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Abstract

In this paper, we first construct a Euler-Maruyama type scheme for Caputo
stochastic fractional differential equations (for short Caputo SFDE) of order
a € (%, 1) whose coefficients satisfy a standard Lipschitz and a linear growth
bound conditions. The strong convergence rate of this scheme is established. In
particular, it is oz—% when the coefficients of the SFDE are independent of time.
Finally, we establish results on the convergence and stability of an exponential
Euler-Maruyama scheme for bilinear scalar Caputo SFDEs.
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1. Introduction

In this paper, we study Caputo fractional differential equations in noisy envi-

ronment of the form

© DX (1) = bt X (1) + ol X (1) T2 (1)
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This type of systems is a natural type of fractional systems whose coefficients
are random and thus has been received an increasing interest due to the fact
that fractional systems appears in many models in mechanics, physics, electrical

engineering, control theory,... see 3] [7].

As far as we are aware, the main achieved results for are limited to problem
of the existence of strong solution [4, 2] and mild solution [9]. A proof of
coincidence of strong and mild solution of under some natural assumptions

on the coefficients has recently been proved in [I].

Our first aim in this paper is to establish a Euler-Maruyama numerical method
for . Secondly, we are interested in the stability of numerical scheme for
bilinear scalar Caputo SFDE. Note that in comparison to the bilinear scalar
stochastic differential equations, there is no explicit formula of solutions of bi-
linear scalar Caputo SFDE. Then, it is hard to obtain a similar result as in
[8, Section 4, Eq. (22)] about stability of Euler-Maruyama method for bilinear
scalar Caputo SFDE. Here, we develop an exponential Euler-Maruyama method
for bilinear scalar Caputo SFDE that can be considered as a natural extension
of the exponential Euler-Maruyama method of stochastic differential equations

to this setting. Then, we analysis the convergence and stability of this method.

The paper is organized as follows: In section [2| we give a setting of the problem
and state the main results of the paper (Theorem [1| and Theorem . Section
B and Section [4] are devoted to prove the main results. In section [f] we study
several examples to illustrate the numerical result. Precisely, a simple scalar
system was studied to point out that the convergence rate in Theorem [l is

optimal.

Notations: Let (W};).e[0,00) denote a standard scalar Brownian motion on an
underlying complete filtered probability space (22, F,F := {F;}ic(o,00), P). For
each t € [0,00), let X; := L?(Q, F;,P) denote the space of all F;-measurable,



mean square integrable functions f = (f1,,...,f4)T : @ — R? with

| fllms == Z E(]fi]?),

1<i<d

where R is endowed with the standard Euclidean norm. A process X : [0, 00) —

L2(Q, F,P) is said to be F-adapted if X () € X; for all ¢t > 0.

For «, 8 € (0,1), the Mittag-Leffler functions E, g, E, : R — R are defined by

Fesl) =2 Farrsy P = L Mk

where I' is the Gamma function, i.e. I'(z) := [~ s* e~ ds.

0

2. Preliminaries and the statement of the main results

2.1. Setting

Let T > 0 be arbitrary and consider a Caputo SEDE of order o € (%, 1) on the
interval [0,7] of the following form

AW,
dt ’

“Df, X (1) = b(t, X (1)) + o (t, X (1)) (2)

where b, o : [0, T] xR? — R? are measurable and satisfy the following conditions:

(H1) Global Lipschitz continuity in R? of the drift and diffusion: There exists
L > 0 such that for all z,y € R?, ¢ € [0,7],

16(t, ) = b(t, )| V [lo(t, z) — ot y)|| < Lz —yl.

(H2) Holder continuity in [0, T] of the drift and diffusion: There exist Ly, Ly >
0 and 3,7 € [0,1] such that for all z € R%, t,5 € [0,7]

b(t,2) — bls, 2)| < Laft — sI°,  llo(t,2) — o(s,2)]| < Lalt — s|".
(H3) Linear growth bound: There exists K > 0 such that for t € [0,T],z € R¢

[16Ct, 2)[ v llo(t, )] < K1+ [|z]]).



For each n € Xy, a F-adapted process X is called a solution of on the
interval [0, T'] with the initial condition X (0) = 7 if the following equality holds
for t € [0, T

B 1 L (s, X (s)) < 1 b o(s, X(s))
XO =1+ i, G S, G W O

see [12} p. 209]. Thanks to [4, Theorem 1], for each initial value n € Xy system
has a unique solution on [0, 7] denoted by X (¢, n)ﬂ

2.2. Euler-Maruyama type scheme for Caputo SFDEs

An important task in applications is to realize on computers, that is, to
construct a discretized approximation. It is clear that the kernel of , the
function (* — s)*~1, becomes infinity at point s = t. This brings us an obvious
difficulty to discretize . To avoid touching the singular point, we introduce
the following discretized scheme which is a Fuler-Maruyama type scheme for

Caputo SFDEs:

For each n € N*, where N* denotes the set of positive integer numbers, the

approximated solution X (™) (-, 7) is defined by X (™) (0,7) := 5 and for t € (0, T

1 (" b(ra(s), X" (70(5), 7))
(n) — n ) n 5
X"W(t,m)=n + o) /O (t—s)ia ds
1 ¢ U(Tn(s>,X(n)(Tn(S), )
+ / AW, 1
T Jo  (oald) = ma(s)10 @
where 7,(s) = L =: Tli") and p,(s) = LT)T =: pl(cn) for s € (%, LT)T]

This equation can be solved step by step on each interval (T—k M},k =

n’ n

0,1,...,n — 1. Our first main result in this paper is to give an estimate on the
mean-square distance between the numerical solution X (™) (¢,7) and the exact

solution X (¢,7).

5By [4, Theorem 1], for the existence and uniqueness solution we only require the assump-

tions (H1) and (H3).



Theorem 1 (Strong convergence of the Euler-Maruyama scheme for Caputo
SFDE). Let k := min {ﬁ, v, — %} Then, there exists a constant C' depending
only on T, L, L1, Lo, «, 8,7, K such that

C
sup Xt 0) = X (6, 1) [ < o 5)

0<t<T

Remark 2. (i) When the coefficients are independent of time, then the conver-

1
5

gence rate of Euler-Maruyama scheme for isa—
(ii) When o = 1, i.e. equation becomes a stochastic differential equation,
the convergent rate of the scheme in Theorem [1| coincides with the well-known

convergent rate of the classical Euler-Maruyama, see [5].

(iii) It is clear that there exist connections between the result in this paper to the
existing result about Euler scheme for general stochastic Volterra equations with
singular kernels, see e.g. [14], [13]. Since the kernels in our systems are explicit
then we obtain explicit and optimal rate of convergence of Euler scheme. This

rate is better than the restriction of results in [I4] [13] to fractional setting.

2.8. Ezponential Euler-Maruyama scheme for bilinear scalar Caputo SFDEs

We are interested in investigating the stability of numerical method on the test
systems, bilinear scalar Caputo SFDE. More precisely, we consider systems of
the form

dWy

“Dg X (1) = AX(t) + pX(t) — (6)

Note that the problem in determining A, u for which system @ is mean-square
asymptotically stable is not trivial due to the fact that there is no explicit form
of solutions of @ It has been recently proved in [II, Proposition 11] that
system @ is mean-square asymptotically stable if and only if
o0
A<0 and ”2/0 52972 (Baa(As)? ds < 1. (7)
The main ingredient in the proof of the preceding result is to use the variation

of constants formula developed in [I, Theorem 2.3], i.e. the integral form of @



is given by
X(t) = Eo(At*)X(0) + ,u/o (t —8)* 1By (Mt — 8)) X () dWs. (8)

For a fixed step-size h > 0, the exponential Fuler-Maruyama scheme for the

above integral equation is given by

Xn(t) = Ba(M*)X(0) + H/O (t = 7h(8)) " Eq,a(Mt — 71(8))*) Xn (70 (s)) dWs,

where 75, : (0, 00) — [0,00) is defined by
Th(s) = kh  for s € (kh,(k+1)h],k=0,1,2,.... (10)

We now state the result about convergence and stability of the above Euler-

Maruyama scheme for bilinear scalar Caputo SFDE.

Theorem 3 (Convergence and Stability of exponential Euler-Maruyama method
for bilinear scalar Caputo SFDE). (i) For any T > 0, there exists a constant C
depending on T, A\ and p such that
sup || Xn(t) — X (t)|lms < ChO72.
t€[0,T]

(ii) Suppose that the condition holds. For any step-size h > 0, there exists
K > 0 such that the solution )A(h of @D satisfies

1 X0 (8) s < K[| X (0)]|ms for all t > 0

and furthermore for any § € (0, a) we have limy_ o0 £]| X5 (t)|ms = 0. Conse-

quently, the numerical solution remains asymptotically stable.

3. Proof of the strong convergence of the Euler-Maruyama method

for Caputo SFDE

Before going to the proof of the main result, we need some preparatory lemmas.

Firstly, we show in the following lemma a bound on supg<; <7 [ X™(Z,1)]|ms-



Lemma 4. Let

(6T + 6)K2T2“1> an

. 2
Cr o= (14 3l Eaae (RS

Then, for all n € N* we have

sup [|X(t,n)|2s < Ch.
0<t<T

Proof. From (4]) and the inequality ||z +y+ 2[|? < 3(||z|* + ||y|*> +||z/|?) for all

z,y,2 € R, we derive

n 3
E(IX®n)?) < 3EP + (\

@
ol

t (n)
/ o (7n(s), X (Tn(S) D) g,
0 (Pn(t) — n(s))'
Using the Holder inequality, Ito’s isometry, we obtain
o Elb(rn(s), X (ra(s), )2

X m)lne < 3lnllie +

F2(C¥) (t _ 8)272(1
3 PElo(ra(s), X ™ (10(s), )1 s
+r2(04)/0 (pn(t) = Ta(s))2 72> o

This together with the fact that |p,(t) — 7,(s)| > |t — s| and the linear growth
condition (H3) implies that

1X 9 (t, )17

IN

3t LoK2(1+ E[ X (T, 2
ms T T2 (q) (t — )220

3 ["2K2(1+E|X™(7,(s),n)]?)
+F2(a)/ (t — 5)2—2 ds

(60 + 6)K? [* 1+ E|X) (r,(s). )]
r2<a>/o (w2

Let my := 1 + supg<s<; | X ™ (s,n)||2,. Then,

6T +6)K2 1 m
< (14 3|n|]? ( c——d
me < (3l + S [ ds

Applying the Gronwall’s inequality for fractional differential equations, see e.g.

3115

[3, Lemma 6.19], we arrive at
(6T + 6)K2 t2a—1
I(a) ’

which completes the proof. O

me < (14 3|02 Bzas (



Finally, we establish an upper bound on || X (t,n) — X (t,1)|?,, in terms of

|t _ﬂ2a_1 and #

Lemma 5. Let

8K?(1+ Cy) T?!  8K2*(1+Cy)(T +2)
2a—DI2(@) 27 (2a-1DI2(a)

CQ = (12)

where C] is given as in . Then, for all n € N* and t,t € [0, T] we have

1X (8, m) = X () < + COsft — gt

s = n2a 1
Proof. Choose and fix t,t € [0, T] with t > . By 7 we have

L(@) (X (tm) = X (En))

b (), X (). 7)) o (ra(5), X (s). 7))
:/; (t—s)i-a d”/; (oult) — (e

+/Ot(( e B (), X (). ) ds

t—s)l—e  (f—s)l-a

' ! — 1 o(1,(s ™) (7 (s
*J, G ~ e ) e X))

Using the inequality ||z + vy + z + wl|? < 4(||=]|* + |lyl|* + [|z]|* + [|w||?) for all

z,y,z,w € R? and Ito’s isometry, we derive that

@HX(M(tn) — XM, )I[
||0- ’ ( ( ) ))”ms
< E(‘ ) / n(?) ‘Tn(sw w

T o(r(s), X (1a(s), Dl o) X a(5). ) s,
+/o ( (pnlt) — m(s))l (pn(®) — 7a(s))1—0 )

/t b(7n(s), X ™ (1a(s),7

(t—s)l-o

/j(( e )b(rn<s>,x<"><m<s>,n>>ds

t—s)l-o  (f—s)l-a




By Holder inequality and the fact that |p,(t) — 7,(s)| > |t — s|, we have
I (« " n)
St ) - X E

/ ||b TTL X(n)( ( ms d8+/ ||U T’ﬂ n)( ( ) ) Hms ds

(t —s)22 tfs)z 2a

~ 1 _ 1 (s (n) (s 2 s
+t/0 ((t—g)l—a (’tv_ )17(1) Hb( n( )’X ( 71( )7n))||ms d

T o(ra(s), X (1(s), Dl o) X (5). ) s,
+/0 ( (nlt) = uls)) (D) — 7(s))1—o )

IN

This together with the inequality
( 1 1 )2 < 1 1
(t _ 8)170‘ (E’_ 8)1_0‘ (%’_ S)Q—Qa (t _ 3)27204’

and
! - ! < 1 — 1 6
(pn(%v) —7a(8))2720 (pn(t) — Tn(s))2—22 = (pn(?) —5)2=20 (p,(t) — 8)2204H

implies that

s e X - X @,
bttt ¢ t t
< [, ((g_ e <ts>w> *
¢ 1 1
“ ((M’f) ZoE (pall) )) o (19

A direct computation yields that

/t t—T+1 ; +/lﬁ~ 7 7 ;
— = as — — S
AR e M s T i T

R e a |
(t+1)(t —)* !
- 200 — 1 ' (14)

6To gain this inequality, we define h(z) := o (t~)_1$)2_20 -G (t)—lz)2*20< for < pn(t) <

pn(t). Then, W/ (z) = (2 — 2a)((pn() — 2)2%73 — (pn(t) — 2)2*73) > 0. It together with
Tn(s) < s implies that H(m(s)) < H(s).




Furthermore, we also have

t 1 )
/0 ((Pn(?) —5)22 ; (pn(t) — 8)2_2a> ds

= ( (pa(t) — )~ 4 (en(t) = s)2a1> ’z

200 — 1 200 — 1 0

(pn(t) — ?)2(171 - (pn(tN) - t~)2a71 )

<
- 200 — 1

Since 0 < 2a — 1 < 1 and using the inequality |z + y[?*~! < |22~ + |y|?2~ 1,

we obtain that

t | o o) = pu®)*
/o ((pn(%v) — )22 (pp(t) — 8)2%‘) ds < 2a — 1 '

By definition of p,,, we also have p,(t) — p,(t) <t —t + L. Thus,

/? 1 B 1 s (t _%‘)204—1 + %
0 \(pn(t) —5)2720  (pn(t) — 5)272 20— 1 :

This together with and implies that

IN

SK2(1+ C) | pacr T2
< oy (AT ).

The proof is complete. O

We are now in a position to prove Theorem

Proof of Theorem[]l Choose and fix n € Xy. From and we have

X(n) (t7 77) - X(ta 77)
1 /t b(Tn(S)’X(n)(Tn(s)a 77)) — b(87 X(é’ﬂ?)) ds
0

I'a) (t—s)l—«
1 i U(Tn<s>7X(n)(Tn(5)a77>) - U(SaX(S777>)
TTa) / (t - s)i-o W
L[t (0(r(s), X (1(5),0)  0(ru(5), X (s, 1))
o) / < (oult) —7n(3))1-0 (t—s)i-a ) aWs.

10



Using the inequality ||z +y + z[? < 3(||=|> + |ly||* + ||z]|?) for all z,y,z € RY,

Holder inequality and Ito’s isometry, we derive that

L) x4~ 03
* blra(s), X 7 (6), 7)) — b(s, X, m) I
<t (- sy ds

! HJ(Tn(S)v X(n)(Tn(S)v 77)) — 0(57 X(S7 77))”12ns
+A (t _ 5)2—2(1 ds

[

2

C (o als), X (), mlms o (), X (mls), m)llms \
+/0 ( (pn(t) — Tn(s))t—@ (t —s)l—« ) ds.(15)

Moreover, in light of (H1) and (H2) it is easily seen that

15(7 () X (7 (), 1)) = b(s, X (5,)) s

< 2L XM (1(s),m) — X (5,1)|70s + 2L3 |70 () — 57, (16)
and

o (7 (), X (7 (5), 1)) = (5, X (5,7)) [

< 2L X (7 (s),m) = X (5,0) s + 2L3 |7 (5) — 5. (17)

By (H3), Lemma [4] and the inequality

( 1 - 1 )2 _ 1 ~ 1
(Pn(t) = Ta(s))17 (t—s)t™ T (=922 (pa(t) — Ta(s))P 2
1 1
(t—s)2"20 (2L 1t g)2-2a°

n

we have

2

[ <|o<7n<s>7x<n><7n<s>,n>>||ms . IIU(Tn(S)»X(")(Tn(S)m))”ms) ds
0 1

(pn(t) — T(s))t— (t—s)i-«

IN

t 1 1
2 —
ey [ (g )

2K%(1+ Cy)(2T)? 1 1
- (2a—1) p2a—1"

11



This together with 7 and implies that

6L2(t+1) [T XM (1,(5),m) — X(s,m)||%e
< Swer ) (—sp

2 t 128
P [l o
() Jo =52 @7 )

6K2(1+Cy)(2T)>* 1 1
(2o — DI (a)  n2e—1’

6132 / lra(s) — s
d
SNEREE

(18)

By definition of 7,, we have |7,(s) —s| < L for s € [0,T]. Hence, a direct
computation yields that

6LTt tlm(s)—&\wdsjL 6L3 (" |7a(s) — s>
[2(a) Jo (t—s)>72e [2(a) Jo (t—s)272
6L3T2+20 1 GL3T*tl ]

2a - D)I2(a) % | (2a - DI2(a) 2’

On the other hand, by virtue of Lemma [5| we have

X (7 (5),m) = X (5,1) 1 7us

< 2||X(n) (Tn(s)7n) - X(n)(svn)H?ns + 2||X(n)(8777) - X(S»n)H?ns
205 o201 (n) _ 2
S 7120‘_1 +203|Tn(8) 8| +2||X (San) X(Svn)Hms

20, + 2T%~ 10y
n2a71

< +2[ X (s,m) = X(s.7)

[
ms’

where Cy and C5 are given as in . This together with and gives
that

sup ||X(n) (8777) - X(S,n)”?ns

0<s<t
12L2(T + 1) /t SupOSrSs ||X(n) (Tv 77) - X(rv 77)”1211s
< ds
T oo
1 1 1

+D1nTﬁ + DQ% + D3w,

GL2T2+28 GL2T2o+27—1

where Dl = m, 2 1= m and

 6K?(1 4 Cy)(2T)%
N (2a — D2 ()

6L2(T + 1) T2

Ds : .
3 Na) 2a-1

+ (20 + 272%°71C3)

12



Applying the Gronwall’s inequality for fractional differential equations, we arrive
at

sup [|X (¢, m) — X (t,n)|| A
0<t<T

D, D, D 12L%(T + 1)T20—!
< (i ) B (PG |

Hence, inequality holds for

12L3(T + 1)T?>~1
C .= (Dl + Dy + D3)E2a_1 < ( (a)) ) .

r

The proof is complete. O

The main result of this paper can be extended to more general Caputo SFDEs
with vector-valued noise. Precisely, for a € (%,1) we consider the following

system of Caputo SFDEs on [0, T]

dW’
Dy X (t) = b(t, X (t) +ZUZtX : (20)

where drift function b and the diffusion functions o;,7 = 1, ... N, are measurable
and satisfy the same assumptions as in (H1), (H2) and (H3) with the same
constants 3,7. For the initial value condition X(0) = 7, the corresponding

integral form of is

1 " b(s, X(s)) 1 P oi(s, X(s)) ;
X(t) = : d " AW,
O, G R, T

The Euler-Maruyama scheme is now written as

e (n)
X(”)(t777) =n + F(la)/ b( n( )(tX S)E a( )aﬁ)) ds

oi( Tn )(T (s);m)) i
Z/ Tn(s))1— dws,

where 7,,(s) = &L = T,E") and py(s) = 7(k+nl)T =: p,(C") for s € (KL, 7(]621”]. By

simply adapting the proof of Theorem I, we also have the following result about
the convergence rate of || X (¢, n) — X (t,n)|%

13



Theorem 6. Let x := min {57 v, o — %} Then, there exists a constant C' such

that

sup ”X(n) (t, 77) - X(t’ 7]) ||r2ns < 2%k "
0<t<T n

(21)
4. Proof of the convergence and stability of exponential Euler-Maruyama

method for bilinear scalar Caputo SFDE

Before going to the proof of the Theorem [3] we need some preparatory lemmas.
Lemma[7]and Lemma[8]are useful in proving the part (i) of Theorem [8|and there
is no requirement on A, . Meanwhile, Lemma [0] and Lemma [I0] are useful in
proving the part (ii) of Theorem and here we assume that A, u satisfy condition
(7)-

Firstly, we show in the following lemma a bound on supy<;<z 11 X5 (8)]ms-

Lemma 7. Let M1 = maXOStST(Ea()\tQ))2,M2 = maXOStST(Ema(/\tO‘))Q
and

Cy = My Eoq_1 (WP MoI'(a)T?*1) || X (0) (22)

[

Then, for all h > 0 we have

sup || X5 (t)[[7 < Ci.
0<t<T

Proof. By @D, we arrive at
t Ea,a()\(t - Th(s))a) ’
(t —7n(s))t

Taking the expectation of the both sides of the above equality and using the

(Rn(t))? = ((ana)) X(0) 4+ / Kn(mn(s)) dws)

Ito’s isometry, we obtain that

IXn(Olms = (Ba(X*)? 1 X(0) |15

2 t(Ea,a()\(t—Th(s))a))z ~ )
o /0 = meyzze 1A () s ds.

14



Note that 7,(s) < s and using the monotonically decreasing of the function

Eoa(-) on R_ (see e.g. [10]), we derive

< (Ba(M)? [X(0)]17,

i /0 (Ea’(j(ff)z_ila)) 1 (7 (9)) |12, ds

1Xa (t)

[

K SupOSrSs HXh(T)H?nb

(t— 522 ds.

< MIX(0)[2 + p2My /
0

Let my := supg<,<; | Xn(s)||2. Then,

t
m
me < MXO) o+ 20y [ ds,
o (t—s)22
Applying the Gronwall’s inequality for fractional differential equations, see e.g.

[3, Lemma 6.19], we arrive at

Eaa—1 (W MaD(a)t** 1),

s

sup || X5 (s) ][5 < MilIX(0)
0<s<t

which completes the proof. O

Secondly, we establish an upper bound on the difference H)?h (t) — Xp B2, in

terms of |t — t[2* 1.

Lemma 8. Let

2 2
Mz = < max ]&CEQ()@)) My = < max 83:Ea7a()\x)>

ze[0, T« z€[0,T<]

and
8N2MQC4 + 4,LL2M4C4T20471
200 — 1 ’

where Cjy is given as in . Then, for all h > 0 and ¢, € [0, T] we have

Cs = 4M3T|‘X(O)||?ns + (23)

IXn(t) = Xn(B)l17s < Cslt — 82271

15



Proof. Choose and fix t,t € [0,T] with t > t. By @D, we have

~

Xn(t) — Xn(?)

t Bna (At — 74(s))%) Xn(7h(s)) dW,

- (Ea(/\ta)*Ea(AtNQ))X(O)Jr“/? (t —m(s))t—

+M/O (ana()\(t —(s))%) B Eoo(At— Th(S))a)>Xh(Th(s)) AW,

(t —T1n(s))t— (T —7(s))i—@
T FaaOMt = ()" FaalE-m() Yo
o, (F = () peemea AL ILLE

Using the inequality ||z + vy + 2z + wl|? < 4(||=]|* + |lyl|* + [|z]|* + [|w]]?) for all

z,y,z,w € R? and Ito’s isometry, we derive that

1Xn(t) — X ()12

ms

< 4B, (M) — EQ(AY))?] X (0)

[k

2
st (BaaQOt=m()™) )
st [ A IR ()

+4p2 /Ot (Ea,a(/\(t —7h(5)") _ Ea.a(A(t = T7a(s))?)

20 2
(t—Tu(s))i— (@ — m(s))— ) [ X1 (7 (5))[[5s ds

g [ (Bl Ea OOy 5, ),

(= m(s))— (= m(s))t—

By Mean Value Theorem, Lemma and the fact that (

_ 1
(t—s)2—2a

1 B 1 2
N O i cay e

- (tis)1272a, we arrive at

1 X0 (t) — Xn(?)

[

~ b 442 M, C
< M — DOPIXO)]2 + / wLG

P (=

t 1 1
4% M. — — d
+4pn 204/0 <(t — 5)27204 (t — 8)2_20‘) S

g — () = (£ = (5))® 2
e [ o

Since 0 < a < 1 it follows that |z 4+ y|* < |z|* + |y|* for 2,y > 0. Thus we

16



obtain that

1 Xn () = Xn ()7
~ 412 M. ~
< M- DX O, + MG e
200 — 1
4 2M " 4 2M t~2a71 "
19 20y (t o t)?ozfl + o 404( ) (t o t)20¢
200 — 1 200 — 1
8u?MsCy + 4p> M,Cy T2 1 ~
< (41\43T||X(0)||%’ns 4 ARG A MG )(t — )2,
20 — 1
The proof is complete. O

To proof Theorem ii)7 we recall the following result about an estimate of the

Mittag-Leffler function.

Lemma 9. Suppose that A > 0. Then, there exists M (A, «) depending on A

and « such that

M(X M(X
Eapne) < M) g ey < MO s 0, (20
max{1,t*} ’ max{1, 2>}
Proof. See [7, Theorem 1.4] or [2, Theorem 2]. O

Next, we need the following preparatory lemma.

Lemma 10. Suppose that p? fooo %725))2 ds < 1. Let § € (0,a) be arbi-

trary. Then,

lim sup p ds < 1.

t—o0

/t (Ea.o (At — 5)%))? max{1, 12}
0

(t —s)272¢  max{1,s29}

. 9 (00 (Ea.a(As®))? .
Proof. Since p* [ =255 ds < 1, there exists 1 € (0,1) such that
12 [ (Baa(Xs®)’

= — s ds < 1.
n J, §2— 20

17



Choose and fix such a 7 satisfying the preceding inequality. Then,

/t (Ea.o(A(t — 5)*))” max{1,2} "

(t —s)?=2¢  max{1,s¥}

i [ Bt = )

lim sup p2

t—o0 t

< limsup —=
= tﬁoop 720 ot (t — 5)2—2
2 o0 Ea o u® 2
< [T BNy (25)
7% Jo usTE

On the other hand, by virtue of Lemma [J] we have

T (Eg.a(At — $)*))* max{1,120} , [ max{1,120}
k) < - - ' 7
/0 (t — 5)2—2 max{1, 520} ds < M(a, ) /0 (t — 5)2t2a ds

A direct estimation yields that

nt
. 25 . 25 nt _
limsupt /0 7@ ESEEETS ds < limsupt 7@ EpTEETS =0,

t—o0 t—o0

which implies that

/nt (Ba,o (At — 8)*)) max{1, ¢} ds = 0.
0

lims
e (t —s)272¢  max{1,s2}

t—o0

This together with completes the proof. O
Finally, we are now in a position to prove Theorem [3}

Proof of Theorem[3 (i) From and ([9) we have

Xu(t) — X(t)
- “/o <<t—71< - e ) Baa(E — 1)) Za(rs) W,

W) =
(

" BaaMt=70(5))%)  FaaAt—9)")\ o
+M/O ( (t — S)lfa - (t _ S)lfa )Xh(Th(s)) dWs

Using the inequality ||z + vy + z||? < 3(||z]|® + ||ly||* + ||z||?) for all z,y,z € R?

18



and Ito’s isometry, we derive that

X (t) = X (1) [

5 [* 1 1 2 NEI 2
< 3 [ (G- ) BN = ()2 K (3))] 2 ds

)
K 1
||

e [ e IR o)~ X s

Eaa(Mt = 11(5))%) = Eaa(At = 8)%) QHJ?h(Th(S))IIiS ds

2
Moreover, using the inequality <(t77n(13))1,a - (t,sl)ka) < (tis)lzfza_(ti.rn(i))zfzu

and t — 7,(s) < t+ h — s, we obtain that

¢ 1 1 2 t 1 1
f o= aa=) = = [ (e )
h2a—1
= 20— 1°
Thus,
2 ‘ 1 1 2 aN (2 v 2
3/'1’ /0 ((t* 8)170‘ - (t*’T}AS))lfa) |E04«,Ot()‘(t —Th(S)) )l HXh(Th(S))Hms ds
SMaCi o, (26)

- 200 — 1

By the Mean Value Theorem and Lemma [7] we arrive at

¢ 1
3u? / T3 9.
o (t—s)22

81 MiCy /t =l 29T,
0

Eoa(A(t = 7h(8))*) = Eaa(A(t = 5)%) 2||)Afh(7h(8))\|x2ns ds

IN

(t _ 8)2—2a
t 2a 2 2a—1
2 s — mn(s)] 3 M4CyT 20
S 3/.1, M4C4/O (t — 8)27204 ds S 2% — 1 h*. (27)

Moreover, in light of Lemma [§]

IXn(mh(9)) = X()lls < 20X (7a(5)) = Kn(5) 1705 + 201X (5) = X (5)lIns

IN

2Cs|7(s) — s"* 7" + 2| Xn(s) = X(5)17us

IN

2052 4 2| X, (s) — X (s)]|2

ms*
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Thus,

[ el L R ) = X 0

t oCgp2e-1 2| Xn(s) — X(s)|I2
3 2M eMerr d 1 ms d
3M2MQC5T2a_1 o1 9 /t H)?h(s) —X(S)||2 ,
oF T2sT j2e 62 M- s dq
< 20— 1 + 6~ Mz ; (t — s)2—20 S

which together with and implies that

IN

~ 3uZM,C 3uiM.Cu T2 1h 3uZM,C-T2~1
1Ru(t) - X020 < (" 2Cy | 36" MiCo M2 Cs )

20 — 1 200 —1 200 — 1

(8) = X(5)|I3ns
[ s)220 ds.

Xh2a71+6u2M2 /t ||Xh
o

Applying the Gronwall’s inequality for fractional differential equations, see e.g.
[3, Lemma 6.19], we arrive at
e 2 2a—1
sup || Xp(t) — X (t)[[5s < Ch™,
0<t<T

where

= 3/1/2M204 n 3/.L2M4C4T2a 3M2M205T2a_1
T\ 2a-1 20— 1 20— 1

) Eoq_1 (61> Mol ()T h).

The proof is complete.

(ii) By @D and using the Ito’s isometry, , we arrive at

1Xn (t) = (Ba(A))” | X (015,

2 ‘ (Ea,oz()\(t—’fh(s))a))z ~ )
o /0 t—rn(ez2a X0 (8) s ds.

s

Note that 7,(s) < s and using the monotonically decreasing of the function

Eso(-) on R_ (see e.g. [10]), we obtain that

IXn® 7 < (Bali®)? [1X(0)]2

t _ a2 .
wi [ BB I 1%, 160 s

(t —s)2—20

By virtue of Lemma [9} there exists M (a, A) > 0 such that for any X (0) # 0
D0l M), o [* (a9 D
X (O0)[7s — max{1, 2%} o (t—s)?72 1X(0)117.s
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Now, let
M (o, )

1 g [ EagOel? g

K= (29)

X0 (0) 12
1X(0) 117,

diction, i.e. there exists 7' > 0 being the first time for which W > K,ie.

Thanks to @, K > 0 and we are now proving sup,> < K by contra-

[Eea b AT
XoR, - © xop, < rtelD (30)

Thus, replacing t = T in yields that

T (BaaMT = 5)*))°

< 2 (Ea,
K < M(a,\)+p K/O S ds
* (Bg.o(Au®))?
< M(a,\) +p°K (BaaXu?))” ";ﬂ(_;; ) du,

0
which contradicts to the definition of K as in (29). Let § € (0, ) be arbitrary
and then to conclude the proof we need to show that limg_, e ]| X5 (£)|/ms = 0.

In fact, choose and fix an arbitrary 6 € (0, ) it is sufficient to show that

limsup t26 || ( )||12n>
oo [IX(0)13

Suppose the contrary. Then, there exists an increasing sequence (t,,)nen tending

< 0

to oo such that v, := max{1, t25} Hﬁ()’(‘gé"ﬁ!m satisfies

X0 (1) [
X011

and lim,,_, v, = co. Replacing ¢t = ¢,, in yields that

[ Xntn) 2 o M) o (" (BaaAltn = 5)")* [ Xn(70(5)) [
[XO[2, = max{1, 25 *“/o oo XOR

Yn = max {max{l,t%} te [O,tn]} for n € N (31)

which together with implies that

L Mleyma{Lery / (Bao(A(tn — 5)*))° max{1,t2
0

max{1, {3 (th — )72 max{1,s2}

r'n

Thus,

tn _\a))2 25 26
o <1 *,LLZ/ (Ea,a(A(tn —9)*))” max{l,t; ds) < M (o, \) max{1,t= .
0

(tn —$)272*  max{1,s2} max{1, t2«
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Since 6 < a it follows that

M(a, A 1,12
lim sup (o, V) max{1, t;
00 max{1, 122

However, by virtue of Lemma [10] and lim,, o v, = 00

tn _a))2 25
T (1_N2 / (Baa Mt — 5)*))° max{1, &2 ds) o
0

n—00 (tn - 5)2720( max{l, 828\}

which leads to a contradiction. The proof is complete. O

5. Examples

In this section, we study a simple Caputo SFDS with additive noise. For this
kind of system, we have explicit formulas for the solution and the numerical
solution by using the Euler-Maruyama scheme. Then, we arrive at that the

convergence rate of the scheme is oo — %,

i.e. the rate in Theorem [1|is optimal.
Note that for the stochastic differential equation with additive noise the conver-
gence rate of the Euler-Maruyama scheme is usually equal to 1 (see [5] and [0]).
Then the convergence rate which we find in the following example indicates a

new aspect in numerical computation of stochastic fractional systems.

Ezample 11. Consider a simple scalar Caputo SFDE on interval [0, 1] of the
form
AWy

Then, the exact solution for X (0) = 0 is given by

1 ! 1
X =i | g

Meanwhile, by the numerical solution X (") is given by

Then, by Ito’s isometry we arrive at

1 2
X0 =Xt = iy [ (g~ )
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a=0.75 a=0.6 a=0.9

Ven | logy = | e |logy = | e, | log, =
n =128 | 0.1744 0.2499 1.0094 0.0999 0.0249 0.3998
n =256 | 0.1467 0.2499 0.9418 0.1000 0.0188 0.3999
n=>512 | 0.1233 0.2499 0.8787 0.1000 0.0143 0.3999
n = 1024 | 0.1037 0.2499 0.8199 0.1000 0.0108 0.3999
n = 2048 | 0.0872 0.2500 0.7650 0.1000 0.0082 0.3999
n = 4096 | 0.0733 0.2500 0.7137 0.1000 0.0062 0.3999
a—1/2 0.25 0.1 0.4

Table 1: Rates of convergence for a simple scalar SFDE

Let us denote e, = || X (1) — X (1)||2,.. The rate of convergence of our scheme
for this equation will then be estimated by log, \/eﬁT" for some large values of

n. The Table 1 reveals that those rates are a — 1/2 for various values of a, i.e.

_1
en ~n*"2 asn — oo.

In order to get a further insight into the performance of the proposed method,
we investigate a nonlinear scalar Caputo SFDE whose drift term and diffusion
term satisfy the conditions (H1), (H2) and (H3).

Ezxample 12. Consider the following autonomous Caputo SFDE with o = %

AW,
dt -

“Dg, X (t) = cos(X(t)) + sin(X (t)) (32)

The computation process is as follows. We first generate 1000 Brownian motions,
for each motion, we use our scheme to compute the approximate solutions with
n,2n,4n discretized points for n = 1024. The errors of X and X@" are
estimated by || X ™) (t) — X4 (#)]| s and || X @™ () — X @) (¢) || ms, respectively.
These errors in turn are computed by taking the average of 1000 computed

solution errors. The outcome of this process are presented in Figure

23



%103

2 T
—— n=1024
n=2048
” 1.5
£
T =
e e
EX 1 f
ﬁ e AN e prabadedirtadngd i
kS
x
— 0.5 B!
0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time
Figure 1: Estimated errors for Equation (32))
Conclusion

In this paper, we have established the convergence of the Euler-Maruyama type
scheme for Caputo stochastic fractional differential equations. The convergence
rate of this scheme is given explicitly. Next, we investigated the convergence and
stability of an exponential Euler-Maruyama scheme for bilinear scalar Caputo

SFDEs.
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