LIMITS OF TANGENT SPACES TO DEFINABLE SETS
SI TIEP PINH', OLIVIER LE GAL, AND TIEN-SON PHAM!

ABSTRACT. We study the set of tangent limits at a given point to a set definable in any
o-minimal structure by characterizing the set of “exceptional rays” in the tangent cone to the
set at that point and investigating the set of tangent limits along these rays. Several criteria
for determining “exceptional rays” will be given. The main results of the paper generalize,
to the o-minimal setting and to arbitrary dimension, the main results of [12] which deals
with algebraic surfaces in R3.

1. INTRODUCTION

One of the ways to study singular varieties is to investigate their tangent cones and
limits of tangent spaces, which was initialized by Whitney in the 1960s [15, 16]. Given a
variety X C K" of (pure) dimension d (K = R or C, varieties nature will be specified), one
constructs the Nash blow-up N(X) of X, made of the closure of the tangent bundle of its
regular part X,., (we say that © € X is regular if X is C' at z) and studies the Nash fiber
N (X), of the bundle N (X) over z € X. Namely, if G(d,n) denotes the Grassmannian of

the d-dimensional linear subspaces of K" and 7,.X is the space tangent to X at x, then

N(X)=A{(z,P) € Xyey xG(d,n) : P=T,X,eq},

so (z, P) belongs to N'(X) if there exists a sequence z* € X,.., approaching x with T,,» X — P.
If 2 is a regular point, the Nash fiber N'(X), is reduced to the tangent space to X at x, but
for singular x, this Nash fiber contains all limits at = of the spaces tangent to X, then
carries informations on the singularity germ.

Nash fibers are better analyzed together with an additional data which keeps track of

the direction along which limits are taken. For this, set

N'(X)={(@,t,0,P) € Xyeg x Ky X K" X G(d, 1) : @+ 10 € Xyeg, P = Torr0Xreq},

where K, = Ry = (0,+00) if K = R and Ky = C\ {0} if K = C. The fiber V(X))
of N'(X) for x € X and t = 0 gives again the Nash fiber N'(X), when projected on the
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P coordinate, while its projection on the v coordinate is the tangent (semi)cone to X at
z. Most importantly, N”(X) ) connects a plane in the Nash fiber to the direction of the
tangent (semi)cone it comes from. Indeed, (v, P) € N'(X)(,) if there exists a sequence
2 € X approaching = with simultaneously T, X — P and t; (2% —x) — v for some t;, € K.
For fixed z and for each v € K™\ {0}, the fiber of N”(X) over (z,0,u) does not depend on
the point u in the ray ¢ := R v if K = R or the line ¢ := Cv if K = C, and is denoted by
N if X and z are clear from the context. We call Ny, the Nash fiber (over x) along ¢ or the
set of tangent limits to X (at x) along {. Studying a Nash fiber with respect to the tangent
cone consists of describing A, with respect to £.

For complex varieties, these studies were carried out by Henry, Lé and Teissier [4, 7, 8|.
The case of complex algebraic surfaces is well described by [4] for isolated singularities and

by [7] in general, and the results can be stated as follows.

Theorem Henry-Lé ([4, 7]). Let X C C? be a complex algebraic surface containing the
origin 0 € C*. Denote by C the tangent cone to X at 0. Then there exists a cone & C C

consisting of finitely many lines (1, ..., ¢, (called exceptional lines) such that:

e For( C C such that { ¢ &, the set Ny is reduced to one plane, which is the (common)
tangent plane to C at a non zero point of £.

e For ( C &, we have Ny = {P € G(2,3) : ( C P}, i.e., Ny contains the whole pencil
of planes containing /.

o Singular lines of C are exceptional, i.e., Cging C E.

In the real setting, to the best of our knowledge, only algebraic surfaces in R? have
already been considered elaborately, by O’Shea and Wilson in [12]. Compared to the complex
case, the structure of the set of tangent limits at a singular point of a real algebraic surface
is more flexible, and characterizations of exceptional rays that coincide for complex varieties
become inequivalent. In [12], a ray ¢ is said to be exceptional if N, has positive dimension.

The main results in [12] can be summarized as follows.

Theorem O’Shea—Wilson ([12]). Let X C R? be a real algebraic surface containing the
origin 0 € R3. Let C be the tangent semicone to X at 0, and C' be the tangent semicone to
the singular part Xgng of X at 0. Then there exists a semicone & C C not containing rays

in C' and consisting of finitely many rays {q, ..., ¢, (called exceptional rays), such that:

o IfL CC\(EUC), then Ny is reduced to one plane, which is the (common) tangent
plane to C at a non zero point of L.

o If 0 C &, then Ny is closed, connected and has dimension 1.

o Ifl C Cying \ C' is a singular ray of C, then ( is exceptional, except, possibly, if the
tangent semicone to C at non zero points of £ is a plane. In particular, if { is an

isolated ray or a boundary ray in C, then { is exceptional.



The authors of [12| remark that their results should have generalizations to higher
dimension and/or codimension, but, as they fairly recognized, their methods are merely
specific to algebraic surfaces in R3®. This article aims to make this extension for arbitrary
dimension and codimension. It happens moreover that the proofs can be made very general:
we show that our results hold in the setting of an arbitrary o-minimal structure; in particular,
the given description of Nash fibers is indeed not of an algebraic nature, but steams from
the tame topology of the considered sets.

For the remainder of the paper, abusing of terminology, a “semicone” is called briefly a
“cone” for short. If not mentioned otherwise, the term “ray” means “open ray emanating from
the origin 0 € R™, i.e., we consider only “rays” with the endpoint 0 but 0 is not included.

Given an o-minimal expansion R of the field of real numbers, we call a set definable if
it is definable in R with real parameters. We include in Section 2 a short introduction to
o-minimality and refer to |2] or [14] for further general references. Let X C R™ be a definable
set with 2 € X. The geometric tangent semicone, which we will call “tangent cone” for short

from now on, of X at z is defined by

cx.—1" € R" : there are sequences ¥ € X and t;, € (0, +00) such that
e 2% — x and t(2* —2) — v as k — +oo .

With no loss of generality, suppose that x = 0 for the remainder of the paper. For short we

set
C = CQX and C, = CO(Y)Smg,

where (X)in, is the singular part of the closure X of X. As mentioned previously, different
subsets of C \ C’ might be considered as exceptional (like in Theorem O’Shea—Wilson, we
exclude rays in C’, both because such rays are certainly not ordinary, and because Nash
fibers along these rays seem to be wilder as they contain the degeneracy at 0 of singular
Nash fibers at x # 0); namely:

(a) non singular rays ¢ in C whose Nash fiber is not the tangent space T,,C to the tangent
cone C at an arbitrary point v in £: N, # {T,C};

(b) rays £ whose Nash fiber is not a unique plane: #(Ny) > 1;

(c) rays ¢ whose Nash fiber has positive dimension: dim N, > 1;

(d) rays ¢ that contains non zero critical values of the canonical projection
pr: N'(X)(z=o0.t=0) C C X N(X)=0 = C, (v, P) — v.

(N is precisely the (common) preimage of v € £, by this projection).

We will focus mainly on the criterion (b) in this article, so we define the following set:

£={veR"\{0}: (:=RowcCC\C, #£WN) > 1}. (1)



The choice of criterion (b) as principal interest can be explained in light of our results as
follows. We show that criteria (a) and (b) coincide for rays ¢ ¢ Cging U C' with dimg X =
dim, C, where v € ¢ and dimg X is the dimension of X at 0 (Theorem 1.1). For hypersurfaces,
we show that (b) and (c) coincide (Theorem 1.2); they do not in full generality (Example 5.7),
and we do not know if they coincide for any ray ¢ ¢ Cg;py. Criterion (d) is not studied here
since we follow [12], while in view of Singularity Theory, it is a natural candidate. The
projection pr and its critical values emerge however here and there during the proofs, and
we believe that (d) deserves its own study.

It is noticeable that the criteria (a), (b) and (c) collapse when dimg X > dimC. In
order to deal with this situation, we also introduce the following cone of rays ¢ whose Nash

fiber has a tangent limit not containing the plane tangent to C along ¢:
E'={veR"\{0}: {:=Riv CC\ Csing, there exists P € N such that T,C ¢ P}, (2)

so &' contains rays that are exceptional for a criterion derived from (a) in the case dimg X >
dim C.

We now state our results. The first one shows that the rays we call exceptional are rare.
For surfaces in R?, it recovers the finiteness of the number of exceptional rays and the first

item in Theorem O’Shea—Wilson.

Theorem 1.1 (Nowhere dense - Dimension). Let X C R" be a definable set of pure dimen-

sion d > 0 at the origin 0 € R™, C be its tangent cone at 0, C' be the tangent cone to (X )sing
at 0, and E,&' be given by (1) and (2) respectively. Then the following statements hold:

(i) The set &' NS"1 is nowhere dense in CNS" 1. In particular dim &’ < dimC < d.

(ii) Let € be a ray in C and v € L. Assume that dim, C = d. Then £ C £\ Csing if and only
if ¢ € &'\ C'. Furthermore, if £ C C\ (€ U Csing UC'), then Ny = {T,C}. In particular
dim & < d.

No analogue of the second item in Theorem O’Shea—Wilson can be reached in full generality,

according to Example 5.7. We however are able to generalize it for hypersurfaces, as follows.

Theorem 1.2 (Connected exceptional Nash fibers). Let X C R", with n > 2, be a definable
set of pure dimension n — 1 at the origin 0 € R"™ and &€ be given by (1). Then for each ray
¢ C &, the Nash fiber Ny is a closed, connected and definable set of positive dimension.

It remains to get an analogue of the last item in Theorem O’Shea—~Wilson. For this, we study
the rays ¢ for which the tangent cone to C along ¢ is not a plane of dimension d. In fact, the

following result recovers the last item in Theorem O’Shea—Wilson.

Theorem 1.3 (Singular cone). Let X C R" be a definable set of pure dimension d > 0 at
the origin 0 € R™, C be its tangent cone at 0, C' be the tangent cone to (Y)Smg at 0, and £



be given by (1). If v € C\ C' is a non zero point such that C,C is not a plane of dimension
d, thenv € &.

The paper is organized as follows. We fix the notation which will be used throughout the
paper in Section 2. This section also contains some basic properties of o-minimal structures
needed in the paper. In Section 3, we give some elementary properties of tangent cones
and tangent limits. The main results of the paper will be proved in Section 4. In the last

section 5, we give some remarks and examples.

2. PRELIMINARIES

2.1. Notation. For the remainder of the paper, we denote by || - || the Euclidean norm on
R™ with respect to the Euclidean inner product (-,-). The closed ball, the open ball and the
sphere centered at # € R™ and of radius r are denoted respectively by B™(z), B*(x) and
St (z). If z = 0, we write B", ]ﬁ%;} and S?~1. If in addition r = 1, then we write B", B and
S™~!. For X C R™, the sets X and X designate respectively the closure and the boundary
of X. The cardinality of X is denoted by #(X).

Let dist(X,Y) stand for the Euclidean distance between two subsets X and Y of R"

ie.,
dist(X,Y) :==inf{flz —y| : z€ X, y eV}

By convention, set dist(X,Y) =0 if X = or Y = (). Furthermore, the Hausdorff distance
between X and Y is given by

disty(X,Y) := max { sup dist(z, Y), sup dist(y, X) }
rzeX yey

The set Y C R" is called the limit of a sequence of subsets Y, of R”, i.e., Y = kl—l>gloo Yy,
if and only if dist#(Y%,Y) — 0 as k — 4o0.

For a non empty definable set X C R", let X4 be the set of regular points of X, which
is the set of points where X is a C''-manifold. The complement of X, in X is denoted by
Xsing, the set of singular points of X. Note that Xg;,, is nowhere dense in X.

If X is non empty, for a number ¢t € R, let
tX ={tr: z € X}.
Let v, w € R™ be not equal to 0 simultaneously, denote by v, w the angle between v and
. . . —_— ﬂ_ —_— —_—
w. For convenience, if either v = 0 or w = 0, set v,w := 5 So 0 < v,w=w,v <mx. The

angle between two rays ¢; and /5, denoted by 6/1,72, is defined to be the angle between the

unit directions in each ray. If V' # {0} is a linear subspace of R", let my be the orthogonal



projection on V and the angle between a non zero vector v and V' is given by
L(v, V) =v,my(v).

For two linear subspaces V; # {0} and V; # {0} of R™, let 1y, be the orthogonal projection
on V; (i =1,2). We define the angle between V; and V5 by

Vi Vy) = { sup{v, 7TV2(U) veVi\{0}} if dimV; < dimV;
sup{v, ™ (v (v) veVu\{0}} if dimV; > dim V5

max{v, Ty, (v) cveVinS*} if dimV; < dim Vs

{ max{v, 7TV1(1}) v e VNSt if dimVy > dim V.

Observe that if dim V; = dim V5, then

sup{v, 7y, (v) : v € Vi \ {0}} = sup{v, 7, (v) : v € V3 \ {0}},

so the definition of angle between linear subspaces makes sense. By definition,

0< L7, Ve) < 5.
Furthermore, the equality Z(V3, V) = 0 implies that V3 C V, or V, C V4. If V; and Vs are
affine subspaces of R", then the angle between V; and V5 are determined by the angle between
the corresponding parallel linear subspaces. It is not hard to verify that Z(-,-) defines a

metric on the Grassmannian of d-dimensional linear subspaces of R”, for 1 < d < n.

2.2. O-minimal structures. The notion of o-minimality was developed in the late 1980s
after it was noticed that many proofs of analytic and geometric properties of semi-algebraic
sets and mappings can be carried over verbatim for sub-analytic sets and mappings. We

refer the reader to [2, 13, 14] for the basic properties of o-minimal structures used in this
paper.

Definition 2.1. A structure expanding the field of real numbers R is a collection
R = (Rn)nENu

where each R, is a set of subsets of the affine space R", satisfying the following axioms:

(a) All algebraic subsets of R” are in R,,.

(b) For every n, R, is a Boolean subalgebra of the powerset of R".

(c) f A€ R,, and B € R, then A X B € Ry1n-

(d) If p: R"" — R" is the projection on the first n coordinates and A € R""! then
p(A) € R,.
The elements of R,, are called the definable subsets of R™. A mapping whose graph is a
definable set is called a definable mapping. The structure R is said to be o-minimal if,

moreover, it satisfies the following axiom:



(e) Each element of R; is a finite union of points and intervals.

Examples of o-minimal structures are:

e the semi-algebraic sets (by the Tarski-Seidenberg theorem),
e the globally sub-analytic sets, i.e., the sub-analytic sets of R™ whose (compact) clo-
sures in RP™ are sub-analytic (using Gabrielov’s complement theorem).
From now on, we fix an arbitrary o-minimal structure expanding R. The term “defin-
able” means definable in this structure. In the sequel, we will make use of the following

Curve Selection lemma, Morse-Sard theorem and Hardt’s definable triviality theorem.

Lemma 2.2 (Curve Selection). [11, Lemma 3.1], [14, 1.17] Let X C R™ be a definable set
and v € X \ X. Then there is a C* definable curve : (0,¢) — X \ {z}, for some ¢ > 0,
such that lim y(t) = .

t—0+

Theorem 2.3 (Morse—Sard’s Theorem). [10, Theorem 1.4], [17, Theorem 2.7] Let N and
M be C' definable manifolds of dimensions respectively n and m with n > m > 1, and
f: N —= M be a C* definable mapping. Let

X(f) ={z € N: rank d,f < m}.
Then f(3(f)) is a definable set of dimension less than m.

Theorem 2.4 (Hardt’s triviality theorem). |2, Theorem 5.22]|, [3], [13, Theorem 1.2, p. 142]
Let X and Y be definable sets and f: X — Y be a continuous definable mapping. Then
there exists a finite partition

Y = Yl Ll Y;O
into definable subsets Y;, 1 = 1,...p, such that f is definably trivial over eachY;, i.e., f~1(Y;)
is definably homeomorphic to f~(y;) x Y; for each i and any y; € Y;.

Let X C R™ be a definable set. We define the dimension of X by
dim X := max{dimY : Y is a C'-manifold contained in X}.
For € X, the dimension of X at x is defined by
dim, X := min{dim(X NU) : U is an open neighborhood of z in R"}.

Moreover, we say that X is of pure dimension d at x if there exists an open neighborhood
U of x in R" such that dim, X = d for any y € X N U. Finally, we say that X has pure
dimension d if dim, X = d for any y € X.

Lemma 2.5. |14, 1.16(3)] Let X be a definable set in R"™. Then the following statements
hold.



() If X # 0 then dim(X \ X) < dim X. In particular, dim X = dim X.
(ii) For any x € X, we have dim, X = dim, X. Moreover X is of pure dimension d at x if

and only if X is of pure dimension d at x.

3. TANGENT CONES AND TANGENT LIMITS

In this section, some elementary properties of tangent cones and tangent limits will be

given. First of all, we state the following simple lemma whose proof is left to the reader.

Lemma 3.1. Let C' C R" be a definable cone at the origin 0 and let D := C' N S%’l, where
R € (0,400). The following statements hold true:

(i) D is definable.

(ii) A non zero point v € C is a singular point of C if and only if the ray through v contains

only singular points of C. In particular, Cgipng s also a cone and we have
Csing N S?{_l = Dsing'

(ili) If v € D\ Dysing, then for all t > 0 we have tv € C'\ Cyjpg and T;,C = T,D & Ro.
(iv) C'\ {0} is homeomorphic to D x (0,400). In particular, dim, C' = dim, D + 1 for all
veED and sodimC =dim D + 1.

Remark 3.2. In view of Lemma 3.1(iv), the dimension of C' at any point v in a ray ¢ of C
is constant. If ¢ is a non singular ray in C| for all v € ¢, the tangent spaces T;,,C' define the
same plane in the Grassmannian G(dim, C,n). Moreover, it is not hard to check that the

Nash fiber of C' along ¢ contains only one element which is T,C.

For the remainder of the section, let X be a definable set with 0 € X. Recall that
C := CpX is the tangent cone to X at 0. The following lemma is a definable version of |6,

Lemma 1.2].

Lemma 3.3. The set C is a nonempty closed definable cone of dimension at most dimgy X.

In addition, if dimg X > 0, then C has positive dimension.

Proof. The last statement is clear so it remains to prove the first one. By definition, it is
easy to check that C is a nonempty closed definable cone. Let us show that dim C < dimg X.
To do this, for each r > 0, define

A, = {(%t) € R™ x (0, +00) : xexméaf}.

Obviously, A, is a nonempty definable set, which is homeomorphic to (X N IB%Z}) X (0, +00).

Hence, for all r sufficiently small, we have

dim A, = dimy X + 1.



Observe that
Cx {0} C A, N(R" x{0}) C A, \ A4,.
Hence
dim C < dim(A, \ 4,) < dim A, = dimy X + 1,
where the second inequality follows from Lemma 2.5. This ends the proof of the lemma. [J

Recall that the term “ray” means “open ray emanating from the origin 0 € R"”. The

following lemma shows that tangent cones and Nash fibers are invariant by taking closure.

Lemma 3.4. Suppose that X s of pure dimension d > 0 at the origin 0 € R"™. Then
CoX = CoX. Moreover, Ny(X) = Ny(X) # 0 for any ray ¢ C CoX, where Ny(X) and
Ny(X) are respectively the Nash fibers of X and X along (.

Proof. In view of Lemma 3.3, we have dim CyX > 0. So dim CoX > 0 as Co X C CoX. Let
k

¢ be a ray in CpX and ¥ € X \ {0} be a sequence tending to 0 such that — v el

|||
as k — +oo. Since X \ Xy = X and since X is of pure dimension d > 0 at 0, for k large
enough, there is y* € X \ X, such that

k
— 1 _
dim T, X =d, [|ly* — 2*| < I - Ll LTy X, TuX) < 7 it 2" ¢ (Ding (3)
Hence
k
T
140 < 0+ 24l < e+ B 0 s ks oo )
On the other hand,
k k
Y PP A

for k£ large enough. Thus

E_ .k k
Hy k:L’ ” ”x k” < = —>0 as k — +oo.
[[y* ]l klly*|
Therefore
k k k k k k
Y yr—x x x x
— — V|| < + - + 577 — v
ly*| ‘ [l ‘Hka kaH’ J "]
< -+ ||xk|| AT Lk $k -v
Iy Il (=] [Eaal
[ H
[l EdN
+H:c’“—y’“|!+‘ i P 4
[l "] Sk T

4) yields v € CyX and so ¢ C CyX. Hence CoX = Cy X

Combining this with



Now taking a subsequence if necessary, we can suppose that the limit klim Tx X exists.
—+00
Clearly, this limit belongs to Ny(X), i.e., No(X) # 0.
It remains to show that N;(X) = Ny(X). For this, assume that
2% ¢ (X)sing, dimgr X = d and the limit P := lim T, X exists,

k——+o0

so P € Ny(X). Then from (3), it follows that P € Ay(X). Therefore Ny(X) C Ny(X) and
s0 My(X) = Ny(X) as the inclusion NVy(X) C Ny(X) is clear. This ends the proof of the

lemma. O

Lemma 3.5. Suppose that X s of pure dimension d > 0 at the origin 0 € R™. Let ¢ be a
ray in C and let U, C C be a sequence of rays such that {, — (. Assume that, for each k, Py
is a tangent limit to X at 0 along ), such that B, — P, then P € N,.

Proof. By definition and by the assumption, for each k, there is a sequence 2" € X \ X,
such that

Kl
z — 0, HIT” — g €4, dimTuX =d and TpuX — P, € Ny, as | — +o0.
x

We can find a subsequence z** such that

1
< E and l(TxklkX, Pk) < E

T

.

1
2 <

Since ¢, — £, it follows that v* — v, where v is the unit direction in ¢, as k — +o00. Then it

is clear that
ki

zke — 0, m — v and T, xu, X — P as k — +o00.
x

Hence P € N,. O
The following lemma shows that any tangent limit along a ray always contains that ray.

Lemma 3.6 (see also [12, Lemma 4], [16, Theorem 11.8, Theorem 22.1]). Suppose that X is
of pure dimension d > 0 at the origin 0 € R™. Let P be a tangent limit along a ray ¢ C C and
v € { be the unit direction in €. Then there exists a C* definable curve v: (0,€) = X \ Xging
such that

_ o) . _
lv(@)|| =t fort € (0,¢), tlirg}r o v and tlirgi TynX = P.

Moreover ¢ C P.

Proof. Tn view of Lemma 2.2, there is a C* definable curve x: (0,€) — X \ Xy, such that

lim z(r) =0, 2(r) =v and lim T X = P.

r—0+ r—0t [|z(r)|| r—0+

10



Let t(r) := ||z(r)|| which is a definable function. By shrinking €, we may assume that ¢(r)
is of class C' and strictly increasing on (0, €); moreover, the inverse function r(t) is also of
class C'. Set (t) := z(r(t)). Then clearly

@I = llz(r@)] = (1)) = t.

t
It is not hard to check that lim 7(?) =wv and lim T, X = P. Hence the first statement
200 YO 0

follows.

Now for all ¢, the point y(t) € X so 7/(t) € Tyy»X. Hence, when t tends to 0%,
L’Hospital’s Rule gives

t t
o= tim 2y M ) € tim T x = P
=0t ||[y(t)]] o+t =0+ t—0+
Therefore ¢ C P. This ends the proof of the lemma. O

4. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. (i) Observe that the second statement follows from the first one and

Lemma 3.3, so it remains to prove the first statement. Consider the definable function
p: X\ Xsing = [0, 4+00), x+— |z|.

Observe that the set of critical values of p is finite in view of Theorem 2.3. Thus there exists

a constant £ > 0 such that p has no critical values in the interval (0,¢). Let
B :={(u,7) €S" ' x (0,6) : ru € X \ Xging}-

Clearly B is definable and nonempty. Moreover, B is non singular as it is the inverse image
of the non singular set (X \ Xyng) N B” by the diffeomorphism

¢: S"t x (0,4+00) = R™\ {0}, (u,7) > ru.

Let D := (C\ Csing) N S"" L. Clearly D is a non singular definable set. By Lemma 3.4,
dimC > 0, so D is nonempty. Set B := D x {0} and consider the definable function

f:BUB =R, (u,r)—r.
Note that B € B\ B. Furthermore, we have
rank(f|z) =0 and rank(f|p)=1.

Indeed, the first equation is clear. To prove the second one, suppose for contradiction that
deur)f =0 for some (u,r) € B. We have ||ru|| = r < ¢ and so ru is not a critical point of p.

Moreover,
TiuryB =kerdg,f C T,S" ' x {0}.

11



Therefore
Tru(X \ Xsing) = d(u,r)¢(T(u,r)B) C d(u,r)¢(TuSn71 X {O}) = Truggila

and so ru is a critical point of p, which is a contradiction.

Let
Py € D : the pair (B, E) does not satisfy %)
o the Thom’s a; condition at (v,0) |

Recall that the pair (B, B) satisfies the Thom’s as condition at (v,0) € B if and only if for

any sequence w* = (u*,r;) € B converging to (v,0) € B, we have

L(Ty f 1), T,D x {0}) = 0 as k — +oo.

Let Dy, ..., D, be the connected components of D. By [9, Lemma 2| (see also [1, Lemma 15|
and [5, Lemma 1.2]), we have dim(Z N D;) < dim D; for each ¢ = 1,...,q. Hence ZN D, is
nowhere dense in D;, and so it is not hard to check that Z is nowhere dense in D.

Now to prove (i), it is enough to show that & N'S"™! C Z, or, equivalently,
D\ZcD\¢&.

To do this, take arbitrarily v € D\ Z. We need to show that v € £'. In fact, let P be
an arbitrary tangent limit to X at 0 along ¢ := R,v. By definition, there is a sequence

2% € X \ Xging such that

k

(gl

8 — 0, — v and T, X — P as k — +oo.

l’k ~

Set 7 == ||z*|| and u* := T Then the sequence w* := (u*,1;) € B tends to (v,0) € B.

Since v € (Z U Cyjpy), we have

(T (f1(ry), T,D x {0}) = 0 as k — +oo.

Equivalently,

/ (ka Ki@( \ Xaing) N S”1> « {rk}} T,D % {0}> 0 as k- oo,

Tk
where
1 T
—(X\ang) = {— L xre X\stng} .
Tk Tk
Consequently,
1
/ (Tuk {—(X \ Xsing) N S”_l] ,TUD> —0as k— +oc. (6)
Tk

12



On the other hand, ||z*| < e for all large k. For all such k, z* is a regular point of the
function p and so it is a non singular point of X NS~ !, Combining this with the assumption

that X is of pure dimension d at 0, Lemma 3.1(iv) and Lemma 3.3 yields
dimC — 1 =dim D

dim, (X NS) 1) = dims X —1=dimg X -1 >
> dim, D =dimT,D.

Then, by definition, we obtain
A(TwX,T,D) = sup{z,7r,x(2): z € T,D\ {0}}

< Sup{zvﬂrrk(xmsﬁ,;l)(z) cz2e€T,D\{0}}
= LTx(XNS} 1, T,D)
= LT (X \ Xaing) NSE1), T,D),

where 77, x and 7 L(Xrsn-ly Are the orthogonal projections on T,xX and T, (X NS}
respectively. Observe that the homothety
n—1 1 n—1 x
(X \ Xaing) NS = — (X \ Xiing) NS, x> —,
Tk Tk
is a diffeomorphism. In particular, Ty [(X \ Xying) N SE'] and T, [i(X \ Xing) NS
determine the same plane in the Grassmannian G(d — 1,n). Therefore

1

Tk

/(TuX,T,D) < / (Tuk { (X \ Xuing) mS"l} ,T,,D) .

This, together with (6), gives us Z(P,T,D) = 0. Note that 7, = T,D & Ruv (in light of
Lemma 3.1(iii)) and v € P (by Lemma 3.6). Hence, Z(P,T,C) = 0. This yields v ¢ £ and
so Item (i) follows.

Before proving Item (ii), we need the following lemma.

Lemma 4.1. Let X C R" be a definable set of pure dimension d > 0 at the origin 0 € R™.
For each ray £ C C \ Csing, there exists at least one tangent limit along ¢ containing T,C for

some v € /4.

Proof. In view of Lemma 3.4, we have N, # (). From the definition of &', it is enough to
prove the statement for any ray ¢ C &'.

First of all, consider the case when ¢ is an isolated ray in C. In view of Lemma 3.6, we
have ¢ C P for any P € N,. Observe that T,C is the line containing ¢. Hence T,C C P for
any P € N,.

Now assume that ¢ is not an isolated ray in C. As &£’ is nowhere dense in C by Item
(i), it holds that Csny U £ is nowhere dense in C. Hence there exists a sequence of rays
lr, C C\ (Csing U E') converging to £. For each k, let v* be a direction in £ such that the

13



sequence v* tends to v and let P, be a tangent limit of X along ¢;. Then T,xC C P, by
definition. Taking a subsequence if necessary, we may suppose that P, converges to P. By
Lemma 3.5, P € N,. Since T,xC — T,C, we deduce that T,C C P. The lemma is proved. [J

(ii) Let £ be a ray in C and let v € ¢. Suppose that dim, C = d.

Let us prove the first statement. Assume first that £ C £ \ Cyjng. Then £ is not a ray in
C" and by Lemma 4.1, there is P € N, containing T,C. By the assumption, dim, C = dim P.
Hence P = T,C. As #(N,;) > 1, there is P’ € N, such that P’ # P. Hence T,C ¢ P, i.e.,
¢ C &'. Now suppose that ¢ C &\ C’, so £ is not a ray in Csp, and there is P € N, not
containing T,C. On the other hand, by Lemma, 4.1, there is P’ € N, such that T,C C P'.
Clearly P # P’, so ¢ C £. The first statement follows. In fact, we have proved that

((E\ Cying) N {u € C: dim,C =d}) = (E'\C)N{ueC: dim,C = d}) (7)

Suppose that ¢ C C\ (€ U Cyjng UC'). Then N, contains only one element, say P. In
view of Lemma 4.1, we must have T,C C P. As dim,C = dim P by the assumption, we get
T,C = P, ie., N, = {T,C).

Now it remains to show that dim & < d. We have

E = (Enfuel: dim,C=d}H)U(EN{uel: dim,C < d})

= ((E\Csing) N{ueC: dim,C =d})U((£NCsingN{ueC: dim,C =d})

UéEn{uecC: dim,C < d})

C ((E\Csing) N{ueC: dim,C =d}) UCsing U (EN{ueC: dim,C < d})

= (('\C)n{ueC: dim,C =d})UCsnyU(EN{ueC: dim,C < d})

C &UCungU(EN{uel: dim,C <d}),
where the last equality follows from (7). Observe that dim&" < d by Item (i) and the
dimension of the third set is clearly smaller than d. Moreover, in view of Lemma 3.3, we get
dim Cyipg < dimC < dimg X = d. Hence dim & < d. This ends the proof of the theorem. [

Remark 4.2. Tt is not hard to check that £ NS"~! = Z where Z is defined by (5).
By Lemma 3.5 and Lemma 4.1, the following corollary is straightforward.

Corollary 4.3. Let X C R" be a definable set of pure dimension d > 0 at the origin 0 € R™.
Let 0 be a ray in C and let ¢, C C\ Cying be a sequence of rays such that €, — (. Assume
that T,xC — P for v* €, then there exists P € Ny such that P C P.

Before proving Theorem 1.2, we need some results of preparation. For each z € R™\{0},
let ¢, denote the open ray emanating from the origin through x, namely, ¢, := {rz : r > 0}.
Given a real number 0 € [0, 1] and a ray ¢, let Ns(¢) denote the d-conical neighborhood of ¢,
ie.,

Ns(0) :={z e R"\ {0} : 0,0, < = and sinl, {, < 6},

bo|
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recall that é/,é\z denotes the angle between ¢ and /.

Lemma 4.4. Assume that X s a definable set of positive pure dimension at 0. Let ¢ be a ray
in C. Then there exists a constant 69 > 0 and a continuous definable function h: (0,p) — R
with h(d) € (0,4] such that for 6 € (0,dy), we have:
(i) The number of connected components of (X \ {0}) N Ns(¢) N @2(5) is constant.
(i) For each connected component Y of (X \ {0}) N Ns(¢) N I?Bz(é), the intersection Y N
Ny (€) NS is nonempty and connected for §' € (0,6] and ' € (0,h(5")).
(iii) If € s not in C', then ((X)sing \ {0}) N Ns(€) N By 5 = 0. o
(iv) The Nash fiber of X along { is equal to the Nash fiber of (X \ {0}) N Ns(€) "By, 5 along
l, i.e.,

Nu(X) = Ne((X\{0}) N Ns(0) N B 5))-
Proof. Consider the set
A= {(z,6,r) € R" x [0,1] x (0,400) : z € (X \{0})NNs(¢)nS" !}

and the projection
pr: A —[0,1] x (0, +00), (z,0,7)+— (5,7).

Let v be an arbitrary point in . Note that A is a definable set since it can be written in the

following form
(z,8,7) € R" x [0,1] x (0,+00) : z € (X \{0})NnSr1
A= dist(z, ) < o||z]|,
(z,0) 20

where dist(-,-) still denotes the Euclidean distance. In light of Theorem 2.4, there is a
partition of [0, 1] x (0, 400) into disjoint definable sets By, ..., By such that pr is definably
trivial over each B;. Obviously, there is a unique set B € {Bj, ..., By} such that:

(a) dim B = 2; and

(b) there exists a constant dy > 0 such that [0, ] x {0} C B.
For 6 € (0,0p), if there is r > 0 such that {0} x (0,7) N B = (), then set h(d) = 0; otherwise,

set
h(0) :=sup{r € (0,0) : {6} x (0,r) C B}.

Clearly h is a definable function. Shrinking dy, if necessary, so that either h(0) > 0 for all
d € (0,9p) or h =0 on (0,0q). Observe that the latter can not happen since otherwise, we
shall have [0,dg] x {0} ¢ B, which is a contradiction.

Now by triviality, Items (i) and (ii) follows.
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As C' is closed and ¢ is not a ray in C’, by shrinking dy, we have Ns,(¢) NC" = {0}.

Hence, it is not hard to see that there is a constant 7y > 0 such that
((X)sing \ {0}) N N5, (0) N By, = 0.
By shrinking dy, if necessary, so that dy < rg, Item (iii) follows.

Let P € Ny(X). By Lemma 3.6, there exists a C* definable curve v: (0,¢) = X \ Xing,
such that

(1)
t)|| =t for t € (0 li = 12 d lim T, n,X =P.
@) ort € (0,¢), Jim 0 vel and lim T

Shrinking € so that € € (0, (4)) and ”’VE ;H € Ns(0). Clearly v(t) € (X \{0})NNs(¢) H@Z(5)
for all t € (0,¢). Therefore P € Ny((X \ {0}) N Ns(¢) N ]B” 5)- Consequently

Ne(X) CN((X\ {0}) N Ns(€) N Bh(é))'
Now Item (iv) follows from observing that the inclusion Ny((X'\{0})NN; (ﬁ)ﬂl@%ﬁw)) C N(X)

is trivial. 0

Lemma 4.5. With the notation in Lemma 4.4, let £ be a ray in C\C' and let Y be a connected
component of (X \ {0}) N Ns(£) N B" y» where 6 € (0,00). Then N(Y) is connected.

Proof. Without loss of generality, we may suppose that (X \ {0})NNs(¢) ﬂIﬁ%Z( 5) is connected,
SO

Y = (X \ {0}) N N5(0) N By,
Furthermore, by Lemma 4.4(iv), Ny(Y) = N(X) € G(n — 1,n). Assume for contradiction

that A, (Y) is not connected. Let M; and M, be two distinct connected components of
N (X)) which are clearly closed sets in G(n — 1,n). Let n > 0 be such that

Up(M1) N (Ne\ M) =0, (8)
where U, (M) is the closed neighborhood of radius n of M;, namely,
U,(My) ={P € G(n —1,n) : thereis @ € M; such that Z(P,Q) < n}.
Let P, € M; and P, € M,. By Lemma 3.6, there exist two C*! definable curves
71,720 (0,8) =Y
such that:
(@) [l = [l = t for t € (0,¢);

(b) ~ ( n Xsmg = () and 2(t) N Xging = 0 for ¢ € (0,¢);
Ya(t)
C = lim v E L
(© Jim T = A @l
(d) lim T,y X = P, and lim T,y X = P
t—0t t—0+
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Shrinking ¢ so that ¢ < h(J) and let
g(t) :== max{ sup sin Em), sup sin Em)}.
0<t'<t 0<t/<t
Clearly
g(t) > 0ast— 0" and g(t) <0 for t € (0,h(d)). (9)
The latter, together with the assumption that Y = (X \ {0}) N Ns(¢) N @2(5) is connected
and Lemma 4.4(ii), implies that, for t € (0,¢), the set (X \ {0}) N Ny (£) N SZ(;)I is also

connected, where

min{h(g(t)), h(d
Hence there exists a continuous curve

it [0.1] = (X \ {0}) N Ny () NS} s = au(s),
such that a;(0) = v1(b(t)) and (1) = v2(b(t)). Obviously, the mapping
s+ Bi(s) = To, )X
is continuous. By Item (d), for ¢ > 0 small enough, we have
5,(0) € Uy(My) and Bi(1) & U (My).

In particular, these hold for ¢t = % with k£ € N large enough. By continuity, for all such k,
there is s, € (0,1) such that Bi(sk) € oU,(M). By the compactness of oU, (M), which
follows from the closedness of U, (M;) and the compactness of G(n — 1,n), the sequence
To, (s X = 5%(%) has an accumulation point in OU,(M;), say P. From the definition of

3

g(t), oy, (9) and (10), we have

— 1 1 hg(3 z
sinl, o, () < g~ ) —0and |lar(sy)]| =0b( ) < (9(z)) < 9(z) — 0 as k — +o0.
13 k g k 2 2
Thus, P € N,. Therefore
0 7é 6UU(M1) ﬂ./\/'g = 8U7,(M1) N (M \ Ml) C Un(Ml) N (M \ Ml)
This contradicts (8) and so ends the proof of the lemma. O

We also need the following key lemma which relates the differential of the distance
function between two disjoint non singular hypersurfaces with the angle between the corre-

sponding tangent hyperplanes.

Lemma 4.6. Let Y, Z C R", withn > 2, be two disjoint non singular hypersurfaces. Define

the function

ﬁ:RnXRn_)Ru (yaz)'_)Hy_ZH:
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For anyy €Y and z € Z, the following statements hold:
(i) If (y, 2) is a critical point of the restriction plyxz, then Z(T,Y,T.Z) = 0.
(i) For each (y,x) € Y x Z, we have
sin Z(T,Y, T.Z)
2 ;

IV (plyxz)(y, 2)|| =
where V(plyxz) denotes the gradient of plyxz.

Proof. (i) Assume that (y, z) is a critical point of ply«z, i.e.,
d@g@ﬁ(TyY X TZZ) =0.

Hence, for any (a,0) € T,Y x {0} C T,Y x T.Z, we have
~ Yy—2,2—Y y—z,a
0= dpta.0) = (L2 00)) =

Consequently, y — z L T,)Y. Similarly, we have also y — z L T, Z. Therefore, Item (i) follows
from remarking that dim7,Y = dim7,Z = n — 1 by assumption.

(ii) Since the statement is clear if Z(7,Y,T,Z) = 0, let us suppose that Z(T,,Y, T, Z) # 0.
Set

W={y}+T,Y)n ({2} + T:2).

Note that 7,Y and T.Z are of dimension n — 1, so W # (). We consider two cases:

Case 1: y,z € W. We have

(y— 22—y
ly — 2|

This, together with the fact that V(p|y«z)(y, 2) is the orthogonal projection of Vp(y, z) on

T,Y x T,Z, implies

Voly, z) = eTY xT,Z.

19 Gl 2l = V(2| = [ L2222 g AT D)

ly — =] V2 ’
Case 2: y € W or z ¢ W. Assume with no loss of generality that y ¢ W. Let w be the
orthogonal projection of y on W. We denote by L, the line through w and y, and by L, the
line through w and z if w # z. If w = 2z, we let L, be any line in W through z. It is clear
that

Z(Ly, L) > ZL(T,Y, T.Z).

Furthermore, since Zy X Zz is a subspace of T,Y x T, Z, where
Ly:={-y}+L, and L, :={—z}+ L,
we get

IV(Plyx2) (Y, )l = Iprryy«r. 2V oly, 2)|| = llprz, 2. Voly, 2);
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where pry, v .7 5 and DIy o, are respectively the orthogonal projections on T,)Y x T, Z and

L X L So to prove the statement in this case, it is enough to show that

~ sin Z(L,, L)
Iprz, 2. Voly, 2)Il = # (11)

Let 3 and 2’ be the orthogonal projection of y and z on L, and L,, respectively. Then it is

clear that

_ —Z, 2 —
vz, 7. VoY, 2)ll p%wu |m—zu H
_ lerg, (v = 2), pr( (12)
!2|y — 2| i
— 22+ |lz =
\/”y '|Z|H HZ Y H (See Figure 1).
y — Z
If z =2/, then we have
ly =2l Iy — 2]
Iz, .. VY, 2)l| > = =L
A Ty =z vzl

and (11) follows. So suppose that z # 2’. Remark that y # ¢/ asy ¢ W and y' € W. Denote
by z the intersection point of the line through v,y and the line through z, z’. Then it is not
hard to check that (see Figure 1)

ly = 2'll = lly = x| sin Z(Ly, L.) and |z —y/|| = ||z — 2| sin £(Ly, Lz).

This and (12) together yield

Iy =i Ay L) + 2 — s (L, L)
ly — =l
Vily — 2l + [z — z|*sin Z(Ly, L)
ly — =]
Vly — =zl + Iz — z[))?sin £(Ly, L.)
V2lly — ||
- |ly — z||sin Z(L,, L) smé(L L,)
: V2ly - 2| V2o

Ipr, 7. Voly, 2)|

\%

which proves (11) and so the lemma follows. O
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Figure 1.

Now we are in position to prove Theorem 1.2.

Proof of Theorem 1.2. In view of Lemma 3.4, we may assume that X is closed. Let ¢ be any
ray in £ with the unit direction v. It is not hard to show that N} is a closed definable set, so
we leave it to the reader. Note that if A} is connected, then it is path connected and so is of
positive dimension as #(N;) > 1, so it remains to prove the connectedness. Let X; = X;(9)
with i = 1,...,m, § € (0,dy), be the connected components of (X \ {0}) N Ns(¢) N Iﬁ%z(a),
where dy and h(0) are the constants in Lemma 4.4. Then it is not hard to see that ¢ C Cy(X;)
for any i. Let NVy(X;) be the Nash fiber of X; over 0 along ¢. Obviously

N, = [ JMxs)
=1

in light of Lemma 4.4(iv). Furthermore, Ny(X;) is connected in view of Lemma 4.5. Hence,

to prove that Ny is connected, it is enough to show that
No(X0) NNG(XG) £ 0 for i # )

In order to do this, let Y, Z € {X;, i =1,...,m} with Y # Z. Shrinking ¢ if necessary

so that 6 < 1. By the construction, for 0 < r < @, we have B7(rv) € N5(£) N ]@2(5) \ {0},

recall that B (rv) is the open ball of radius rd centered at rv. Set

Y, =Y NB%(rv) and Z, = ZNB%(rv).
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Clearly Y, and Z, are non singular hypersurfaces in view of Lemma 4.4(iii). Hence we can
define the following function 6 given by
0(r) == inf sinZ(T,Y,,T.Z,) = max{|lu — mr,y,(v)|| : w€ T.Z,NS"'},

yeYr,2€Z,
recall that 77y, is the orthogonal projection on 7},Y,. Then ¢ is a non negative definable
function. Assume that we have proved

lim 6(r) = 0. (13)

r—0t

This, of course, implies that NVy(Y) N Ny(Z) # 0 by shrinking 6 to 0. So it remains to
prove (13). For contradiction, suppose that 6(r) /4 0. Then there are some positive constants
h(é
€< % and 6y < g such that 6(r) > 6, for r € (0,¢).
On the other hand, since ¢ is a ray in Cy(Y) and Cy(Z), by Lemma 3.6, shrinking ¢ if

necessary, there are two C! definable curves y: (0,¢) — Y and z: (0,¢) — Z such that

()l = 11=( Huy ) - Hw and ‘ﬁ_
SO||y< =l o) —roll || 20)
H Ty(r) : ' EGI

Consequently, y(r) € Yr and z(r) € Z, for any r > 0 small enough. Fix r > 0 such that

ly(r) —rvll _ 66 [2(r) —roll _ 6
< d < .
T 42 o r 42

(14)

Let
v:[0,t0) = Y, X Zy, b (t), (1))

be the maximal trajectory of the vector field ———2 T O Y, x Z, with the initial condition

Vol
~v(0) = (y(r),2(r)), where p is the restriction of the function p, defined in Lemma 4.6, on

Y, x Z,. The following facts are easy to verify:
(a) p(y(t)) = ||y(7“)€— z(r)|l =t for t € [0, o) and so to < [|ly(r) — z(r)|); and
(b) [[Vo(y(s)| = 705 for t € [0,%p). (This follows from Lemma 4.6(ii) and the assump-
tion 0(r) = 0y > 0.)

Moreover we have

length(7) = / RECIT / Ouv,o@a))udt
o /2 \/§t0

V2ly(r) = 2(r)] Jalur) —roll + [l=(r) — o]
00 80 .

21



J
This, together with (14), yields length(y) < %, which implies that the limit
(atm ﬁto) = Tt T tlint}) 7<t)
exists. Clearly vy, € Y, X Z,. In addition, we have

[, — 1ol < flaw, — y(r)|| + [[y(r) = roll < length(y) + [[y(r) — rv]|
ro  rofy 5

-+t —F=<r
2 42
Similarly, we also have ||, — rv|| < rd. Furthermore, as X is closed, it follows that

Y, \Y,. S5 (rv) and Z,\ Z, C S5 (rv).

Therefore v, € Y, x Z,. Recall that v is maximal, so 7, is a critical point of p. In light of
Lemma 4.6, Z(T,, Y:, Tp, Z-) = 0. Consequently, 6(r) = 0 which contradicts the assumption.
Therefore, (13) must hold and the theorem follows. O

Let us make some preparation before proving Theorem 1.3. First of all, we need the

following technical lemma.

Lemma 4.7. Let Y C R" be a definable set and v € Y. Assume that {* is a ray not in C,Y .
Then, for any R > 0, there exists a positive constant dp < % such that:

(i) for any w € C,Y with ||w|| < 6r, we have dist(v +w,Y) < _HUJH

(ii) for any x € Y with ||z — v|| < dgr, we have dist(z — v,C,Y) < |z — v

R 7
(iii) for allt € (0,0R), we have

1 1
t (sin9 — E) <dist(v+1tp,Y) <t (sin@ + E) ,
where p is the unit direction in £* and

0 := min {g, min m/} > 0, (15)

0CCyY
recall that m’ is the angle between the rays ¢* and ('

Proof. (i) Suppose for contradiction that there is R > 0 such that for any integer k& > 0,
[

R

converges to a limit w. By Lemma 3.6,

1
there is w* € C,Y with ||w"|| < z such that dist(v +w® V) > . Taking a subsequence
Wk
Il
there is a C'! definable curve 7 : (0,¢) — C, Y\ {0} such that:
(@) [[v(@®)l =t for t € (0,e);

(b) dist(v+~(t),Y) > H’y](;)H = % for t € (0,¢); and

if necessary, we may suppose that the sequence
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C lmﬂ:
© 5 o

Evidently w € C,Y. So by the definition of tangent cone and by Lemma 3.6, there is a C!
definable curve a : (0,¢’) — Y \ {v} such that:

(d) ||a(t) —v| =t for t € (0,€'); and

Now we have

dist(v +7(2),Y) < [lv+7(t) —al)]

o~ twl-+ o= o0+ ol
:t(hxmf”) ﬂaﬁfﬁ‘wW'

dist t),Y
This, together with Item (¢) and Item (e), implies that lim ist(v + (), Y)

t—0+ t

<
<

= (0 which

contradicts Item (b). Hence, Item (i) follows.

ii) By contradiction, suppose that there is R > 0 such that for any integer £ > 0, there
y y g
2% — ol

1
is 2% € Y with ||2* — v < % such that dist(z* — v, C,Y) > 7 e

xF — v 1
dist | ———,C,Y | > —.

% = o]

azk—v

Taking a subsequence if necessary, we may suppose that the sequence converges to

[l — o]
a limit w. Then, clearly, w € C,Y on one hand and we have dist(w, C,Y') > 0 on the other
hand. This is a contradiction and Item (ii) follows.

(iii) By Item (i), for each R, there exists dg > 0 such that for any w € C,Y with
|w|| < dg, we have dist(v +w,Y) < @ Since C,Y is closed, there is w € C,Y such that

the distance function dist(tp, C,Y") is attained, i.e.,
dist(tp, C,Y) = ||tp — w|| = tsin6.
Then clearly ||w| =tcos@ <t < dg. In addition,
|tp — w|| — dist(v + w,Y) < dist(v+tp,Y) < |[tp — w|| + dist(v + w, Y).

Thus, in view of Ttem (i), we get

tcosd tcosd

tsinf — < dist(v +tp,Y) < tsinf + 7

which implies Item (iii). O

The following lemma is the key to prove Theorem 1.3.
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Lemma 4.8. Let Y C R" be a closed definable set and v € Y. Let Yy be a sequence of closed
definable sets of pure dimension d > 0 for all integer k > 0 such that

Y = klim Yy and v ¢ kli)riloo(Yk)smg.

—+00

Assume that y* € Y\ (Yi)sing is a sequence tending to v such that the limit Q := lim TYs

k—4o00

exists and C,Y C Q. Then there is a subsequence {ky, ko, k3 ...} of the sequence {1,2,3,...}
and a sequence x' € Yy, \ (Yi,)sing tending to v such that the limit P := lim T,Y}, exists

=400
and Z(P,Q)

™

2

Proof. The construction in the proof is described in Figure 2 below.

JTl

{v} +@Q

g*

S

Y is the region with red boundary
C,Y is the region with violet boundary

Figure 2.

By the assumption, there exists a ray ¢* in ) which is not a ray in C,Y. Let § > 0
be the constant given by (15). For each integer [ > 0, let 6 € (0, 7] be the constant given

by Lemma 4.7. By the assumption klim Y. =Y, for each integer [ > 0, there is an integer
—+00
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k; > 0 such that

0
disty (Y, Y) < 71 (16)
0
where disty(-, -) still denotes the Hausdorff distance. Let ¢; = gl Then for [ large enough,
we have
dist(v + t;p, Yy,) = dist(v +t;p,Y) — dist(Y, Yy,)
> t;|sinf ! o
sinff — - | — —
: 1) (17)
1 t 4
= sinﬁ—i —%:tl (sin&—j) > 0,

where the second inequality follows from Lemma 4.7(iii) and (16). Hence v +t;p ¢ Yj,. By
the closedness of Y and Yy, let 2! € Y3, and ¢! € Y be respectively points where the distance
functions dist(v +;p, Y,) and dist(v+1¢;p, Y') are attained. Then for [ large enough, we have

|zt —ol] < 2t —v—tp| + 4
< dist(v + tp, ¢') + dist(¢, Y,) + &
< dist(v + tp, Y) 4 sup dist(x, Yy,) + 1 (18)
zeY
< dist(v +tp, Y) + disty (Y, Yy,) + 1
(Sl . 1 51 5l 2 4 1
< = 0 — —_ — < (S - e < 5 < 7
3(sm +l>+l+3 1 3+3l LS

where the fifth inequality follows from Lemma 4.7(iii) and (16). Consequently

lim o' =wv. (19)

=400

Let 2! € Y be such that
dist(2!,Y) = ||lz' = 2.

Obviously dist(z!,Y) < ||z — v]|, so in view of (18), we have

12" = ol < [l2' = 2" + [l = oll < 2]l - vl < 28. (20)
Then
dist(z!, {v} + Q) < dist(z!, {v} + C,Y)
< dist(2!)Y) + dist (2!, {v} + C,Y)
= dist(2!,Y) + dist(z! — v, C,Y) (21)
< disty (Y, Y) + dist(2! — v, C,Y)
& |12 —=v] 34
< -+ < —

[ [ [’
where the first inequality follows from the assumption C,Y C @, the forth inequality follows
from Lemma 4.7(ii) and (16) while the fifth one follows from (20). Let 7' be the orthogonal
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projection of z! on {v} + @, then by (17) and (21), we have

lo - 3% B 9
v+t — ] ltl<sin9—%) z<sme_;é)

—0 as | — +oo. (22)

v+ tp —

By taking a subsequence if necessary, we may assume that the sequence m
v+tp—2x

converges to a limit w. Then from (22), it is not hard to check that

v4+tp — 7

1 —_——— = W.
15400 [l + tp — 7|

Since v + t;p, 7' € {v} + Q, we have
Llw+tp—T,Q) = Lo +tp —T,{v} + Q) = 0.

Hence Z(w, Q) = 0. By the assumption v ¢ llim (Y, )sing and (19), it is clear that 2! is not
—+o0

a singular point of Y}, for [ large enough. Taking a subsequence if necessary, we can assume

that there exists the limit

P:= lim T, Y,.

=400

l

Observe that v+#;p—a! is perpendicular to T,:Y}, as x' is a point where the distance function

dist(v + t;p, Yy,) is attained, so by taking limit as | — +o00, we get Z(w, P) = g Hence
Z/(P,Q) = g and the lemma follows. 0

We finish the section by giving the proof of Theorem 1.3.

Proof of Theorem 1.3. Let Q) € G(d,n) be a tangent limit of X along ¢. There are two cases

to be considered.

Case 1: C,C ¢ Q, i.e., C,C\ Q # (). Let { be a ray in C,C \ Q. As Cyjpny is nowhere dense

in C, it is not hard to see that there is a sequence v* € C \ Cipy such that

k— ~
v — v, H—HLEE and T,xC — P as k — +o00.
vk —wv

In light of Lemma 3.6, ¢ C P. Since ZgZ Q, obviously P ¢ Q. Denote by ¢ the ray in C
through v*. Tt is clear that

U, C C\ Cyiny for any k and ¢ — £ :=Ryv as k — +oo.

By Corollary 4.3, there exists P € Ny such that P C P. As P ¢ @, it follows that P # Q
and so #(Ny) > 1.
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Case 2: C,C C Q. By the assumption, we have C,C # ). We will show that there is a
tangent limit P of X along ¢ such that Z(P,Q) = g, which yields the theorem. By the

definition, there is a sequence z¥ € X \ Xsing and a sequence t; € (0, +00) such that

lim 2 =0, lim t,2"=v and Q= lim T.X.
k—+o0 k—+o0 k——+o0

Since X is of pure dimension d at 0 and since t;, — +00 as k — +o0, there is § € (0, 1) such

i,

that X N ]B%”A( > ) is of pure dimension d for k large enough. For such k, set
2
Xp=t,X ={tre: € X}, Yi:=X,NBr(v) and Y := lim Y.
—+00

We are going to apply Lemma 4.8, so we need to verify the conditions required by this
lemma. Set y* = tpa*. It is clear that Y; and Y are closed, v € Y, y* € Vi \ (Yi)sing and

Q = lim Tkak.
k——+o0
We will show that v & klirf (Y% )sing- By contradiction, suppose that v € klirf (Ye) sing-
—+400 —+00

Then there is a sequence w* € (Y)siny tending to v. Clearly w* € Iﬁ%g‘(v) for k large enough.
k

This and the condition w* € (Y})sin, implies that w* € (X)sing, i-€-, uk = l:— € (X)sing-
k

As t, — +o00, we have u* — 0 as k — +oo. Moreover, it is clear that t,u* — v. Therefore
v € C'. This contradiction implies that v ¢ lim (Y})ging-
k—4o0

Next, for k large enough, we must have that X N B"i(%) is of pure dimension d.
tk

Therefore X;, N B7(v) is also of pure dimension d as it is the image of X N IB%"A(%) by the
2
linear isomorphism

R" — R", x> tx.
Consequently Y, = X, N Iﬁ%g(v) is of pure dimension d.
In order to apply Lemma 4.8, it remains to prove that C,Y C @. For this, it is sufficient
to show that C,C = C,Y. Let u € CN Bg(v) Clearly u # 0 by the choice of 4. In view of
Lemma 3.6, there is a C* definable curve 7 : (0,e) = X \ Xy, such that

|v(r)|| = r for r € (0,e) and lim v(r) —u

r—0t T

Thus it is clear that, for £ > 0 large enough, tkfy(i) e B}(v) and so tk’y(tik) € Y. Con-
sequently v € Y and we get C N Bj(v) C Y. On the other hand, it is easy to see that
Y € CNB2(v). Therefore CNB2(v) = Y NB2(v), which implies that C,C = C.)Y.

Now in light of Lemma 4.8, there is a subsequence k; of {1,2,...} and a sequence
2" € Vi, \ (Yi,)sing tending to v as | — +o0 such that the limit P := lim T,Y}, exists and

=400
l

L(P,Q) = g Let 7' := % € X. Clearly 3 — 0, t;,7' = 2/ — v as | — +oc0 and 7' is a
1

non singular point of X. In addition, since 75X and T.,.1Y}y, determine the same plane in the
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Grassmannian G(d,n), we get llim T2 X = P, i.e., P belongs to the Nash fiber of X along
—+00

¢. In view of Lemma 3.4, we also have P € N,. The theorem follows. U

The following corollary follows immediately from the proof of Theorem 1.3.

Corollary 4.9. Let X C R" be a definable set of pure dimension d at 0. If dimC < d, then
E=C\C.

5. REMARKS AND EXAMPLES

In this section we give some remarks and examples concerning the results presented in

the paper.

Remark 5.1. (i) It is possible that dim & = dim C. In addition, under the assumptions of
Theorem 1.3, it does not necessarily hold that v € £’. These will be seen in Example 5.3.

(ii) Theorem 1.2 does not necessarily hold if we replace £ by £'. In fact, for a ray ¢ in C’,
the Nash fiber NV, along ¢ is not necessary connected as shown in Example 5.4.

(ili) If dimC = dim X, a ray ¢ C Cging does not necessary belong to €. This is illustrated in
Example 5.5.

(iv) If X is not closed, it is worth noting that we need to remove from & the rays in
C = C’O(Y)mg, not only the rays in CyXj;y,4. Precisely, Theorem 1.2 may not hold if
we set

E={lCC\CoXsing: #WNy) > 1}
An illustration is given in Example 5.6.
(v) Theorem 1.2 does not hold, in general, for definable sets of codimension greater than 1

as shown in Example 5.7.

Example 5.2. Consider the Whitney umbrella
X = {(2,y,2) € R*: 2% —y?2 =0}.
It is not hard to see that
Xsing={r=y=0} and C={r =0,z > 0}.

We will show that the rays R, (0,1,0) and R, (0, —1,0) belong to £ by computing the Nash
fibers along these rays (in fact, this is straightforward in view of Theorem O’Shea-Wilson

or Theorem 1.3); moreover,

Ne,010 = Nro(0,-10
{P € G(2,3) : P contains the axis Oy}

: (23)
= PeG23): P= (wi, w2, w3) : awy + bws = 0, .
a?+b?#0, >0
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Assume that £ =R, (0,1,0). The case £ =R, (0, —1,0) is similar. Set
fi=a?—y?z

For (z,y,2) € X, we have
Vf<l',y, Z) = (232', _2y27 _yQ)
Set

Viz,y, 2)
Alz,y, 2) == =,
IV f(z,y,2)]
t
Let v: (0,€) = X \ Xging be an analytic curve such that v(¢) — 0 and W — (0,1,0) as
t— 0.
If the curve « lies in the axis Oy, then A(v(t)) = (0,0, —1). Thus
Ny 3 (0,0, —1)* = {wy, wy, ws) € R : wy = 0}. (24)

Now assume that v does not intersects the axis Oy. Write
y(t) = (@(t), y(8), 2(1) = (@ot™ + -+, yot” + -+, 2t” +---).

Clearly yo > 0 and 8 > 0. Moreover, as v does not intersect the axis Oy, it follows that
z(t) > 0 for all t. Hence zp > 0 and v > 0. Consequently xo # 0 and o > 0. As

2 t 2
2(t) = xz( ) _ Z04pa-28 4
yA(t) v
we get
72
v(t) = (xoto‘,yotﬁ, —3752“‘25) + - and
Yo
22
V) = (2o, 2D )
Yo
Observe that v = 2a — 203, so a > . Assume that o = 23, then it is not hard to verify that
. ’Y(t) . (23:07 07 _y(%)
im =(0,1,0) and limA(y(t)) = ——==.
=0 [ly (@) t=>0 VAg +

For a # 0 and b > 0, set 29 = —5 and Yo = V/b. Then

L

20,0, —1y2

N2 (%) = (22,0, ~4)"
0 0

= (—a,0,-b)* = (a,0,b)* (25)

= {(w17w27w3) Tawy + bU)g = 0}

Now suppose that % < a < 26. By simple computations, we have
() . B
i.e., Ny 3 (1,0,0) = {(wy,ws, w3) : wy = 0}. Combining this with (24) and (25) yields (23).
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For any ray ¢ different from R, (0,1,0) and R, (0,—1,0), it can be verified that N

contains only one element given by {(wy, wq, w3) : wy =0}. So £ & E.

Example 5.3. Let X := {(z,y,2) e R®: 22 +y* =2} ThenC={z =y =0, 2z > 0}.
Let £ :=R.(0,0,1). We have C = ¢U {0} and N, = {P € G(2,3) : ¢ C P}. Consequently
dim & = dimC.

Example 5.4. Let X := X; U X5, where
X = {(x,y,2) eR*: 23 >2° y=0},

Xy = {(x,y,2) € R*: x=0}.
It is not hard to check that C = {x = 0} and C' = {x = y = 0}. So Cyjny = . Consider the

ray ¢ =R, (0,0,1) C C'. Clearly N, is disconnected since it contains two elements which are
y +\Yy Yy y

determined respectively by {(wy, ws,ws) : wy; = 0} and {(wy, we, ws3) : wy = 0}.
Example 5.5. Let X := X; U X5, where
Xl = {(l’,y,l‘) € R3 : fl(wvywz) = $2+ (y—2)2+24—22 = 072 > 0}7

Xy :={(z,y,2) € R*: fo(z,y,2) =2+ (y+2)°+ 2" —2>=0,2 > 0}.
Clearly,
C={(@"+(y—2)°—2")(" + (y+2)" -2 =0,2 >0},
which is the union of two cones tangent to each other along the ray £ = R (0,0, 1). Therefore,

{ C Cying. On the other hand, let a* := (zy, yi, 21.) € X \{(0,0,0)} be any sequence such that
k

a® — 0 and ||a_k|| — (0,0,1), so & 0 and & = 0. Without loss of generality, suppose
a 2k %k
that a® € X, for all k. We have

x
V fi(a*) = 22k, 2ur — 221, — 2y + 423) = 2z, (—k, g _ 1, _¥ + 2z,§) )
Zk Rk Ze

Consequently, ”gﬁ—m — (0,—1,0), which implies that T,» X tends to the plane Oxz. Hence

N, contains only one element which is the plane Ozy, so ¢ ¢ £.
Example 5.6. Set
X ={(v,y,2) eR®: 2 =0, y A0} U{(z,y,2) ER*: y =0, 2 #0}.
Note that X, = 0, so CoXsing = 0. Obviously,
C={z=0}U{y=0},
Moreover,

61 = R+<O, 0, 1) C C \ COXsing; 52 = R+(0, 0, —1) C C \ COXsing
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and
Nu = Ni, = {P1, P},
where
Py = {(wy,we,w3) : wy =0} and P = {(wy,wq,w3) : wy = 0}.
So Ny, and N, are disconnected.

Example 5.7. Let X := X; U X5, where

X, = {(z,y,2,t) eR*: 2 =9y =0}
Xy = {(z,y,2,t) eRY: 2=0, 22 +¢y* =13}

It is clear that X \ {0} is not singular, dim X = 2, and that
Co(X1) = X1 and Cy(Xs) ={x=y=2=0}
So Co(X) = {z =y =0}. Let
¢:=R;(0,0,0,1) C Co(X71) N Cp(X3) CC.

Denote by Ny(X;) the set of tangent limits of X; (i = 1,2) along ¢. Tt is clear that Ny(X;)

has only one element given by
P = {(wy, wy, w3, wy) : w; = wy =0},
On the other hand, for any Q € Ny(X>), its equation is given by

Q = {(wy, wy, w3, wy) : aw; + bwy = 0, w3 =0}

=

with a® + 0% # 0. So we have Z(P,Q) =
along ¢, given by Ny(X) = Ny(X1) UNy (X
dim N, = 1.

Now let

. Consequently, the set of tangent limits of X

~DNo

, is disconnected. Obviously, ¢ is a ray in £ and

X3 :={(x,y,2,t) ER*: 2=0, 2* =1’}
and let X' := X; U X3. Then (X')ging = (X3)sing = {z = 2 =t = 0}, dim X’ = 2 and we

have
Co(XY={z=y=0}U{x=2=0,t>0}.
Let ¢ :=R.(0,0,0,1) C (Co(X'))sing- Clearly, ¢ is not tangent to (X')sn, at 0. Note that

N(X3) contains only one element given by
R = {(w17w27w37w4) W = Wy = 0}7

so R # P. Therefore #(N;) =2 and ( is a ray in £.
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Question. If X is a definable set of pure dimension d > 0 at the origin 0 € R” and
0 C &N\ (C'UCsing), then dim Ny > 17
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