NICHTNEGATIVSTELLENSATZE FOR DEFINABLE FUNCTIONS IN
O-MINIMAL STRUCTURES

ST TIEP DINH! AND TIEN-SON PHAM?

ABSTRACT. This paper addresses to Nichtnegativstellensétze for definable functions in o-
minimal structures on (R, +, ). Namely, let f,¢1,...,9:: R® — R be definable CP-functions
(p > 2) and assume that f is non-negative on S := {z € R" | g1(x) > 0,...,¢g/(x) > 0}.
Under some natural hypotheses on zeros of f in S, we show that f is expressible in the
form f = ¢o + Zfi:l ¢igi, where each ¢; is a sum of squares of definable C?~2-functions. As
a consequence, we derive global optimality conditions which generalize the Karush—-Kuhn—

Tucker optimality conditions for nonlinear optimization.

1. INTRODUCTION

A classical Positivstellensétz proved by Krivine [13], and independently by Stengle [22],

states that a polynomial f is non-negative over a basic closed semi-algebraic set
S:={xeR"| gi(x) >0,...,q(x) >0}

if and only if there exist an integer number d > 0 and polynomials 9, ¢ in the preordering

generated by g1, ..., g over the sums of squares (of polynomials) such that

vf =0+ f*

Note that, the denominator ¢ cannot be omitted (see [5,16]).

Schmiidgen [21] showed that if S is compact and f is strictly positive on S, then no
denominators are needed; that is, 1) can be chosen as 1 in the above expression. Moreover,
under some more restrictive hypotheses on the g;, Putinar [19] proved that the polynomial

f can be represented as

!
f=do+ > digi
i=1
where each ¢; is a sum of squares; that is, f belongs to the quadratic module generated

by the g;’s over the sums of squares, rather than the preordering generated by them. With
additional conditions on zeros of f in S, Scheiderer [20] and Marshall [15] showed that the
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above equation remains true if we replace the assumption “f is strictly positive on S” by “f
is non-negative on S”.

In [2] (see also [1,3,8,9]), Acquistapace, Andradas and Broglia established Positivstel-
lensatze for differentiable functions in o-minimal structures. In particular, they proved that

a function f that is non-negative on a closed set (not necessarily compact)
S={xeR"|gq(x)>0,...,g9/(x) >0}

admits a representation of the form
!
Vf=d+ > bl
i=1

Again, denominators are necessary. Indeed, for any S with non-empty interior, there are
definable functions that are non-negative over S and do not belong to the preordering gener-
ated by ¢, ..., g; over the sums of squares; that is, the denominator ¢ in the above equation
cannot be omitted; for more details, see [2, Remark 3.9].

This paper deals with Nichtnegativstellensétze (local and global) for definable functions of
class C? (p > 2) in o-minimal structures on (R, +,-) without any compactness assumption.

Indeed, let f be a definable function, which is non-negative on a basic definable set
S ={r €R" | gu(a) 2 0,....q(x) = 0}.

We give natural sufficient conditions in terms of the first and second derivatives of f at its

zeros in S, so that f can be represented as
!
=0+ Z ?igi,
i=1

where each ¢; is a sum of squares. Our proof is elementary, using Morse’s lemma and
partitions of unity.

As a consequence, we obtain global optimality conditions which generalize the Karush—
Kuhn—Tucker optimality conditions for nonlinear optimization.

We finish this section by noting that all the statements and proofs in this paper remain
true if we remove in them the term “definable”. Also, all the statements still hold if we
replace R" by any real (definable) manifold; however, to lighten the exposition, we do not
pursue this extension here.

The rest of this paper is organized as follows. Section 2 contains some properties of de-
finable sets and functions in o-minimal structures. For the convenience of the reader, local
optimality conditions in nonlinear programming theory are also recalled here. Nichtnega-
tivstellensétze for definable functions (Theorems 3.1 and 3.2) are established in Section 3.

Finally, global optimality conditions (Theorem 4.1) are presented in Section 4.



2. PRELIMINARIES

In this paper, we deal with the Euclidean space R™ equipped with the usual scalar product
(-,-) and the corresponding Euclidean norm || - ||. Let R, denote the set of positive real
numbers. If f is a function in z, Vf(z) (resp., V2f(z)) denotes the gradient vector (resp.,

Hessian matrix) of f at z.

2.1. O-minimal structures. The notion of o-minimality was developed in the late 1980s
after it was noticed that many proofs of analytic and geometric properties of semi-algebraic
sets and mappings can be carried over verbatim for sub-analytic sets and mappings. The

reader is referred to [6,23,24] for more details.

Definition 2.1. An o-minimal structure on (R, +,-) is a sequence D := (D,,)nen such that
for each n € N:

(a) D, is a Boolean algebra of subsets of R".

(b) If X € D, and Y € D,,, then X xY € D, .

(c) If X € D1, then n(X) € D, where 7: R""! — R"™ is the projection on the first n
coordinates.

(d) D, contains all algebraic subsets of R™.

(e) Each set belonging to Dj is a finite union of points and intervals.

A set belonging to D is said to definable (in that structure). Definable mappings in
structure D are mappings whose graphs are definable sets in D.
Examples of o-minimal structures are
e the semi-algebraic sets (by the Tarski-Seidenberg theorem),
e the globally sub-analytic sets, i.e., the sub-analytic sets of R" whose (compact) clo-
sures in the real projective space RP™ are sub-analytic (using Gabrielov’s complement

theorem).

In this paper, we fix an o-minimal structure on (R,+,:). The term “definable” means

definable in this structure. We recall some useful facts which we shall need later.
Lemma 2.1. Fvery definable set has a finite number of connected components.
Proof. See [24, Properties 4.3]. O

Lemma 2.2. Let U be a definable open subset of R™ containing 0 and f: U — R be a
definable CP-function (p > 1) with f(0) = 0. Then there are definable C*~'-functions f;: U —
R such that on U we have

f=afi+ -+ anfn

Proof. See [18, Lemma A.6]. O



To simplify notation in what follows, the notation “F': (R",z*) — (R™,y*)” means that
F' is a mapping from a definable open neighbourhood of z* € R™ into R™ with F(z*) = y*.

Lemma 2.3 (Morse’s lemma). Let U be a definable open subset of R™ containing 0 and
f: U = R be a definable CP-function (p > 2). If 0 is a non-degenerate critical point of f
(i.e., Vf(0) = 0 and the Hessian matriz V*f(0) of f at 0 is non-singular), then there is a
definable CP~2-diffeomorphism ®: (R",0) — (R",0) such that

fo®(y)=f0)—yi— - —y{ +yim+ -+,
where € is the number of negative eigenvalues (multiplicity taken into account) of V2 f(0).
Proof. Confer [18, Lemma A.7] (see also [11, Section 6.1] and [12, Theorem 2.8.2]). O

Lemma 2.4 (Definable partition of unity). Let {Uy}r—1.. x be a finite definable open cov-
ering of R". Then for any p > 0, there ezist definable CP-functions 0: R* — [0,1],k =
1,..., K, such that the following statements hold:

(i) supp 8y C Uy, where supp 0y denotes the closure of the set {x € R"™ | Oy(x) # 0};

(il) S5 [0x(2)) =1 for all z € R™.

Proof. Tt is well-known that (see, for example, [7, Theorem 3.4.2], [11, Theorem 2.1], [23,

Lemma 3.7]), there exists a definable partition of unity {¢x}r=1

k- Clearly, the functions 6, := % have the desired properties. [
ke d’%

x subordinated to the

.....

covering {Ug }r=1

7777

2.2. Optimality conditions. We give here a short review of optimality conditions in non-
linear programming theory (confer [4, Section 4.3]).
Let f,g1,--., 9, h1,. .., hym: R" — R be CP-functions (p > 2) and assume that

S={zeR"| g(z) >0,...,9(x) >0,h(xz) =0,..., p(xz) =0} # 0.
Definition 2.2. The constraint set S is said to be regular at x € S if the gradient vectors
Vgi(x), i € I(z) and Vh;(z), j=1,...,m, are linearly independent, where

1) = {i € {1, 1} | gila) = 0}
is called the set of active constraint indices at x. The set S is called regular if it is regular at

every point x € S.

Let 2* be a local minimizer of the restriction of f on S and assume that S is regular
at x*. It is well-known that there exist (unique) Lagrange multipliers \;,7 = 1,...,[, and
vj,j =1,...,m, satisfying the Karush-Kuhn—Tucker optimality conditions (KKT optimality

conditions for short)

l m
Vf(z") — Z AiVgi(z*) — Z v;Vh;(z*) =0,
=1 =1

Algl(I*):O, /\120, for Zzl,7l



Recall that the strict complementarity condition holds at x* if it holds that
A+ g1<$*) >0,..., )+ gl(di*) > 0.

Note that strict complementarity is equivalent to A; > 0 for every i € I(z*).

Let L(z) be the associated Lagrangian function
L(z) = f(z) = Y Aigi(z) = Y vihy(w),
iel(z*) j=1
where I(z*) is the set of active constraint indices at z*. Then the second-order necessity
condition holds at z*, that is

vIVAL(x*)v >0 forall v € TpS.

Here V2 L(z*) is the Hessian matrix of L at * and T,+S stands for the (generalized) tangent

space of S at x*:
T.g.—J VE R™ : (v,Vgi(z*)) =0, i € I(z*) and
o (v, Vhj(z*)) =0, j=1,....m '
If it holds that
vIV2L(z*)v >0 forall we TS\ {0},

we say the second-order sufficiency condition holds at x*.

Remark 2.1. (i) Let 2* € S be a local minimizer of f on S and assume that S is regular at
x*. According to [12, Lemma 3.2.16], the point z* is a (generalized) non-degenerate critical
point of the restriction of f to S if and only if the strict complementarity and second-order
sufficiency conditions hold at x*.

(ii) Using transversality arguments, one can show that the regularity, strict complemen-

tarity and second order sufficiency conditions hold generically. For related works, see [10,17].

3. NICHTNEGATIVSTELLENSATZE FOR DEFINABLE FUNCTIONS

In this section we prove two Nichtnegativstellensatze for definable functions. So let
fig1,- s g, b1, by R" — R be definable CP-functions (p > 2) and assume that

S={zeR" | gi(z) >0,...,q(x) >0,hi(x) =0,..., hyn(x) =0} #0.
The first main result of the paper reads as follows.

Theorem 3.1 (Local Nichtnegativstellensitz). Assume that f is non-negative on S and let
x* € S be a zero of fin S. If S is reqular at x* and the strict complementarity and second-

order sufficiency conditions hold at x*, then there are a definable open neighbourhood U of



z* and definable CP~2-functions ¢;,;: U = R fori=0,...,l and j =1,...,m, where each

¢; is a sum of squares of definable CP~2-functions, such that on U we have

l m
o= o+ gt wihy.
i=1 j=1

Proof. (cf. [12,17]). For convenience, we can generally assume z* = 0, up to a shifting.
Recall that I(z*) :={i € {1,...,1l} | gi(x*) = 0} is the index set of inequality constraints
that are active at z*. By renumbering, we may assume that I(z*) := {1,...,k}. Since S is

regular at 0, the gradient vectors
V1 (0), .., Vgi(0), Vi (0), .., Vi (0)

are linearly independent. Let d :=n —m — k. Up to a linear coordinate transformation, we

can further assume that

Vg (0) = ettt .., Vg(0) = itk

Vhi(0) = edt*t 0 Vh,(0) = e,
where e!, ..., e" are the canonical basis vectors in R™. Note that the space T+ S is determined
by the vectors e, ..., e

Define the definable CP-mapping ®: R" — R™, x — &(x), by

O(x) = (21, ., xa, 1(), -, gr(x), ha(x), ... hon()).

Clearly, ®(0) = 0 and the Jacobian matrix D®(0) of ® at 0 is the identity matrix I,,. Thus,
by the inverse function theorem, ® is a local CP-diffeomorphism in some neighbourhood of

0 with the inverse
Ot (R™,0) — (R™,0), twx:=0 (1)

So, t := (t1,...,t,) can serve as a coordinate system for R™ around 0. In the ¢-coordinate

system and in a neighborhood of 0, the set S defined by
td+1 Z 0,...,td+k Z O,td+k+1 - 0,...,tn :0

Let A; and v; be the Lagrange multipliers with respect to the minimizer xz*. Define the

Lagrangian function

L(z) = f(z) = D Nigilx) - Zvjhj(l‘)-

i€l(x*)

Note that VL(0) = 0. In the t-coordinate system, define the functions

F(t) = f(@7'(t)),

d+k n
L(t) == L@'t)=Ft)— Y Meatr— > Vreailr
r=d+1 r=d+k+1



Clearly,
VL(0) = VL(0)D®'(0) = VL(0) = 0.
This implies that
0 ifr=1,....d,
(0) =< Ny iftr=d+1,...,d+k,
Vp_g_p ifr=d+k+1,...,n.

ot,

Furthermore, for (¢1,...,t4) near 0 € R% it holds that
F(ty,...,tq,0,...,0) = L(ty,...,t4,0,...,0),
= L(® 7 '(ty,...,t4,0,...,0)).
Let 2(t) := ®71(t) = (®;'(1),..., P, (t)). For all 4, j, we have

n

O L(t) _ S PL(a(t) 0;(t) 09.(1) > OL(x(t)) 8P\ (1)

1<r,s<n
Note that VL(0) = 0 and z(0) = ®~'(0) = 0. Hence

2L RL 0Dt 9Pt
atiatj(o)_ > (0). 5 (0). o, (0).

1<r<n

o 01, 0%,

On the other hand, we have D®(0) = D®'(0) = I,,-the identity matrix. Therefore for all
ii=1,....d,

0°F L L
8@-8@ =0 - 8t18tj =0 - 8:(:1(99[:] x:O.
Since the vector space T,-S is defined by the vectors e',. .., e, the second-order sufficiency

condition implies that the sub-Hessian

0?L
(32 )
Li0Z 1<i,j<d
is positive definite.

Define the definable CP-function A: (R?, 0) — (R,0), by

A(tl,...,td) = F(tl,...,td,O,...,O).

Then A(0) = 0,VA(0) = 0 and the Hessian matrix V?A(0) is positive define. On the
other hand, by Lemma 2.2, there exist definable CP~!-functions B,: (R¥* 0) — (R,0) for
r=1,...,k,and C.: (R",0) — (R,0) for r =1,...,m such that

d+k

F(ty,. .. tae0,...,0) = F(ti,...,tg,0,...,0)+ Y B, q(tr,. .. task),
r=d+1

n

F(ti,....ta) = F(ti, . tapr, 0,00+ > 6Cailty, . 1),

r=d+k+1



Then for all t := (t1,...,t,) € R” near 0, we have

d+k n

F(ty,...,tn) = Alti,...t))+ > B alty, .. tak) + Y 6Crap(ts,. . tn).
r=d+1 r=d+k+1

In view of Lemma 2.3 (applied to the function A), there is a definable C?~2-diffeomorphism
0: (Rd70) %(Rdaox (tlw-':td)'_)(zl?-'wzd)?

such that
Aoﬁfl(zl, .. .,Zd) = ZZ?

We extend 6 to a definable CP~2-diffeomorphism

O: (R",0) — (R",0), twsz:=0O(t),

by putting
O(ty, ..., tn) = (O(t1,...,ta),tas1, -, tn).
Next we put
Ei(zl,...,zd%) = B0 (21, 24)s Zagts - Zask), G=1,...k,
CN’j(zl,...,zn) = Cj(07 (21,5 24), Zdits s Zn)s G =1,...,m.

Clearly, B; and C; are definable C?~2-functions, B;(0) = B;(0) = A; > 0. In particular, in
some neighbourhood of 0 € R™*_ the functions EZ are squares of definable CP~!-functions.

For all z := (z1,...,2,) € R" near 0, we have

Jo(0od)'(z) = FoO\(2)

d d+k n
9 ~ ~
= E Z, + E Z’/‘B’r—d(zla SRR Zd-i—k) + § ZTCr—d—k(Z)'
r=1 r=d+1 r=d+k+1

Let x := (© o ®)71(2); or equivalently,

z2=(0(x1,...,xq),1(x), ..., gk(x), h1(T), ..., hp(x)).

Then it is easy to see that the functions

o(x) = [0(z1,..., 7],

oi(z) = Ei(ﬁ(xl,...,xd),gl(q;),...,gk(x)), i=1,...,k,

¢i(z) = 0, i=k+1,...,1,

Vi(x) = (01, .. xa), i (2)y k(@) ha(x), .o Bn(2)), G =1,...,m,
have the desired properties. Il

We are now ready to prove our second main result.



Theorem 3.2 (Global Nichtnegativstellensitz). Assume that f is nonnegative on S. If the
reqularity, strict complementarity and second-order sufficiency conditions hold at every zeros
of the restriction of f on S, then there are definable CP~2-functions ¢;,¢;: R — R for
i=0,....,1and j =1,...,m, where each ¢; is a sum of squares of definable CP~2-functions,
such that

l m
f= o +Z¢igi +Z¢jhy‘-
=1 =1

Proof. Our assumptions yield that the definable set f~1(0) NS is discrete (see, for example,
[12, Corollary 3.2.30]). This, together with Lemma 2.1, implies that f~!(0)N.S is a finite set,

say {x%,..., 25 }. In view of Theorem 3.1, for each k = 1, ..., N, there exist a definable open
neighbourhood Uy, of z} and definable CP~2-functions ¢ ;, ¥y ;: Up — R for i = 0,1,...,1
and j = 1,...,m, where each ¢, is a sum of squares of definable C?~2-functions, such that

on U, we have
l m
f=tro+ D> brigi + > i jhy.
i=1 j=1

Since f is positive on the set S\ {z7,..., 2%}, we can find a (definable) open set Uy 1
containing S'\ U]kvzl Uy such that f is positive on Upyy1. On the set Uy, define the definable
CP-functions ¢ ; and 1y, ; by

¢N+1,0 = f
(bNJrLZ' = 0 fOI' izl,...,l7

Ynyr; = 0 for j=1,...,m.

For k = N +2,...,N + 1+ 1, on the definable open set Uy := {z € R" | gx—n_1(z) < 0},
define the definable CP-functions ¢ ; and 1y ; by

2
¢k,0 = (%) )

F—1\*> 1 .
;= . f =1,...,1
¢k,z ( 9 l(_gz) or ? ) IRE)

Yr; == 0 for j=1,....,m.

Fork = N+1+2,..., N+Il+m-+1, on the definable open set Uy := {z € R" | hy_ny_1_1(z) #
0}, define the definable CP-functions ¢y,; and ¢ ; by

Gro = 0 for ¢=0,...,[

Yy = for j=1,...,m.



By definition, on the set Uy, k=N +1,..., N +1+m+ 1, we have
l m
f=tro+ > bkigi+ > Urih;
i=1 j=1

Since {Uk}kzl ’’’’’
Lemma 2.4 that there exist definable CP-functions 0: R" — [0,1], k=1,..., N+Il+m+1,
such that supp 0, C Uy and

Nii+ma1 is a the family of definable open sets covering R, it follows from

N+l+m+1

Z [Qk(x)f =1 forall zeR"™

k=1
Fork=1,...,N+l+m+1,i=0,1,...,l,and j = 1,...,m, the functions #7¢; ; and 62y
extend by 0 to (definable) C?~2-functions over R™. By construction, the functions #7¢y; are
sums of squares of definable CP~2-functions.

Finally, on R" we have

N+l+m+1 N+i4+m+1
f = 1-f:< Z 92>f= Z 0if

N++m+1
= Z <8k¢k o+ Z Ordr,igi + Z etk ih )
k=1
N+l+m+1 l N+Il+m-+1 m N+Il+m-+1
= Z 9¢ko+z< Z 9¢lm> Z( Z 91#@)
7j=1 k=1
The proof is complete. [

4. GLOBAL OPTIMALITY CONDITIONS

In this section, we derive global optimality conditions which generalize the KK'T optimality
conditions for nonlinear optimization.
Let f,g1,..., a1, h1,..., hm: R" = R be definable CP-functions (p > 3) and assume that

S={zeR"| gi(z) >0,....,q(x) >0,hi(x) =0,..., hy(x) =0} #0.

Let (z*,\,v) € Sx Rﬂr x R™ be a vector satisfying the KK'T optimality conditions associated
with the problem min,cg f(z), that is

Z/\ng Zuﬂh =0,
)\igi(x):O, A >0, for z:l,...,l.

It follows that x* a stationary point of the Lagrangian function

L) i= f(a) = 3" Ngi(w) = 3 w3y ()

10



However, in general, z* is not a global minimizer of L (and may not even be a local mini-
mizer).

On the other hand, we have the following global optimality conditions, which is inspired
by the work of Lasserre [14, Chapter 7] (see also [10, Subsection 7.4.5]).

Theorem 4.1. Assume that f, := min,cg f(x) > —oo. If the reqularity, strict complemen-
tarity and second-order sufficiency conditions hold at every minimizers of the restriction of
f on S, there are definable CP~2-functions ¢;,1;: R" =R fori=0,...,l and j =1,...,m,

where each ¢; is a sum of squares of definable CP~2-functions, such that
l m
F=Ffo = G0t gt wbihy. (1)
i=1 j=1

Let x* € S be a global minimizer of f on S. The following statements hold:
(1) ¢o(z*) =0, and ¢;(z*)g:(z*) =0 and ¢;(z*) >0 for alli =1,... L.
(i) Vf () = Xiny 0u(a") Vgi(w™) = iy vy (@) Vhy(a™) = 0.

(iii) x* is a global minimizer of the (generalized) Lagrangian function
l m

L(x) = f(&) = f. =Y dilx)gi(w) = D vi(w)hy(x),
i=1 j=1

Proof. The existence of functions ¢; and 1); for which the equality (1) holds follows immedi-
ately from Theorem 3.2.

(i) From (1) and the fact that z* is a global minimizer of f on S, we get
l m
0 = fe) = fo = o)+ D di(e)gil@") + D il )hy(a),
i=1 j=1

which in turn implies (i) because g;(z*) > 0 fori =1,...,l, hj(z*) =0for j =1,...,m, and
the functions ¢; are all sums of squares of definable CP~2-functions, hence nonnegative.

(i) Differentiating (1), using (i) and the fact that the functions ¢; are sums of squares of
definable CP~*-functions yield (ii).

(iii) Since ¢ is a sum of squares of definable CP~2-functions, we have for all z € R",

(@) = @)= .= Y 6i@)gila) = 3 (s @) = o(a) = 0.

Note that Z(z*) = ¢o(z*) = 0. Therefore, z* is a global minimizer of .Z. O

Remark 4.1. Theorem 4.1 implies the following facts.

(i) The equality (1) can be interpreted as a global optimality condition.
(ii) The function Z(x) := f(zx) — fo — 3ot ¢i(@)gs(x) — > i ¥i(x)hy(x) is a general-
ized Lagrangian function, with generalized Lagrange (definable functions) multipliers

((¢4), (¢;)) instead of scalar multipliers (A, v) € R} x R™. It is a sum of squares of

11



definable CP~2-functions (hence nonnegative on R"), vanishes at every global min-
imizer z* € S, and so z* is also a global minimizer of the generalized Lagrangian
function.

(i) The generalized Lagrange multipliers ((¢;), (¢;)) provide a certificate of global opti-
mality for z* € S in the nonconvex case exactly as the Lagrange multipliers (\,v) €

Rﬂr x R™ provide a certificate in the convex case.

We should also mention that in the KKT optimality conditions, only the constraints

gi(x) > 0 that are active at z* have a possibly nontrivial associated Lagrange (scalar)

multiplier )\;. Hence the nonactive constraints do not appear in the Lagrangian function .

defined above. In contrast, in the global optimality condition (1), every constraint g;(z) >

0 has a possibly nontrivial Lagrange multiplier ¢;(x). But if g;(z*) > 0 then necessarily

oi(

[1]

x*) =0 = \;, as in the KKT optimality conditions.
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