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Abstract We study a class of finite horizon optimal economic growth prob-
lems with nonlinear utility functions and linear production functions. By using
a maximum principle in the optimal control theory and employing the special
structure of the problems, we are able to explicitly describe the unique solu-
tion via input parameters. Economic interpretations of the obtained results
and an open problem about the case where the total factor productivity falls
into a bounded open interval defined by the growth rate of labor force, the
real interest rate, and the exponent of the utility function are also expressed.
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1 Introduction

Models of economic growth allow ones to analyze, plan, and predict relations
among global factors, which include capital, labor force, production technol-
ogy, and national product, of a particular economy in a given planning time
interval. The interval can be finite or infinite as well. One major issue regarding
a growth of an economy is the optimal economic growth problem, which asks
to define the amount of saving at each time moment to maximize a certain
target of consumption satisfaction while fulfilling the given economic relations.
Classical concepts and results on economic growth can be found in the works
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of Ramsey [1], Harrod [2], Domar [3], Solow [4], Swan [5], Cass [6], and Koop-
mans [7]. For subsequent studies on economic growth models, the interested
reader is referred to [8-14] and the references therein.

Following Takayama [8, Chapter 5], Huong [15] has considered the problem
of optimal growth of an aggregative economy and proved several theorems on
the solution existence of finite horizon optimal economic growth problems. The
solution existence is established in [15] not only for general problems but also
for typical ones with the production function and the utility function being
either the AK function or the Cobb—Douglas one. Interestingly, focusing on
the linearity /nonlinearity of the functions involved, Huong [15, Section 4] has
shown that the typical optimal economic growth problems can be classified into
four types. This classification is very useful, because it puts the optimal control
problems into different groups depending on the levels of difficulty. Since all the
problems have global solutions, it is natural to try to find the solutions, i.e., to
get a synthesis of the optimal processes based on the given data set. Results in
this direction would greatly enrich our knowledge on economic growth models
and certainly have profound economic meanings. It turns out that the desired
syntheses have no analogues in the literature and they are not easy to be
obtained.

Assuming that both the production function and the utility function are
linear, Huong [16] and Huong et al. [17] have solved the optimal economic
growth problem with six parameters formulated in [15] by using a maximum
principle for optimal control problems. The next natural question arises: Are
there some analogues of the results of [16,17] for optimal economic growth
problems with nonlinear utility functions and linear production functions, or
not? The present paper aims at solving this question. In other words, we are
interested in studying a class of finite horizon optimal economic growth prob-
lems with nonlinear utility functions and linear production functions. Each
problem from the class depends on seven parameters.

Thanks to the maximum principle in [18, Theorem 6.2.1] and a series of
seven technical lemmas employing the special structure of the problems, we
are able to explicitly describe the unique solution of the problem, provided
that some additional conditions on the input parameters are fulfilled. Like the
preceding syntheses of optimal solutions given in [16,17], our results have very
clear economic interpretations.

There are certain syntheses of optimal solutions for optimal economic
growth problems in both abstract and specified contexts; see, e.g., [13,14,
10,11]. But, our synthesis of optimal solutions are presented by explicit for-
mulas, while those in the just-mentioned papers are in a feedback form via the
solution of the Hamilton-Jacobi-Bellman equation associated with the given
problem.

It it worthy to stress that the economic meanings of all the concepts,
variables, functions, parameters, and relations concerning the finite horizon
optimal economic growth problems and the transformation of the latter to
constrained optimal control problems were explained thoroughly in Section 2
of [15]. Hence, in this paper, only brief explanations of the economic meanings
of the concepts in question will be given.

The paper is organized as follows. Section 2 describes the optimal economic
growth models of interest. Section 3 recalls a maximum principle from [18],
which is the main tool in our study. The main results are obtained in Section 4,
while the relevant economic interpretations and an open problem are given in
Section 5. The last section is devoted to several concluding remarks.
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2 Optimal Economic Growth Models

By IR (resp., IRy) we denote the set of real numbers (resp., the set of non-
negative real numbers). The Euclidean norm in the n-dimensional space IR"
is denoted by |.|. By IR} we denote the nonnegative orthant in IR™. The
open ball (resp., the closed ball) centered at a € IR"™ with radius u > 0
is denoted by B(a,p) (resp., B(a,p)). The Sobolev space WLi([to, T],IR")
(see, e.g., [19, p. 21]) is the linear space of the absolutely continuous functions
x: [to, T] = IR"™ equipped with the norm ||z|y1.1 = ||z(to)|| + ftf ||z (¢)||dt.

The interested reader is referred to the books [8, Chapter 5], [20, Chap-
ters 5, 7, 10, and 11], [21, Chapter 20], and [12, Chapters 7 and 8] for system-
atical expositions of optimal economic growth models. Note that the problem
of optimal growth of an aggregative economy with all the related economic
concepts is presented in detail in [15, Subsection 2.1] and recalled in Huong,
Yao and Yen [17, Section 2]. In the sequel, k(¢) and s(t) respectively are the
capital-to-labor ratio and the propensity to save at a time moment ¢ in the
planning interval [to, T]. The values ¢(k), k > 0, of the per capita production
function ¢(-) express the outputs per capita. The utility function w(-) depends
on the variable ¢, which is the per capita consumption. The problem is as
follows: .

Maximize I(k,s) ::/ w[(1 = s(t))p(k(t))]e dt (1)
to

over k € Whi([to, T],IR) and measurable functions s : [ty, T] — IR satisfying

k(t) = s(t)p(k(t)) — ak(t), a.e. t € [to, T
k(to) = ko
(t) €10,1] t € [to, T @
S , 1, a.e. 05 ]
k() >0, Vi € [to, T,

where ¢ : IR — IR; and w : IRy — IR are given functions, 0 <ty < T' < +o0,
A>0,0 >0, and ko > 0 are given as parameters. The problem (1)—(2) is
denoted by (GP).

T
The integral / w(c(t))e Mdt, where c(t) is the per capita consumption
t

of the economy at 0time t and X\ > 0 is the real interest rate, represents the
total amount of the utility gained by the society on the time period [to, T].
Since ¢(t) = (1 — s(t))p(k(t)) (see [15, equation (9)]) for all ¢ > 0, the just-
mentioned integral equals to the value I(k,s) defined in (1). The parameters
o and ko in (2) respectively stand for the growth rate of labor force and the
initial capital-to-labor ratio.

According to [22], (GP) is a finite horizon optimal control problem of the
Lagrange type, where s and k play the roles of control variable and state
variable, respectively. Besides, due to the appearance of the state constraint
k(t) > 0 for t € [to,T], (GP) belongs to the class of optimal control problems
with state constraints.

Several results on the existence of global solutions (k, ) for (GP) were
obtained in [15] under some mild conditions on ¢(-) and w(-). In addition,
the solution existence for the problem (GP) with ¢(k) = Ak and w(c) = ¢,
where A > 0 and «, 8 €]0, 1] are parameters, was also considered in that paper.
Economically, the choosing of « and S either in |0, 1] or equal to 1 expresses
typical problems with the production function and the utility function being
either the Cobb—Douglas function or the AK function (see, e.g., [9] and [8]).
Meanwhile, as in [15], we can mathematically classify these typical problems
into four types depending on the displacement of « and 5 on |0, 1]:
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(GPy) ¢(k) = Ak and w(c) = ¢ (the “linear-linear” problem: both per
capita production function and utility functions are linear);

(GPy) ¢p(k) = Ak and w(c) = ¢# with B €]0,1[ (the “linear-nonlinear”
problem: the per capita production function is linear, but the utility function
is nonlinear);

(GP3) ¢(k) = Ak® and w(c) = ¢ with a €]0,1[ (the “nonlinear-linear”
problem: the per capita production function is nonlinear, but the utility func-
tion is linear);

(GPy) (k) = Ak™ and w(c) = ¢ with o €]0,1[ and B €]0,1] (the
“nonlinear-nonlinear” problem: both the per capita production function and
the utility function are nonlinear).

By [15, Theorem 4.1], we know that any problem belonging to one of these
classes has a global solution. The above classification arranges the difficulties
of solving the four types of problems into a reasonable scale. Clearly, the first
problem is the easiest one, while the fourth one is the most difficult.

If the data triple A, o, A satisfy certain strict linear inequalities, then ex-
plicit formulas for the unique global solution of the problem (GP;) can be
given. For more details, the reader is referred to [16] and [17].

We will focus on solving (GP,), which is considered as a parametric prob-
lem depending on seven parameters: A > 0, 5 €]0,1[, ¢ > 0, A > 0, ko > 0,
and tg,T with 0 <ty <T'. So, we will have deal with the problem

Maximize /T[l — s(t))PkP(t)e Mt (3)

to

over k € Wh1([tg,T],IR) and measurable functions s : [tg, T] — IR satisfying

i(t) = ( s(t) — o)k(t),  ae. t € [to, T]
k(to) =

s(t) € } a.e. t € [to, T )
k(t) >0, vV t € [to, T),

which has been denoted by (GP2).
The following theorem is a special case of [15, Theorem 4.1] and [16, The-
orem A.3].

Theorem 2.1 For any A >0, 8 €]0,1[, 0 >0, A >0, kg > 0, and and to,T
with 0 < tqg < T, (GP,) has a global solution.

3 A Maximum Principle

Now we present a simplified version of a maximum principle given in the book
of Vinter [18]. Consider the following finite horizon optimal control problem of
the Mayer type, denoted by M,

Minimize g(x(to),x(T)) (5)
over x € Whi([tg, T],IR") and measurable functions u : [tg,T] — IR satisfy-
ing

x(t) = f(t, x(t),u(t)), a.e. t € [to, T

(6)

), a.e. t € [to, T
)) <0, vt € [to, T,
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where [tg, T] is a given interval, g : R"xIR" — IR, f : [to, T]xR"xR™ — R",
and h : [tg,T] x R" — IR are given functions, C' C R"™ x IR" is a closed set,
and U : [to, T] = IR™ is a set-valued map.

A measurable function u : [tg, 7] — IR™ satisfying u(t) € U(t) for almost
every t € [to, T is called a control function. A process (x,u) consists of a control
function v and an arc z € W ([tg, T]; IR") that is a solution to the differential
equation in (6). A state trajectory x is the first component of some process
(z,u). A process (z,u) is called feasible if the state trajectory satisfies the
endpoint constraint (x(tg),z(T)) € C and the state constraint h(t,z(t)) < 0,
t e [to, T]

Due to the appearance of the state constraint h(t,z(t)) < 0,t € [to,T],
the problem M in (5)—(6) is said to be an optimal control problem with state
constraints. But, if the state constraint is fulfilled for any state trajectory x
with (z(to),x(T)) € C, i.e., the state constraint can be removed from (6), then
one says that M an optimal control problem without state constraints.

Definition 3.1 A feasible process (Z,u) is called a W local minimizer for
M if there exists & > 0 such that g(z(to),z(T)) < g(x(to),x(T)) for any
feasible process (z,u) satisfying ||z — z||py1.1 < 9.

Definition 3.2 The Hamiltonian H : [to, T] x R™ x R" x R™ — IR of (6) is
defined by

H(t, z,p,u) := (p, f(t,z,u)) Zp,fztxu (7)

Theorem 6.2.1 from [18] is a maximum principle for nonsmooth problems,
where the limiting normal cone and the limiting subdifferential are used. It is
well known that for continuously differentiable functions, the limiting subdif-
ferential is a singleton consisting of the gradient of the function at the point
in question. Also, for convex sets, the limiting normal cone coincides with
the normal cone of the set in question. We refer to [23,24] for comprehensive
treatments of the limiting normal cone, the limiting subdifferential, and the
related calculus rules. To analyze the problem (GP,), we need the next smooth
version of [18, Theorem 6.2.1].

Theorem 3.1 Suppose that M is an optimal control problem without state
constraints, C' is a closed convex set, and U(t) = U for all t € [to,T] with U
being a compact subset of R™. Let (Z,u) be a W local minimizer for M.
Assume that

(A1) The function f : [to,T] x R" x R™ — IR" is continuous and, for some
0 > 0, f(t,-,u) is continuously differentiable on the ball B(Z(t),d) for
all (t,u) € [to,T] x U, and the derivative f,(t,x,u) of f(t,-,u) at x is
continuous on the set of vectors (t,x,u) satisfying (t,u) € [to,T] x U and
x € B(Z(t),9);

(A2) g 1is continuously differentiable.

Then there exist p € Whi([to, T];R™) and v > 0 such that (p,v) # (0,0) and
the following holds true:

(1) —p(t) = Ho(t,z(t),p(t),u(t)) a.e., where H,(t,Z(t),p(t), u(t)) means the
derivative of the function H(t,- ,p( ),u(t)) at z(t);
(ii) (p(to), —p(T)) € ¥Vyg(Z(to), Z(T')) + N (Z(to), Z(T)), where

Ne(z) = {z" € R*™ : (*,z—2z) Vz € C}

is the normal cone to C at a point Z € C
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(iii) H(t,z(t), p(t), u(t)) = max,epu) H(t, 2(t),p(t),u) a.c..

Let us show that the assumptions made in Theorem 3.1 guarantee that
the hypothesis (H1) in [18, Theorem 6.2.1] is fulfilled. To do so, take any
d’ €]0,d[ and note that the set of all (¢,x,u) satisfying (t,u) € [to,T] x U
and z € B(Z(t),d'), denoted by A, is compact. Hence, assumption (Al) in
Theorem 3.1 implies that the number v = max{||fz (¢, z,w)| : (¢, z,u) € A}
is well defined. By the mean value theorem for vector-valued functions (see,
e.g., [19, p. 27]) we have

1£(t 2, w) = f(t, 2", w)ll < ylle — ||, V¢ € [to, T], #,2" € B(a(t),d"), u € U.
Thus, condition (H1) in [18, Theorem 6.2.1] is satisfied.

4 Partial Synthesis of the Optimal Processes

In order to apply Theorem 3.1 for finding optimal processes for (GP,), we have
to interpret the Lagrange problem (GP:) in the form of the Mayer problem
M. To do so, for t € [0,T], we set z(t) = (x1(t),x2(t)), where z1(t) plays the
role of k(t) in (3)—(4) and

t

wa(t) =~ [ (1= s(r)P (e ar ®
to

Thus, (GP2) is equivalent to the following problem, denoted by (G Py, ):

Minimize xo(T)

over x = (21, x2) € WH([to, T],IR?) and measurable functions s : [to, T] — R
satisfying

i1 (t) = (As(t) — o)z (b), ae. t € [to, T]
io(t) = —[1—s())Pal (t)e ™,  ae. t e [to,T)

(x(to), x(T)) € {(ko,0)} x R? 9)
s(t) € [0,1], a.e. t € [tg, T

z1(t) >0, Vit € [to, T).

To see (GPz,) in the form of the Mayer problem M, we choose n = m = 1,
C = {(ko,0)} x R?, U(t) = [0,1] for t € [to,T], g(z,y) = yo for & = (x1,z2),
y = (y1,y2) € R?, h(t,x) = —z; for (t,x) € [to,T] x IR%. Besides, we let
f(t,z,s) = ((Azys — o)y, —|1 — 5| |z1|Pe) for (¢, z,s) € [to, T] x R* x R.
Then, f(.) is well-defined on [to, 7] x IR* x IR and

ft,z,s) = ((Azys — o)ay, —(1 — s)Pal e (10)

for every (t,x,s) € [to, T]x (R4 xIR) %[0, 1]. Moreover, by (7), the Hamiltonian
of (GPy,) is given by H(t,z,p,s) = (As — o)z1p; — |1 — s|P|z1|Ppae=? for all
(t,z,p, ) € [to, T] x R? x R? x R. In particular,

H(t,z,p,s) = (As —o)xipr — (1 — s)ﬁx'pre_)‘t (11)
for each (t,z,p,s) € [to,T] x (Ry x R) x IR? x [0,1]. Thus, at such a point
(t,z,p,s) with z; > 0, H(-) is continuously differentiable in x and, one has

Ho(t,z,pu) = {((As — o)pr — B(1 — s)ﬂx’f_lpge_)‘t,O)}. (12)

The relationships between a control function s(-) and the corresponding
trajectory z(-) of (9) can be described as follows.
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Lemma 4.1 For each measurable function s(-) : [to, T] — IR with s(t) € [0, 1],
there exists a unique function x = (x1,x2) € WhI([to, T],IR?) such that (z, s)
is a feasible process of (GPag). Moreover, for every T € [to,T], one has

21 (t) = @y (1)elr A=)z gy e T, (13)
In particular, z1(t) > 0 for all t € [to, T).

Proof Given a function s(-) satisfying the assumptions of the lemma, consider
the Cauchy problem of finding absolutely functions z1(+) : [to, 7] — IR such
that

{il(t) = [As(t) — o)1), awe. t € [to, T] (14

l’l(to) = ko.

Since s(+) is measurable and bounded on [tg, T], so is t — As(t) — 0. In partic-
ular, the latter is Lebesgue integrable on [tg, T]. Hence, by the lemma in [25,
pp. 121-122] on the solution existence and uniqueness of the Cauchy problem
for linear differential equations, one knows that (14) has a unique solution.
Thus, x1(-) is defined uniquely via s(-). This and (8) imply the uniqueness
of the absolutely continuous function z5(-) : [to, 7] — IR such that (z,s) is a
feasible process of (GPag).
To prove the second assertion, put

Qt,7) = ef:(AS(Z)—U)dZ7 Vi, T € [to, T). (15)

By the Lebesgue integrability of the function ¢t — As(t) — o on [tg, T, £2(t,T)
is well defined on [to, T] X [to,T], and by [29, Theorem 8, p. 324] one has

% (/:(AS(Z) - a)dz) = As(t) — o, ae. t € [to,T). (16)

Therefore, from (15) and (16) it follows that (2(-,7) is the solution of the
Cauchy problem

d
%Q(LT) = (As(t) — 0)2(t,7), a.e. t€ [to,T)

Qr,7)=1.

In other words, the real-valued function (2(¢,7) of the variables t and 7 is
the principal matriz solution (see [25, p. 123]) specialized to the homogeneous
differential equation in (14). Hence, by the theorem in [25, p. 123] on the
solution of linear differential equations, we obtain (13). Since x1(tg) = ko > 0,
applying (13) for 7 = ¢ implies that 1 (¢) > 0 for all ¢ € [to, T]. O

By Lemma 4.1, any process satisfying the first four conditions in (9) auto-
matically satisfies the state constraint x1(¢) > 0, ¢t € [to,T]. Thus, the latter
can be omitted in the problem formulation. This means that now we can apply
the maximum principle for optimal control problems without state constraints
in Theorem 3.1 to derive necessary optimality conditions for (G Ps,).

From now on, let (z,5) be a fixed W' local minimizer for (GPs,).

By Lemma 4.1, one can find a constant & > 0 such that Z;(¢) > & for all
t € [to,T]. Since (10) is valid for any (¢,z,s) € [to,T] x (IR x IR) x [0, 1],
we can find some § > 0 such that the assumption (Al) of Theorem 3.1 is
satisfied. The fulfillment of (A2) is obvious. So, by Theorem 3.1 we can find
p € Whi([to, T);IR?) and v > 0 such that (p,v) # (0,0) and the conditions
(i)—(iii) hold true.

For (GPa,), the conditions (i)—(iii) in Theorem 3.1 imply the following.



8 Vu Thi Huong, Jen-Chih Yao, Nguyen Dong Yen

Condition (i): By (12), (i) implies that

—B(t) = ((A5(t) = o)pa(t) = B(L = 5(1))°2 " (t)p2(t)e>,0),  ace. t € [to, T].

Hence, po(t) is a constant for all ¢ € [tg,T] and

p1(t) = —(A5(t)—o)pr () +B(1L—5) Pz (D)pa(t)e ™, ae. t € [to, T]. (17)
Condition (ii): By the formulas for g and C, d¢(Z(t0), Z(T)) = {(0,0,0,1)}
and N¢(Z(to),Z(T)) = R? x {(0,0)}. Thus, (iii) yields
(P(to)a —p(T)) € {(07 0,0, ’7)} + IR2 X {(07 0>}7
which means that p;(T) = 0 and p3(T) = —.
Condition (iii): By (11), from (iii) one gets
(45(t) = o)z (D)1 (8)—(1 — 5(¢)) 2 (t)p2()e

= max. [(As = o)z (Op1 (1) — (1= )75 (t)pa(t)e™]

for almost every t € [to, T|]. Equivalently, we have
Az ()p1 (8)5(1) — (1-5(1) 7 (Dpa (H)e ™

= max [Aa?l(t)pl(t)s —(1-5)%z" (t)pg(t)e_)‘t] (18)

for almost every t € [to, T].

We are going to analyze furthermore the above Conditions (i)—(iii). As pa(¢)
is a constant for all t € [tg, T] and p2(T) = —v, one must have ps(t) = —y for
all ¢ € [to, T]. Substituting ps(t) = —v into (17) and (18) yields

pr(t) = —(A5(t) — o)pi(t) —vB(1 — 5(1)°Z{ L (H)e ™, ace. t € [to,T] (19)
and
Az (8)pa (£)5(t) + v(1—5()) 7 ()e ™

= max [Agzl(t)pl(t)sﬂ(l—s)%?(t)e—ﬂ (20)
for almost every t € [tg, T]. Denote by X the set of t € [tg, T| such that the
equality (20) holds. Then, the Lebesgue measure of X' is T' — to.

The next lemma describes the function p;(-) corresponding to the control
function 5(-). It is an analogue of Lemma 4.1, which describes the function
21(+) w.r.t. a control function s(-).

Lemma 4.2 The Cauchy problem defined by the differential equation (19) and
the condition p1(T) = 0 possesses a unique solution p1(-) : [to, T] = R,

T —
()= [ @200 e lh. 1), (21)
t
where Q(t,7) is defined by (15) for s(t) = 5(t), i.e.,
Qt,7) 1= elr(A5GE)=0)d= gt e [t T, (22)
and
c(t) :==~B(1 — 5(t)°H(t)e ™, Vi € [to, T). (23)

In addition, for any fized value T € [to,T], one has

p1(t) = pi(7)2(7,t) + /tT c(2)2(z,t)dz, Yt € [to,T). (24)
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Proof Since §(-) is measurable, bounded, and Z;(-) is absolutely continuous,
the function ¢ — ¢(t) defined by (23) is measurable and bounded on [tg,T].
Moreover, the function ¢t — AS3(t) — o is also measurable and bounded on
[to, T]. In particular, both functions ¢(-) and A3(-) — o are Lebesgue integrable
on [to, T]. Hence, by the lemma in [25, pp. 121-122] we can assert that, for any
T € [to,T] and n € R, the Cauchy problem defined by the linear differential
equation (19) and the initial condition p;(7) = 7 has a unique solution p;(-).
As shown in the proof of Lemma 4.1, £2(¢,7) given in (22) is the principal
solution of the homogeneous equation

71(t) = (As(t) — 0)x1(t), a.e.t € [to,T). (25)

Besides, by the form of (19) and by the theorem in [25, p. 123], the solution
of (19) is given by (24). Especially, applying this formula for the case 7 = T
and note that pi(T) = 0, we obtain (21). O

Looking back to the maximum principle in Theorem 3.1, we see that the
objective function g is taken into a full account in condition (iii) only if v > 0.
In such a situation, the maximum principle is said to be normal. The reader is
referred to [26-28] for investigations on the normality of maximum principles
for optimal control problems. For (GPs,), we can exclude the situation v = 0.

Lemma 4.3 One must have v > 0.

Proof If v = 0, then (23) implies that ¢(t) = 0. Hence, from (21) it follows
that p;(t) = 0. Combining this with the facts that pa(t) = —y = 0 for all
t € [to, T], we get (p,7y) = (0,0). This contradicts the property (p,~) # (0,0)
assured by Theorem 3.1. O

Since v > 0, the conditions (i)—(iii) in Theorem 3.1 are satisfied with the

pair of multipliers (p,~y) being replaced by (p,7) :== v~ *(p,y) = (v p,1). So,
in what follows we will admit that v = 1.

Lemma 4.4 One has p1(t) > 0 for all t € [to,T).

Proof Thanks to Lemmas 4.1 and 4.3, we have Z;(¢) > 0 for all ¢ € [tg, T] and,
as aforesaid, v = 1. Thus, (23) yields ¢(t) > 0 for all ¢ € [to, T]. From this,
(21), and (22), we get the desired assertion. O

To investigate the condition (20) in more details, it is convenient for us to
consider the functions

Wi (t) == AT ()1 (1),  a(t) := ) (#)e™™, Vit € [to, T), (26)

©(t,s) == 1(t)s + o (t)(1 — 5)P,  V(t,s) € [to, T]x] —o0,1].  (27)

Since Z1(t) > 0 and p1(¢) > 0 for ¢ € [tg, T], we have 1 (t) > 0 and ¥5(t) > 0
for ¢ € [to,T]. In addition, as the functions Z;(-) and pi(-) are absolutely
continuous on [tg, T], so are 11 (-) and s (+).

Condition (20) requires that for almost every t € [to, T'], the function ¢(¢, -)
attains a maximum on [0, 1] and 3(¢) is one of the maximizers. Fix an arbitrary
value t € [tg,T]. As ©(t,-) is continuous on | — oo, 1] and differentiable on
] = o0, 1[, any maximizer of ¢(¢,-) on [0, 1] must be one of the endpoints 0, 1
of the segment, or one solution of the equation

dp(t, s)
0s

=0, (28)
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where s €]0, 1[. The equation (28) means that

AY:ES Y1 (t)
(1=2) Ba(t) #9)

If ¢1(t) = 0, then (29) has no solution in ]0,1[. If ¢1(¢) > 0, then (29) is
equivalent to

s=1—eW (30)
with
1 )
P = T M By D)

From (31) and the condition 8 €]0, 1], it follows that the value s in (30) belongs
to ]0,1[ if and only if ¢1(t) > Bia(t). In that case, we denote this value s,
which is the unique solution of (28) in ]0, 1[, by s*(¢).

Consequently, if 11 (t) < S1)2(t), then by comparing the values ¢(t,0), and
©(t,1) one finds a maximizer of ¢(¢,-) on [0,1]. If 91 (t) > Bi2(t), then one
has to compare the values (¢, s*(t)), ¢(t,0), and (¢, 1) to find a maximizer .

At any t € [to, T] with ¥ (t) < Bia(t), by the properties ¥2(t) > 0 and
B €]0,1[, one has (t,0) = ¢a(t) > Bba(t) > ¢1(t) = ¢(t,1). Thus, the unique
maximizer of ¢(t,-) on [0,1] is s = 0.

At any t € [to,T] with ¢1(t) > Bie(t), the inequality 12(¢) > 0 yields

1 (t) > 0. Besides, it follows from (29) that (1—s*(¢))? = it (1=s*(t)). So,
Ba(t)

substituting this into (27), we have (¢, s*(t)) = 1 (¢)s*(t) + 11/11(15)(1 —s*(t)).

Thus, we get (¢, s*(t)) — ¢(t,1) = 1 (t)(1 — s*(t))(% —1). Since ¥4 (t) > 0
s*(t) €]0,1[, and 8 €]0, 1], we have ©(t, s*(t)) > ¢(t,1). So, s = 1 cannot be a

maximizer of ¢(¢,-) on [0, 1]. As % = B(B — D)a(t)(1 — 5)P~2 <0, for

all s €] — 00, 1] the function ¢(¢,-) is strictly concave on [0,1). Therefore, the
Op(t, s*(t
9plt, 5" (1) = 0 and the inclusion s*(t) €]0, 1[ show that s = s*(t) is
the unique maximizer ¢(t,-) on [0, 1].

In summary, we have proved that for each ¢t € [tg, T], the function ¢(t, ")

has a unique maximizer §(t) on [0, 1], which greatly depends on the sign of the
value

™|

equality

b(t

) =i (t) — Bea(t). (32)
Namely, one has 3(¢t) = 0 if 1(t)

t

)

< 0and §(t) = s*(¢) if ¥(t) > 0. Thus, by (20)
and the construction of the set X, f or any t € E next alternatives are valid:
(a1) If¥(t) <0, then 5(t

(a2) Ify(t) >0, then 5(t) = s (t)

This crucial property of the optimal control function §(-) motivates our
further investigation on the sign of ¢ (t) for ¢ € [to, T.

By (26), ¢(T) = AZ1(T)py(T) — Bz2 (T)e 7. Since B > 0, 7, (T) > 0, and
p1(T) = 0 by Condition (ii), this equality implies that ¥(T") < 0. Besides, as
¥1(-) and 15(+) are absolutely continuous on [tg, T], from (32) it follows that
(+) is also absolutely continuous on [tg, T].

For any subinterval of [tg, T] where #)(-) has a fixed sign, formulas for 5(),
Z1(+), and p1(+) can be given. Namely, the following statement is valid.

Lemma 4.5 Let [t1,ta] C [to,T], t1 < ta, and T € [t1, 2] be given arbitrarily.
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(a) If(t) <0 for every t € [ty, L], then
5(H) =0, ae telt, ], (33)
T1(t) = 1 (1)e ) Vit € [ty to] (34)
and

1 (t) =m (T)ea(t—T) + Liﬁ—lﬁjea(ﬁ—lﬁ'ea’t [e—(ﬁa+)\)t _ e—(ﬁa+>\)7—]

Bo+ A1
(35)
for all t € [t1,t2].
(b) If ¥(t) > 0 for every t €]t1,ta[, then
5(t) =s*(t), a.e. t€[t1,ta], (36)
D1 (t) =p1 (T)G(U_A)(t_‘r), vVt € [tl, tQ], (37)

and Z1(-) is described as follows:
(by) If AB = Bo + A, then

A 7T
(1) = 31 ()l =) — 4] Ly (ryel=oe] Ty )
(38)
for all t € [t1,1a].
(ba) If AB # Bo + A, then
_ _ o) AB—-1) A o 1Ee
_ (A—o)(t—T) _ - (A—o)T
Z1(t) = z1(7)e Bot A_AB {Bp1<7-)e }
x et e T eﬁd?jABT] (39)

for all t € [t1,12].

Proof To prove assertion (a), suppose that ¢ (¢t) < 0 for every t € [t1,t2]. Then,
by the alternative (al) we have 5(t) = 0 for every t € [t1,t2] N X. Since the
set X C [tg, T] is of full Lebesgue measure, this shows that (33) is fulfilled. To
obtain (34), it suffices to substitute z1(-) = Z1(-) and s(-) = §(-) into (13).
To prove (35), we can use (24) and the obtained formulas of 5(-) and Z;(+)
on [t1,ts]. Namely, by (22) we have 2(7,t) = e?*=7), Q(z,t) = e?(t=2) for all
t,z € [t1,t2]. In addition, from (23) and (34) it follows that

e(2) = BT (2)e ™ = B () BV lo BN

for all ¢, z € [t1,t2]. Substituting these formulas to (24) yields (35).

To prove assertion (b), suppose that 1(t) > 0 for all ¢ € [t1, t3]. Then, by
the alternative (a2) we have 5(t) = s*(t) for every t € [t1,t2] N 2. Hence (36)
is valid. To obtain (37), observe from (36), the fact that (29) is fulfilled with

s = s*(t), and (26) that (1 — 5(¢))°~! = Az (t)p ()

ﬁj?(t)e*/\t for a.e. t € [tl,tg].

Therefore, by (19), we have

Az (H)pa (1)

b LSO 0 = (0 = (1)
77 (t)e

pi(t) = —(4s(t) —o)pr(t) — B

for almost every t € [t1,t2]. So, (37) is valid. It remains to prove (38) and (39).
As (Z,5) is a Wb! local minimizer of (GPy,), it satisfies the constraint
system (9). In particular, we have

z1(t) = (A5(t) — 0)Z1(t), a.e. t € [t1,ta]. (40)
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For almost every t € [t,t2], it follows from (36), (30), (31), and (26) that

A.’fl(t)pl(t) /3%1 1 1 é
Bi‘f(t)e—*t} =1 afl(t)[ﬂpl

1
B—1

s =1-| (t)e*|

Thus, by (40) we have
F1(t) = (A — 0)71(t) — A[%pl(t)eﬂ T ae te [t ).

So, Z1(+) is a solution of the linear differential equation

T1(t) = (A—0)z1(t) + a(t), ae.t€E [t1,ta], (41)
where L
alt) == —A[%pl(t)e*t} T teft ). (42)

The principal matrix solution (24 (¢, s) of the homogeneous differential equation
corresponding to (41) is given by £21(t,s) = e~ =%) for all t,s € [t1,ta].
Hence, by the theorem from [25, p. 123], (42), and (37), we obtain

n1(t) = 1 (2 + [ it alds

i t
=T (T)e(A—cr)(t—T) — A[%pl (T)e(A—O)T:| ﬂ*le(A—o)t/ ewsds

T

for all t € [t1,ta]. If AB = So+ A, then this implies (38). If AS # So + A, then
one gets (39) from the just obtained integral expression for Zj (-).
The proof is complete. O

Lemma 4.6 The following assertions hold.
(a) If A < Bo + A, then 9(-) is nondecreasing on [ty, T)].

(b) IfA>0+ %, then (+) is nonincreasing on [to, T).

Proof Since 1 (+) is absolutely continuous on [tg, T}, it is Fréchet differentiable
almost everywhere on [to, T']. Moreover, according to [29, Theorem 6, p. 340],
the Fréchet derivative 1 () of ¢(-) is Lebesgue integrable on [tg, T] and it holds
that

60 = vt + [ s, il (13)
From formulas (32) and (26), it folloows that
p(t) = Az (Opi(t) + T ()P (1)] — B[BE (DE (e — Az (t)e ]
for almost every t € [to, T]. Thus, by invoking (19) and (25), we have
D(t) = =B (t)e M [AQ1 - 5(1)P + AB5(t) — (Bo + V)], ae.t e [to, T].

So, by letting

2(s5) == A(1 — 5)P + ABs — (Bo + \), s€]—o00,1], (44)
we have ]
() = B N5(0), acet € [to, T, (45)
We see that z(+) ;] — oc0,1] = R is twice differentiable on | — oo, 1[ and

s(s) = —AB(1 — 5P + AB, Vs €] —o00,1],
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3(s) = AB(B —1)(1 —5)P72, Vs €] —oo0,1]. (46)

As 8 €]0, 1], it follows from (46) that 2(s) < 0 for all s €] — 0o, 1]. This means
that Z(-) is strictly decreasing on | — oo, 1[. In particular, 2(s) < 2(0) = 0 for
all z €]0, 1], which implies that z(-) is decreasing on [0, 1).

We are now in a position to prove the two assertions of the lemma.

If A < o+ A, then from (44) one has z(0) = A— (S0 + A) < 0. Combining
this with the facts that z(-) is decreasing on [0, 1] and §(t) € [0, 1] for almost
every t € [to, 1] yields z(5(t)) < 2(0) < 0 for almost every t € [to, T]. Thus, by

(45), one has 1(t) > 0 for almost every ¢ € [tg, T]. Therefore, from formula (43)
it follows that +(-) is nondecreasing on [to, T]. So, assertion (a) is proved.

A
Consider the situation where A > o + 3 and let X’ be the set of t € [to, T

such that (45) holds. Then, X/ C [tg,T] is of full Lebesgue measure, and the
subset X' N X' of [to, T| also has full Lebesgue measure. For each t € X' N X,

A
either 5(t) = 0 or 5(¢t) = s*(t) (see alternatives (al) and (a2)). Since A > o+—
and S €]0, 1], one has A > AB > Bo + A. So, if 3(t) = 0, then from (44), one
has z(3(t)) = 2(0) = A — (Bo + A) > 0. If 3(¢t) = s*(t), then (a2) occurs; so
one must have ¢(t) > 0. By (32), the latter means that ¥ (t) > Bia(t). As
B €]0,1[, A and 1)5(t) are positive, the last inequality yields

Pu(t)
Aﬂd@(t) > ApB. (47)
ince is fulfilled with s = s*(¢) and 5(¢) = s* —5(t)P 1t = 210)
S (29) is fulfilled with (t) and 5(t) (1), (1 (t); (tl) B0al)
As 5(t) €]0, 1], the last equality is equivalent to (1—35(¢))? = Bon () (1—35(t)).

) [, (@) _
Thus, by (44), one has 2(5(t)) = Aﬂ¢2(t) —AB|(1 —5(t) + AB — (Bo + A).

So, by the strict inequality in (47) and the facts that 5(¢t) €]0,1[, A8 > fo+ A,
we can deduce that z(5(¢t)) > 0. We have thus shown that z(5(¢)) > 0 for
any t € X N X', Thus, having in mind that the set X' N X’ C [to,T] is of full
Lebesgue measure, we obtain by formula (45), which is valid for all ¢t € X7,
that 1(t) < 0 for almost every t € [to, T].

The proof is complete. O

Lemma 4.7 If the condition
A# Lo+ A (48)

is fulfilled, then the situation ¥ (t) = 0 for allt from an open subinterval |t1, ta]
of [to, T| with t1 < ta cannot occur.

Proof To prove by contradiction, suppose that (48) is valid, but there exist

t1,ta € [to, T] with t; < tg such that ¢(t) = 0 for ¢ €]t1, t2[. Then, formula (32)
yields 1 (t) = Bia(t) for t €]t1,t2[. Thus, by (26) we have

pl(t):le (t)e ™, Vit €]ty ta]. (49)

Combining (49) with (25) gives p1(t) = [(8—1)(A5(t)—0)—A]p1(t), for almost
every t €lty, ta[. Thus, by (19) we get

—(A5(t) = o)pa(t) — B(1 = 5(6) 2 (H)e > = [(8 — 1)(45(t) — o) = A pa(¢)
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for almost every t €]t1,t2[. According to (49), this means that

—(A5(t) — o)pi(t) — A(L = 5(1))"pa(t) = [(B — 1)(A5(t) — o) — Alpi(t) (50)

for almost every ¢ €]t, ta[. Since ¢ (t) = 0 for all ¢ €]t1,t2[, the continuity of
P (+) yields ¢ (t) = 0 for all ¢ € [t1,t2]. Therefore, by assertion (a) of Lemma 4.5,
we have 5(t) = 0 for almost every ¢ € [t1,?2]. Thus, (50) implies that

(0 — A)pi(t) = (0 — o — Np(t),  ace. t € [t,ta). (51)

Since Z41(t) > 0 for every t € [to, T], by (49) we have py(t) > 0 for all ¢ €]t;, to].
So, from (51) it follows that A = Bo + A. This contradicts (48).
The proof is complete. O

Theorem 4.1 Consider the problem (GPy). If the parameters A, B, A\, 0 are
such that
A< fo+ A, (52)

then (GPy) has a unique global solution (k,5), which is given by
5(t) =0, ae telty,T), and k(t)=koe %) Vtelty,T]. (53)
If A, B, \, o satisfy the condition
A>o+ é, (54)
B
then (GPy) has a unique global solution (k,5). Moreover, for

1 A

ﬂa—l—)\lnA—(Bo—i—)\) and t:=T —p, (55)

p =

the optimal process (k,5) can be described as follows:
(a) [Short planning period] If T — to < p, then (k,3) is given by (53).
(b) [Long planning period] If T — tg > p, then 5(-) is given by

{ 1-— eA;‘SA(t—a, a.e. t € [to,t]

5(t) = 0, a.e. telt,T)

and k(-) is defined as follows:
(by) IfA=0+ %, then

Fo = (PO 1 a0 e

k(f)e—o(=1), t €]t, T

with -
k-oe(A_o-)(t_tO)

k(t) =

AB—Bo—Xz"
———T—ft

1+ A(f—to)e

(be) IfA>0+ %, then

2 - BotA—AB (4
R(t) = F(D)elA=o)t=D) {1 + %(1 R e ( t_)):|, Le lto1]
E(t)e—ot=1), Ty

with _
koe(Afo)(tfto)

_A@B-1)
1+ Bo+A— Aﬁ (1

k(t) =

Bo+A— AB
e B- 7?))
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Proof According to Theorem 2.1, (GP,) has a global solution. Hence (GPz,)
also has a global solution. Let (Z,3) be a W' local minimizer of (G P»,). By
Theorem 3.1, there exist p € W ([to, T];IR?) and v > 0 with (p,~) # (0,0)
such that conditions (i)—(iii) in Theorem 3.1 hold true. In what follows, we will
employ the results of the analysis of those conditions, which was given before
the formulation of our theorem. All the notations used in the that analysis will
be kept. Thanks to Lemma 4.3, we have admitted that v = 1. Recall also that
(t) is given by (32) and s = s*(t) is the unique solution in ]0, 1] of (28), which
is equivalent to (30), when 1 (¢) > 0. In addition, (-) is absolutely continuous
on [tg,T] with ¢(T") < 0.

First, let A, 8, A, o be such that (52) holds. Then, Lemma 4.6 shows that
¥(+) is nondecreasing on [tg, T|. So, one has ¥(t) < ¢(T') < 0 for all ¢ € [to, T].
Therefore, by choosing t1 = tg, to = T, 7 = to, and applying assertion (a) of
Lemma 4.5, we have 5(t) = 0 for a.e. t € [to, T] and Z;(t) = koe~(!~%) for all
t € [to, T). It follows that (GP;) has a unique global solution (k, ), which is
given by (53).

Now, suppose that the constants A, 8, A, o satisfy the condition (54). By
Lemma 4.6 we know that +(-) is nonincreasing on [tg, T|. We claim that there
is at most one point t € [tg,T] such that ¥(t) = 0. To prove this, suppose
for a while that there are some points t; and to from [tg, T] with t; < t2 and
P(t1) = ¢ (t2) = 0. Since ¢(+) is nonincreasing on [t1, t2], we must have 1(¢) = 0
for all t €]tq,ta]. As B €]0, 1], from (54) one deduces that A > AS > Bo + .
Hence, by Lemma 4.7 we get a contradiction. Our claim is justified.

There are two possibilities: (P1) 1(tg) < 0; (P2) 9 (to) > 0. We will consider
these situations separately.

If (P1) occurs, then the fact that (-) is nonincreasing on [tg,T] gives
Y(t) < 0 for all ¢ € [tg, T]. Consequently, setting t1 = tg, to = T, 7 = &
and applying assertion (a) of Lemma 4.5, we get §(¢) = 0 for almost every
t € [to, T), T1(t) = ket for all ¢ € [ty, T], and

P (t) =p (to)ea(t—to) + %jffl(to)ea(ﬁ—l)toeat [e—(,ﬁ’a-‘r}\)t _ e—(BU—i-/\)tO]
g

for all t € [tg,T]. As p1(T) = 0, it follows that

pl(to)e”(T_t") + 3 fi)\jf—l(to)ea(ﬁ—l)toeoT [e—(ﬁa+)\)T _e—(ﬁa+)\)t0} 0.
o

Equivalently, we have p;(tg) = ﬁfffl(to)egﬁto [e=(BotNto _ = (Bt NT],
Since ¥ (tp) < 0, by (32) we get ¥1(to) < B12(to). Combining this with (26)
gives p1(tg) < %a’c?_l(to)e_’\t". Substituting the above formula for p;(¢g) into

the last inequality yields

S e[t =T < Bt
A—(Bo+ )

As T (tg) = ko > 0, this is equivalent to e(B7+N)(to=T) > . Since

A > Bo+ A, the latter means that T —to < p with p > 0 being defined in (55).

If (P2) occurs then, by the inequality ¥(T) < 0 and the continuity of ¥ (-)
on [tg,T], one can find some ¢ €]tg, T| such that (#) = 0. Since there is at
most one point ¢ € [tg, T| such that 1(¢) = 0, this point ¢ is uniquely defined.
Moreover, one has 9(t) > 0 for all ¢t € [to,¢[ and ¥(¢) < 0 for all ¢ €]¢,T].
We will compute ¢ and, on that basis, find formulas for the functions 5(-) and
12'1() on [to,T].
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As (t) = 0, it follows from (26) and (32) that

pi(d) = Lot e, (56)

Choosing t; =, to =T, and 7 = {, by assertion (a) of Lemma 4.5 one gets
5(t) = 0 for almost every t € [t,T], Z1(t) = Z1(£)e~?*=? for all ¢ € [£, T], and

P (t) =m (E)ea(t—t_) + 5 ﬁ—'_)\j/f—l(i)ea(ﬁ—l)t'eot [e—(ﬁa+A)t _ e—(ﬁo‘—i—)\)f]
o

for all ¢ € [¢,T]. Substituting (56) into the last formula yields

pi(t) = %iffl(f)e—Afeo(tfﬂ+ﬁ i)\j?q@ea(ﬁq)feat [e= (87401 _o~(Bo+7]
ag

for all ¢ € [¢,T]. Equivalently, one has

s A _
pi(®) = G Ne @O {14 I [0 )} o)

for all ¢ € [¢,T]. By (57) and the condition p;(T") = 0, we have

B NaB1/n o(T—0) At (Bo+n)(i-T) _
Ze 131 (E)@ {1+m[6 71]}—0

[6([30+A)(57T) o 1] =0.

A
As Z1(t) > 0, this equality is equivalent to 1+ Got
o

Since A > Bo + A, the latter means that £ = T — p with p > 0 being given
n (55). From this formula it is clear that the condition t €]to, T'[ is satisfied if
and only if T' — tg > p.

For t; = tg, ta = t, and 7 = 1, since ¥(¢) > 0 for all ¢ €]to, [, applying
assertion (b) of Lemma 4.5 we get 5(t) = s*(¢), for almost every ¢ € [to, ] and

pi(t) = pr (el D v e [t,1]. (58)

The formula for Z;(-) depends on the relationships between A and the con-
stants o, A, 8. Namely, the following statements are valid.

fIfA:J—i—%,then

A T
71(0) = 21 (DD A[ Spa (B T ), € o, 6]

A (59)
— If A >0+ -, then
B
T T —o)(t— A ﬂ —1 A o Til
$1(t) = fl(ﬂe("‘ )t D_m {Epl(f)e(fl )t}
X e(A*")t(eﬁ”,;i_lAﬁt B ﬁ”,}i_l“mf) (60)

for all ¢ € [to, ].

As(t) > 0 for all t € [to, ], (30) is satisfied with s = s*(¢) for all ¢ € [to, ¢[.
Thus, from (31) and (26) it follows that

L [‘;pl(t)eﬂ]ﬁll, Vit € [to, 7[. (61)
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Substituting (56) into (58), we get

pi() = S De NN, i [, 7). (62)

Combining (62) with (61) yields s*(t) =1 — e FE D for all t € [to, t[-
By (56), the next transformations are valid for any ¢ € [tg, {]:

A —_5)F /3%1 A— Aﬂ 7/\t (A— 3i1 A—oVE (A— -5

[*pl(ﬂe(fl o)t} e(A—o)t _ [ (ﬂ o)t (A=) (A=0)(

B BA
51 (e T A=) (A-0) (1-1)

So, for any t € [to, ], one has

1

[gpl(f)e(Aia)E}me(Afg) :f ({)6 ﬁ 1 fe(A*U)(t*ﬂ' (63)

A
IfA=0+ 5 then inserting (63) to (59) yields

Z1(t) = 71 (HeA=DD _ Az (D 55 LeA==D(t _ )Vt € [to, 1]

Equivalently, we have

21(t) =21 @D [+ AF - 0T, e o,
A—o)(to—0) AB— [30—)\{
As %1 (tg) = ko, it follows that ko = & (£)e(A=)(to— {1 + At —to)e 1
Since 1+ A(t — tg)e FE 0, the last equality implies that
i koe(Afo)(ffto)
xl({) = B ﬁ (64)

1+ AL — to)e
A o : .
IfA>o+ 7 then substituting (63) into (60) yields

T1(t) = T, ())eA= =D

A(ﬁ — 1) B AB—Ba=NF (A_g)(¢—T) [ BIEAZAB, BotA—AB
— 1 (1?)6 B—1 6( a)( (6 B-1 — e B-1 )
Bo+\—ApS

for all ¢ € [to,1]. Equivalently,

T1(t) = z1(H)eA= DD {1 + %(1 _ (t—ﬂ)}, Vi € [to, ).

Since Z1(tg) = ko, the latter implies that

ko = £1(2§)€(A_0)(t°_t_) [1 + M(l — QW%M(%*Q)]
o _

Since %(1 - eBUJrA 2 (to— t_)) > 0, the last equality yields
koe(A—o)(E—to)

- A(B—1) BEAATAR (ot
1+Bo+/\ AB(l_ (to= 3)

(1) = (65)

Summing up, we have seen that the situation (P1) occurs if and only if
T—ty < p, while the situation (P2) occurs if and only if T—ty > p. Therefore, if
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T —to < p, then 5(t) = 0 for almost everywhere t € [to, T, Z;(t) = koe=(t=t0)
for all ¢ € [tg, T]. In addition, if T'— tg > p, then 5(-) is given by

*(t .e. te|to,t o— _
st)=4" @), ae teltod] o s () =1—e o0 D vt e [k, 1],
0, a.e. t€t,T|
and Z1(-) is described as follows:
oIfA:o+é,then
B
) = {BOLD 1 AT e,
I = _
jl(aeig(tiav t E]th]
with Z;(f) being given by (64).
eIf A >0+ —, then
B
_ o) (f— A(B-1 BodA—AB (4
Ti(t) = Ty (f)eA= =0 [1 + m(l —e 3)}, t € [to, ]
Ty (f)e oD, t €]t T

with Z(t) being given by (65). B
Recalling that the variable Z; in (GPa,) plays the role of the variable & in
(GPy), from the just obtained results we get all the desired assertions. O

5 Economic Interpretations of Theorem 4.1

To give some clear economic interpretations of Theorem 4.1, we now recall
the roles of the parameters A, 3, \, o in the optimal economic growth prob-
lems under consideration. The two constants A and ¢ appearing in the general
problem (GP) are the real interest rate and the growth rate of labor force, re-
spectively. The remaining parameters A and [ are the characteristic index of
the typical problem (GP,). Namely, A in the per capita function expresses the
total factor productivity' (TFP) and f is the exponent of the Cobb-Douglas
utility function. Note that TFP is a measure of economic efficiency that rep-
resents the increase in total production which is in excess of the increase that
results from increase in inputs and depends on some intangible factors such
as technological change, education, research and development, etc. Using o,

A, and 3, we can define two constants x; = fo + A and x2 = o + —, which

play important roles in the analysis of problem (G P,). Since o, A are positive,

B €]0,1[, and x2 = %, one has 0 < x1 < x2. So, the constants x1, 2 divide

the positive half-line ]0, +00[ into three domains ]0, x1], |x1, x2[, and [x2, +o0[.
Interpreting the half-line |0, +o0o[ as the parameter space for the total factor
productivity A > 0, one may say that “the total factor productivity is relatively
small” (resp., “the total factor productivity is enough high”) when A €]0, x1]
(resp., A € [x2,+0oa]).

Adopting the above terminologies, we can read (52) as the condition saying
that the total factor productivity is relatively small. Similarly, condition (54)
is read as the total factor productivity is enough high. In the case where (54)
occurs, we define two more constants by the formulas in (55): p > 0 is to decide
whether the planning period is short (T —tg < p), or it is long (T — to > p);

1 See, e.g., https://en.wikipedia.org/wiki/Total_factor_productivity.
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t €]to, T is the special time of ceasing the expansion of the production facility
when the control process is optimal. So, Theorem 4.1 postulates the following
on the model (GP2):

(a) If the total factor productivity is relatively small, then the expansion of
the production facility does not lead to a higher total consumption satisfaction
of the society;

(b) If the total factor productivity is enough high and the planning period
is short, then expanding the production facility also does not lead to a higher
total consumption satisfaction of the society;

(c) If the total factor productivity is enough high and the planning period is
relatively long, then the highest total consumption satisfaction of the society
is attained only if the expansion of the production facility is ceased after a
special time.

The following three figures depict the synthesis of the optimal trajectory
k(t) and the corresponding optimal control 5(t), ¢ € [to, T], which is given by
Theorem 4.1. Note that the explicit formulas of k& and 5 can be found in the
theorem.

For the optimal economic growth problems with A €]0, x1[, one has §(¢) = 0
for all t € [ty, T] and the optimal capital-to-labor ratio function k(¢) monoton-
ically decreases on the whole planning interval [to,T] (see Figure 1).

For the problems with A = x2 (see Figure 2), the optimal propensity to
save function §(¢) may be either identically zero on [tp,T] or monotonically
decreasing until the moment £ and identically zero on [, T]. The function k(t)
monotonically decreases on the whole planning interval [tg, T], but its shape
is different from the one of k(t) in Figure 1.

For the problems with A > x2 (see Figure 3), the behavior of the optimal
capital-to-labor ratio function is rather complicated and interesting. Namely,
the function 5(¢) may be either identically zero on [tg,T] or monotonically
decreasing until the moment ¢ and identically zero on [¢,T]. However, the
function k(t) monotonically decreases on the whole planning interval [to, T
only if the planning period T — t is relatively short. If the period is relatively
long, then the function k(t) first monotonically increases and monotonically
decreases afterwards.

|
"
=

Fig. 1 The optimal processes (k,3) of (GP2) w.r.t. parameters A = 0.15, 3 = 0.5, A = 0.1,
o=0.2, kg =2, T =6, and either to =4 or tg =0

The obtained results lead us to the following open problem.
Problem 1: Is it possible to perform a synthesis of the optimal processes of the
economic growth problem (GPs) in the case where the total factor productivity
A falls into the bounded open interval |x1,x2| defined by the growth rate of
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A mm———————r

Fig. 2 The optimal processes (k,3) of (GPz) w.r.t. parameters A = 0.4, 8 = 0.5, A = 0.1,
0=0.2,ky=2,T =6, and either to =4 (T —to < p) or to =0 (T—to > p)
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e ————————— ———
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ti=0 1 2 3 t 4 5 T=5

Fig. 3 The optimal processes (k,3) of (GP2) w.r.t. parameters A = 0.5, 8 = 0.5, A = 0.1,
0=0.2,ky=2,T =6, and either tc =4 (T —to < p) or to =0 (T —to > p)

labor force, the real interest rate, and the exponent of the Cobb—Douglas utility
function, or not?

6 Conclusions

We have proved that a parametric optimal economic growth problem with non-
linear utility function and linear production function, which satisfies certain
conditions on the input parameters, has a unique global solution. Moreover,
we have provided an explicit description of the solution.

Since we still have not been able to deal with the case where the total fac-
tor productivity falls into a bounded open interval defined by the growth rate
of labor force, the real interest rate, and the exponent of the utility function,
further research is needed to give a complete picture about the optimal solu-
tions of a finite horizon optimal economic growth problem with a nonlinear
utility function and linear production function. We think that this interesting
open question can hardly be solved without invoking new tools and applying
different ideas.

A solution of Problem 1 would complement the synthesis of the optimal
processes given in Theorem 4.1 and yield a comprehensive analysis of (GP).
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