ON REGULARITY OF WEAK SOLUTIONS FOR THE
NAVIER-STOKES EQUATIONS IN GENERAL DOMAINS

V. T. T. DUONG, D. Q. KHAI, AND N. M. TRI

ABSTRACT. Let u be a weak solution of the instationary Navier-Stokes
equations in a completely general domain Q@ C R*® which additionally
satisfies the strong energy inequality. Firstly, we prove that w is regular
if the kinetic energy %Hu(t)“i is left-side Holder continuous with Holder
exponent % and with a sufficiently small Hélder seminorm. This result
extends the previous ones by several authors [6, 7, 8] in which the domain €2 is
additionally supposed to be bounded. Secondly, we show that if
u(t) € D(AT) and lim ||AT (u(t — 6) — u(t))||, < C for all t € [0,T) with a
§—0t

sufficiently small positive constant C' then w is regular in [0,7"). Our proofs
use the theory about the existence of local strongs solutions and uniqueness
arguments in the general domain.

1. INTRODUCTION AND MAIN RESULTS
We consider the instationary problem of the Navier-Stokes system

u — Au+u-Vu+ Vp =0,

divu =0

’ 1.1
ulyg = 0, (1.1)
u(0,z) = up

in a general domain Q C R?, i.e a nonempty connected open subset of R?, not
necessarily bounded, with boundary 92 and a time interval [0,7),0 < T < oo and
with the initial value ug, where u = (u1, u2, u3); u-Vu = div(uu), vu = (uuj)i j=1,
if dwg recgﬂ some well-known function spaces, the definitions of weak and strong
solutions to (1.1) and introduce some notations before describing the main re-
sults. Throughout the paper, we sometimes use the notation A < B as an
equivalent to A < CB with a uniform constant C. The expression (,-), de-

notes the pairing of functions, vector fields, etc. on Q and (-, ‘)Q7T means the
corresponding pairing on [0,7) x Q. For 1 < ¢ < oo we use the well-known
Lebesgue and Sobolev spaces L4(Q2), WHP(Q), with norms H . HLQ(Q) = |- llq
and H - Hwkm(n) = || - lk,p- Further, we use the Bochner spaces L*(0,T; LF(12)),
1 < s,p < oo with the norm

oy = ([ 1857) =1
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To deal with solenoidal vector fields we introduce the spaces of divergence - free
smooth compactly supported functions Cg%,(Q2) = {u € C§°(Q),div(u) = 0},

and the spaces L2(Q) = WH'HZ, W,2(Q) = MH'”WI’Q, and Wolf(Q) =
W”'leﬂ(ﬂ)'
Let P: L?(2) — L2(f2) be the Helmholtz projection. Let the Stokes operator
A: D(A) — L2(Q)
with the domain of definition
D(A) = {u € Wy, (), 3f € L3() : (Vu, Vo)o = {f,9)0, ¥ ¢ € Wy (D)}

be defined as
Au = f,u € D(A).

As in [19], we define the fractional powers
AY:D(AY) — L2(Q), -1 <a < 1.

We have D(A) C D(A%) C L2(R) for a € (0,1]. It is known that for any domain
) C R3 the operator A is self-adjoint and generates a bounded analytic semigroup
e 4t >0o0n L2(Q).

The following embedding properties play a basic role in the theory of the
Navier-Stokes system

1 3 3
ullg < Cl|A%||2, u e D(A%), 0 < a < 2 3= + 2a, (1.2)
q
and L3 3
IA™Pullz < Cllullg, u € L5(Q), 0sa <5, — =5 +2a (1.3)
q
We also have ) )
|AZully = ||Vull2, u € Wy2(Q) = D(A2). (1.4)
Furthermore, we mention the Stokes semigroup estimates
A% Ay <t ||ull2, ue L2(Q), 0<a <1 (1.5)
and )
A5 e Mullger < ull2, u € LE(Q), 2< s < co. (1.6)

We use the following Lorentz spaces and some important inequalities in these
spaces.

Definition 1.1. (Lorentz spaces). (See [1].)

Let U CR? d >1, 1 < p,r < co. The Lorentz spaces LPT(U) is defined as
follows: A measurable function f € LP"(U) if and only if

1
HfHLp,r(U) = (% fooo(t%f*(t))r%)* < oo when 1 <71 < o0,
HfHLp,OO(U) ‘= sup t%f*(t) < 0o when r = oo,
t>0

where f*(t) = inf {7 : MY({z € U : [f(z)| > 7}) < t}, with M? being the
Lebesgue measure in R%.
Lemma 1.1. (Hélder’s inequality in Lorentz spaces).
Let 1 <r,p,g< o0 and 1 < 7,p,q < oo satisfy the relations
1 1 1 1 1 1

r p q r P q
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Suppose that f € LPP(U) and g € LYYU). Then fg € L™"(U) and we have the
mequality

179l S Al sl o (17)

Proof. See Proposition 2.3 in ([18], p. 19). O

Lemma 1.2. (Young’s inequality for convolution in Lorentz spaces).
Let 1 <r,p,g< oo and 1 <7,p,q< oo satisfy the relations

1 1 1 1 1 1
l1+-=—-—4+-and - = -+ —.
r p g r p g
Suppose that f € LPP(RY), d > 1 and g € L¥Y(R?). Then f x g € L""(R?) and
the following inequality holds

17 % 9ll e S 5N os 9] o (18)

Proof. See Proposition 2.4 in ([18], p. 20). O

Now we recall the definitions of weak and strong solutions to (1.1).

Definition 1.2. (See [19].) Let ug € L2(9).
1. A vector field

w e L0, T; L2(Q)) N LE, ([0, T); Wy 2 () (1.9)

is called a weak solution (in the sense of Leray-Hopf) of the Navier-Stokes system
(1.1) with the initial value u(0,x) = ug if the relation

—(u, wi)g p + (Vu, Vw)g 1 — (uu, Vw)q p = (uo, w)q (1.10)
is satisfied for all test functions w € C§°([0,T); C§%,(€2)), and additionally the

energy inequality

1 t 1
5 10O+ [ IVu(r) Bar < 5 ol (111)

is satisfied for all ¢ € [0, 7).
A weak solution w is called a strong solution of the Navier-Stokes equation (1.1)
if additionally local Serrin’s condition

u € L, ([0,T); L9(Q)) (1.12)
. . . 2 3
is satisfied with 2 < s < 00, 3 < ¢ < 0o where — + — < 1.
s q
As is well known, in the case the domain € is bounded, it is not difficult to

prove the existence of a weak solution u as in Definition 1.2 which additionally
satisfies the strong energy inequality

SO+ [ IVar)Bar < 3 )] (113)

for almost all ¢/ € [0,7) and all t € [t/,T), see [19], p. 340. For further results in
this context for unbounded domains we refer to [5].
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Definition 1.3. (See [8].) A weak solution u is called regular in some interval
(a,b) C (0,T) if Serrin’s condition

u € Li,.(a,b; L)) (1.14)

loc

2 3
is satisfied with 2 < s < 00,3 < g <00, —+ - =1.

s
A time t € (0,7) is called a regular point of u if there exists an interval (a,b) C
(0,T) such that u is regular in (a,b) with a < t < b.

Now we can state our main results
Theorem 1.1. Let Q C R? be a general domain. Then there exists a positive
constant C' such that if u is a weak solution of the Navier-Stokes system (1.1) on
(0,T) verifying the strong energy inequality (1.13) and at tg € (0,T) the kinetic
energy satisfying

3 llutto =8I — 5 llulto) |3
lim

6—0t ) %
then u is regular at tg.

Remark 1.1. In 2008 and 2009, see [6, 7], Farwig, Kozono, and Sohr obtained
the same results as in Theorem 1.1 but the domain 2 is additionally supposed to
be bounded. They proved the regularity of u under a condition

B lluto = 0)3 — 5 llu(to)lI3
lim

6—0t o

C, (1.15)

< 0, (1.16)
where % < a < 1. In 2010, see [8], they improved the their results, in which
the condition (1.16) is replaced by the weaker condition (1.15) and the domain
Q is bounded. Finally, In 2016, see [9], Farwig and Riechwald proved Theorem
1.1 for © being not necessarily an unbounded domain with uniform C2-boundary

0f). Our result improves the previous ones. Here we obtain the same result but
under a much weaker condition on the domain 2. Our approach is to establish

the existence of a local strong solution with the initial value in ]D)(A%).

Theorem 1.2. Let Q C R? be a general domain. Then there exists a positive
constant C' such that if u is a weak solution of the Navier-Stokes system (1.1) on

(0,T) satisfying u(t) € ]D)(Ai) for allt € [0,T) and
lim HAi (u(t—6) — u(t))H2 < C forallte (0,T) (1.17)
§—0+

then u € L ([0,T); L5(Q)).

loc
Remark 1.2. In Theorem 1.2, if the function w is left-continuous from [0,7") to

D(A%) then lim HA% (u(t — 0) — u(t))||, = 0 for all t € [0,T). Therefore, the
0—0t

condition (1.17) holds.

Remark 1.3. In 2012, Farwig, Sohr, and Varnhorn showed that if u is a weak
solution of the Navier-Stokes system (1.1) satisfying u € L2, ([0, 7)), L*(Q)) with

loc

a bounded domain Q or u € L2 ([0, T),ID)(Ai)) with a general domain €2 then u

loc
satisfies the local right-hand side Serrin condition in [0,7"), see [3]. If the domain
Q2 is a general domain then the statement in Theorem 1.2 is stronger than that
of [3] but under the condition (1.17) which is not stronger than the condition in
4
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[3]. Indeed, let u(t,z) = f(t)a(x), where a € D(A H H > 0 and f(t) =

for 0 <t <1, f(t) =1/(t—1) for 1 <t < oco. Then u 1s left continuous from
[0,00) to ]D)(Ai), and so u satisfies the condition (1.17) but « does not belong to
L5, ([0, 00), D(A1)).

loc

I

2. PROOF OF THEOREMS
Let us construct a solution of the following integral equation

t

u(t) = e g — Az / ef(th)AAfélP’(u - Vu)dr. (2.1)
0

We know that

w e L*>(0,T; L2(Q)) N LE.([0,T); Wy 2(€))

is a weak solution of the system (1.1) with the initial value ug iff u is a solution
of the integral equation (2.1), see [19].
First, we define an auxiliary space IC?T which is made up of the functions u
such that B
t2u e BC([0,T); D(A2))
and _
lim ¢2 HA% H2
t—0

with —1 < § <5< 00, a =5 — 5. The auxiliary space K2 i1 is equipped with the
norm

(2.2)

= sup t?HA?u H2 (2.3)
<t<T

In the case 5 = §, it is also convenient to define the space K2 T as the natural sub-

space BC ([O,T);]D)(A2)) with the additional condition that its elements u(t, x)
satisfy

tim AZu(r), =

We define
G2 =K N L(0,T; L2(Q)) N LA([0,T); Wy ().
To prove the main theorems, we need the following lemmas

Lemma 2.1. Let 0 < 1,7 <1, and t > 0 then

t 1
/ (t— T)_'YT_edT = K%Qtl_W_e, where K, g = / (1-— T)_VT_edT < 0.
0 0

The proof of this lemma is elementary and may be omitted. O
We prove the following result on solutions of a quadratic equation in Banach
spaces which is a generalization of Theorem 22.4 in ([18], p. 227).

Lemma 2.2. Let E and F be two normed spaces such that E N F is a Banach
space with the norm ||x|| pnr = ||z||g+||z|| . Assume that B is a bilinear operator
from (ENF)x (ENF) to ENF such that there exists a positive constant n > 0
satisfying

1B(z,y)lle < nllzllellyle, for all z,y € ENF,

1B(z,y)llr < nllzllellylr, for all z,y € ENF,

1B(z,y)llr < nllzllpllylz, forall z,y e ENF.
5



Then for any fired y € ENF such that ||y||g < ﬁ, the equation x =y — B(x, x)
has a unique solution T € ENF satisfying ||T|| g < %

Proof. The uniqueness of  in £ N F' is obvious it is even unique in F. Thus, we
need to prove the existence of  in E N F'. Let x,, be defined by

zo =y and zp41 =y — B(xn, zp).
By induction, we can easily prove that
lzalle < 2[lylle
for any n. It follows that {x,}5°, is a Cauchy sequence in E. We will show that
{zn}72, is also a Cauchy sequence in F. Indeed, we have
21 = 2ollr = | By, y)llr < nllyllellylF,

[n41 = 2nllp = [|B(zn, 2n — 2n-1) + Bzn — 2p-1,2n-1)||F
<nllenllgllen = 2nallr +nllznallelen —enallr
<Ayl llzn — znallr, with 4nlly[lz <1.

An elementary computation leads to

lim ||z, — xm|F = 0.
mn—}oo

This proves that {x,}.2, is a Cauchy sequence in F. Therefore {z,}7°, is a
Cauchy sequence in ENF, so {x,}5°, converges in ENF to an element T e E ﬁF
We thus obtain, from ||z,||r < 2||ly||g, that [|Z||g < 2|yl < 277. The proof of
Lemma 2.2 is complete. O

In the following four lemmas a particular attention will be devoted to the
study of the bilinear operator B(u,v) defined by

t
B(u,v) = Aé/ e_(t_T)AA_%IP’(u -Vo)dr.
0
Lemma 2.3. Let s1,59,53,5 and T € R be such that

—1<s1,50 <1, 51452 >0, —1<83§81+82—§,

1 3
maX{S?,,—i} <s< > T>0.

Then the operator B is a bilinear operator from QslhT X Q;ZT to IC;T and the
following inequality holds
51+s9—s3—1/2

ST ol - (2.4)

~

o

5

Proof. Let u € IC;LT, v E K;Q’T. Applying the inequalities (1.5), (1.3), Holder
inequality, (1.2), (1.4), and Lemma 2.1 in order to obtain

[z, =] [ et a b v
0

s/tuewwwkum e [

o
0

—(t=m)A g - 2IP’u Vo H

ATTP(u - VU)HQdT

6



t _
s+1/2
dr < /(t—T) =
3
2 0

t S4+1/2
5/ (t—r) "5 (2.5)
0
t _
1-s7 1 1-sy 1 _5+1/2 sytsa
< sup £ 2 [|[Azu()|l2 sup£ 2 ||A2v(€)ll2/(t—7) 2 7 oz dr
0<e<t <t< 0
s1+sg—5—1/2
2 sup &2 [|AZu(€)2 Sup£ 2 | Azv(E)a-
0<é<t 0<g<t
Thus
5—s s s1+s9—sg3—1/2 1—s 1—s
3 AR BG )| S tTTEETT sup € ABu() o sup ¢ ABu(E)]a
2 0<e<t 0<e<t

The estimate (2.4) is deduced from the above inequality. Let us now check the
validity of the condition (2.2) for the bilinear term B. Indeed, we have

lim ¢72* | A2 B(u, ),

whenever
1— 1—sq1
limt 2
t—0

HZ—O or tlg%t T

‘A2u

‘A2u HQ =

This proves the continuity of t 2 A3B (u,v) at t = 0. The continuity elsewhere

follows from carefully rewriting the expression fg“ - fg and applying the same
argument. O

Lemma 2.4. Let p and s € R be such that

! < 1, 2 <p<
—<s — Q.
2 = 1+s p

Then the operator B is a bilinear operator from
(G4 N (0.7 D(AY)) ) x (L7 N LP(10,T):D(43))) to LF(0,T); D(A3))
and the following inequalities holds

’B(u,v)’

o

s— 1/2

ST 2

e (jo.1)m(A2)) ~ HHK;JMHMGQﬂWUﬁﬁ

and

e (j0,1)p(A%)) ™ &T”uHLPﬁ&T)DQA%n'

Proof. Applying the inequality (2.5) with § = 1, we have

t
[ 43800, 5 [ ¢ -0 Hatu AR faor
0

t 3
< el [ ¢=7)ir
s Jo

From the inequality (2.6), applying the inequalities (1.8) and (1.7) in order to
obtain

(2.6)

(7)]|dr

143 B ),

=[IatB,)

7

LP([0,T]) Lp»([0,T])



3
St [0y 1 13 17 abole]|
s, T L1+s 5 [OT)
s—1/ —s
< 73" R P [ e 0T N
LT Lp2([0,T))
s— 1/2
S =" HuHKl H HLP(OT) ]I))(A?))
where 1jg 77 is the indicator funct1on of the set [0,7] on R and note that
1
[0l 1], = €T

with0<a<1, 1<p< é, and C' is a positive constant independent of T'. By a
similar argument, we get the following estimate

a 1/2

Lr([0,T)) H HICl H HLp [OT )

1143 B, o),

The proof is complete. O

Lemma 2.5. Let
E = /clT, F=Gi,NGr,
27

where 0 < T < oo. The space F' is equipped with the norm

lull = HUHIC%T + i, + llull +lull o

24 ([0,1):D(A2)) < (j0.1)L2(2))"

Then the operator B is a bilinear operator from F' x F to F satisfying
1B(u,v)|| &
[1B(u,v)[[r < nllulle llvllF, VYu,veF, (2.8)

IN

nulle [vlle, Yu,veF, (2.7)

N

[1B(uw, v)[[r < nllullr lvlle, Yu,vekF,

where 1 is a positive constant independent of T.

Proof. The estimate (2.7) is directly deduced from applying Lemma 2.3 with
81—82283:;,5—1

Applying Lemma 2.3 with s; = % 59 = 83 =5 = 0, we have
HB(“’“)HLOO([O,T);L?,(Q = || B( )H/cgﬁT N HUHEH”HicéT (2.10)
In view of Lemma 2.3 with s; = % so =83 =0, and 5= 1, we have
1By, S ey vl = o]y, (2.11)

Finally, applying Lemma 2.4 with p =4,s = %, we have

1B, o)l [ull vl (2.12)

D) S 4([0,1)p(A%))

The estimate (2.8) is deduced from the inequalities (2.7), (2.10), (2.11), and
(2.12). By an argument analogous similar to the previous one, we get (2.9). O

Lemma 2.6.
(a) If up € D(A:

(b) If up € D(A

), 0< s <1 then e g € Kb
) then e *Aug € F.

TS ST



Proof. (a) Applying the inequality (1.5), we have

1 1—s
Aze tAuoH =1z
2

1-s

t 2

1—s s—1

A?e_tAAguOH <tz tT
2

AguoH = HA%UOH < 00.
2 2
We now claim the validity of the condition (2.2). Since C§%(€2) is dense in D(A2),
then for all ¢ > 0, there exists an u. € Cg5,(2) C ]D)(A%) such that
s 3
| A2 (ue — uo)H2 <3

It follows that

5 A%eftAuoH2 < e A%e*m(u(E —uo)H2 + =N ‘A%G%AUEH2
< s+ ¥ ferai]
I —s
< -+ 3 A%u8
2 2

We can choose tg(g) = to(ue) small enough that

1

Az,

1-s

t 2

, < % for all t < tp(e).

Hence
1—s

t 2

A%G*MUOH2 < e forall t < ty(e).

The proof of the part (a) is complete.
(b) From the inequality (1.5), it follows that

lle™ Augll2 < [Juo2-

Therefore e *ug € L([0,T); L*()). In view of the inequality (1.6) , we have
HA%e_tAuoH = HAie_tAAiuoH < ||Aiuo|\2 < 0.
2,4,00 2,4,00

Hence e~ *uq € L4([O, T); ID)(A%)) Applying the part (a) of this lemma for uy €
]D(A%) C L2(9Q), we get e tug € K} N Kl 7, so e7uy € F. The proof of part
27 ’

(b) is complete. O

The proof of Theorem 1.1 is based on the existence of local strong solutions and
global strong solutions in the following theorem. There are many papers treating
global strong solutions and local strong solutions of the Navier-Stokes equations
in unbounded domains. For example, for €2 being the whole space R™,n > 2 see
(2, 12, 13, 14, 15, 16] ; for Q being the n-dimensional half space R’} ,n > 2 see
[10, 11, 21] ; for ©Q being not necessarily an unbounded domain with uniform
C3-boundary 99 see [17]; and for Q being a completely general domain 2 C R?
see [4].

Theorem 2.1. Let Q C R3 be a general domain. Then

(a) There exists a positive constant D such that for all uy € IDD(A%) and
0 < T < oo satisfying
sup t%HA%e_tAuon <D (2.13)
0<t<T
the Navier-Stokes system (1.1) has a strong solution u in time interval [0,T') with
the following properties:



ue LY([0,T);D(Az)) (2.14)

and
(1+t)1u € BC([0,T); D(A1)). (2.15)
In particular, for arbitrary uy € ]D)(Ai), there exists T = T(ug) small enough

such that the inequality (2.13) holds.
(b) Suppose ug € D(Az), 3 < s < 1. Then the inequality (2.13) holds if

T30 A3ul|, < D. (2.16)

Proof. (a) From Lemmas 2.2, 2.5, and 2.6(b), we deduce that there exists a con-
stant D > 0 such that if

—tA 1 1 _tA
= t1]|A <D
le™ ol p = sup tif|Aze™ ], < D.

then the integral equation (2.1) has a unique solution u on the interval (0,7) so
that

1

ue F CL®([0,7);L*Q)) N L*([0,T); D(A2))
C L(0, T3 L(2)) N L ([0, T): Wy 7 (42))

and u satisfies the integral equation (2.1) i. e. u is a weak solution of (1.1). Since
we L*(0,7); D(47)) € L*([0, T); L(%)),

it follows that the solution w satisfies Serrin’s condition, hence the solution w is
the strong solution of the Navier-Stokes equations (1.1). Applying Lemma 2.3

with s1 =s9 =53 =5= %, we have
sup HA%B(u, u)”2 = HB(U, u)HIC

< 2
0<t<T ~ HUHKI%T =00

N Noj—=

T

and

A tA tAA A
s At ], = sup [l Abuoll, < [[A%uol], < oe.

From the above estimates, we have

= sup HA4 Ay — B(u,u))
0<t<

I

sup [|Avu()], =

0<t<T
< sup HAie U0H2+ sup HA4B (u,u H2 0. (2.17)
0<t<T 0<t<

Applying Lemma 2.3 with s; = %, so =83=0,and 5= %, we have

sup 5|45 B(u,u)|, = 1B wlley S My lell,, <o

From the estimate (1.5), it follows that

sup tiHAie*tAUOHQ < luoll2 < oo.
0<t<T
10



From the above estimates, we obtain

= sup t4HA4( Auo—B(u,u))
0<

I

sup t%HA%u(t)‘b
o<t<T

< sup t%HAie_ UQH2 + sup tZHAZB(u,u)H2 < 0. (2.18)
0<t<T 0<t<T

The property (2.15) is now deduced from the inequalities (2.17) and (2.18). Now
we show that the condition (2.13) is valid when T is small enough. Indeed, from
the definition of K, and Lemma 2.6 (a) with s = 3, we deduce that the left-
hand side of the inequality (2.13) converges to 0 When T tends to 0. Therefore
the condition (2.13) holds for arbitrary ug € ]D)(A%) when T = T'(up) is small

enough.
(b) We shall estimate the left-hand side of the inequality (2.13). From the

estimate (1.5), for ug € D(A2) we have

sup t4HA2e Au0H2 sup t4‘ _MA%UOH2
0<t<T 0<t<T
< sup A0V afug, = 76D Ak,
0<t<T
This proves (b). O

Remark 2.1. Sohr [19] showed that the existence of a strong solution in
L3(0,T; L*(2)) under the following condition

7
H —2T4) A4u0H HA4u0H <K (2.19)

where K is a positive constant independent of €2, T, and ug. On the other hand,
it is easy to see that

1 9 1
-t <t
2

A%UOHQ . (2.20)
It follows from inequality (2.20) that if the condition

1 7
1 1 ] 1 ] 9
T32 AEuOHS HAZUOHS <2 mK
2 2

is satisfied, then condition (2.19) holds. This condition is different from condition
(2.16). In the proof Theorem 1.1, we use Theorem 2.1 (b) with s = 1.

Proof of Theorem 1.1

Proof. We can take C' = D? where D is the constant in Theorem 2.1. Since u
satisfies the strong energy inequality (1.13) and the inequality (1.15), it follows
that there exist dg > 0 small enough such that

D2

<

Ly |3 lutto = d0)l; — § lu(to)ll
5t [ Ivumiar < B —
to—do (505

and there exists a null set N C (0,7) such that for each ¢ € (0,7)\N the
following inequality holds

sl + [ Ivue)iar < 5 )

11

2
5, forallt >t (2.21)




On the other hand, there exists t' € (to — do, to)\N such that

1

t
52 | vu(®)|? < 5 / [Vu(r)|2dr < D2.
to—0do

Thus

57 | A% u(t') = 58 | Vu()]|, < D. (2.22)

From the inequality (2.22), applying Theorem 2.1(b) with s = 1 we obtain the
strong solution v of the Navier-Stokes system (1.1) with the initial u(¢') on the
interval [0, do] satisfying Serrin’s condition v € L*([0, dp); L%(£2)). Since inequality
(2.21) holds, it follows that u(t+1t') is a weak solution of the Navier-Stokes equa-
tion (1.1) with the initial w(¢') on the interval [0, dp]. Using Serrin’s uniqueness
criterion, see [19, 20|, we obtain that u(t) = v(t — ') on [t/,t' 4+ d¢), therefore we
conclude that u belongs to Serrin’s class L*([t/, ¢+ do); L%(€2)), hence u is regular
at to € (', t' + dp). This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2

Proof. We can take C' = D, where D is the constant in Theorem 2.1.
Applying Theorem 2.1, there exists a strong solution v of the Navier-Stokes
system (1.1) with the initial up on some interval (0,7”), where 0 < 7" < T,

so that v € L*([0,7"); L%(2)). Using Serrin’s uniqueness criterion, we obtain
that u = v on [0,7"], and so u belongs to Serrin’s class L*([0,7"); L5(€2)). Let

T* =sup{T’ > 0:u e L*([0,T"); L°())}.
Then 0 < T* < T and u € L} ([0, T*); LG(Q)), we only need prove that T* = T.

loc

Suppose that T* < T, since u € L?OC([O,T*);LG(Q)), it follows that the energy
equality

1 t 1
2mwﬁ+/$wmaﬁw=2wmwﬁ
to

holds for 0 < tg < T, tg <t < T*. We have by the above equality and inequality
(1.11) that the following inequality

1 t 1
2mw@+[$wmaﬁws2ww@@ (2.23)
0

is satisfied for 0 < to < T™, to < t < T. From Lemma 2.6(a), it follows that
ety (T*) € IC%/2 - and there exists 61 > 0 small enough such that
1
sup tiHA%(ftAu(T*)H2 < f(D — lim HAi (u(T* —9) — u(T*)) H2)
0<t<d1 2 §—0+
Applying inequality (1.17) with C' = D, there exists a positive number dy < d7/2
small enough such that

6—0t

1 . « Lo 1 « «
147 (w(T* = 82) = w(T")) ||, < 5( lim [| A% (w(T* = 8) = u(T7) ], + D).
From the above two inequalities, we deduce that

sup t1 HA%e_tAu(T* - (52)“2
0<t<262
12



< sup t1 HA%e_tA(u(T* — b2) —u(T™)) H2 + sup ti HA%e_tAu(T*)H2
0<t<20> 0<t<26,

< HAi (u(T* —d9) — u(T*))H2 + sup t%HA%e*tAu(T*)H2 < D.
0<t<dy

Applying Theorem 2.1, there exists a strong solution v of the Navier-Stokes sys-
tem (1.1) with the initial value u(7T™ — d2) on the interval [0, 2d2] so that

v e L([0,28,); D(A2)) C L1([0,26,); LS(Q)).

In view of the inequality (2.23), it follows that u(t+ 1™ — d2) is a weak solution of
the Navier-Stokes system (1.1) on [0, T —T*+d2) with the initial u(7™* —d2). Using
Serrin’s uniqueness, we obtain that u(t) = v(t —T* 4 d3) for t € [T* — a3, T + 99],
and so u € L4([O,T* + 52);L6(Q)), which constitutes a contradiction. Thus, u
belongs to the space Li ([0,7); L5(€2)). O

loc
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