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Abstract

In this paper, we prove Bohr inequality and Paley-Wiener type theorem for functions with
value in Banach spaces.
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1. Introduction.

The relations between properties of functions and their spectrum (the support of their
Fourier transform) are interested for many mathematicians. The classical results such as
inequalities of Bernstein, Bohr, Nikol’skii, Paley-Wiener theorem, etc. ([1], [2], [3], [4]) belong
to this direction. In this paper we provide Bohr inequality and Paley-Wiener type theorem
for functions with value in Banach spaces. Note that the mentioned classical results were
stated for usual LP- functions.

We recall Bohr inequality ([2]):
Let 1 <p<oo,feC™R),o>0, suppf N (—0,0) =0 and D™ f € LP(R). Then f € LP(R)
and

1fllp < 07" Kl D™ fllp,

where the Favard constants K,, are best possible when p =1 and defined as follows
o
Km _ —(m+1) Z 2] + 1))—(m+1)'
7=0

The Favard constants have the following properties
4
1:K0§K2<...<;<...<K3§K1:—
The initial Bohr inequality was proved for p = oo and generalized in [5], [6].

The Paley-Wiener theorem was proved first for L?-functions and has many generalizations
(see, for example, [7]- [18]).
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Notations. Let f € LY(R) and f = Ff be its Fourier transform

# o 1 oo —ix(
fl) = o= /_ S

and f = F~Lf be its inverse Fourier transform

)= L [T iac

Let (X, ||.|x) denote a complex Banach space and L(X) = BC(R — X) be the set of all
X-value bounded continuous functions f : R — X. For a given function f € BC(R — X)),
we define || f||1(x) = sup{|[f(#)[|x : t € R}. Then (L(X), ||.||r(x)) itself is a Banach space. We
define the derivative D f of f € L(X), as usual,

D(s) — tim TEHW) = )

h—0 h

9

and D™ f is the derivative of order m of f. The convolution ¢ * f of f with a Schwartz
function is defined as follows

“+o0o
prf)= [ els- i

The Beurling spectrum Spec(f) of a function f € L(X) is defined by
Spec(f) ={¢ € R: Ve >0,3p € S(R) : suppp C (¢ — €, +€),* f # 0}

Note that, Spec(f) is always a closed subset of R. Let K C R and € > 0. We put K :=
{¢eC: dzeK:|xr—_| <e}, which is the e— neighborhood in C of K and K, := {( €
R: dzeK:|lz—(|<e}, Zy ={0,1,2,..}.

Let P(x) be a polynomial. The differential operator P(D) is obtained from P(z) by
substituting © — D = —id/0x,
2. Bohr inequality for functions with value in Banach spaces

Now, we state the Bohr inequality for functions with value in Banach spaces.

Theorem 2.1. Let A > 1,0 >0, (D™f)X_, C L(X), Spec(f) C [-Aop, Ag] and Spec(f) N
(—0,0) = 0. Then there exists a constant C > 0 independent of f, m, o such that

I1D™ fllLxy = Co™ | fllLix)- (1)
To obtain the theorem, we need the following results.

Lemma 2.2 (Young inequality for Banach spaces). Let f € L(X), and ¢ € S(R).
Then ¢ x f € L(X) and

I flle < IfllLeollellor-



PROOF. We see that
+00 +oo
lo* Fllzg = sup | / (s — ) F(8)dt]lx < sup / (s — )£ (2) xdt
teR —00 teR J —c0

—+o0
< 17l sup / lo(s — 8)ldt = 1 £l o el

which completes the proof.

Lemma 2.3. Let A > 2, (D™[f)%_, C L(X), Spec(f) C [-A, A] and Spec(f) N (—1,1) = 0.
Then there exists a constant C > 0 independent of f, m such that

D™ fllixy = Cll fll Lx)- (2)
PrROOF. Put K :=[-A, —-1]U[1, A] and

=
LGRS
0 it ] > 1,

where C is chosen such that [, T(¢)d¢ = 1. We define the sequence of functions (¢,(¢))men
via the formula

¢m(<) = (1K3/(4m) * Tl/(4m))(<)7
where
T1/(am)(€) = 4mT (4m().

Then Ty /4m)(¢) = 0 for all ¢ & [~1/(4m),1/(4m)], IS T1/(am)(€)d¢ = 1. Hence, for all
m € N we have ¢,,,(¢) € C*°(R), and

dm(C) =1 V¢ € Kyjom), om() =0 V(& Ky, (3)
So, it follows from Spec(f) C K that
f= @) AD™f) * FHdm (=) (—i)™) (4)

= (2m)THAD™ f) % F(dm(Q)/ (i1Q)™).

Therefore, since (4) and Lemma 2.2, we have f € L(X) and the following estimate

£l L) < @m) ™ 2UD™ fll L) | F (Sm(€) /C™ - ()

Therefore, since 0 < || F (¢ (¢)/¢™)|I1r < oo for all m = 1,2,3, we conclude [|[D™ f||px) >
CllfllLex) for all m = 1,2,3. So, to complete the proof, it is sufficient to prove (2) only for
m > 4. To do that, we define

B = 14— gn(0) = 6 (hn), B(Q) = 6 (C) — m ().
Hence,
(Flom(Q)/C™) @) = ()™ (F (G bn)/ ()™ (w) = () "~ (F(Drn(C)/C™) /i)
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So,

|17 (gmr/c™|) |

= k|| Fom(©) /¢,

Then it follows from (km)™ = (1 + =)™ > 2 that

[Famrrcm|),, = 2| F@m@rcm)|,

Therefore, since @,,(¢) = ¢m () — gm(C) we get

|F(@n(0)/

> ||F(a(©c™)|), — || F@micrcm)),
> |F@n(@/cm]

From (5)-(6) we obtain
1£llee) < @m) 721D fll L) |1 F (@) /™) - (7)
Now, we will estimate||F(®,,,(¢)/¢™) | z1. To do that, we put Cy = max{||TW |1, j <3}

Since T /(4m)(7) = 4mT (4mz), we obtain ng/)(4m)(:17) = (4m)?*1 70U (4ma) and then

= (4m)? | TD|| 1 < Cy(am)?, Vj < 3.

||T1/(4m HL1 =

Therefore,

1620 = 1k smy * T ) 2 < [TVa|| L < (4mYCo wi<3 (8)
If || < 1—(3/m) then [(| < |knC| < 1 — (1/m), combining this and (3) we have ¢,,(¢) =
Om (kmC) = 0, which implies ®,,,() = ¢ (¢) — dm(km) = 0.
If || > A+ 1/m then |k,C| > |(] > A+ 1/m, combining this and (3) we have ¢,,(¢) =
dm (kmC) = 0, which implies ®,,,() = 0.
If1<|¢|<A=(A=L)/mthen 1 <[(| < |km(] < A+1/(2m) and then ¢y, (¢) = ¢ (k) =

1, which implies ®,,(¢) = 0.
From these we have

1
supp@m C{C: [ € [1 = (8/m), U [A = (A = 5)/m, A+ 1/m]. (9)
So, for ¢ € supp®,, we get |(| < 2A and then
2A
¢ = K| =(£( <= (10)
m m
From (8) and (10) we have the following estimate for ¢ € supp®,,

<1~ bl < 22 4mCy = 8ACy,

()] = [0 (C) — kit (kmC)| (12)

¢, (0)| =

4



(€)= Do (k)| + | (1 = Ea) by (Ki€) |

< ¢ = kN bmll e + |1 — Kol drall 2

< %(4m ?Cy + |1 = km [4mCy < 36AmCs,

and
<I>;;<<>!= () = gm (O] = [ () — k2 (k)| (13)
(€)= I (k)| + [(1 = K2) by (k) |
|< k|l fmll e + |1 = k2, ||| doml| £

2A
< E(4m )°Cy + |1 — k2,|(4m)*Cy < 560Am>Cs.

Put Ay (z) = (F(9,,(¢)/¢™))(z). Then

() = %Q_ﬂ / e, (0) /¢
R

Therefore, since (9), we have

sup [4,,(2)] < <= R/ PuO/cmfic= 2= [ [en(/en]ac

¢esupp®Pnm,
and it follows from (11) that
8A 3. _ (8A)?'Cy Gy
sup |[Anfa)| < oz sup @01 - Dy < SRt = T (14)
On the other hand, we have
[2An(@)] = =] [ @Cmln + 1)/ + 21,02/ + 87,0/
R
<—— R/ S By (mlm 1)/ 4 B, (C)2m /T (€)M
and then
1 / "
2A - m+2 m+1 m
suple ()] < [ [ OmOm+ 1/ 8 (Q2m /4 8 (/¢
8A 3. m
< mm[izﬁ'ﬂ Jlm(m+1)(1 = =) 7"+
’ 3 _(m ) " 3 —-m
sup @' (O)f2m(1 = 7~ sup o Q)1 = ).
(15)
So, since (11)-(15), we get
sup|:E2Am(:E)| < 84 [SAC’gm(m + 1)e + 36 AmCo2met + 560Am20264} (16)
z€R mv2m
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< C4’I7L.

Using (14) and (16) and

4
[Amll 2 = / |Am(2)|dz + / | Am(2)|d < 2m sup | Ap(2)] + — sup |27 A (2)],
i e 2€R m geRr

we obtain that
Cy 4
I F(®p(2)2™) |11 = | Amll 1 < 2m— + —Cym := Cs. (17)
m m

From (7) and (17) we have
1oy < NID™ fllLex)/C-

The proof is complete.

PROOF (PROOF OF THEOREM 2.1). Put

Then it follows from Spec(f) N (—g, 0) = 0, Spec(f) C (—Ap, Ap) that Spec(g) N (—1,1) =
0,Spec(f) C (—A,A) C (—2A,2A). Applying Lemma 2.3, we have

I1D™gllLx) = CllgllLex)- (18)

Since g(z) = f(%), we have

l9lleey = 1f Loy, 1D gllxy = 0 ™ 1D™ fll Lex)-

Hence, it follows from (18) that

o "D fllLxy = Cllfll Lexy-

Hence,
D™ fllLexy = Co™ 1 f Il xy-

The proof is complete.

3. Paley-Wiener theorem for functions with value in Banach spaces

3.1. Paley-Wiener theorem for arbitrary compact

Theorem 3.1. Let f € L(X) and K be an arbitrary compact set in R. Then Spec(f) C K if
and only if for any 6 > 0 there exists a constant Cs < oo such that

|P(D) flloxy < Csll fllnx) sup [P(z)] (19)

IEGK((;)
for all polynomials with complex coefficients P(x).

To obtain the theorem, we need the following results.



Lemma 3.2. [19] Let f € L(X), and ¢,¢ € S(R). Assume that ¢ = 0 on Spec(f), and
=1 on Spec(f). Then px f =0 and Y x f = f.

In [20], author derives a radial spectral formula.

Lemma 3.3. Let f € L(X). Asume that Spec(f) is the compact set. Then there always
exists the following limit
. m 1/m
WILEnOOHP (D )fHL(X

and
Jim [P (D) ]|, = sup{[P(Q)] : € € Spec()}.

PROOF (PROOF OF THEOREM 3.1). Necessity. We choose a function ¥(¢) € C3°(R) such
that ¥(¢) = 1if ¢ € K54 and 9(¢) = 0 if ¢ ¢ Ks/5. Then it follows from Spec(f) C K and
Lemma 3.2 that

P(D)f = (2m) 21+ FTH(0(Q)P(S))-

Therefore, by Lemma 2.2 we have

1Pl ey < @) N o |77 (O PO s
= 2m) 72| £ ) |7 QP 1= Cm) | o 9]

where

Then it follows from
/’\If(:n)’dzr < msup|(1+ $2)\If(:n)|,
R z€R
that
1P(D) £l 50y @) 21 £y Sup|(1—|—$ )W (). (20)
For 8 € {0, 1,2} we get the following estimate

sup [+7W(z)| = (27) /2 sup | / D9 P(Q)) de|
zeR z€R

= 2msup| [ DA 0O PO

zeR

CEKs/2
<en? [ D oPo)|i
CEKs/2
Then it follows from the Leibniz rule that
sup |70 (z)| < (2m)71/2 / ‘ZLD“@(C)DQ TP(¢ ‘d( (21)
zeR ﬁ 7)
CEKs/n = ﬁ
—-1/2 : B— o
< (27) %@!(ﬁ—%é&'” Pl [ 10m(0)dc)

CEKs/2



< (n) Pyax s [DP@ Y (G [ D)),

<2 yeK (B = 7)!
et v 1) cekcy)s
Because the derivatives of the analytic function P(x) can be estimated in K5 by the maxi-
mum of the modulus in K(s), there exists a constant As independent of f, P(z) such that

sup |DPP(z)| < As sup |P(z)|, V0€Z,,0<2. (22)
I€K5/2 IEGK((;)

From (21) - (22), we have

sup |27 (z r)~1/? L su T
ple¥(0)| < (@n) 2 T (S s (PG | i) 2

z€R )! €K (5)
CEKs/2

< (2m) 27 A5C sup |P(2)],

IEGK((;)
where C:=max [ |D"9(¢)|d¢. Then it follows from (23) that
<2 CeEK
5/2
/’\If(:n)’dzr < Cs sup |P(x)], (24)
R IEEK((;)

where Cs independent of f, P(z). From (20) and (24) we obtain (19) .

Sufficiency.  Assume (19) is true, we need to prove Spec(f) C K. Indeed, assume the
contrary that there exists ¢ € Spec(f) and o ¢ K. We construct a polynomial G(z) =
t — (z — 0)%, where t = sup, ¢ (z — 0)%2. Then applying (19) for P(z) = G™(z), we get for all
m € Zy

IG™(D) fllrxy < Csll flloxy sup |G™ ()],
IEGK((;)

which gives

lim (|G™(D)fll1ex) /™ < sup |G(x)].
m—00 IEGK((;)

Letting 6 — 0, we obtain
T (167 (D) o)™ < sup |G(a)] (25)

Then it follows from Lemma 3.3 that
|G(0)|< sup |G(z)]
reK
and then

t=|G(0)] < sup(t — (z — 0)%).
zeEK

This is a contradiction. So, Spec(f) C K. The proof is complete.

It follows from Lemma 3.3 that, if f € L(X) and Spec(f) C K then for any § > 0 there
exists a constant Cps s < 0o (Cps s depends on P, ¢ and f) such that

IP™(D) fllrx) < Crssll flloex Sup [P™(z)] VmeN
TEK (5)

while by Theorem 3.1 we have the stronger result that for any d > 0 there exists a constant
Cs < oo (independent of P,m, f) such that

IP™(D) flle) < Coll flloey sup [P™(@)]-
IEGK((;)



3.2. Paley-Wiener theorem for the sets generated by polynomials
Let P(z) be a polynomial with real coefficients. We put

Q(P)r :={x eR:|P(z)| <r}forr>0

and Q(P), is called the set generated by P(z) repect to r. Clearly, for a,b € R,a < b;a >0
then (a,a+ «) U (b, b+ «) is the set generated by polynomial.

Theorem 3.4. Let f € L(X) and P(z) be a polynomial. Then Spec(f) C Q(P), := K if
and only if for any & > 0 there exists a constant Cs < oo independent of f, m such that

1P (D) fllLx) < Csll fll iy (r +0)™ (26)
forallm e Z,..

PROOF. Necessity. The necessity is follows from Theorem 3.1.
Sufficiency.  Assume the contrary that there exists o € Spec(f) and o ¢ K. Combining
oc¢ Kand K={zeR: |P(x)| <r}, we have

|P(o)| > .
Using (26), we obtain
— m 1/m
T (IP"(D)fllze) " <r+d (27)
Applying Lemma 3.3, we have
) m 1/m
im (|P™(D)flser) " = |1P(@)] (28)

m—0o0

From (27) and (28), we get |P(c0)| < r + 0. Letting § — 0, we obtain |P(o)| < r. This is a
contradiction. So, Spec(f) C K.
The proof is complete.

Since Theorem 3.4 we get the following corollary:

Corollary 1. Let r > 0 and f € L(X). Then Spec(f) C [—r,r] if and only if for any § > 0
there exists a constant Cs5 < oo such that

D™ fllzexy < Cs(r +0)™[| fllLex)

forallm € Z,.
. . _ b
In general, for a,b € R, a < b then (a, b) is the set generated by polynomial P(z) = x— %

respect to bg“. Then Spec(f) C [a,b] if and only if for any § > 0 there exists a constant

Cs < oo such that

a+b.,, b—a
D )™ (D) fllLix) < Cs( 2

[ (= +6)™ 1 fll nex)

forall m € Z,.
Moreover, for a,b € R, a < b; a« > 0 then (a, a+a)U(b, b+«) is the set generated by polynomial



P(x) = $2—(a+b+a):n+ab+% respect tor = @. Then Spec(f) C (a, a+a)U(b, b+a)

if and only if for any d > 0 there exists a constant Cs5 < oo such that

(b—a)
2

m « m
[P™(D) fllLex) < Cs( +8)" 1 fll Lx)

for all m € Z,. Consequently, for 0 < a < b and Spec(f) C (a,b) U (—b, —a) if and only if for
any 0 > 0 there exists a constant Cs < oo such that

a? +b% ,, b —a?
(2% — 5 )™ (D) fllx) < Cs( 5

+0)" fll L)

forallm € Z,.
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