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a rough model under transaction cost

Luu Hoang Duc ¥ Jiirgen Jost

Abstract

We develop a general mathematical framework, based on rough path theory, a recent im-
portant extension of the classical It6 calculus, that can incorporate the empirically observed
nonlinear mean-variance relation of the logarithmic return in a systematic manner. Thus, we
propose a stock price model driven by a Holder continuous noise, understood in the sense of a
rough differential equation. This model offers the possibility of additional noises hidden in the
signatures of rough paths, hence supporting the idea of mixture of a standard Brownian noise
and another source of long memory noise (a fractional Brownian motion for instance), and en-
abling to account for the multi-scaling phenomenon in financial data. The no-arbitrage principle
is then satisfied under the assumption of transaction costs as long as the driving noise is a sticky
process. We also discuss the potential risk of model uncertainty where the ambiguity comes from
the signatures of rough paths. Our models are supported by empirical evidence from financial
data.

Keywords: stock price, expected return, volatility, noise, rough path theory, rough differential

equations, no-arbitrage, risk.

1 Introduction
It is well-known that the original Samuelson stock model [35],
dSt = /LStdt + O'StdBt, (11)

for a stock price S; at time ¢ with growth factor u, volatility o and a stochastic integral in the sense
of It6 with respect to a standard Brownian motion B;, does not reproduce certain rather universal
features of empirical stock price data (the so-called stylized facts); hence many modifications have
been suggested ever since. First, the Hull and White model [24] suggests that the growth factor
and the volatility should be time-dependent, leading to models of the form

dS; = ,utStdt + o1 SpdWh, (12)
where o; satisfies a stochastic differential equation

dlogoy = k(0 — log oy )dt + vdW, (1.3)
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with parameters k, 6, v and another Brownian motion W}, with an instantaneous correlation dW;dW/ =
pdt with a parameter p € [0,1] between the two different Brownian motions. The Heston model
[22] proposes that o? follows a Cox-Ingersoll-Ross equation

d(o?) = k [9 - (af)] dt + Aoy dWV] (1.4)

where k,0, A > 0 are parameters, and the two Brownian motions again possess an instantaneous
correlation dWydW/ = pdt with p € [0,1].

Still, the stock model (1.2) does not account for certain memory effects in log S;. This seems
to require a more radical solution than simply making the coefficients time dependent, but keeping
standard Brownian motion as the underlying stochastic process. This issue was raised already very
early in [28], which suggested that the standard Brownian motion in (1.2) should be generalized to
self similar processes, including fractional motions B | i.e., a family of centered Gaussian processes
BT = {BH(t)}, t € R or Ry with continuous sample paths and covariance function

Ry(s,t) = %(tQH + 21—t — s, Vi, s eR.

In [11], ordinary Brownian motion is replaced by fractional Brownian motion in the model (1.3) for
the variance oy, resulting in
dlog oy = k(0 — log oy)dt + vdB}. (1.5)

In order to obtain a process with long memory, a Hurst exponent H > % is needed. Recent

empirical studies [4], [18] however showed that if we assume the model (1.5), the log-volatility
behaves essentially as a fractional Brownian motion with Hurst exponent H of order 0.1 at any
reasonable time scale, and thus, we do not have a long memory process. This observation motivates
a study in [5] on a regularity structure for rough volatility, in which the authors suggest a more
general dynamic model of the form

= S /T )
t t

Zy = z—l—/ K(s,t)v(Zs)ds—i—/ K(s,t)u(Zs)dWs, (1.6)
0 0

where K is the kernel and f,u,v are sufficiently smooth functions.

Another important issue is the multi-scaling phenomenon in financial data, which shows that the
generalized Hurst exponent varies depending on the time scale (see e.g. [3], [13], [2], [7], [8]). The
multi-scaling issue can be explained either by considering a random time change of the Brownian
noise B; through the time change process I, i.e. X; = By, for all ¢ > 0 (see [2]); or by assuming
that the noise X; has the form

Xa(t) = Y e @ (B, — Bl (1.7)

for some Hurst exponent H > 3, wy,(-) ~ N (0, A2 log(%)) with the intermittency parameter A\ and
the autocorrelation length L, and the time scale h such that wy (k) are correlated upto the distance
L,ie.

for ’kl—kglg%—l

L
Cov(w(k1),wn(k2)) = Npp(Jk1 — ka|),  pn(lky — ka) = § (Fi=kal+Dh .
1 otherwise
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(see [3] and [8]).

Studies in [13] and [7] (see also our computations in Subsection 4.1) reveal that the log return of
stock indices (for instance Nasdaq, Dow Jones, SP500) or various exchange rates has the Hurst
exponents ranging from 0.4 to 0.7 in some period, hence making it unclear whether or not the noise
should have long memory, and why the Hurst exponents often look smaller than % for data quoted
on timescales of minutes to hours but increase to values significantly larger than % for daily to
monthly quoted data. It is generally agreed, however, that the Hurst exponent for the log return
of the stock price is always bigger than %.

Of course, one can introduce models with many parameters, in order to match the empirical
data. Our approach is different. We want to develop a general mathematical framework within
which the observed phenomena find a conceptual explanation. In fact, the basic and robust relation
that emerges from our numerical investigation of a wide range of stocks and other indices is that
when we plot the daily mean-variance relation of the logarithmic return, we find a parabola shaped
curve as a lower envelope. In particular, the relation is not linear, as basic models suggest, and the
nonlinearity exhibits a clear structure. This asks for a systematic explanation. The mathematical
theory we shall draw upon for that purpose is rough path theory [27], [17], [16], a new and very
powerful mathematical approach to stochastic processes. The theory can handle rather general
driving noises in a systematic manner. The key idea consists in directly incorporating higher order
information about the noise to define certain integrals in an algebraic manner.

Thus, we propose a new model using rough path theory, which covers all well-known cases and
phenomena. That is, we do not interpret the stochastic integral in (1.2) in the sense of It6, but in the
pathwise sense of a rough integral [21]. In that framework, the information from the driving path
x; = By(w) is not enough and additional information of a rough path x = (z,X!,X?) is required.
A rough path approach needs more information than just a driving noise. This is an advantage in
our context because it naturally allows for the incorporation of additional sources of noise. It turns
out that the theory can be formulated in a unified manner and the data can be matched with a
mixture of at most three such noises.

The no-arbitrage principle has been viewed as the fundamental requirement for a model to
satisfy the efficient market hypothesis (EMH). For models based on standard Brownian motion,
this is usually not a problem. When the stochastic noise in the asset price model comes from
fractional Brownian motions, which display the long rang dependence observed in empirical data,
it has however been shown, e.g. in [34] or in [9] that the model allows for arbitrage. A model in [30]
using the Skorohod-Wick-It6 integral shows that the existence of arbitrage can be avoided. Another
solution to this arbitrage problem comes from [10], [26], [29, Chapter 5, pp. 305-306] which assumes
that the noise is the mixture of a standard Brownian noise B and a fractional Brownian motion
BH for H € (%, 1). Subsequently, the no-arbitrage statement was proved in [6] for the wider class
exp{Z; + o B;} of geometric mixed noise, where (B, F) is a standard Brownian motion and Z is an
F-adapted process independent of B.

In contrast to that approach, in this paper, we follow [19], [20] and assume transaction costs. The
reason is that a sufficient condition for no-arbitrage only requires the log-price log .S; to be a sticky
process. Also, it turns out that the class of sticky processes is very large, since it contains strong
Markov processes or any stochastic process with conditional full support (CFS). The stickiness is
also studied later in [33] for a larger class of stochastic processes. The CFS criterion was extended
in [32] for a class of mixed noise Z; + X;, where Z is an arbitrary continuous process, and X
is a process independent of Z that has CFS. This class includes also mixed forms of mutually
independent standard Brownian motions and fractional Brownian motions.

The multi-scaling phenomenon could then be explained by a rough model in Subsection 4.1,
where the Hurst exponent is computed from the linear regression method between the logarithms
of the variance and the duration. Moreover, our empirical analysis in 4.2 finds that there is a



nonlinear mean-variance relation, which could not be explained by using the classical model (1.1)
but possibly by using the rough model. It is important to note that the model works under the
assumption on the stochasticity of the path [z, 2], which is defined from the signatures of the rough
path x = (z,X!,X2). This assumption has not been observed so far in theoretical studies for the
existing types of stochastic integrals (see Example 3.3), thus indicating a possible gap between
empirical studies and stochastic calculus applied in finance.

Finally, we show in Section 5 by a simple example that the well-known negative effect of the
variance on the expected log-return can indeed come from the path [z,2]. Since [z,2] might be
stochastic, it leads to the potential appearance of an additional noise which increases the variance
of the log-return. We therefore raise the problem of the model risk, in which the volatility increases
from stock model ambiguity, and the uncertainty comes from the signatures of the driving rough
paths.

2 Rough differential equations

2.1 ve(3,1): Young integrals

We first give a brief introduction to Young integrals. For a compact time interval I C R, define
A2(I) :={(s,t) : s,t € I,s < t}. Let C(I,R?%) denote the space of all continuous paths y : I — R%
equipped with the sup-norm || - |loo,; given by ||y|loo,r = supcr ||ly¢ll, where || - || is the Euclidean
norm in R%. We write Ysit == Yt — Ys. For 0 < a < 1, we denote by C(I,R%) the space of Holder
continuous functions with exponent « on I equipped with the norm

(2
= |ly(a)|| + sup ———,
a,l H ( )” sctel (t — S)O‘

[yllar = [ymin 1]l + Y]
For y € C*(I,R™ ® R%) and x € C¥(I,R™) with o + v > 1, the Young integral J; yedzxy can be

defined as
/Iysdxs = |1111|r30 Z YuTuv, (2-1)

where the limit is taken over all finite partitions II = {min/l =ty < t; < --- < t, = max[} of
with [II| := [m?xn |v — u| (see [38, p. 264-265]). This integral satisfies the additivity property by
v

)

construction, as well as the so-called Young-Loeve estimate [17, Theorem 6.8, p. 116]

t
H/ Yudxy, — YsTst
s

for all [s,t] C I, where

| < Ko, )t = 517 Byl o Boll g (2.2)

K(a,v):= (1272~ (2.3)

2.2 v e (3,3]: Rough paths

The basic theory of rough paths covers the case v > %, because in that case, one only needs X' to
control the path, see [21], [16]. Since we shall also need smaller values of v, we present here the
theory for v € (i, %], which also requires X? for the control. For that purpose, we introduce the
construction of the integral using rough paths for the case y,x € C*(I) when a € (%, v). To do that,
we first need to introduce the concept of rough paths. Following [27] and [16], a path z € C*(I,R™)



can be lifted to a rough path x = (z, X', X?) with

which satisfies Chen’s relation, i.e.
1 _ w1l 2 w2 2 1 1
Xs,t - X + Xut + Ts,u ® Lt Xs,t - Xs,u + Xu,t + Ls,u ® Xu,t + Xs,u ® Lu,t; (24)

for all min I < s <wu <t < maxI. As such X!, X? should be viewed as postulating the value of the
quantity

t t U
/ Tsr @ da, = XS 4 / / Tsyr @ dr, @ dx, = Xit, (2.5)
S S S

where the right hand side is taken as a definition for the left hand side, so that [ ®@dz is written
only symbolically. To illustrate the concepts, let us review below well-known situations for m = 1,
where the tensor ® simply denotes the ordinary multiplication between real numbers.

Example 2.1 1. When z is a realization of a standard Brownian motion B, we can choose
X!, X2 to be realizations of stochastic processes of the form

X4,() = /Bsudszu X2,() //BSTdBdBu, VO<s<t<T,

where the integrals fst B ,dB,, fst X;udBu are understood in the It6 sense. It is easy to show
that
1 Lo 1 2 13 1
KLi() = 5B — 5t =), K2 = £BL() — S(—9)Bul), W <s<t<T. (26)
Hence, in the pathwise sense, it is easy to check from (2.6) that x = (z, X!, X?) satisfies Chen’s
relation (2.4).

2. For a more complex process where X is a local martingale, for instance X; = fg asdBg, we
define the stochastic integrals [ydX as the integral w.r.t. the local martingale X [15, Section
2.5]. As such, we could apply the Ito formula [15, Section 2.8, p.64]

f(Xy) — /f w)dXy + = /f”

for any function f € C?, where (X); is the quadratic variance process, to compute explicitly

1 t 1, 1
Xs7t = Xs,uqu — §Xs,t_§
S

(0=(X)s), X2, = /: X!, dX, = éXit—%Xs,t«X}t—(X)S).

In particular if X; = fo asdBs, then (X); = fo azdu.



3. When X = B¥ is a fractional Brownian motion which is not a semi-martingale [34], we can
not apply the classical Ito calculus, but define the stochastic integral [ ydBH in the sense
of Skorohod-Wick-1t6 by using the Wick product as in [30, Chapter 5]. Then by using the
Wick-It6 formula [30] for the Skorohod-Wick-It6 integral

f(BEY - f(BI) = / Hu* =1 (B Ydu + / f(BEsBIH (2.7)
for any function f € C?, we can compute explicitly
1 ! HspH _ Lopayve L(onm om 2 ! 1 H_ LY ooms lion om\nH
Xs,t = Bs,u(;Bu = §(Bs,t) _§<t —S )7 Xs,t = Xs,uéBu = E(Bs,t) _§< —-S )Bs,t'
S S

In general, the 81gnatures X!, X2 could also be defined for a scalar centered Gaussian process
of the form X; = fo (t,s) dB where B is a standard Brownian motion, and K (t,s) is a
square integrable kernel. In particular, using the Ito-type formula

F(X3) — /f W)Xy + = /f” (2.8)

for any function f € C?, where R, = E(X,)* = [j K*(s,u)du and the stochastic integral
J 6X can be computed as the limit of Riemann sums defined w.r.t. the Wick product [1]. As
such X{; := fx 50Xy, X2, = IN X{.,0X, can be computed explicitly. The reader is also
referred to [16, Chapter 10] for a detailed construction of X!, X? of a higher dimensional X
with mutually independent components.

4. Next, consider a stochastic process X for which almost surely all realizations belong to a
Holder space C” for some v > 3. Then X!, := IN XXy, X2, = I X4 .,0X, are well defined
as Young integrals introduced in Subsection 3.1. Using the chain-rule formula that

F(X0) - / 7(x (2.9)

for any function f € C', X!, X2 can be computed explicitly as

Xl 1 2 2 1 3
s,t 2 st? s,t 6 st

Denote by CY(I) C C* @ C3* @ C3* the set of all rough paths in I, then C® is a closed set but not
a linear space, equipped with the rough path semi-norm

Il = Nlla,r + 1% oa, a2y + 1% 30,020 < o0 (2.10)

In general, we will assume that z is a realization of X, where X (w) : I — R™ XY (w) : I x [ —
R™ @ R™ and X?(w) : I x I — R™ ® R™ are stochastic processes that satisfy Chen’s relation (2.4)
and

E|Xst| < Clt—sl”, EIXGll < Clt—s*, EBIXZ<Clt—sf* Vs,tel (2.11)

for some generic constant C. Then, due to the Kolmogorov criterion for rough paths [17, Appendix
A3] for all a € (%, v) there are an w-wise version of (z, X!, X?) and random variables K,, K. K2,
such that, w-wise speaking, for all s,t € I,

lzsall < Kalt — s IXg ]l < Kalt — s, X3, < KRt - s>



In particular, for every o € (i,y) we have (z,X!,X2) € C® Moreover, we could choose i < «
smaller such that

- 29
xeC%(I):={zxecC: lim sup —— =0},
30 0<t—s<s [t — 8|*

X! e C"2(AX(D)) := {X € C**(A*(])) : lim sup M =0}, (2.12)
0=0 0<t—s<s [t — 8[**
Xs
X2 € CU3Y(AYI)) := {X € C3*(A*(I)) : lim sup el = 0}.

00 0<t—s<5 |t — 8[32

Then C*(I) C C*¥(I) @ CY2*(A%(I)) & CY3*(A2(I)) is separable due to the separability of the
spaces CY(I), C%2%(A2(TI)) and C®3¥(A2(I)) [17, Subsection 5.3.3].

Rough integrals for controlled paths

We are now able to define rough integrals of the form [ ydz for controlling rough paths y, as
presented by Gubinelli in [21], but for the case % > a > %. Namely, a path y € C*(I,R™ @ R?)
is controlled by (x,X') if there exists a tube (y/,y”, RY, RY") with i/ € C*(I,R™ @ R™ @ R%),y" €
C?(I,R™ @ R™ @ R™ @ RY), RY € C3*(A%(I),R™ @ R%), RY' € C**(A%(I),R™ @ R?) such that

Yor =VYs @Tot + RY;, Ysp = Y @Top + Y5 ® X;t + RY,, Vmin] < s <t <maxI. (2.13)

y',y" are called respectively the first and the second Gubinelli derivative of y. It is easy to prove
that Gubinelli derivatives are uniquely defined as long as x is truly rough, i.e. x € C*\ C?* so that

lim sup 7”%’t‘| =
tls |t - 5|2a ’
(see also [16, Proposition 6.4]). According to [16, Theorem 6.6 & Exercise 6.14], almost surely, all
realizations of a standard Brownian motion B or a fractional Brownian motion B for H € (%, 3]
are truly rough, for any a € (1, 3).
The space D&;@ )(I ) of all paths y controlled by (z,X') becomes a Banach space equipped with the
norm

iz

19llz207 = Yminzll + [Ymin | + l¥iin 21l + 09007 5 where
" s + |27, , + VRN

|||ny,a,I )201,

where we omit the value space for simplicity of presentation. Now fixing a rough path x and for
any y € D, Xl)(I), we define a function F' € C*(A2(I),R%) by

Foi=ys Qusi +ys @ Xi,t +yy ® Xit-
It then follows from (2.13) that

Fsp— Fsu— Fuy
ST ERERACD SHERTECD T (RCEIERTACD HERVACD <)

- (?Ju ® Tyt + Y, @ Xi,t + Yy ® Xi,t)
= —Ysu @ Tys + Y5 ® (X;,t - X;,u - X’}L,t) - y;,u ® Xi,t +yy ® (Xg,t - X?,u - Xi,t) - y;/,u ® Xi,t
= —(Y®@zsu+y, @ X;u + RY,) @ Tug + Yy @ Lo @ Tup — (y;’ & Tsu + Rglu) ® Xi,t

@ (xs,u ® Xy + X1, ® wu,t> — Y, X0,

= —RY, QTyup— Rg:u ® X'IIL,t - y;/’u ® Xit, Vmin/ <s <wu <t <max/.



As a result,

1Fot = Fou = Fuall < IRE, @ wull + 1 RE, @ Xl + llyd, @ X34

< ft = s (IR Mo Bl + || B[, 11 e+ 191 1 )-
Therefore F' belongs to the space
coler) = {F € C(A2(I)): Fi =0 and
||Fst _Fsu_FutH
5Fl,, = o= P Fudl _ )
Il m4a,1 minlgszlilg)tgmaxl It — s]da < 0

Thanks to the sewing lemma (see [12], [16, Lemma 4.2]), the integral f; yudz,, can be defined as

t
s ITT|—0 ’ ’
[u,v]ell
where the limit is taken over all finite partitions II of I with |II| := max |v—ul (see [21]). Moreover,

)

there exists a constant Co = Cy ;| > 1 with |I| := max [ — min I, such that

o I e I o M ) (215)

t
H / yudl'u —Ys X xS,t + y; ® X;,t + yg ® Xg,t
s

|

regardless of whether the domain is I or A2(I).

< CallDIt = 51 (IRl ol + || B

where we will simply write [z, , || X, ; ||X?

(P9 2. | P

Remark 2.2 In case v € (%, %], the appearance of X? can be neglected and we go back to the

integral theory for controlling rough paths in [21]. Namely, the z € C" would then be lifted
to a rough path of the form x = (x,X!), where X! € C?” satisfies (2.4) and (2.5). For a €
(3,v), a path y € C*(I,R™ ® R?) is controlled by (z,X') if there exists a tube (y', RY) with
y € CY(ILR" @ R™ @ RY), RY € C3*(A?(I),R™ ® R?) such that

Yst = Yo ® Tsy + Rgt, Vminl < s <t <maxlI. (2.16)

A similar construction using the sewing lemma leads to the definition of the integral fst YudTy, as

¢
/ yudzy = lm > [y @ 2y + 1, @ X, ] (2.17)
s |TT]—0 ’
[u,v]€ll
where the limit is taken over all finite partitions II of I with |II| := [m?x |v — u|. Moreover, there
u,v|€ll
exists a constant Cp, = Cy |7 > 1 with [I| := max ] — min [, such that

t
| [ s =y a3 < Gl = o (1 Bl + [, )+ 229



2.3 Rough differential equations

For simplicity of the presentation, from now on, we set m = 1 and consider the rough differential
equation
dyt = Aytdt + Cytdxt, Vit € [CL, T], Yo € Rd, (219)

on any interval [a, T], where A € R™? and C € R?*?. Equation (2.19) is understood in the integral
form

t t
Yt = Ya +/ Ayudu Jr/ Cyudry, te [aaT}v (2'20)

where the second integral is understood as the rough integral in the Gubinelli sense, with ® being
the ordinary multiplication between two matrices (in particular between a matrix and a vector). The
following theorem asserts the existence and uniqueness of the solution of a linear rough differential
equation in the Gubinelli sense. Note that the same conclusion holds for general dimension m if
the solution is understood in the sense of Friz-Victoir, see [17, Section 10.7].

Theorem 2.3 (Existence and uniqueness of the solution) There exists a unique solution of
equation (2.19) on any interval I.

Proof:  The proofs for the cases v € (3,1) and v € (},1] are provided in [38] and [14]
respectively, hence we only need a proof for the case v € (%, %] Fix an a € (%, v), we first prove the
existence and uniqueness of the solution for some small interval [a,T] such that T — a < 1, which

will be clarified later. Define the [t6-Lyons map

¢ ¢
GY)t == Ya —I—/ Ayudu—l—/ Cyudy, t € la,T).

Also denote by D2%(y,,Cy,) the set of paths y controlled by (z,X!) in [a,T] with initial values ¥,
and 3, = Cyq,y" = C?y, fixed. Observe from (2.15) that if y is controlled by (x,X!) then so is
G(y) with G(y)., = Cys, G(y)? = Cy.. For this reason, the following mapping is well defined

M Dgo‘(ya,Cya,Can) - Dia(ya,Cya,C’gya), M(y)t = (G(y)t,Cyt,Cyg).

Similar to [21] we are going to estimate ||M(y) =|CV|,+ chmea—l— H‘RG(y) ‘Hw using my|||xa =

2,0

Iyl + H]Ry’ .+ IRV, Tt follows from (2.13) that
lewll, < et Il < 1€ (1o el + @ — a2 27| )
< 1ICH Izl Iyl + 1ENT = &) izl ly” |l + lCNT — ) || B])
< ln(ell + (T = @) =) (gl + ol )

On the other hand, [[R%Y| < [Cy"[[|X2, ] + |CRY, [, which results in

12N < ICHI oo X ] + ICIT = @) 1RV s,
< MO o el + ICUCT = @) [ g ", + UCNT = ) IR
< NN 1% oo + @ = @)= (| + ol )



Meanwhile

t t
IR < || [ i +]) [ o~ Oy - cuixl
< AN = sllylloogsag + ICT1 oo X2
+CalT = )t = 5 NCY (Fally 1R kaq + [1X" [l | B ||, + 1% 50 N1, )
< 1Al = slllloeor + ICHENIRZ N+ 1C1E = 9% "], K21

+Ca(T = )t = s (el + X e + 1%l ) Bl
where we can choose T'— a < 1 so that C,, can be bounded from above by Cy(1). In addition
19llos,is,n < lyall + Myall (T = @) lally + lyall(T — a)** Xy, + (T = a)** [ RV ]y ,

thus it follows that

=)

3o

< JANT = @) yall + (T = )72 ol Jall + (T = @)= [|% |y, | + (T = @) DRV, |
HIC X250 (N0 + (T = @) 18" ]l,, ) + CalCUT = @) (Ul + 1K g + 1% 50 ) Wl

< (Al + Ca@IC(IT = al' = + lallo + X + 1% M50 ) (el + 160 + 20+ Dol )

Altogether, we have just proved that there exists a constant K = K (||A]|, ||C]|, Ca(1)) > 1 such that

1Ml < K (1T = a' = + o]

oot + 1% ooy + 1% s furry 9llacfarss (2:21)

where we choose, for a given p < 1, a time 7' = T'(a) satisfying

I

(T =)' ol o) + 1% N gozs + 1M iory = 3¢ < 1

Therefore, if we restrict to the compact set

o 1%
B = {(5:/) € DIy O ) Iy < 75, (4 ICH 4 1CT)

then

2 [

(1 2
1_M< + I+ 1C1) vall,

7]
MOl < plyllea < (

2
<
-~ +u>(1 HICI+ICI) lyall <

which proves that M : B — B. In addition, for any two paths y and y € B, by a computation
similar to (2.21), we get

IMy) =Moo < wlly=0la:

which shows that M is a contraction on B. This proves the existence of a solution on [a,T]. Next,
for any two solutions with the same initial conditions (v, Cya, C*y4), by the same computation as
in (2.21), we get

Iy = 9llea < 1lly = 9lls0

which, together with p < 1, proves the uniqueness of the solution of (2.19) on [a, T].
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Finally, we construct the greedy time sequence (2.22)
To =min/, 741 :=inf {t >7c(t—7) T+ Il 7., = %} A max T, (2.22)
and putting Ny o(x) :=sup{i € N: 7, <max I}, we deduce from the fact

£ < rivn = (14 Il )

that

1

K v—a
Nia(x) < [0+ Il )7+ 1

Therefore, we can extend and prove the existence of the unique solution on any interval I. It is easy
to see that the solution y; depends linearly on the initial y,, hence there exists a solution matrix
®(t,a,x) of equation (2.20). O

Corollary 2.4 Assume A,C : [0,T] — R4 A is Lebesgue integrable on [0,T] and there exists
o € (3,v) such that C. € C*([0,T],R™?). Assume further that C. is controlled by z in the sense of
(2.16) in Remark 2.2. Then there exists a unique solution of the time dependent rough differential
equation

dy; = Awyedt + Coyedxy,  yo € R, (223)

Proof: Note that the solution candidate y of (2.23) should be found in the class of continuous
paths that are controlled by x, hence C.y. is also controlled by x. We will omit the details of the
proof, as it proceeds analogously to that of Theorem 2.3. O

3 Rough model of stock prices

3.1 Rough stock model

We start with a rough differential equation version of the Black-Scholes model (1.1) for the financial
asset price Sy > 0 at time ¢,
dSt == HStdt + O'Stdl’t, (31)

where p,0 € R are model parameters. Equation (3.1) is understood in the pathwise sense as the
integral form

t t
St :Sto—i-/ ,uSudu—l—/ o Sudxy, (3.2)

to to
where 2 € C¥([0,T], R) for v > 1 is the driving path, which is lifted to a rough path x = (z, X!, X?),
and the second integral is understood as a rough integral defined in Gubinelli’s sense for controlled
rough paths as presented in Section 2. Fortunately in the scalar case (m = 1) we have the following
result.

Lemma 3.1 Assume v € (1,1] and define
[z,2]s = x?,t - 2X;,t7
[2,3]50 := 23, — 32, XL, +3X3,. (3.3)
Then [x,2], [x,3] satisfy the additivity condition, i.e.
[2,2]s0 = [, 2]su + [2,2]ut;  [2,3]s4 = [, 3]s + [2,3]us, Vs <u<t (3.4)

hence they can be defined by [z,2]s+ = [x,2]o+ — [z, 2]o,s, [z, 3]st = [, 3]0t — [z, 3]o,s, where [x,2]p. €
C% [z,3]o. € C¥ are Hélder continuous paths. In case v € (%, %] , the conclusions still hold for
[x,2].

11



Proof: The first equality in (3.4) is trivial due to the property of X!. To prove the second one,
we use the Chen relation (2.4) for X? and the first equality in (3.4) to obtain

[137 S]S,t - [557 3]s7u - [137 S]u,t
= (xit - xiu - xit) - 3($8,tX;,t - ‘TS,UX;,u - xu,tXi,t) +3 (Xg,t - Xg,u - Xg,t)
_ 2 2 1 1 1 1 1
- 3xs,uxu,t + stﬂxu,t -3 (xSJXs,t - ‘I‘Syuxs,u - xu,tX%t) + 3<x5,uxu,t + xU,th,u>
= 3{x57u$u7tx57t - x87tX;,t + (xsyu + :I/‘uyt) (X;,U + X’b,t)}
= 3xs,t (xs,uxu,t - X;,t + Xi,u + Xi,t)
= 0.

|

Remark 3.2 1. Asa consequence, X!, X? can be defined formally based on [z, 2], [z, 3] as follows

1 t 1, 1
X5t = i Tgyday, == 5375,15 — 5[3372]5,,5,

t 1 1 1 1 1
th N / X; Ty = xs»tX;t - *xgt + @, 3]st = *xgt — 5Tst[2, 25 + 2, 3]5£3.5)
, s toogTst T3 65t 2 3

for all 0 < s <t < T, where the integrals in (3.5) are written symbolically.
2. Forv e (%, %], we could use the same procedure to define X;’,t which satisfies

3 3 3 2 1 1 2
Xs,t - Xs,u - Xu,t - xS,UXu,t + XWXy + Xs,uxuﬂf'

s,u“>u,t

Based on that, if we define
[z, 4]st := ﬂfg,t - 4x§,tX;,t + Z(X;,t)z + 4338,tX§,t — 4X3

St
then it is also easy to prove that [z, 4] satisfies the additivity condition and hence is a C4"-
Hélder continuous path. Moreover, X3 can be defined based on z, [z, 2], [z, 3], [z, 4].

3. The additivity condition can still hold for = of higher dimension, provided that the components
of z are mutually independent. For example, for m = 2 and z = (ﬂv(l),w@)) where (1), z(2)
are independent scalar Gaussian noises, we define

(1) (CYRENEY! (2) t (1) (1) t (1) (2)
Doy ® Toy = xf;) ® wflt) xfzt) ® xft) and X1, = fst fqu; ® dx?l) fst mf;; ® dxé)
Top @Tg) Tgf ®Tgy ’ [y rsa@dey’ [ xsa ® day
n

s,t s
where the integrals fst :zg w® dx&z) and fst xﬁ{ ® d:zq(}) of two independent Gaussian processes
can be defined as the limit in £? of the Riemann sum (see e.g. [16, Chapter 10]), while

S,t )

fst x&l ® dxq(}) and fst xg& ® d:cq(f) are defined symbolically as in the scalar case. Since the
stochastic integral for independent Gaussian processes satisfies the rule of integration by parts,
it is easy to check that

¢ t
[000m® + [ 0w =al)o
henceforth

1 9
B 1 [ZU 5 ]s,t 0
[x, Q]S,t = Tt ® Ts,;t — 2Symxsvt B < 0 [:E(Q)a 2]S7t>

and the additivity condition of [z, 2] follows directly. The arguments for the additivity of [z, 3]
are similar.
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Example 3.3 Returning to Example 2.1, we choose [z,3]s; = 0 for all 0 < s <t < T and choose
[z,2] as follows

t—s if Xt = Bt
[2,2]s = (X)e = (X)s if Xt is a local martiangle (3.6)
. t,u)du — [P K(s,u)?du i K(t,s) . '
s 4]s,t OtK 2d 5 K 2d f O dB
0 if X. € C”,V > 1

In particular, for a mixture X; = pB; + /1 — p?E; for a constant p € [—1, 1] and a process E. € C”
with v > %, by using formulae (2.6), (2.9) for the Stratonovich stochastic integral [dB and the
Young integral [ 0= respectively, we can compute explicitly

[:L', 2]8,157 [ﬂf, 3]5715 = O

Note that in all considered cases, [x,2] is non-random and [z, 3] = 0. We therefore raise a question:
Does there exist a stochastic process X and a type of stochastic integral, such that X', X? can be
defined and either [x,2] is truly stochastic or [x,3] #07

Theorem 3.4 The solution of equation (3.1) can be written explicitly in the form Sy = e¥t where

p(b—a)+oxqy if ve (% 1),
Yab =S (b — a) + 020y — %[, 2as if ve(d il (3.7)
2 3
p(b—a) +oxap — Gl 2ap + Flr,3lap if ve(] 3]

forall0<a<b<T.

Proof:  The proof follows directly from Theorem 2.3 for d = 1. Since the cases are similar,
it suffices to prove the result for the most difficult case v € (i, %} In fact, since zero is the trivial
solution of (3.1), it follows from the existence and uniqueness theorem that S; # 0 for all ¢t > s
whenever Ss; # 0. That implies Sy > 0 for all ¢ > s whenever Sy > 0. Now applying the Taylor
expansion for the function Y; = V(S;) = log S, we obtain from the fact y € C¥ that

1 2 3 dov
logSt:logSerS—SSs,t 2525 3535t+0(|t—s| ), (3.8)

for 0 <t —s < h small enough on [0,7]. On the other hand, the discretized scheme for equation
(3.1) using S. = 0S5, 5" = 029, and (2.15) yields

Ssi = pSs(t — 8) + 0Ssws s + 028 Xst + U3SSX§¢ + O(Jt — s|*), (3.9)

for all [t — s| < h on [0,T]. Combining (3.8) and (3.9), and using the fact that + € C* X! €
C?*,X? € C3*, we obtain

S,
log St = (,u(t —8)+oxsy + J2X;t + O'3X§’t +O(|t — 5]40‘)>
S
1 3y2 4o 2
2<,u(tfs) +oxsy+o X5t+a X5+ +O([t — s ))
1 3
+3 (u(t —8) +oxey + 0 XL, + 03Xg7t +O(Jt — s]4a)>
1 1
=t —s)+ozge—o?|ad, — X4 + 0| 2ad, —auxl, + X2, + O(t - 5[
2 o3
= u(t—s)+oxss — —[1,2]st + =[x, 3]s + O(|t — s|*)

2 3
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for all [t —s| < h on [0,T]. Now for any 0 < a < b < T, by discretizing the interval [a, b] into
sub-intervals of length h = T2 with end points a =ty < t; < ... < ty = b and using (3.4), we

obtain

Sb Sti+1
Yop=log o= = zz(; log =
N-—1 2 3
g g 4o
= (M(ti-‘rl - ti) + OTt; ti01 — 7[‘%’7 2]ti7ti+1 + ?[1', 3]ti7ti+1 + O(h‘ )>
=0
0'2 0'3
= 10— a) + 070 — Tl 2as + Tlo By + OGN
0'2 0'3
= pulb—a)+ozey — ?[x, 2)ap + g[x, 3lap + (b —a)O(h* ). (3.10)

Letting h — 0 and using the fact that o > i, the discretized equation (3.10) proves the logarithm
form of (3.7). O

Corollary 3.5 Assume that 1 : [0,T] — R is Lebesgue integrable and there exists o € (3,v) such
that 0. € C(]0,T],R) and o is controlled by x in the sense of (2.16) of Remark 2.2. Then the time
dependent rough differential equation

dS; = MtStdt + 04Sdxy (311)

could be solved explicitly as S; = e¥* where

t 1 [t t
Y;,t:/ ,uudu—z/ aud[:v,2]u+/ OudTy, (3.12)

where the second integral in (3.12) is a Young integral (2.1) while the third integral is understood
as a rough integral (2.17).

Proof: The proof uses similar estimates as in the proof of Theorem 3.4, hence will be omitted
here. O

Remark 3.6 Theorem 3.4 shows that the stock model (3.1) is the most general model so far,
since the driving noise can be constructed as the linear combination of z, [x, 2], [x, 3] which are not
necessarily of Gaussian type, and are not necessarily mutually independent. This matches with the
empirical evidence that the log-return does not follow a normal distribution and can have a heavy
tail. Moreover, the long memory effect can also be explained given that [z, 2], [z, 3] are Holder
continuous of order 2v, 3v > %

Let us review some special cases.

e If x is a realization of a standard Brownian motion B, we go back to solve the classical model
(1.1) using It6 calculus, so that the log-price has the form

52
Y1 = (,U — ?) (t —s)+ oBgy.

That corresponds to [x,2],p = (b —a),[z,3] = 0.
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e Also, if we choose x to be a realization of a fractional Brownian motion B¥ for H € (%, 1),
we go back to the model d.S; = uSdt + USt(SBfI with the Skorohod-Wick-Ito integral [ yoBH
proposed in [30] as discussed in Example 2.1(iii), hence the solution is solved explicitly [31] as

2
Yoo = p(t—s) — %( 2H _ 21y 4 6B (3.13)

henceforth [z,2],p = (0?2 — o), [2,3]4 := 0.

e Additionally, if X; € C for v > %, then by solving the Young equation dS; = p.Sidt 4+ o Syd X4,
we obtain the explicit solution
Ysir = pu(t —s) +oxsy; (3.14)

in this case [z,2] = [z,3] = 0.
Similarly, by assigning X; := pB; + /1 — p?&; for p € [—1,1], we go back to the mixed noise

model . . .
S; =S, +/ 1Sy du +/ opSydBy +/ o1 — p?S,d&,, (3.15)

where the first stochastic integral is understood in the Stratonovich sense, and the second
stochastic integral is understood in the pathwise sense as a Young integral, due to the fact
that £ € C? with 2v > %, see e.g. [29, Chapter 5]. The explicit solution of equation (3.15) is
given by

Yot =p(t — ) +0pBst +0o/1—p?&ss, VO<s<t<T, (3.16)

which corresponds to [z,2]s4,[z,3]s+ = 0. We emphasize here however that, in (3.16) the
effect of mixed noises is only linear in ¢ which comes from the noise z,_;, but in general higher
order terms of ¢ could come from [z, 2], [z, 3] as in (3.7).

3.2 No arbitrage under transaction costs

Motivated by the discussions in Remark 3.6 on different types of stochastic integrals as well as
Example 3.3, we propose the following additional hypotheses in this section.

Hypothesis A [z,2], [z, 3] are Holder continuous paths of the form

[.%', Q]S,t = Ot + és,ta [.ZL', S]S,t = 55,75 + Vs, ts (317)

for all s,t € [0, T], where «, 5 : R — R are deterministic functions of bounded variation; and

Hypothesis B z,£,~v are realizations of mutually independent stationary stochastic processes
X1, 2, 'y on a probability space (2, F, (Ft):ec(o,71, P) which are Fi-adapted and satisfy

EX,; =EZ,, =El,, =0, Y0<s<t, (3.18)

and such that almost surely all realizations of X,Z,T belong to the Holder space C¥,C?,C3" re-

spectively for some constant v € (3, 3).

It is important to note that from Hypothesis A, the pathwise integral [ ydz for controlling rough
paths y w.r.t. x of the form

1 /
Ysit = y;ws,t + §y;’(w§,t - §s,t) + Rg,tv y;,t = y;’xsvt + Ri’,t

15



can be computed as

K _ 1 1
A yudxu = |11[1|11>10 Z [yumu,v + iy'/u( é_u v) 6 u( Loy v — 3z, v&u vt 27u v):|
[u,v]€Il
t t 1 ,
+ [ gutas,— [ Suidon.
where the limit is taken on all the finite partitions II of I with |II| := [m?x |v — ul, and the last
u,v]ell

two integrals are understood in the Riemann-Stieltjes sense for functions a, 5 of bounded variation.
Then the logarithm price process Y; := log Sy can be written explicitly in the pathwise sense as

2 0.3 2 0.3

Yt = [,u,(t —5)— %as,t + gﬁs,t +oXst — %E&t + ngﬁt, Vs, t € [0,T]. (3.19)

To avoid the no arbitrage problem we follow [19] to consider a realistic assumption on transaction
costs. Namely, consider the model with a riskless asset price process A; and a risky asset price
process (St).e(o,7) on a filtered probability space (€2, F, (Ft):e(o,1), P), where the filtration J; satisfies
the usual assumptions of right continuity and saturatedness and S; is a cadlag (right continuous with
left limits) path, strictly positive almost surely, adapted and quasi-left continuous w.r.t. F;. An
investor trades in the risky asset according to the strategy (0:);c(o,7), Wwhich represents the number
of shares held at time ¢, and each unit traded in the risky asset generates a transaction cost of k
units, which is charged to the riskless asset account. Consider a simple strategy 6 which requires a
finite number of transactions at stopping times (7;)_;, then 6 = """ | 0ily7,_, 7, for some random
variables (0;)"_;, where 6, is F,,— measurable, and 6y = 0 conventionally. The liquidation value of
a portfolio with zero initial capital is

= 0:(Srint = Sri_ynt) =k Y Sr|6i — 0i1| — kS48, (3.20)

T <t

This discrete model is then proved to converge to the following continuous model
Vi(6) = (0, 5); — k /[ a0~ kSi[0 (3.21)
0,t

where [|0]|; is the total variation of 6 on [0,¢] and (6,S): is a certain type of pathwise integral.
According to [19], a strategy 6 is admissible if V;(0) > —M a.s. for some M > 0 and for all
t > 0. It is called an arbitrage opportunity on [0,7] if it is admissible with V7(6) > 0 a.s. and
P(Vr(0) > 0) > 0. A market is arbitrage free on [0,T] if, for all admissible strategies 6, Vp(0) > 0
a.s. only if Vp(f) = 0 a.s. The market is arbitrage free with transaction costs k if S; satisfies the
condition that for all stopping times 7 such that P(7 < T) > 0, we have

IP’( sup ‘——1‘<k‘7’<T)>O (3.22)
te[r,T)

Condition (3.22) is satisfied when the asset logarithm price process Y; is sticky w.r.t. the filtration
Fi, i.e. for all ¢, > 0 and all stopping times 7 such that P(7 < T') > 0, one has

P(sup |Y; —Y <e,7<T)>0 (3.23)
te[r,T]

According to [19], any strong Markov process, i.e. for every finite F,-stopping time 7, under the
conditional law P(:|X; = y), the process (X;4¢)i>0 is independent of F, and has the law Py, is
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sticky. Another sticky class consists of adapted stochastic processes w.r.t. filtration (]:t)te[o,T] that
have conditional full support (CFS), i.e

vt € [0,T), (P-as)VweQ: supp (1aw[(Xu)ue[t,T]\ft} (w)) = Cxyu ([T, 1), (3.24)

where C,([t,T],1) is the space of continuous functions f € C([¢t,T],I) taking values in an open
interval I C R such that f(t) = 7, and we regard law [(Xy)yep,1|F¢] as a regular conditional law (a
random Borel probability measure) on C([¢,T],I) [25, pp. 106-107]. Furthermore, any stochastic
process with CFS is proved in [20, Theorem 1.2] to admit an e-consistent pricing system | for all e > 0,
i.e. there exists a pair (S P) where P is an equivalent probability w.r.t. P and S is a P-martingale
(adapted to F;) such that

116 < gz <l4e VEe[0,T).

We therefore need another assumption.

Hypothesis C Either X3, =;,I'; are all strong Markov processes, or X has CFS in the sense of
(3.24).

Theorem 3.7 Under Hypotheses A, B, C and the situation of transaction costs k, the logarithm
price process Yy in (3.19) is sticky. Hence Sy is arbitrage free under transaction costs k on any
interval [0,T).

Proof: 1In case X, =, T" are strong Markov processes, the stickiness follows from [19, Proposition
3.1]. For a more general case, we could apply the method in [20], [32]; in particular the CFS criterion
was proved in [32, Theorem 3.3] for an extended class of mixed noises Z;+ X}, where Z is an arbitrary
continuous process and X is the adapted process with CFS and independent of Z.

[

Remark 3.8 (Towards a time dependent rough model) Let us consider the case v > % and
the time dependent model (3.12)

t 1 t t
Yo = / fydu — / oyd|z, 2], +/ OudTy,
S 2 S S

where 0. is a F;- adapted stochastic process that is independent of X, = and oy # 0 for all ¢ € [0, T]
almost surely. We need to impose the condition for X so that Y; is sticky. In this case the process
I' in Hypotheses A and B could be neglected. The conclusion on stickiness of Y; should then hold if
X, = are strong Markov processes, as seen in Theorem 3.7. However, in order to prove that ¥ has
CFS once X has CFS, we need to modify the CFS condition in Hypothesis C to match with the
rough integral fst Oudxy.

To do that, observe from Hypothesis B that for a fixed o € ( %, v) almost all trajectories of X belong
to the separable space C%%([0, T],R) as in (2.12). Since

¢ 1/t 1 1/t
Yiir = /,uudu_/ Uud[x72]u+ lim [quuv+0;xiy]_/ U;d[l’,?]u
: . > /. i [Z]en v %t 7y
u,v

! L[ 1
= / oy du — / <0u + a;)d[ 2], + lim E [CuTup + =00T2 ),
s 2 /s [T1|—0 7 2 '
[u,w]€ll

we should define the CFS condition for X in terms of Hélder spaces as

Vvt €[0,T), (P-as.) Vw € Q: supp <1aw[(Xu)ue[t7T]|ft] (w)) CO “

LTI, (3.25)
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In this situation, we expect to prove that: If X has CFS on [0,T] in the sense of (3.25), then so
does the process k. = [joydx,. The proof is similar to [20, Lemma 4.5] (see also [32, Theorem
3.3]), except the estimates w.r.t. the supremum norms should be replaced by the estimates with
a-Holder norms. In particular, one important task in the proof is to approximate x by a function

f € CY[0,T],R) so that

/taudmu—fs,t:/taud:cu—/taud</ug’{dr) :/taud<xu—/ua’£dr>

where all the integrals could be understood in the rough sense. As such the norm |5 — fl|q, ;7] can
be estimated using (2.18).

Note that for o. to be a piecewise constant function, we go back to model (3.19) without 3, T, hence
there is no need to use the a-Holder norm but only the supremum norm, and Theorem 3.7 can be
applied to obtain the CFS in the sense of (3.24) for Y.

4 Some empirical evidence

4.1 Estimating Hurst exponents

Table 1 shows how the Hurst exponents vary w.r.t. different time scales h, for h = 1 corresponding
to daily quotes, by using the rescale range test [R/S| with minimal size of 20 to avoid numerical
error in estimating linear regression [13]. As seen in Tables 1,2,3, the Hurst exponents for daily,
weekly and monthly data are still smaller than %, implying that there is no effect of the third noise
I" for a Hurst exponent Hg > %. On the other hand, the Hurst exponents are bigger but very close
to 0.5 for a time scale h < 1 (minute quotes), implying that the effect of standard Brownian motion
dominates X; = B; and thus H; = %

Tables 2 and 3 show the results for the same data but for different methods of computing the fractal
dimension, namely using spectral analysis and the Higuchi method [23]. We see that quite often
the spectral method gives Hurst exponents smaller than % for smaller time-scales. In contrast, the
Higuchi method gives quite stable results which are comparable with the rescale range method in

Table 1.

In addition, our numerical computations, in Table 5 and Figure 1 with data from stock index
SP500 for different timescales, show a non-linear dependence of the variance on the time duration,

Var Y; 14 = o’ o log (Var E7t+7) =2H logT + 2logao, (4.1)

where 1 > H > 0 for all data of timescales from minute to monthly quotes. Moreover, H seems to
depend increasingly on time scale h. Relation (4.1) is tested by choosing 7 = 2¥ k = 0,..., m where
m = log, % and N is the length of the data. The variance Var Y; ;4. can be computed based on
the sequence {Yj; ;+1)-} with length no less than 100 to neglect potential noises from small data.

It is not clear how this nonlinearity can arise from the time dependent model (1.2) with addi-
tional assumptions on the stationarity of the processes u; and o;. However, we can give a simple
explanation for the numerical results in Table 4 and Figure 1 by using model (3.7). Indeed, we
can simply assume that [x,2],; is a realization of a stochastic process Z and let §,I' = 0. Then it
follows from (3.19) that

2 0.2

o —_
Yit4n = ph — 5 Qttth +0Xt44n — o Stitths (4.2)
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| | IM | 5M | 15M | 30M | 1H | 4H | Daily | Weekly | Monthly |
| Sp500 | 0.5158 | 0.5103 | 0.5234 | 0.5218 | 0.5201 | 0.5278 | 0.5613 | 0.5816 | 0.6105 |
|
|

| Dow Jones | 0.5199 | 0.5177 | 0.5301 | 0.5410 | 0.5437 | 0.5534 | 0.5764 | 0.5952 | 0.5990
| Nasdaq100 | 0.5177 | 0.5193 | 0.5245 | 0.5256 | 0.5324 | 0.5490 | 0.5694 | 0.6069 | 0.6305

Table 1: Hurst exponents for different time scales using [R/S] analysis. Data source: Dukascopy
Bank SA

| | IM | 5M | 15M | 30M | 1H | 4H | Daily | Weekly | Monthly |
| Sp500 | 0.4898 | 0.4911 | 0.4969 | 0.4879 | 0.4838 | 0.4818 | 0.5649 | 0.6006 | 0.5284 |
| Dow Jones | 0.4937 | 0.4952 | 0.5021 | 0.4909 | 0.4927 | 0.4951 | 0.5049 | 0.5386 | 0.5015 |
| Nasdaq100 | 0.4907 | 0.4964 | 0.5048 | 0.4974 | 0.5031 | 0.4755 | 0.5188 | 0.5651 | 0.4649 |

Table 2: Hurst exponents for different time scales using Spectral analysis. Data source: Dukascopy
Bank SA

| | AM | 5M | 15M | 30M | 1H | 4H | Daily | Weekly | Monthly |
| Sp500 | 0.5202 | 0.5202 | 0.5157 | 0.5197 | 0.5181 | 0.5149 | 0.5549 | 0.5410 | 0.5483 |
| Dow Jones | 0.5198 | 0.5208 | 0.5174 | 0.5127 | 0.5161 | 0.5081 | 0.5651 | 0.5734 | 0.5655 |
| Nasdaq100 | 0.5271 | 0.5294 | 0.5224 | 0.5185 | 0.5307 | 0.5288 | 0.6112 | 0.6490 | 0.6491 |

Table 3: Hurst exponents for different time scales using Higuchi method. Data source: Dukascopy
Bank SA

where X and Z are independent. As a result,

2 4
o o _
En’t+h = ,uh — ?at’prh, Var Y;57t+h = UQVar Xt,tJrh + ZV&I‘ Stt+h- (43)

Now assume further that
Var Xy pop = E|Xt,t+h|2 =Ch, VarZipip = E|Et,t+h|2 = CthH (4.4)

for some H € (3,1) and constants C,Cy (this assumption (4.4) will be satisfied if X = B and

= = BH). Then it follows from (4.3) that

log(h) + log(Co?) if h<1

. 4.5
2H log(h) +log(“ot) if h>>1 (4.5)

log (Var Yt,t+h) = log (CO‘2h + %04}12]{) ~ {

Therefore for different time scales h ranging from lexo for minute quotes to 30 for monthly quotes,
the regression coefficient for the relation between log (Var Yt7t+h> and logh in (4.5) can increase

from smaller than (but also close to) % to 2H for H > %, as observed in Table 4.

4.2 Upper-parabolic mean-variance relation of the logarithmic return

A drawback of model (1.1) is the fact that

o2
EY:tin = h(ﬂ - 7); Var Yy 45 = 0°h,
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| | 1M | 5M | 15M | 30M | 1H | 4H | Daily | Weckly | Monthly |
| o | 0.0003 | 0.0006 | 0.0010 | 0.0014 | 0.0020 | 0.0036 | 0.0121 | 0.0246 | 0.0417 |
| H | 0.4872 | 0.4841 | 0.4810 | 0.4832 | 0.4798 | 0.4673 | 0.5237 | 0.5663 | 0.6191 |

Table 4: Linear regression coefficients of relation (4.1) for Sp500, from minute to monthly quotes.
Data source: Dukascopy Bank SA

Loglog o beteen Yt and Drtonof s

e

Loglog ot between Ve and Drtonf g1
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Loglgpletbetmen Ve Dol s Lo et e Ve o Diencl s

yard

Figure 1: Linear regression of relation (4.1) for Sp500, from minute to monthly quotes. Data source:
Dukascopy Bank SA

which implies that the variance depends linearly and negatively on the expected return
Var Yyip, = 2uh — 2EY, 4. (4.6)

Our numerical computations with empirical data show a different picture. We collect time se-

ries {Y} *, of 1 minute logarithmic quotes, so that the time step h is small. Then for any

set Y( = {Yim+i}i, of daily period where £k = 0. [—] — 1, we calculate the mean EYk(h) =
2

L ZZ 1 Yem+i km+i+1 and its variance Var Y( = = 1 Py (Yka,kaH — ]EYk(h)) of the 1-

minute logarithmic return during that day. Figures 2 and 3 show that, for all types of financial
asset prices from stocks and stock indices to commodities and cryptocurrencies, the set of daily
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mean-variance (EYk(h),Var Yk(h)) has a parabola-shaped left envelope, which cannot be explained
by model (4.6).
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Figure 2: Upper-parabolic mean-variance relation (4.7) for 1-minute quotes of stock indices, com-
modities and cryptocurrencies. Data: China50, Dax, DowJones30, Euro50, Hongkong40, Nas-
daq100, Nikkei, Sp500, Uk100, Gold, Bitcoin, Etherium. Data source: Dukascopy Bank SA

While it seems to be very complicated to theoretically explain this parabolic relation using a
time dependent Itd model, our rough model under Hypotheses A-C easily accounts for that. Indeed,
consider again model (4.2) with expectation and variance computed in (4.3). By solving for ¢? in
terms of EY; ;yp and p in the first equality and inserting it into the second equality we obtain a
parabolic relation

Var Xii4p,

Qtt+h

Var S 445

Var Y;4op =2
b (at4n)?

(Mh - ]EY;:,t—i-h) + (Mh - ]EY},tJrh)Q- (4.7)
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Figure 3: Upper-parabolic mean-variance relation (4.7) for 1-minute quotes of several stocks. Data:
Amazon, Apple, AT&T, BMW, Cisco, Coca-cola, Facebook, Goldman Sachs, Google, IBM, JP
Morgan, Visa. Data source: Dukascopy Bank SA

In particular, since g2 = —2 <uh — IEYt,tJrh) > 0, it follows that

Qt t+h

Var Zg 445 < 2

YA S (L Ry, ) 4.8
(agi4n)? : b (48)

Var Et t+h 2

P AL h — }7
(Oét,t+h)2 : )

Var Yy y1p >
& (EYii4n, Var Yy 4yp) lies inside parabola P := {(a:, y) ER? gy =

which explains Figures 2 and 3, where the symmetry axis of the parabola P is ¢ = ph ~ 0 since
ph =~ 0 for small time steps h (due to high frequency data of minute quotes). It is important to
note that the parameters of the parabola P depend only on the noise = and are independent of X.
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Moreover, in case = is non-random, Var Z; ;4 = 0 so the parabola reduces to the flat line

Var Xy i1p

Var Y ;4 = 2
Ot t+h

(Mh — EY},tJrh)

which includes the special case (4.6) by assigning X := B and ag; :=1t — s.

5 Risk under stock model ambiguity: Uncertainty from signatures

The rough model in Section 4 implies that there would be an additional source of noise coming from
[z,2] that affects the asset price. To show how negative the effect of the rough path signatures on
the expected log-return could be, let us consider again model (4.2) and assign h := 1 for simplicity
and denote by R; = log Sf—th = Yi_1 the log-return. It then follows from (4.2) that

2 2

o e _
R=Y, 14=p— ?at—l,t +oXi1 — Eﬂt—l,t- (5.1)

Table 5 shows the expectation and variance of the log-return in the considered models. Observe

| | ER, | Var R, |
| Model (1.1) | p— o’ | o? |
‘ Model (3.13) ‘ uw— %z[tQH (t— 1)2H} ‘ o? ‘
‘ Model (3.1) ‘ — ;at,u ‘ o?Var Xi—1t+ %04\/&1" Hio1t ‘

Table 5: Comparison of expected value and variance among models.

that for model (5.1) we have additional nonlinear terms that are quartic in ¢ and which will be
important for our subsequent discussion. Observe from the classical model (1.1) that

1
ERy = p— iVarRt. (5.2)

For the model (3.13) we get

1
ER = p—3 [tw (- 1)2H} VarR,
ERy>p—iVarR, if H<1i
which implies that e : art 1 2. (5.3)
ER; < p— 5VarRy if H> 3
In comparison, it follows that for the rough model
1 o? 1 o2
ERt < m— §VarRt = 7\/'&1- Xt 1t+ 80’ Var Zt-1t < ?Oét 1,t
o2
& Var Xt*Lt + ZV&I" Etfl,t <oty (54)

In all three models, the expected return is decreasing when the variance is increasing, which matches
with classical results. The negative effect of the variance on the expected return is however very
different for all three models.
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Indeed, the variance of R; in the classical model (1.1) or in the mixed model (3.15) is different from
that of the rough model (5.1); in fact,

Var [R?f’] = Var [RtWick} = 0% < Var [R?Ough] (5.5)

Due to that reason, the information is somehow hidden in the signatures, which can increase the
uncertainty of the model and result in a bigger risk.

To see how this leads to a model risk, let us now review the strategy for selling an asset in
the portfolio, which is discussed in [36] and [37]. Assume that the growth rate p, which depends
mainly on the intrinsic (fundamental) value, is a piecewise constant function, and that the volatility
parameter ¢ is unknown. According to [37], the criterion of the trading strategy is to sell the asset
when its expected value is negative. When we follow (5.2), this would mean in practice that we sell
when the variance crosses the threshold 2u

ER; <0< 2u < VarRy. (5.6)

When we applied the criterion (5.6) also for the Wick model for H < % or for the rough model

with Var X;_1; + %Var Ei—1,¢ > ai—1,4, then because the effect of the variance on the expected
return in (5.3) and (5.4) is less negative, we would sell too early. On the other hand, in the case of
H > % in (5.3) for the Wick model or in the case of (5.4) for the rough model, the criterion is not
appropriate, because it underestimates the larger effect of the variance on the expected return in
(5.3) as well as in (5.4), thus we would sell too late. Failure to use the right model could therefore
create a model risk of mis-calculating the expected value, which then affects the trading strategies.
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