(t) LT (D)

1 2
< C+CeJ(t) + 5j2(t) + CLP3(t).
Now choose 0 < ¢ < 1 sufficiently small such that
1
Ce < -
<)
we have

(2.24) J(t) < C+CLm(t).
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Plugging (2.24) into (2.22), and choosing ¢ such that

54 195+042<§i 1) < 1
47
we obtain
1 1 . 1 3
L2(t) < C+ Zﬁm”*l?(t) + §£2(t) =C+ 152(15).
Thus
(2.25) L3(t) < C.

It follows from (2.24) and (2.25) that ||Vuy(t)]], is uniformly bounded on t € [t1,t) as
desired. The proof of Theorem 1.1 is completed. O

Proof of Theorem 1.2
We use two different evaluation methods to prove Theorem 1.2.
The first evaluation method

We will start with the estimate of J. To estimate J we need to evaluate J; and Js

defined by (2.1). From the estimate (2.2) and using Hoélder inequality we get

t 2q—3 3
/ JldT S 0”631,&” %,q;tht ||vuh || oo?2;t1,t || Auh || 5,2;t1,t
t1 -

oo 203 3
< Ot = 1) 7 [|05ul] 2, IVURIlocloir o1 AR5 2, 0 < CeT(2).

o3 Bt

We use the estimate (2.3) to evaluate J,. Applying the interpolation inequality to

obtain
(2.26) usllagiere < Ilusllzn e, ollusllshoe, o < ||lusl® HmltH U313 oosty
< |Hu5| HZootlt” uollz* S |Hu5‘ H@l,t’
(2.27) 0sullos < 0sull, 50, 19sul5
with
11 1 1
(2.28) (5’5) :(1—a1)(ﬁ,0)+a1(§,0), 0<a <1
and
11 1 sq—3 1
(2.29) (Z’Z) :(1—042)(5, ) ag(ﬁ,o), 0<ay<1
It follows from (2.4), (2.28), and (2.29) that

1—041 0[1 1—0[2 042_1

2. @ _1
(2.30) o 2 T T T3
and

—3 1

(2.31) (1—an) L2
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Using the estimates (2.3), (2.26), and (2.27) to obtain

(2.32) / JodT < CH’u3| H2ootl t”83“||1 02? tl,t||a3qu,2<>0;t1,t”Auh’va?’uH?vQ?tl’t‘
Thus
(233) j2(t) <C+ C€j2(t) + CelfazleraQ (t)Ef;H (t)

To estimate £ we need to evaluate L; and Lo defined by (2.10). Using the Holder
inequality we obtain

(2.34) L(t) < Nunlleaes 950l 2oy, sl
where

11 1 sq—3 11
2.35 — - 220 —1)(=,=) = (1.1).
(235) G+ G @ =D ) = ()

Invoke the Gagliardo-Nirenberg, Holder inequalities, and Lemma 1.4 to bound as

l1—as3

[unlleane < llunll [ Aun |35,

a0 89ty t

l—a a

(2.36) < HllawthHVhUhHgH RN T
l-ag 1 l-oag
(2.37) < H<93UH Sy, t||vuhH200t1t||AuhH22t1t
where interpolation inequality with
11 1 sqg—3 1

2.38 - —-)=(1- — - — =, =
(2.39) G2 = - T+ uG - 5.5)
and

0<v3<1,ec>0.

Applying the interpolation inequality to obtain

(1—as < A\ (1}044)
2:39)  uslagnns < NuslSth s lGtons o < sy 2o luollg® S (sl 2
with
11 1 1
(2.40) (E’Zz) (1—114)(2A 0)—|—v4(§,0), 0<wv <1

Using the estimates (2.34) (2.37) and (2.39) to obtain

—ay)(2A-1)

Li(t) < CH&”UH 25t tHvuhH2oot1 t||A“h||22t1tH|u3\ HZootlt

From the estimate (2.15), it follows that
20-3 3
Lo(t) § Hrugmz,somHvuugmHs,%,t\\0su\\q,22%m,t

A % NIE:
(241) < s e e 1V (s 135, o8 = 8005 960l 20,
< eL3(1).
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Thus

(2.42) L3(t) < C+ Ly(t) + Laf(t)
<O+ Ce T L

It follows from (2.35), (2.38), and (2.40) that

(1—ag)(2A-1)
A

(t) + CeL?(t).

sq — 3 1-— (0% (6%

2.43 1 — =1
(2.43) a5+ 5
and

1—a3 o3 l—ay oy 1
2.44 - — —)(2A -1 - =1
(2.44) - R gt P -+
From (2.30), (2.31), we can solve

3—qs—2X\ A -3 —

(2.45) oy = 45 tar o ToTatas

(=34 4gs)(=14+\)’
and from (2.43), (2.44), we have
2(—6 — 3q + 2gs) 9+ 9q — 3qs + 6g\ — 4gsA

qs — 3

2.46 = -
(2.46) @ —-3—-3¢+gqs ’ o 3(3+3¢—qs)(—1+N)(—1+2))
and

(2.47) = Salas =34 = 3)

C2¢25 —3¢2+3¢s —9g— 9’

From the above estimates of J and £ we have

(2.48) TJ2(t) < C+CeJ?(t) + Cet 2 g (1) LM (¢)
and

(2.49) L2(t) < O+ Ce 5 Jl(4) L2 () + CeL2(t)
where

(2.50) j; _ L;OQ Zz 21;24);2“)'

If vy < 1 then 1 < j; < 2, and we may apply Holder inequality to (2.48)
1 2
TH) < €+ C=T(t) + S T(E) + CL A (1),

Now choose 0 < ¢ < 1 sufficiently small such that

1
Ce < -
<
we have
21,
(2.51) J(t) < C+CLY ().
Plugging (2.51) into (2.49), and choosing ¢ such that
4—ag 1

C <=
e =
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we obtain

1 24 1 1 1
(2.52) L2t <C+ Zﬁ?—h””? (t) + 552(15) =C+ Zlm(t) + 552@)
where
(2 53) N = l—ozl 2+053 (1 —054)(2)\— 1)

AMl—ag) 3 A

Plugging (2.45) and (2.46) into (2.53) to obtain

¢ (—18\ + 6s% 4+ (6A — 31)s + 45) — 3¢(6A + 8s — 19) + 18
3(A = Da(g(s —3) = 3) '

If v <2 then from (2.52) we deduce that

(2.55) L3(t) < C.

It follows from (2.51) and (2.55) that [|[Vu(t)]|, is uniformly bounded on t € [t,t)
as desired. To finish the proof we need to discuss the range of s,q, and A\ for which
our proof works. Reducing 0 < a; < 1,0 < as < 1,0< a3 <1,0< ay <1,¢>0,
T <5<2,¢>6,A>3 v <2 yields

(2.54) v =

2 _ _ _ _
E<s§§,§ 52+ 2s 3_3(3 3) <q< 6 7qs 3§)\§ 3qs+9q+9
6 1072\ (2s—3)? 2(2s — 3) 2s—3 q—2 4qs — 6q
or
Q<S<2 6<q< 6 qs—3§/\§—3qs+9q—|—9‘
10 25 —3 qg—2 4qs — 6q
Therefore the range of s and ¢ for which our proof works is
11 19 3 [s2+2s—3  3(s—3) 6
2.56 — <s< —, = — <qg< ——
(2:56) 6 "1 2\ (@2s—-32 22s-3) 1T 25-3
or
(2.57) 19< <2,6<¢g<
' 10="° =953

The second evaluation method

We still use (2.48) for the estimate of 7, where a1 and «y are given by (2.45) but we use
another way for estimate of £ . To estimate £ we need to evaluate L, and L, defined
by (2.10). We use the estimate (2.34) to evaluate L,. Invoke the Gagliardo-Nirenberg,

Holder inequalities, and Lemma 1.4 to bound as
1—
||U’h||c,5;t1 t S HU’hHSq azq 'tl t||vuh||2 oQ; tl t

11—«
(2.58) <H||33Uh||q||vhuh||2|| S VRIS,

tht

24a3
@59) < lobul], T [Tl IV = ], IV

st
where interpolation mequahty with
11 1 sg—3 1

(2.60) (5:3) = (1= an) (g 2) o - %,0), 0<uvs<1.
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From the estimates (2.34), (2.39) and (2.59) estimates we have

1—ay)(2A—1)

47% %% A { by
Li(®) < Cl0sull, %o, [IVunlly % alllwal o

Using the above estimate and (2.41)
(2.61) L2(t) < C + Ly(t) + Ly(t)
< O+ 064—3&3j2+3ﬂ3 (t)ﬁ(l_%;(m_l)

It follows from (2.35), (2.40), and (2.60) that

(t) + CeL?(t).

1—0(3 1 1 1—044 iy 1
2.62 - — = —)(2A -1 -=1
(2:62) 2 ay(y - )+t + A - D+
and
sq—3 1—as3
2.63 1 = 1.
(2.63) 5y Ut —3)
Solving (2.62) and (2.63) to obtain
2(—6 — 2 — A —4gsA
(2.64) oy = (—6 —3q + qs)j o — 9 + 3¢s + 6q qs .
—3+4qs 3(=34gs)(—1+N)(—1+2))

Proceeding J and L as the first evaluation method, if ay < 1 and choose 0 < ¢ < 1
sufficiently small then
1 1
L2(t) < C+ ZU(lt) + 5£2(1t)
where v is given by (2.53), plugging (2.45) and (2.64) into (2.53) to obtain
~ —6Ag—6gs+17q+6
N 3¢ — 3\ '

If v < 2 then we deduce that £2(t) < C and ||Vup(t)||, is uniformly bounded on
t € [t1,t) as desired. Reducing 0 < a3 < 1,0 < ap < 1,0 < a3 < 1,0 < oy < 1,
%<3§2,q26,>\>%,’y§2yields

Y

11 § 6 qs — 3 395 —9

— <s<2, <q< ; <AL ——r

6 25 — 3 6s—11" qg—2 4qs — 6q
Therefore the range of s and ¢ for which our proof works is

11 6

2. — <s<2,—<qg< .
(2.65) 6 =" =%2s—3-1=6s—11
We get from (2.56), (2.57), and (2.65) the conditions (1.6) and (1.7) for which u is
regular on (0, 7). The proof of Theorem 1.2 is completed. O
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