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ABSTRACT. This paper is motivated by the transverse stability properties of
the line solitary wave solutions of the (a,b,c,d) class of Boussinesq systems
introduced in [12]. We first review the known results on existence of one-
dimensional solitary waves. Then we address the question of long time ex-
istence of the systems satisfied by a localized perturbation of a line solitary
wave.

1. INTRODUCTION

The motivation of this paper is the study of transverse stability issues of line
solitary waves to the (a,b,c,d) Boussinesq systems introduced in [12] to model sur-
face water waves. They couple the elevation 7 and the horizontal velocity u of the
wave:

(1.1) e+ V-u+eV- (nu)+ plaV - Au—bAn] =0,
' w, + Vn+esViu? 4 plceVAn — dAw] =0, inRYxR,d=1,2.

Here ;1 and ¢ are the small parameters (shallowness and nonlinearity parameters

respectively) defined as
h? «
F= 2 h

where « is a typical amplitude of the wave, h a typical depth and A\ a typical
horizontal wavelength.

In the Boussinesq regime, € and p are supposed to be of same order, e ~ p < 1,
and we will take for simplicity € = u, writing (1.1) as

n+V-u+eV-(nu)+aV-Au—>bAn] =0
w + Vi +e[2V|u]? + cVAn — dAu] =0,

The class of systems (1.1), (1.2) models water waves on a flat bottom propagating
in both directions in the aforementioned regime (see [12, 13, 11]).

One could also derive similar systems with a non trivial bathymetry (non flat
bottom), see [18], and one has then to distinguish between the case when the bottom
varies slowly and the case where it is strongly varying. In the former case, (1.2)
has to be slightly modified and becomes

m+V-u+elV-((n—PF)u)+aV-Au—bAn] =0,
{ u; + Vn+ 5[%V|u|2 + cVAn — dAw) =0,

E =

(1.2)

(1.3)

where 3 is a smooth function on R?, d = 1,2, bounded together with its derivatives
measuring the bathymetry. In the second case one gets much more complicated
systems [18, 47].
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Also, systems similar to (1.2) can be derived for internal waves, see for instance

[14, 30, 35].

Recall (see [12, 31]) that the modeling parameters are constrained by the relation

1
a—i—b—l—c—l—d:g—r,

where 7 > 0 is the surface tension parameter (Bond number).
Recall also [12] that (1.2) is linearly well-posed when

(1.4) a<0,c<0,b>0,d>0,
and when
(1.5) a=cb>0,d>0.
It has been established in [11] that the (a,b,c,d) systems are good approximations

of the full water waves system, in the relevant regime, with an error of order O(?t).
The complete justification of the Boussinesq systems needs thus to establish the
long time existence for the Cauchy problem, that is on time scales of order O(1/e).
This has been achieved for all linearly well-posed Boussinesq systems in [48, 55, 16,

]. Note that no global well-posedness result seems to be known for the Cauchy
problem of (1.2) in the spatial two-dimensional case (however the global existence
of solutions is established in a few one-dimensional cases, see [13, 2, 57]).

It has been proved by Zakharov [62] that the full water waves system is Hamil-
tonian. This is not the case in general for the (a,b,c,d) systems due to the trans-
formations made to derive them starting from the following (ill-posed) ”original”
Boussinesq system obtained by expanding the Dirichlet-Neumann operator with
respect to € (see [12, 44]):

(1.6) {nt+V-u+§AV-u+5V~(nu):O

: w4+ Vn+ £V]u? = 0.

Nevertheless, an Hamiltonian structure is found when b = d. More precisely,
denoting by J. the skew adjoint matrix operator

0 0a(I — ebA)~1 9,(I — ebA)~}
J. = [ 0.(1 — ebr)? 0 0 ,
9y(I — ebA)~! 0 0

and

7= (3),
the Boussinesq systems write in this case
U = —J(grad H)(U),
where H(U) is the Hamiltonian given by
H(U) = %/]R? (= ce|Vn> = ae|Vul® + n* + |u|® + enlu|*) dzdy,

so that H.(U) is (formally) conserved by the flow.
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Note that when d = 1 the following quantity (momentum) is also formally con-
served

Z.(U) = /R(nqusbmum)dx.

We are interested here in localized solitary wave solutions to (1.2). No such
solutions are known to exist in the two-dimensional case (see however [26] for the
existence of asymmetric periodic two-dimensional wave patterns).

We will thus focus on one-dimensional solitary waves and more specifically to
their transverse stability. To start with we review the known results on the existence
of one dimensional traveling waves to (1.2).

We thus look for solutions of (1.2) of the form n = n(z — wt),u = u(z — wt)
where z € R and (n(z),u(x)) — (0,0) as |x| — oo yielding the system

(1.7) —wn 4+ u + eun + €agy — bNyy =0
. —wt + 1) + 5U? + ECUy — diyy = 0.
Min Chen [19, 20] has found in a few cases exact solutions when 1 and u are

proportional but it turns out that the only case compatible with the well posedness
conditions (1.4) and (1.5) are

(1.8) a—b+2d=0,a=c¢, d>0
and
(1.9)
1
a—b+2d # 0 and p > 0, (p—i)((b—a)p—b) > 0 where p = (—b+c+2d)/(a—b+2d) > 0.

The exact solutions have a sech profile, namely

n(z,t) = nosech2 Mz + zg — ¢st))

and

u(z,t) =+ nosech? (A(z 4 o — ¢st)),

3
1Mo + 3
where A\ and ¢4 are appropriate constants.

Note that conditions (1.8), (1.9) can hold in the non Hamiltonian case b # d.

On the other hand no general non ezistence result seems to be available. One
has nevertheless the following remark which excludes the existence of solitary waves
with small velocity when the well-posedness condition (1.5) holds true with more-
over b =d.

Proposition 1.1. Letb = d > 0. Then any H' solitary wave solution (n,u) satisfies
the identity

/(u2 +n? + 5e(au? + cn?))dr = 2w /(Sun — bebugng)dx
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Proof. This is a standard Pohojaev type argument. The following computations
can be justified by a regularizing procedure.

We multiply the first equation in (1.7) by zu,, the second one by x7,.. Integrating
the resulting equations and adding one gets

1
(1.10) 3 /(u2 + 1% 4 agu? 4 cen?) = /(wun — ebwugn, — %uQr]).

We then multiply the first equation in (1.7) by u the second one by 7. Integrating
the resulting equations and adding one gets

(1.11) /(u2 +n? — agu? — cen?) = 5/(2wbumnz — gmﬁ).

The proposition results from substracting three times (1.10) from (1.11).
O

As a consequence, one obtains that no non trivial solitary waves with w small
exist when

a>0,¢c>20,b=d=0,
or

a>0,c>0,b>0.

We recall that one need the condition a = ¢ to get a well-posed system when a,
¢ are not negative.

The paper is organized as follows. In the next section we survey the known
existing results on existence (and stability) of one-dimensional traveling waves to
(1.2). In section 3 we prove the suitable long time existence result for the systems
derived from (1.2) by a localized perturbation of a line solitary wave.

Notation:

1) The notation “:=" means the definition notation.

2) |.|p the LP(R™) norm.

3) The L*(R™) scalar product is denoted by (u,v)s := [5, uvda.

) For any s € R, we denote by H*(R™) the L? based Sobolev spaces with the
norm |.|gs.

5) The notation f ~ g means that there exists a constant C' such that % <
g < Cf and f < g means that there exists a constant B such that f < Bg.

6) The condensed notation A, = B, + (Cy),~; means that A, = B, if s <3
and A, = B+ C, if s > s. -

7) Vectors is denoted in bold letters, e.g. u. When 2" is a Banach space,
u € 2 means that each component of u belongs to 2 and the norm of u
is denoted by |ul,-. If the components of u belong to different spaces, we
will precise the notations.

8) The Fourier transform of a tempered distribution u € .’ is denoted by u.
If f and w are two functions defined on R™, the Fourier multiplier f(D)u is
defined in term of Fourier transforms, i.e.

f(D)u(§) = f(&)u(8).
9) If A, B are two operators, [A, B] = AB — BA denotes their commutator.



BOUSSINESQ SYSTEMS 5

10) For £ € R™ we denote: (£) = /14 |£|? and define the operator A® as a

Fourier multiplier with the symbol (5)5/ ? with s € R.
11) The notation u; is the j** component of the vector u.

2. KNOWN RESULTS ON ONE-DIMENSIONAL SOLITARY WAVES

We now turn to the existence results for solitary waves. Except the aforemen-
tioned explicit cases aforementioned, most of the results concern the Hamiltonian
case b =d.

When

b=d>0,a<0, c<O,

the existence of solitary waves with small propagation speeds is obtained in [23]
by using the concentration-compactness method to minimize in H!(R) x H!(R) the
functional (where p > 0 is fixed)

1
Eu(n,u) = B /R(—ecui —ean? 4+ n? +u?)dr — M/R(nu + ebnyug)de

under the constraint

1
P(U,U)=§/Rnu2dar=p

Assuming moreover that
(2.1) ac > b2,

the solitary waves are shown in [27] to be orbitally stable. Note that (2.1) implies
that a +b+c+d <0, that is 7 > %, corresponding to strong surface tension.
We now consider the case

a<0,c<0,b=d=0.
Oliveira [19] has proven in this case the existence of a family of non-negative,
radially decreasing, exponentially decaying, solitary waves with small velocity and
having a uniform (in velocity) L? bound.

2.1. Boussinesq and Euler-Korteweg. Of special interest is the case a = b =
d =0, c < 0 since it appears to be a particular case of Euler-Korteweg systems that
write

' du+ (u-V)u+V(g(p)) =V (K(p)Ap+ 5K (0)|[Vol*),

where K(p) > 0 is the capillarity coefficient. See Benzoni-Danchin-Descombes
[9] for the LWP of the Cauchy problem for ”general” g(p) and K (p) and also [10]
where a long time existence result is obtained for Euler-Korteweg systems in a
Boussinesq scaling.

Setting K(p) = K > 0,9(p) = p,p =1+ n,u= Vi, one gets

(2.3) on+V-u+V-(nu)=0
’ du+ iVlul? + Vi = KVAn,

which is the (0,0, — K, 0) Boussinesq system.
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To recover exactly an (abed) Boussinesq system involving the small parameter
g, one has to consider for (2.2) the Boussinesq regime (see [10], that is

n(z,y,t) = ei(Ver, Vey, Vet), u(z,y,t) = ei(Ver, Vey, Vet).

When applied to (2.3) this yields theb (0,0,0-K) Boussinesq for (7, @) in the
variables (X,Y,T) = (\/ex, /ey, Vet).

One -dimensional solitary waves for (2.2) have been studied in [5, 6, 8, 3, 50].
When applied to the Bousinesq system (2.3), they yield the existence of solitary
waves of velocity |w| < 1. The existence of solitary waves follows from a phase
portrait analysis of the governing ODEs. They can also be viewed as critical points
of the Hamiltonian

1
H(n,u) = 3 /R(Kni +1n% +u®+ u2n)dm

under the constraint

Q(n,u) = / nudx = const,
R

see[0].
The stability of solitary waves of speed w is governed by the convexity of the
Boussinesq momentum of instability

m(w) = HE (77’ u) - WQ(TL u)
More precisely, the solitary wave (1,,, u,,) is orbitally stable when
*m

and linearly unstable when

9’m
Ow?

(w) < 0.

The transverse stability of one-dimensional solitary waves of (2.2) is studied in
[52, 50]. Again we restrict those results to the particular case (2.3). The linear
instability sf solitary waves with velocity |w| < 1 is proved in [6, 52]. The nonlinear
instability (for localized perturbations in (x,y)) is established in [50].

2.2. Further studies. Other studies concern the weaker notion of spectral sta-
bility. Numerical investigations of the spectral stability (both for one-dimensional

and transverse perturbations) are displayed in [29] for the cases
1 1 1 2
T Ty T T T
and
8 8 10
= 7 :_77b:77d:17
T Ty 9
for which the solitary waves are explicit ([19, 20].
Rigorous spectral stability results are proven in [37] for the explicit solitary waves

known to exist in the cases
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a=c=-b,b=d>0

and
a=c<0,b=d>0.

On the other hand, localized solitary waves have been proved to exist for the
Bona-Smith class of Boussinesq systems. The original Bona-Smith system derived
in [15] corresponds to a = 0,b=d = %, c= —%. The existence of solitary waves in
this case is due to Toland [58].

A general class of Bona-Smith systems corresponds to a = 0,b=d = 3°-1 o=

6 )
2_3392,§ < 6% < 1 where 0 parametrizes the height of the fluid layer where the
horizontal velocity is taken, see [15]. Then, the techniques of Toland ([59]) can
be used to prove the existence of solitary waves of arbitrary velocity ¢ > 1 (see

[33, 32]). The uniqueness of such solitary waves is considered in [60].

Remark 2.1. The Boussinesq systems of the Bona-Smith class are among the
few for which one can get the global existence of solutions to the Cauchy prob-
lem. Actually (see [15, 13]), such a result is obtained for initial data satisfying the
non cavitation condition 1 4+ eng > 0 and having a sufficiently small Hamiltonian

H(no, vo)-

Remark 2.2. The Boussinesq system corresponding toa =c=b=0, d > 0 has a
particular importance since it is the BBM wversion of the natural (ill-posed) system
obtained by expanding the Dirichlet-Neumann operator with respect to € in the full
water wave system (see[44]).

By considering it as a dispersive perturbation of the hyperbolic Saint-Venant
system, Schonbek and Amick ([57, 2] have proved that the global existence of the
Cauchy problem for the one-dimensional a = ¢ = d = 0, b > 0 system has global
solutions for arbitrary large initial data. On the other hand this system is not
Hamiltonian and to our knowledge no (positive or negative) existence result for
solitary waves is known.

The case a = ¢ = d = 0,b > 0 is also particular. It is linearly ill-posed
but in the one-dimensional case this ill-posed system is also known as the Kaup-
Kupperschmidt system and it is completely integrable ([39, 41]).

3. LONG TIME EXISTENCE

We show here how to extend the long time existence results in [55, 56] to the
systems obtained by perturbing a line soliton by a localized two-dimensional per-
turbation.

Remark 3.1. Since it does not rely on dispersive techniques but rather on "hy-
perbolic” symmetrization arguments, the method used in [55, 50] works as well for
periodic perturbations in y, that is for the problem posed on R x T. It works also
for the purely periodic Cauchy problem posed on T? which is the right framework to
investigate the transverse stability of cnoidal waves which we do not address here.

Since there are many cases where there exists the one dimensional solitary waves,
we will focus on the following values of (a, b, ¢, d).
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(3.1) a<0,c<0,b>0,d>0,

(that is the generic case in the terminology of [55] and in fact it contains also the
Hamiltonian case b = d.),

or

(3.2) a=0,c<0,b=d>0

(That corresponds to the Bona-Smith class),
or the case of Euler-Korteweg systems

(3.3) a=b=d=0,c<0

we will from now on assume that (3.1),(3.2) or (3.3) holds.

Let U, = (flw, Uy,) a one dimensional solitary wave of velocity w. As aforemen-
tioned, studying the transverse stability of U,, with respect to periodic transverse
perturbations in y would necessitate to solve the Cauchy problem for (1.1) in a
H*(R x T) setting and this can be done as in [55, 5] for the H*(R?) case. We
consider now localized perturbations of U,,. They satisfy the system

. w + Vn+eV(u-a,) + 3Vul> + cVAp — dAuy] = 0,

with initial condition (19, ug). Note that, @, = (4, 0).

The solitary waves of the (a, b, ¢, d) Boussinesq system have either explicit form
or implicit form. The explicit solitary waves have “Sech” profile and the implicit
solitary wave is in H', so we need different treatment for each case.

3.1. H'- solitary waves. In this section we study the case: b=d >0, a <0, ¢ <

0 for which in [28], we know the existence of solitary waves in H!(R) x H*(R).
For the completeness, we follow the general lines in [64] to prove the Cauchy
problem of (3.4).
We begin with following lemma (see [65])

Lemma 3.1. (Grisvard) Let s1, 82,83 € R such that s1 > s3, S2 > $3,81 + 82 >
0, s1 + s2 —s3 > n/2. Then, (f,g) — fg is bilinear continuous from H*' (R™) x
H?#2(R™) into H*3(R™). The result is also valid for a bounded domain Q C R™ with
Lipschitz boundary.

Theorem 3.1. Assume b=d > 0,a < 0,c < 0. Let (no,u9) € H*(R?)3. Then,
there exist T' > 0 and a unique solution

(n,u) € C([0,T); H'(R?))?
of (3.4) with initial condition (ng,uo). The existence time scale is of order O(1).

Proof. With the condition of (a, b, ¢, d) we rewrite (3.4) as
(3.5)
ne+ (I —beA)"H[V-u+eV- (nu) +eV(i,u) +eV - (niy,) +acV - Au] =0

1
u; + (I —deA)™ ! |V +eV(u-a,) + §€VA77 =0.
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then take its Fourier transform

a P e (6701 + & + &1 + G )
It ( E) +1[¢[A(E) ( E) +i TR (51@ + %ﬁl\u\z) —0.
U2 U2 =

e 36 lul?

Where the dispersive matrix A(£) given by

0 & (17a5|§|2> & (17a5|§|2>
) le] \ 1+bel€l? le] \ 1+bel€l?
_ 13 1—cel€]
A= & (55%) 0 0
1—cel€]?
G (1+de|5|2) 0 0

_ (a1 — eelef)) 2
a(§) = ((1+b5|§|2)(1+d5|§|2)> '

Diagonalize the above system:

0 70—(5)7
with
0 o) —a® X 0 —2a(£5>,% 2a(£>£|%,
PO=| —1| 1w @ |PO=3 L a©f  o©F |
g 8 8 W S a@f a©f,
where

(L e — acle)\
&) = ((1 —eeP) +bes|2>) |

Performing the change of variables

(9-(9

where w = (wy,w2), we have

(3.6)

p i 0 0 0 0
T wy | +il¢] 0 o 0 wy
w5 0 0 —o(8) w3

T (517715 + Eonug + E1Mwur + fZﬁwW)
= —iP7(¢) TTaE? (fwlﬁw + %§1|u|2)

—

Traer 2éelul?
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We have
RS =~ 2T + LT

T = 5o 1)+ 5T + 52T

T = ~garg 1E) + 5 () + 2 me).
Thus,

(1, 01,102) € (HR))® = (i, wz) € (P (R2)
From (3.6)
d I 1 1

(3.7) al m +B o — N o)

0 0 0
gy 0 a0
0 0 —o(¢)

The nonlinear term’s Fourier transform is

TToeel® (517715 + Eonuz + §1nwur + fzﬁwuz)
_Z'P_l(f) W (fﬂllﬁw + %£1|u|2>

—

e

Denoting by S(t) the group generated by B then S(t) is a unitary group on
(HY(R?))3. Let W = (u, w1, w2)T and Wy be related to the initial data (1, up).
By Duhamel’s formula, (3.7) with initial data W, has integral form as follows

(3.8) W(t) = S{Et)Wy + /Ot S(t—s)N(W)ds.

We only estimate the new terms given by the line solitary wave which correspond
to the nonlinear parts: m, 77:;27 1@

Note that, a(&) is of order 0, all the pseudo-differential operators involved are of
order 0, so is P~1(¢). Then, the nonlinear term correspond to 1@ takes the form
(in Fourier space)

&y,

19
P(f)w
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where p(§) is a symbol of order 0. We need to estimate

t
il€]o(€)(t—s) &
e €26 et

/N\
1U1 U

L2(R2)

<t3/? 11Ty,

() p(&)

&
1+ del|? L ([0,],L2(R2))

<t3/20’ m‘
= Qurlio)  oa.mmy

< 43/2 ==
<20 () + @Nmis|,_

< O it poe o0, ) 01| oe 0,01, 82 -
Here C is a general constant independent of € and we used Lemma (3.1) for s; =
so =1, s3 =0 and n = 0,1. Estimates for other terms are similar.
It is also clear that the existence time scale given by using this method is of order
o(1).
O

3.2. Solitary waves with Sech profile. Before stating the main result of this
section we need to introduce the space (see [57]) :

Definition 3.1. For any s € R, k € N, € € (0,1), the Banach space X2, (R") is
defined as H*T*(R™) equipped with the norm:

(3.9) |U|§<§k = [ulfre + *lulFrosn-
The solutions (17, u) of system (3.4) will belong to some space X%, (R?)x (X?,, (R?))?
with k and k' determined by a,b, ¢, d as follows :

Definition 3.2. For any a,b,c,d satisfying (3.1), (3.2), (3.3) we define a pair
of numbers (k, k") = (k(a,b,c,d), k' (a,b,c,d)) according to the admissible sets of
(a,b,c,d)'s as follows:

o (k,K')=1(3,3) forb#d,b,d>0,a,c<0 ;
o (k,k")=1(3,4) forb=0,d > 0,a,c < 0;
o (k,k")=(1,1) forb=d=0,a,¢c<0;

Theorem 3.2. Letty >1,s>tg+2ifb#dorb=d>0,s>ty+4ifb=d=0.
Assume that ng € X5 (R?),ug € X (R?) satisfy the (non-cavitation) condition
(3.10) 1—en>H>0, He(0,1),

where (k, k') is defined in Definition 3.2. Then there exists a constant g = eo(H)
such that for any e < eq, there exists T > 0 , such that (3.4) has a unique solution
(n,u)" with n € C([0,T]; X5, (R?)) and u € C([0,T]; (X2 (R?))?). Moreover,

3.11 .
(3.11) e (Inlxz, +la

xe,) < ellnolxs, + [wolxs,, ),

here ¢ = C(H 1) is nondecreasing functions of their argument.
More precisely, the existence time scale, T = O(1/+/€) ifb # d, b,d > 0, a,c < 0.
And T =0(1/e) ifb=d>0,a=0,c<0.



12 H. LUONG AND J.-C. SAUT

3.3. Linearization of (3.4). We will follow the idea in [55]. Setting
U=nuw!, v=(,v)=cU,

we rewrite (1.2) as

(1-0eA)0C+V - v+ V- ((V)+aV-Av=0,
(3.12) 1 )
(1—de)oyv+V(+ §V(|v\ )+ ceVAC=0.
Ifb>0,d>0o0rb=d=0,let g(D) = (1 —beA)(1 — deA)~!, then (3.12) is
equivalent after applying g(D) to the second equation to the condensed system

(3.13) (1 —-bcA)0:V + M(V,D)V =0,
where
v-V (I1+¢+acA)0z, (14 (+acA)o,,
(3.14) M(V,D)= [g(D)(1+ceA)ds,  g(D)(v10x,) 9(D)(v20s,)
9g(D)(1+ceD)ds,  g(D)(v10z,) 9(D)(v20s,)

We denote Vi, = ((u, V)T = (€7, e1,)T = €U, the one dimensional solitary wave
of (1.7) , then (3.4) is equivalent to the following perturbation of (3.13) replacing
Vby V+V,

(1 —beA)O,(V + V) +M(V+Vy,,D)(V+V,) =0,
or
(3.15) (1 —beA)QV + M(V 4V, D)V =—(M(V +V,,D)— M(V,,D)V,,.
In order to solve (3.4), we consider the following linearized equation
(3.16) (1 —beA)O,V +M(V +V,,D)V =—(M(V +V,,D) - M(V,, D))V,
or
(3.17) (1 —beA)OV+M(V+V,,D)V=F

where M(V + V,,, D) and M(V, D) are defined in (3.14), and note that the nota-
tion V is considered as a known function.

The idea is to treat the equation (3.17) as a symmetrizable hyperbolic system
under some smallness assumption on V and V. It is known in [55] that there exists
a symmetrizer Sv (D) of M(V, D) such that the principal part of iSv (§)M(V,§)
is self-adjoint, and that of Sv(§) is positive and self-adjoint under a smallness
assumption on V. Fortunately, it is also true for the symmetrizer Sy, (D) of
M(V + V,, D), so that we can apply that method for solving (3.17) with some
modifications.

We have
(i) Ifb=d, g(D) =1, Sv(D) is
1+ceA v, Vg
(3.18) vy 1+ ¢ +acA 0 :
Uy 0 1+ ¢ +aeA
then

(3.19) Sy, (D) = Sy(D) + 5.
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where
0 17}w 772w
Sl = {)lw Cw 0

62(.0 0 Zw

(i) If b # d, Sy(D) is
(3.20)
( (1+ceA)?g(D) 9(D)(vy (1 + czA)) 9(D)(y(1 + ceA)) )
g(D)(vy (1 +ceA)) (1 + ¢ +acA)(1+ceA) 0
9(D)(vy(1 + cA)) 0 (14 ¢+ acA)(1 4 cel)

0 0 0
0
0

Vv vivs | (9(D) —1).
VU9 VsyUy

+

Then, we decompose

(3.21) SX-‘:-Vw (D) =Sv+ 51+ 5,

g(D) (D1, (1 4 ceA)) Co(1 4 ceA) 0

( 0 9(D)(01(1 + cel))  g(D) (V2 (1 + C@A)))

9(D) (Vg (1 + ceA)) 0 Cw(1+ceA)

0 0 0
So=10 2211~}1w 21@21,.; + Qzﬁlw (Q(D) - 1)'
0 216219 + EQT)lw 22262@'
The key of this decomposition is to separate the terms independent, dependent
only and dependent partially on the 1D solitary wave. We also need the following
expression

(3.22) MV +V,,D)=MV,,D)+ M,

where

U28962)
And
(3.23) M(V +V,,, D) = M(V, D) + M,
where

Vo - V g-waxl C~w812
M, = 0 9(D)(010z,)  9(D)(200x,) | -
0 9(D)(0100z2,)  9(D)(V20s,)
Remark 3.1. i) Because the solitary wave has the “sech” profile and using

the expression (3.22), we see that the term F on the right hand side of
(3.17) is in X5(R?) if V.€ X5 (R?) for s,k >0,s € N.
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ii) The above remark is not true if our solitary wave is in H*(R) only. Fur-
thermore, we need s € N because we use sometimes the Leibnitz rule instead
of usual commutator estimates.

Next we define the energy functional associated to (3.17) as
(3.24) Ey(V) = ((1 —beA)AV, Sy, g (D)ASV)2 .

We shall show that E,(V) defined in (3.24) is equivalent to some X% (R?) norm.

Remark 3.2. Ifb=0,d > 0, (3.12) is equivalent after applying (1 — deA) to the
first equation to the condensed system

(1—dzA)d,V + M(V,D)V =0,
with M(V, D) defined by

(1—deA)(v-V) (1—deA)((1+C¢+acA)dy) (1 —deA)((1+ ¢+ acA)dy,)
(14 ceA)0y, 010z, V204,
(14 ceA)0y, V104, V204,

Then the equation (3.4) is equivalent to
(1—deA)3,V + M(V +V,, D)V = — (M(V +V,, D)~ M(V,, D)) '
The symmetrizer Sv(D)of M(V, D) is defined by

(14 ceA)? vy (1 + cel) (1 + ce)

vi(I+ceA) (14 ceA)[(1+ ¢ +acA)(1—deA)] 0

Uy (1 4+ ceA) 0 (14 ceA)[(1 +{ +acA)(1 — deA)]
0 0 0

+ 10 devyuy A deviv,A
0 devjusA  devyva A

Therefore, the symmetrizer Sy (D) of M(V + V., D) is defined by
Sy, (D) = 5v(D) + 51 + Sz,

where
0 1w (1 + ceA) Ug, (1 4+ ceA)
Sp = [ t1u(1 +ceA) (14 ceA)[C(1 — deA)] 0
o (1 + ceA) 0 (1 + ceA)[Cu(1 — deA))
0 0 0
+ {0 daﬁlwﬁlwA d81~)1w’l~)2wA y
0 dEﬁlw@QwA déﬁgw’[)gw
and
0 0 0
So=10 2dev,01,A de(v1 02w + Vy014)A
0 de(vy020 + Vol1w)A 2dev4 U, A

Before going to the main results of this section, we recall the following definitions
and Lemma which can be found in [55].

Lemma 3.2. Ifto > 5 (n=1,2) and s > 0, one has
(3:25)  [fglus < C (Iflarlglus + (flm=lglmo) sy,) »  VFrg € H O H(R").

Hs
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Lemma 3.3. Let ¢ € H*(Ry,) for every s > 1, to > 1 and f € H* N H(R?).
Then

(3.26) 61 < € (Il 1+ lolae A flamn )
Definition 3.3. We say that a Fourier multiplier o(D) is of order s (s € R) and
write 0 € S* if ¢ € R+ (&) € C is smooth and satisfies

Ve eR?, VB e N, sup (O)P17%10°0(¢)| < oo.
E€Rd

Lemma 3.4. Let ty > d/2,s >0 and o € 8*. If f € H*(RY) N Ho+L(RY) then,
for all g € H*~1(R?) N H* (RY) then

(3.27) [o(D), flglpz < C(a) (IVFlpee |9l gas + IV S

where C(o) depends only on o.

Lemma 3.5. Let b,d >0 and b#d, s e R, 0 >0, then
(i) for all f € H*(R™), there hold

(3.28) min {1, (Z)e} |flas < |9(D)?f|,,. < max {1, (2)9} lf

(3.29) (D) ~ Dl < P21

(i) Let to > %, —to <r < to+1, for all f € H*TY(R") and u € H"~*(R"),
there holds

(3.30) [[9(D)?, flul . < Clflgros [ul g1,

where C' is a constant independent of €.

Hs—1 |9|Loo)7

Hs,y

3.4. Sovability of linearized equation.
3.4.1. The case: b#d, b,d >0, a,c <O0.
Proposition 3.1. Lettg > 1,s > tg+1,s € N7/ > 0. Assume that F €

C ([0,77]; X2(R?)) and V. € C* ([0,T"]; X5 1 (R?))NC ([0, T"]; X% (R?)) satisfy that

(3.31) 14¢+C > H >0, |V|__+|V. '

SHHa |¥|H’+
0o

<1, Vtel0,T7],
HS

with kg ensures the equivalence of Es(V) and |V|§(53 (see the Appendix 4.1)

1
(3.32) “IVIk:, SE(V) <CV[x.,.

Then for any Vo € X% (R?), (3.17) has a unique solution

Ve ([0, T X5 (R*) N C([0, T']; X2 (R?),
and one has for any t € (0,T").

d

ﬁ&wwio+mu;+wg+wwgm%&ww2

(3.33)
+et/? (1 + |8tX|X§3*1 + ‘Q|X§3 + |X|X53) ES(V)),
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(3.34)

t
|V(t)|§(§3 SE\VO@; +é/0 ((1 A A

x) IF

2
+el/? (1 + |5t¥|xz;1 + |H|X§3 + ‘¥|X-:3> ‘V|X-:3 >v

xyt T u X, T v xzy 1V ixe,

(3.35) 0V xe C (IFl + Vi, ) -

Remark 3.3. Since we defined V.= eU and Vw = Eﬁw, the assumption (3.31) is
a smallness condition which holds if € is small enough.

Proof. We derive a priori estimate on (3.17). First, we have that

(3.36)
d

—FEy(V) = (ASF’ (SXHE (D) + Sy v, (D)*> ASV)

dt 2

= (8° (MY + V0, D)V) , (Sys. (D) + Sy (D)) A°V)

~be ([SXH% (D)*, A} A5V, Asatv)2

2

(1= e2)AV, (0S5, (D)) V)
= [+ 1T+ III+1V,

where Sy, _(D)* is the adjoint operator of Sy, (D).
Estimate on I. By using integral by parts, we have

(AF. Sy, (DAY
= (A*Fy, (14 ceA)?g(D)A*C), + (A*Fy, g(D)((v + Vo) (1 + ceA)A™V)),

+ Z { (A Fig, g(D)((w; + 0i) (1 + ceA)AQ)),

+ (ASFZ'+1, (1 + g + é)(l + CSA)AS’Ui)Q — ae (VASFZ'+1, V(]. + CEA)AS’Ui)Q
+ (A Figr, (v + 0i0) (V4 V0) - (9(D) = 1)A%V), },
which together with (3.31), (3.28) and (3.29) implies that

’(ASF, Sy, (D)ASV)Q‘

S (1Pl + 272 1l ) (IV1e + €V gers + 22 V] s
Similarly we have
‘(ASF, Sy, (D)*ASV)Q‘

g <|\/v‘Hg +51/2|V Hs+2 +€3/2|F

H5+3) )

HSH) (|F|Hs +elF

Therefore,

(3.37) 1| < |F|X53

Vi, -
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Estimate on I/. We have

1T =~ ([A*, M(V 4+ Vo, D)| V, (8¢, (D) + Sy, (D)) ASV>2

(MY DAY, (55,0 S 07) ),
=11 + 11,.
Using (3.23) and (3.21), we can rewrite

15 = = (1A% MOV, D)V, (Syv., (D) + Syv, (D)) AV )

- ([AS, MV, (Syﬁ/w (D) + Sy1v, (D)*> ASV>2
= II11 + 1112-

2

Estimate on II;;. Since Vw is sufficiently smooth and bounded, we can use the
same argument as in [55] to get

(3.38) 1| S [ Vxe,

2

Estimate on I15. M; depends only in V., then there will be a problem if we apply
the commutator estimate (3.27) directly to A®. We use the expression A® = A§ + A3
and estimate I1;5 separately as follows

First, we have

([Ai’Ml]V’ Sviv, (D)Asv)z

< lg(D)AL MV, (Ve + [V )11+ c22)AV,
+[[A3, M)V, (1 + e=A)g(D)A V], + |(9(D) = DA'V],)
— e (V([AS, My] V)1, V(1 4 ccA)g(D)A*V),
—ae (V([A], M1]V)2, V(1 4+ ceA)A°vy),
—ae (V([A], M1] V)3, V(1 4+ ceA)A°v), .

(where (-); is the notation of j'" component of the vector)
Using the expression of M; we have that

A5, MV, S 143 VLIV, .

x]

= |[ia5.¥1v]

2
L302

and

2
Lz,

VAL M), £ (45, 99V, 5 46, 99V

2
L2,

Then, using (3.27) with d = 1, o(D) = Aj we obtain

‘[Ala VW]V 12 5

z1

Vo Ve + YV
L !

o IViLe SelAiV]ez

and, with Leibnitz rule
( 3 1
A5, VVLIV] S el Vs,
z
Remark: The coefficients on these above estimates depend on ‘Vw‘ and do not

2,00

depend on ¢ since M; is independent of €.



18 H. LUONG AND J.-C. SAUT

Therefore, by combining the above estimates and (3.28)-(3.29), we have

(IAF 200V, Sypg, (DAY
5 g |A'iV|2 (|V‘Ha + €‘V‘Hs+2) + |A§V\2 (|V|H5 + €|V‘Hs+2)
(3.39) + YAV (51/2|V|Hs+1 + 53/2|V|Hs+3)
2
<e <|V|Hs V2V goss 4 V] gors + 53/2\V|Hs+3)

2
Se |V‘X:'3 :

The estimate for ([Ai, MV, Sy v, (D)*ASV)2 follows similarly as (3.39).
The estimate for ([ 5, M1V, (S¥+\~,W (D) + Syyv, (D)*) ASV)2 is easier since

Vw does not depend on z5. Therefore we have

(3.40) ([AS, MV, (SXWw (D) + Syww(D)*) ASV)2 SelVix,, -

Estimate on II;: Thanks to (3.38) and (3.40) we get

(3.41) Il S|V, V|§<§3 .

Estimate on Il>: In order to estimate I15, we first calculate

Sysv. (D)M(V + V., D) = AV + V., D) = (ay,)
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as follows:
arp = (14 ceA)? ( WV +¥0) - V) +9(D) (v + Vo) - V(1 + ceA)?g(D)) ,
arp = (1 + ceA)? (1—|—C—|—Cw—|—a5A )
+9(D) ((V + Vw) (1+ceA)g(D)((v1 + 010)V))
a1z = (1 + ceA)? <1+C+Cw+a£A )

+9(D) ((x+vw) (1+ceA)g(D) (23 + 020)V)) s
az1 = g(D) ((v; +01)(1 + ceA)((v + ¥,,) - V))
+ (v +01) (Y + V) - V(1 + ceA)g(D)(9(D) — 1)
+ (14 ¢+ G + aeA) (1 + ceA)?g(D)0y, ,
az2 = 9(D) (w1 + B10)(1 + D)1+ + G + asA)dy,])
+ (v + 010) (v + V) - 9(D)(9(D) = 1)((21 + 010) V)
+ (14 ¢+ G+ asA) (1 + ceA)g(D) (g + T10)0sy ),
azs = g(D) ((y1 + 1) (14 ceA)[(1+ ¢ + o + asA)am])
+ (v + 010) (¥ + V) - 9(D)(9(D) — 1)((2 + 22)V)
+ (14 ¢+ G+ asA)(1+ ceA)g(D)((vg + 2,0, )
as1 = g(D) (v + V20) (1 + ceA) (v + ¥,,) - V)
+ (v + V20) (¥ + Vo) - V(1 + ceA)g(D)(9(D) — 1)
+ (14 ¢+ G+ asA)(1 + ceA)2g(D)D,,,
azs = g(D) (@Q + i) (14 c2A)[(1+ ¢ + o + asA)@Il])
+ (Vg + T20) (¥ + Vo) - 9(D)(9(D) — 1)((2 + 910)V)
+ (14 ¢+ G+ asA) (1 + ceA)g(D) (v + 010)0z, ),
asy = 9(D) (v + 520) (1 + D)1+ + G + a2y,
+ (Vg + O20) (¥ + V) - 9(D)(9(D) = 1)((1 + 20) V)
+ (14 ¢+ Co + aeA) (1 + ceA)g(D)((vy + 20,)0,)
For aqq,
(3.42)
(a1 A°C, A°C),
= (14 ceA)?g(D) (v - VA*Q) + g(D) (v - V(1 + ceA)?g(D)A*C), A°C),
+ ((1+ceA)?g(D) (Ve - VA*C) + g(D) (Ve - V(1 + c2A)?g(D)AC), AC),
:= B11 + Byo.
From [55] we have

2
(3.43) Bii < |X|X§3 |<|X§3 ;

with Bjg, we can not use the commutator estimate for g(D) and v,. In order to
get the relevant norm we will use that v,, = eq,,. First, using integrating by part,
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we have

(3.44)

Bio = (14 ceA) (v, - VA®C), (1 + ceA)g(D)AC),
— ((1+¢cA)?g(D)A’C, V - (Vug(D)A*C)),
=e((14ceA)(ny, - VA®Q), (14 ccA)g(D)A’C),
—e((1+ceA)g(D)A’C, (14 ceA)V - (0,g9(D)AC)),

By using Leibniz rule, it is not hard to see that

(3.45)

Bis (51/2 + 52) ‘ﬁw‘wzw |C‘§(§3

Combining (3.45) and (3.43), we obtain

(3.46)

~ 2
(a11A°C, A*Q)y < (€72 + %) [ulyz.ce + [¥]x2 ) €,
2
SetP(1+e'? |H|X§3) ‘V|X§3 .

For a2 and as;, using integration by part, we get:

(3.47)

(@121, A*C)y + (a2 A°C, A*vr),
— (4 c23)(@s, (¢ + E )A"01), g(D)(1 4+ csM)A*C)
+ { (9(D)(v + Vo) - (1 4 ccA)g(D)((11 + 010) VA v1), A*C)y
+(9(D) (v + 010) (1 + ccA) (v + Vo) - VA(), A%vr),

(5 4 510)(¥ 4 90) - V(1 4+ csA)g(D) (g(D) — DA'C, Aon), }
= Bs1 + Bag,

where Bs; contains only the terms which depends only on V and

(3.48)

Bay = = (14 ¢23) (9, CoA™vr), g(D)(1+ csA)A'C)
+ ((1+ ceA)g(D)(01.VA®01), ¥(9(D)A*Q)),
+ (14 ceA)g(D) (01, VA*v1), Vi (9(D)AQ)),
+((1+ceA)g(D )(?JlVASUl) Vu(9(D)A®C))y
+ (1 +ceA) (Ve - VA®Q), 019(D)A vy ),
+ (1 + ceA) (Ve - VA®Q), D109(D)A 1),
+ (14 ceA)(v - VA®Q), t1,9(D)A%v1),
+ (Ve - V(1 + c2A)g(D)(9(D) — 1)A°C, Avy),
(010¥ - V(1 4+ c2A)g(D)(g(D) — 1)A°C, A%vy),
+ (D10¥,, - V(1 + ceA)g(D)(g(D) — 1)AC, A'v1),

)
By using Leibnitz rule, Holder inequality and (3.28) we have

(1 + 220, G w0). 9(D)A+ ecA)AC) S |G| |, Ve,

(14 ceA)g(D) (01 VA 01), V(g(DIA'Q)); S (2 4+¢%2) iy, e IV e, [V,
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(L + ceA)g(D) (01, VA 01), Vo (9(D)AC))y S (€'24€Y2) [Ty liprzoe V0] IV@QS ;

(1 +ceA)g(D) (01 VA 01), Vi (9(D)A()),
= (9(D)(21 VA*01), (1 + ceA)(V(9(D)AC))),

~ 2
< (61/2 + 53/2) |uUJ|W2‘°° |X|X§3 |V|X§3 ,

(1 +ceA) (Vo - VAQ), 01g(D)A01), S (€2 +%2) [y [V

2
s |V
X53 |X§3 ’

((1+ ceD) (Vo - VA*Q), Brug(D)A*v1)y S (€72 + %) [z oo [T10] o [V

2
Xy
(1 + ceA)(v - VA®C), D1,g(D)A°v1),

= (v VA, (14 e A)(rug(D)A*1)),

_ 2
S 2+ |t lye o |¥|X§3 V|X:3 ,

(0190 - V(14 ceA)g(D)(9(D) = DA*C, Avr), S (1246%%) [u] o [V o V5
(Bro¥ - V(1 +ccA)g(D)(9(D) = DA, A0)y S (/24?) [y | [V o, [V,
(D1w¥,, - V(1 4+ ceA)g(D)(g(D) — 1)A®C, A%vr),

S 24 il [V, VI, -
X§3 5‘5
Therefore,

(3.49) By S (Y% + %2 [y |yyo.e (62 + |V

xo) VI, -
From [55] we also have

(3.50) By < |V, VI, -

Combining (3.49)-(3.50), it follows

(3.51) (a12A%01, A°C)y + (a21A°C, A%v1)y S [V o, |V|§<§3 .

The same estimate holds for (ai13A%vi, A®C), + (as1A®C, A®v2),.
For aso,

(@221, Avy),y

_ ((Q1 + 1) (1 + ceA) (1 + € + Gy + asA) Dy, Ay, g(D)A5v1)2

(3.52) + ((1 4 ¢+ Co+ asA)(1+ ceA)g(D)((v) + 1) 0, A1), Asv1)2

+ (v + 01) (v + Vo) - 9(D)(9(D) — 1)((vg + 010) VA1), A%v1),
:= B3 + Bso.
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Where Bs; contains only the terms which depends only on V and

Bay = (11(1 + ce2) (o, A*v1), g(D)A01 )
+( T1w(1+ ceA) (1 + ¢+ +asA) (8, A1), (D)Asv1)2
+( (1+ ceA)g(D)((vy + T10,) 0, A1), Asvl)
(3.53) 2
+ (1 + ¢+ aeA)(1 4 ceA)g(D) (01,05, Av1), A1),
+ (D10(v +¥,) - 9(D)(9(D) — 1)((v3 + 91) VA®01), A®v1),
+(21 -9(D)(9(D) = )((vg + 910) VA% 1), A’v1),
+ (v1v - g(D)(g(D) — 1)(01, VA% 1), Av1),.

Similarly as (3.50) we get

(3.54) By S "2 [ lypece (1+ |¥|§(§3 + ‘V“"Zo> |V|§(jg :
From [55] we have

(3.55) B < |V, [VIxe, -

it follows

(3.56) (azaA*vy, A*vy), S el/2(1+€Y/? |H\X:3 + |K|§(§3) ‘V|§(§3 :

The same estimate holds for (aggA*va, A®vg),.
For as3 and aze, we have

(a%Asvz, A5v1)2 + (as2A%v1, A*va),
(01 + 1)1+ ceA) (1 + ¢+ C_ + aeA)p, Aup), A3v1)2
((vl + 01)(V + Vo) - g(D)(9(D) — 1)((vg + D20) VA% v2), A®v1),
( (1+¢+ Co 4+ acA)(1 + ceA)g(D)((vy + D20, Av3), Asvl>2
( (0 + B2) (1 + ceA) (1 + € + &y + azA)Dy, A*vy), ASUQ)Q
((v2 + vzw)(v + V) - 9(D)(9(D) — 1)((vg + 910) VA1), A%v2),

(1+C+Cw+a6A)(1+csA) (D)((v; + T10,), A%01), ASUQ)2
= By1 + Bao,

+
+
(3.57)
+
+
+
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where B4y contains only the terms which depends only on V and
Biy = (9(D) (@ (1 + csA)(1+ € + G + a20)0, A%02), Ay )

(9(D) (1 + e22)(C, 0uah e2)), Avn )

(D10(V + Vo) - g(D)(9(D) = 1)((vg + D20,) VA®v2), A®v1),
(v1Ve - 9(D)(9(D) — 1)((vg + D2w) VA®v2), A%v1),

0¥ - 9(D)(9(D) — 1) (32, VA v3), A*vy),

(Gol1 4+ ceA)g(D)(y + 720)0, A"v2), A%0r )

((1+ ¢+ aeA)(1 + ceA)g(D)(090 0, Av2), A1),
(9(D) (@ (1 + c2B) (L + € + G + a20)0, A%0r), A%vz)
(9(D) (a1 + c22) (€, A"01)), A%

U (v +¥,,) - 9(D)(9(D) — 1)((vy + 910) VA1), Av2),
VsV - g(D)(9(D) — 1)((vg + 910) VA®v1), Avz),

(v2v - g(D)(9(D) = 1)(01 VA v1), Ava),

(;u +e2A)g(D)((vy + T10,)p, A*01), Asvg)2

((1+ ¢+ aeA)(1+ ceA)g(D) (01002, A%01), M), .

—~

(3.58)

Similarly as (3.50) a v nd (3.54) we have

(3.59) Biy § &2 fiulyane (1+ [Vl + L] ) IV,
from [55] we also have
(3.60) Bui S |V|x., [V i; :
Therefore,
(3.61)
(a23A%v2, A%01), + (az2A%v1, ASva), S eV2(14£Y2 U xe, T v X;S) v 3(53 :

Thanks to (3.46), (3.51), (3.56) and (3.61), we obtain

~ s s 2
!(Sym(D)M(yww,D)A V, A V)J SR+ 2 |U g + V%) Ve, -

The same estimate holds for the term (M(X—I—VW,D)ASV, Sviv., (D)ASV>
then

)
2

(3.62) IL] <e?(146Y2 U

Xz, T v

2
LIV

2
X5
Due to (3.41) and (3.62), we have

(3.63) I S e 21+ 2 Uy + V5 ) [V, -
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Estimate on III. Using (3.21) and the expression of (S; 4+ S2)* we only need
to estimate

—be ([(S1 + S2)*, AJA*V, A*9, V),
S el[Ve, Alg(D)ATV], [(1+ ccA)A°G, V],

e e + Biwv; + Biwbje, AJA V], [(g(D) = 1A, V], .
i,j=1
In order to use the commutator estimate (3.27), we use the same argument in the
estimate for I17;1. It follows
—be ([(S1 4 S2)", AJA*V, A°0, V),

(3.64) Sé? Vigaer (0 V g + €100V er2) + (V[ +1) Vgt 106V g

S &:3/2(|¥|X§3 +1) |V|X,§3 atV|X:;1
From [55] we know that
(3.65) —be ([Sv(D)*, AJA°V, A*0, V), S [V xo, [Vixe, [0V X
Therefore,
3/2 , 3/2
(3.66) IIT S (e +¢ |X\X§3 + |X\X;3) |V|X,:3 atV|X:3_1 .

Estimate on IV. Plugging the expression of Sy, (D) into IV we get that
(3.67) IV =1Vy + IVs,
where IV) = ((1 —beA)A*V, (8;Syv(D))A*V),, and from [55] we know that
(3.68) Vi < |8V

2
Hs—1 ‘\7|XS.3 '
e

= ((1 = beA)AC, g(D)((Ot10) (1 + ceA)ATvy)),
+ ((1 = beA)AC, g(D)(01(D20) (1 + ceA)A®v3)),
+ (1 = beA)A°v1, g(D)(0(010)(1 + ccA)A°C)),
+ (1= be2)A 01, (BC) (1 + c2A)Av1 + (9(20, 10 + 5,))(9(D) — DA™vr )
+ ((1 = beA)A°vq, (04(D1wDou + V1020 + Uathw))(9(D) — 1)Afva),
+ (1 = beA)A°va, g(D)((04024)(1 + ccA)A°C)),
+ (1 = beA)A*vg, (0¢(D10090 + V1020 + V3014,))(9(D) — 1)A%v1),
+ ((1 — beA) A%, (9:C)(1+ ceA) A0y + (84(02,, + 2vy12,,)) (g(D) — 1)A%2)2 .
Therefore,

(3.70) Vo <e(1+ |0V

o) VI, -
By combining (3.68) and (3.70) we have
(3.71) IV Se(1+ |0V

2
o) VI
£
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Combining (3.37), (3.63), (3.66) and (3.71) we obtain
(3.72)

d
SEJ(V) SIFlx.,

A%
dt

xo, + V214 eV2 |0,V | yoon + /2 Ul + |¥|§(:3) \% ifjs

+e(14+e2 |V

xe, T |E|X§3) 0,V X |V|X§3 -

We are going to estimate |atV|Xs;l7 (3.17) follows that

OV =1 —beA)"H(F - M(V+V,,D)V):=(1-beA)"'G.

Since the solitary wave has the “sech” profile and using in addtional the estimate
(3.26) we have the same estimate as in [55] as follows,

(3.73) ‘atV|X:3_1 SIFlgs + |V‘X§3 :
This is the estimate (3.35). Plugging (3.35) into (3.72), using (3.32), we obtain
(3.33) and (3.34).

The existence and uniqueness of the solution of (3.17) are obtained similarly as
in [55].

3.4.2. The caseb=d >0,a=0,c<0.
Proposition 3.2. Lettg > 1, s >ty +2, T' > 0. Assume that
Fe ([0, T X2(R?))
and
V= (¢v) € CH (0,1 (X5 (R)) N C([0, T); X2 (R?) x (XZ(R*))?)

satisfies

(3.74) 14C+Cy > H > 0, |y|oo+‘\7w‘w < kg, [V H5+‘\7w‘HS <1, vtelo, 1],

with kg ensures the equivalence of E5(V) and |C|§(s2 + | v[%-. (see appendiz 4.2)
Then for any Vy € X% (R?) x (X2(R?))?), (3.17) has a unique solution

V € O([0,T]; X5 (R?) x (X2(R%))2),

and one has for any t € (0,T")

d
GEVIS (2 ol + [y, + 10X ) BV

3.75
(3.75) # (e 4 el + Kl ) VL ELOV)

+ g Es (V).
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VO, + I,
< (VO +1<O),)
sy e[ (1Pl (Ol + )

e ¥l + [ SV +1CE)

X:z) 10,V Xt

2
et el + e, + L) (WO, + 1)) ) -

(3.77) 0,V

XES;l S |F|Hs +1¢ X2, + |V|HS .

Proof. We start with the expression (3.36),

%ES(V) = (ASF’ (SXWW(D) +5viv, (D)*> ASV)2

— (8 (M4 V0, D)V) , (Syp (D) + Sy (D)) A°V)

e ([Syww (D)*, A} A*V, Asatv)2

2

N <(1 —beA)ATV, <5t5g+\7w (D)) ASV)
=TI+ IT+IIT+1V,

2

O

Estimate on I. By using integral by part and the expression (3.18) of Sv+\~,w (D)
, we obtain

(ASF, N (D)ASV) .
= (A°F1, (14 ceA)A°C+ (01 + O10)A%01 + (Ug + D20)A02),
3.78 -
1 b (NP 0+ BN+ (L EOA)
+ (AF, (2 + 52)AC + (L4 C+ G )

with assumption (3.74), it is not hard to get that

(3.79) (A*F, Sy g (DAV)_ S Pl (KL, + Vl00).
The same estimate holds for (ASF, Syiv (D)*ASV> , then we have
XHVe 2

(3.80) 1S [F g (IS

xs, T Ve )-
Estimate on II. First we rewrite,

11 = = (N, MOV + Vi, DIV, (Sy.g, (D) + Sy,g, (D)) A°V)

(3.81) - (M(y V., D)A®V, (waw (D) + Sy, (D)*) ASV)
= IIl + IIQ

2
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Estimate on I7;. Using the expression of M(V + V,, D) and Sy, v, (D), we
can rewrite -

(I MY+ Vo DV, Syg (DIAV),

= ([A%, v+ Vo] - V4 [A%, ¢+ Gl v1 + [A%, €+ Gl v2, (14 ceA)ASC
+ (v + 010) A1+ (vg + T20)A%v2),

+ ([As,yl + D1, )0, 01+ (A, 0g + D20y v, (1) + B10) A+ (14 ¢ + @A%)Q

+ ([As,yl F 510)0y 01 + [A®, Vg + D20 Dy V2, (5 + 2)AC + (14 ¢ + @)A%z)z .

By using the commutator estimate (3.27) with the trick of represent A® = A5 +
A3, where AS = F~1(1+¢;|*), similarly as in the previous case, we can prove that

(A%, M(V + Vi, D)V, Sy v, (D)A*V)
S (e by, + il ) (v

The same estimate holds for ([AS7 M(V +V,, D)V, Syviv., (D)*ASV)2, then

X) ('V X) '

Estimate on Il;. We need to calculate Sy, (D)M(V + V.,D) = (aij) as
follows B

2

xe +llxs, )

+ v

(3.82) 11| < (a +1¢

. xs 1
€

a1 = (14 ceA) (v + Vo) - V) + (05 + 010) (1 + ceA)Dy, + (vg + To0) (1 + ceA)dy,
a1z = (14 ceA)((1+ ¢+ o)) + (U1 + 010)* 0y + (Vg + D20) (V) + T10) Dy

(14 ceA) (14 ¢+ Cu)0ay) + (01 + ¢, ) (Vg + B2) O, + (Vg + B20)*Oay
= (0 + D) (V4 9) - V) + (1 + ¢+ ) (1 + ceA)d,,,

aze = 2(1 4+ ¢+ (w)(vy + V16) 0%, s

azs = (vg + 010) (14 € + )0y + (1 + €+ Co) (Vg + V2)Day
ag1 = (v + 2) (V4 Vi) - V 4+ (14 C+ G (1 + c2A)da,

1+ ¢+ ()0, + (14 €+ o) (0 + 910) s

(14 ¢+ Co)dy + (14 C.

azz = (Vg + 2u,)(
azz = 2(vy + Uaw)
Remark: This case is much simpler than the previous case, since there is no
appearance of g(D). We will only treat here the terms that gave the order of gl/?
in the previous case.
For ay1, we have

(a11A%C, A%C)y = (1 ccA) (v + %) - VASC), A°C),
(0 4 1) (11 c2D) A, A,
(g + Fo) (L + c2A)p, AC, A°C),
= C11 4 Ci2 + Ch3.

(3.83)
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Using the commutator estimate (3.27), integration by part, Sobolev embedding
(s > 3) and Holder inequality we get
(L4 ceA)(v - VA*(), A°(),
= (v- VA®(, A%Q)y + e ([A, v] - VA®C, A°Q), + ce (v - AVA®(, A%(),

- 7% (V- ¥)A°C, A°Q)y + ce ([A,v] - VA®C, A%,

2
(3.84) +ce (ASC7 Z(Vyj . V@ijSC)> - %c@ (AA®C, (V- v)A*C),
J=1 2

~Jee(ve avvato,

<2

XS -
e2

Slv

Hs

By using (3.27) with d = 1 and the o(D) = 6§j, j = 1,2 and similar argument as
above, we get

(1 +ceA)(Ve, - VA®Q), ASC)2 < |‘~’w|W21<>o 18

X2y
Therefore,
(3.85) Ol £ (13l + Falwae) 1S,

For 012,
(3.86)
1

1 \
Cro = 3 (NG, (90, oy + 51, — e (AN'C, (0, + 5a))ATC),

- %ca (AC, (A(vy + B10))00, A%C), — %ce (A*C, V(v + 1) - Vs, A°C),
< (il + o1l ) 6T, -

The same estimate holds for Ci3, as long side with (3.85) and (3.86), it follows

(3.87) (@A, A°CQ)y S (¥l + [Volyes) [€

The same estimate holds for (agaA*vi, A®vy), and (agsA®va, A®va),.
For ass and ass,
(a23A\%v2, A°v1)y + (aza A1, A®va),y
= — (A0, 00 (1) + 81) (1 + C+C)A™w) )
— (802, 00, (0 + 7)1+ C+ C)Aw) )

- 2
S (¥l gs + Voo |V‘X§ :

(3.88)

By doing similarly as previous case for remaining terms, it is not hard to get
that

(3.89) I S (e+|v

2 2
Xg + ’£|X:2)(|v Xs + ‘<|X':2)7
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Estimate on III. By using the expression of Sy, (D) and similar argument
as before, we get

IIT = —be ([vy + D10, AJA*v1 + [Ug + Dau, A]A%v, A%0;C),

= be (1€ + Cor AJA™01 + 1) + Bru, AJA'C, A*Dpr )
~be ([y2 + By AJASC + [ + Gy, ANy, Asatuz)z ,

then,
(390) IS (e + el + ¥l (e, +1v1 )00 o + 100 .)
Estimate on IV. Similarly as (3.69), (3.70) and (3.71), we have

IV = ((1 = beA)A®C, (Byvy + Byone)A5v1 + (Bpvg + Byiaw ) ASvs)
+ ((1 — beA) ATy, (Dywy + O )ATC + (B¢ + 6tfw)A5v1>
)

2

+ (1= beD) A va, (Bry + Orta)AYC + (i + 0rC)A v )

Then,
(3.91) V] S (e + [0S g, + 103 ) (G, + V1)

Thanks to (3.80), (3.89), (3.90) and (3.91), we obtain

d
SEV) S (e I¥lxs + [C g, + 10V 1) (¢
(3.92) 1Pl (IClxs, + V)

(e s ¢l ) Chcs, + V1) 10V o

2 2
Xz, T vix:)

That is (3.75) and then (3.76). 3
Returning to (3.17) we set G = F— M(V.+V,,, D)V then 0,V = (1 —beA)T1G.
By using the expression of M (V + V,,, D) in this case we have that

(3.93) Gligos S 1Pl + Il + ¥l

Beside that we also have
|5tV|X:;1 S 11 =0eA)0 Vg
= (1 =beA)(1 = beA) G|,
=Gl

Therefore, we obtain (3.77).
The existence and uniqueness of the solution of (3.17) are obtained similarly as
in [55].

3.5. Proof of Theorem (3.2). Using the compactness method, the proof of The-
orem (3.2) follows exactly 4 standard steps of the proof of Theorem 1.1 in [55], the
crucial part is the linear solvability which we obtained previously. Therefore, we
will only precise here the existence time scale for each case of (a, b, ¢, d).

Since the existence time is obtained by using the Gronwall’s inequality, we need
to precise the order of € in the estimates (3.33) and (3.75)
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Ifb#£d, b,d>0,a,c<0.
Note that

A4 Caitl !(912 ~
= — 0 g(D)(ﬂam) g(D)(UjaLl) Vo,
0 g(D)(018£2) g(D U26T2

then the order of € in F is 2. So the order of € in :

(1 + |8tX|XS;1 + |H|X§3 + |X‘X§3> |F|X§3 is 2,

c1/2 (1 10 Voo + Uy, + |X|XSB) is 1/2.

Therefore the existence time scale in this case is of order O(e~1/2).
Ifb=d>0,a=0,c<0.
The order of € in :

€ +|vlx. + |§|XS2 + 0V oy is 1,

<s+ vy + |<|X52) YD

|F| . is 2
Therefore, the existence time scale in this case is of order O(1/e).
3.6. The case a = b =d = 0,c < 0. We recall that this case corresponds to a

particular version of Euler-Korteweg systems (2.2), that is re-intoducing the small
parameter € and taking without loss of generality ¢ = —1

(3.94) n+V-u+eV-(nqu)]=0

' w; + Vn+¢e[Viul? — VA = 0.

Well-posedness on time scales of order O(1/¢) has been established in [56, 10] (ac-
tually [10] considers long time existence issues for a general class of Euler-Korteweg
systems).

We now consider the system system satisfied by a localized perturbation on a
line solitary wave U,, = (7, 1) of velocity w

that is
: w +Vn+eV(u-a,) + 3V[uf> = VAg] = 0.
The proof of longtime existence will follow that of [56] and it differs somewhat

of the corresponding proof for the other cases.
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4. APPENDIX
4.1. Appendix 1. (The case b #d, b,d >0, a,c < 0.)
We are going to prove there exists a constant kg such that (3.32) holds under
the assumption (3.31), plugging Sy, (D) into (3.24) we have

Ey (V) = ((1-beA)A*C, (1+ caA)Qg(D)ASC)2
+ (1 = b0eA)A°C, g(D)[(v + ¥, ) (1 + ccA)A%V]),
+ (1 = beA)A°v, g(D)[(v + Vo) (1 4+ ccA)A*C]),

+ ((1 — beA)A®Y, (14 ¢+ &y +asA)(1 + caA)Asv)2

2
+ Z ((1 — bEA)ASUi, (Qi + f’z‘w)(ﬁj + {)jw)(g(D) - 1)A8Uj)2

i,j=1

=A + A+ A5+ Ay + As.

For A; we have the following result from [55]

b
A; > min {1, d} <|Asg|§ +2? |ANCE + (b — 20)e [VASC)S

(A.2)
+ bc2e® |[AVASC|S + (—2bc)e? [VVASC]S >v

A< o {1, 2L (100G 40222 NG + (0 — 200 |78

(A.3)
+bc?e? |AVASC|; + (—2bc)e? [VVASC); )

For A, and As, using (3.28), we have

[Az| + [As] < ([¥loo + [Valoo) [(1 = beA)g(D)A*Cly |(1 + ceA) AV,
+ ([¥foo + [Vuloo) [(1 = beA)g(D)A* V], [(1 + ceA)A*C],

b < S S
< max {15 b (vl + 9o (200G + 10V

L+ A(ANCE + |AASv|§>).

For A4, we have
Ay = (Asv, (1+¢+ QN“W)ASV>2 + abee® ‘VAASV@ + ace? |AA3V|§
+ be? (AASv, —la+e(l+¢+ {Q]AA%)Q

te (Asv, la+ (c—b)(1+¢+ g:w)]AASV)Q
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which along with the assumption 1+ ¢ 4+, > H > 0 implies that

Ay > H \Asv\g + abee® |VAASV|§ + (ac — b(a + cH))&? \AASVE
+ (—a—c+ ) [VAVE + (e = b)e (Il + |G| ) 17V, 184",

H f
(A.5) > IAV|2 + abee® [VAAV] + (—a — ¢ + b)e [VA®V

(e=02(I¢|, + |&] )2
2H

+ | ac—bla+cH) — €2|AASV|§.

Ay < (1 + ’goo + ’CNM‘ ) |ASV|§ + abes® |VAASV|§
(A.6) +(acfab—bc(1+|§|oo+‘§w‘ >)€2|AASV|§
(ot (et ) (L[] + ]G] ) elatvly 18y,
For As, using (3.29) we have
| 45| < 2 (Ivlo, + [Vl )P [(1 = beA)ASv], |(g(D) — 1)A®V]
(A.7) 2/b — d
< -
- d
Combining (A.1), (A.2), (A.3), (A.4), (A.5), (A.6) and (A.7) we obtain that

<7 S b2 S
(vl + 90l (210%15 + 22 800 )

be?e® |AVA*C|?

b b

> (min {1, d} — 2max {1, d} (vl + I%Ioo)) A3
b
i

b . H 4)b—-d .
+ (—2max {1 b ivl + ol + 5 = Pl 010 ) 140

+ (—max{l,Z} (¥l + [Voly) (07 + %) 4+ ac — b(a+ cH)
2

- 2
¢+ Mm) B2[b — d|
2H 2

which along with a suitable lower-bound of |v|  + |V, |, implies the left-hand side
inequality of (3.32). Similarly, we get the right hand side inequality of (3.32) and
therefore we can choose a suitable constant k.

(T )52 AV,

4.2. Appendix 2. (The case b=d >0, a =0, ¢ <0).
We are going to prove the existence of kg which ensures the equivalence of E5(V)
and |C\§<s2 + v 3( in the assumption of Proposition (3.2). By doing similarly as
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previous case, we get
Eg(V) = ((1 = beA)A°C, (14 ceA)AC + (vg + D10)A%01 + (Vg + D20)A%02),
+ (1= beB)A 0, () + 51)AC+ (14 C+C)A )
(1= b22)A%0a, (v + B2)A'C+ (14 C+ EW)ASUQ)Q
= (1 = beA)ASC, (1 + ccA)ASC),
+ (1= beA)A*C, (v + V) ATV),
+ (1= o)™, (14 ¢+ E)A)

(1= beA)AY, (v + ¥L)A),
— By + By + B3 + B,.

For By, we have

(B.1) By = [A*C[3 + (b= ¢)e [ VAC[3 — bes” AN
For Bs , we have

(B.2) |Ba| < (¥]oe + ¥l o) [A*V]5 (JA*Cl; + be [AA*C],).

Then,

- so2 1 - 512
By > —A(|v]yace + [Volpaee) [A*V]5 — 1(|X|W2=°° + [Valpz.e) [A%Cl5

(B.2.1) )
—4b([¥ gy + [Tl ) [AV]; = 2 [AASC]S.
And
o s 1 od S
By 2 4(|¥lwae + [Volwaoe) AV + S (¥hwa e + [Fulya <) 145
(B.2.2) 4

. b
+4b(1¥ ]z + [Vl ) [AV]5 + i |AAC5.
For Bj, by integrating by parts, we have
~ 2 ~
Bs — (A v, (14 C+G)A v)2 . bs; (AA vjy (14 ¢+ C)A vj)2
J:
2

(B.3) - (Asv, 1+¢+ gl,)ASv)2 +0ey [ (VASvj, (1+¢+ ZW)VASUJ-)Q

Jj=1

i(vw 02 Cu)A® )J.

=1
Which alongside with (3.2) give that

2
( (e + vw|wm>> A2

l\.’)\»—~

(B.3.1)
+ngH|VAsvj|§,

Jj=1



34

H. LUONG AND J.-C. SAUT

and

(B.3.2)

For B4, we have

b .
Bs < (1 +(1+ g)qgwm + ‘cw‘wzm)> A%v[2

2
+oe(1+ ¢+ Ew‘oo) > VA2
j=1

2
By = (A*v, (v + Vu)A'Q), — be > | (A%wj, (u; + D7) AAC),

j=1t

+ (A%, (Aw; + AT, )AC), + 2 (Avj, V(v + Tj) - VASC), |-

Then

(B.4)

[Ba| < (1+be)([¥lyyzce + [Volyzo) [AV]; [AC],
+20e (¥l + [Volwzse) [ATV], [VATC, -

That follows

< S 1 S
By = —(1+be)([¥lypae + [Volypao) (4[A°V]5 + 1A ls)

(B.4.1) 2
= 2b([¥] e + [Vl JAAV] + - [VASCL),
and
~ s 1 S
Bi < (14 be)([¥lwae + Folwaoe ) (41A°V] + 2 [A%C]3)
(B.4.2)

2
<7 S € S
+ 26([¥ 2o + [Volwae ) (AAVE + = [VASCL).

Thanks to (B.1), (B.2.1), (B.3.1) and (B.4.1), we get

1 b o+ [Tl .
E(V) 2 LINCE 4 (2 0 (VAT — be(e + Mwem Relwasy o2

4
~ 9
+(H = ([¥lpaee + Folyae)) (8 +120 + 5 be) AV

Note that in this case we have b > 0 and ¢ < 0, so similarly as the case in the
appendix 4.1 we can choose a suitable constant k.

1.
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3.
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