TIME DECAY RATES OF THE L3-NORM FOR STRONG
SOLUTIONS TO THE NAVIER-STOKES EQUATIONS IN R?
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ABSTRACT. Let u € C([0,00); L*(R?)) be a strong solution of the Cauchy
problem for the 3D Navier-Stokes equations with the initial value ug. We
prove that the time decay rates of u in the L3-norm coincide with ones of the
heat equation with the initial value |ug|. Our proofs use the theory about the
exitstence of local strong solutions, time decay rates of strong solutions when
the initial value is small enough, and uniqueness arguments.

1. INTRODUCTION

We consider the Cauchy problem of the incompressible Navier-Stokes equa-
tions in the whole space R?

u — Au+V - (u®u) +Vp=0,
divu =0, (1.1)
u(0,x) = ug.

The unknown quantities are the velocity u(t,x) = (ui(t,z),u2(t, z), us(t,z)) of
the fluid element at time ¢ and position = and the pressure p(¢, x).

The global existence of weak solutions goes back to Leray [23] and Hopf [13].
The global well-posedness of strong solutions for small initial data in the critical
Sobolev space H'/? is due to Fujita and Kato [9], also in [8], Chemin has proved
the case of H®, s > 1/2. In [14], Kato has proved the case of the Lebesgue space
L3 (see also [15, 16, 17, 18, 19]). In [20], Koch and Tataru have proved the case
of the space BMO™!.

The L? decay for weak solutions is due to Kato [14], he proved that the Leray
weak solutions of the Navier-Stokes equations in R™ exist when n < 4 and tend to

zero in Lo as t — oo. The argument of Kato is based on the fact that Leray weak
solution becomes a strong solution after a finite time. On the other hand, Wiegner

[25] showed that if the solution e*®uq to the heat equation with the initial data
ug € L*(R") satisfies HemuoH2 < C(1+1t)~@ for some C' > 0 and « > 0, then
there exists a weak solution u such that |[u(t)||s < C(1 4 t)~mir{a(n+2)/2}

For the large time behaviour of strong solution, it is well known that if u €
C([0,00), X) is a global solution for some divergence-free ug € X, where X is

either H%(Rg) or L3(R3). Then tlim Hu(t)HX = 0. These results were proved
—00

for X = H%(R?’) in [10] and for L3(R?) in [11]. Benameur [2] proved that if

u € C([0,00),x71) is a global solution, then [lu(t)||,~1 decays to zero as time
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goes to infinity, where

R € !
Our purpose in this paper is to extend the result in [11], we prove that if
u € C([0,00); L3(R?)) is a strong solution of the Navier-Stokes equations with the

initial value ug then the time decay rates of w in the L3-norm coincide with ones
of the heat equation with initial value |ug|, see Theorem 2.1, in the particular
a = 0 then we get back the result in [11]. The content of this paper is as follows:
in Section 2, we state our main theorem after introducing some notations. In Sec-
tion 3, we introduce Lorentz spaces, Besov space, and establish some estimates
concerning the heat semigroup with differential. Finally, in Section 4, we will give
the proof of the main theorem.

2. STATEMENT OF THE RESULTS

For T' > 0, we say that u is a mild solution of the Navier-Stokes equations
(1.1) on [0, T corresponding to a divergence-free initial datum uy when u solves
the integral equation

¢
u=ePuy— / =9ApYy . (u®u)ds.
0

Above we have used the following notation: for a tensor F' = (Fj;) we define the
vector V.F by (V.F); = Z‘;:l 0;F;; and for two vectors u and v, we define their

tensor product (u®wv);; = u;v;. The operator P is the Helmholtz-Leray projection
onto the divergence-free fields

(Pf]—f] Z Rkak?

1<k<3

where R; is the Riesz transforms defined as

0 . =
Rj = == ie Rjg(€) = Z‘g

with ~ denoting the Fourier transform. The heat kernel e® is defined as

ePu(z) = ((47Tt)_3/26_"|2/4t xu)(x).

©)

For a space of functions defined on R3, say E(R3), we will abbreviate it as E.

We denote by L9 := LI(R3) the usual Lebesgue space for ¢ € [1,00] with the

norm |||, and we do not distinguish between the vector-valued and scalar-valued

spaces of functions. Given a Banach space E with norm ||.||g, we denote by

BC(]0,T); E), set of bounded continuous functions f(t) defined on (0,7") with

values in E such that sup ||f(¢)||z < +oo. For any collection of Banach spaces
0<t<T

(X,)M_and X = X1 0.0 X, we set [lglx = 7= ||gllx,,. Similarly,

. =M
for a vector-valued function f = (f1,..., far), we define ||f||x = >om—1" | fmllx-
Throughout the paper, we sometimes use the notation A < B as an equivalent
to A < CB with a uniform constant C'. The notation A ~ B means that A < B
and B < A. Now we can state our main results
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Theorem 2.1. Let u € C([0,00); L3(R3)) be a mild solution of the Navier-Stokes
equations (1.1) with the initial value ug. Then

(a) If Hem\uomg =o(t™®) with 0 < a < 1, then Hu(t)H3 =o(t™®).

b) If HetA’U0|H3 =0(t™) with 0 < a <1, then Hu(t)H3 =0t ).

(
(c) If up € LPW(]R3) with 1 <p <3, 1< r<oo, then HetA|uO|H3 _ O(t_%(%_l))_
(d) If [uo| € By *°(R?) with 0 < a < 1, then ||e"Juol||, = O().

3. TOOLS FROM HARMONIC ANALYSIS
Definition 3.1. (Lorentz spaces. (See [1].)
Let Q C R3, 1 < p,r < co. The Lorentz spaces LP" () is defined as follows: A
measurable function f € LP"(Q) if and only if
1] () 2= (Z =05 £5(6))7 ) 7 < 00 when 1 < 7 < oo,
“f“mw(g) = igg t%f*(t) < 00 when r = o0,

where f*(t) = inf {7 : £L3({z € Q: |f(z)| > 7}) < t}, with £3 being the Lebesgue
measure in R3.

Lemma 3.1. (Young’s inequality for convolution in Lorentz spaces).

Let 1 <r,p,g< oo and 1 < 7,p,q < oo satisfy the relations

1 1 1 1 1 1
l+-==4+=-agnd ===+ .

r P q r P q

Suppose that f € LPP(R®) and g € L¥9(R3). Then f x g € L""(R?) and the
following inequality holds

1 9l e S N oo 19| oo (3.1)

Proof. See Proposition 2.4 in ([21], p. 20). O

In this paper we use the definition of the homogeneous Besov space Bg’p in
[3, 4]. The following lemma will provide a different characterization of Besov

spaces By? in terms of the heat semigroup.

Lemma 3.2. .
Let 1 <p,qg <00 and s < 0. Then the two quantities

() ety

1
A1) and || 7]
Proof. See Theorem 5.4 in ([22], p. 45). O

-s.p are equivalent.
t ng q

In this section we prepare some auxiliary lemmas, we first establish the LP — L4
estimate for the heat semigroup with differential.

Lemma 3.3. Assume that o = (a1, az,a3) € N3t >0 and 1 < p < ¢ < c0.
Then for all f € LP we have

t’BDo‘etAf € BC(]o, oo);Lq(R3)) and HD“emeq < Cp7q,at_BHpr.

where D = 091092093, |a| = a1 + s + a3,8 = %(% - é) + I%', and Cp o 15 @

positive constant which depends only on p,q, and a.

Proof. See [24]. O



The main property we use throughout this paper is that the operator e'2P is
a matrix of convolution operators with bounded integrable kernels.

Lemma 3.4. Fort > 0, the operator Oy = e'®P is a convolution operator Oy f =
K * f, where the kernel K; satisfies K;(x) = K( ) for a smooth function K

such that
(14 |z|)* DK e LR,

1/2
where |x| = (Z?Zl mf) / yx = (x1,22,23), 0 = (a1, v, 3).

Proof. See [21]. O

4. PROOF OF THE THEOREM

In this section we shall give the proofs of Theorem 2.1. We now need some
theorems and lemmas

Lemma 4.1. Assume that o = (a1, az,03) € N3t >0 and 1 < p < ¢ < o0.
Then for all f € LP we have

t°DSPf € BC([0,00); LY(R?)) and || D*APf|| < Cpgat 7| fllp,
where B = %(% - %) + % and Cp 4.« 18 a positive constant which depends only on
P, q, and a.
Proof. Applying Lemma 3.4 and Young’s inequality in order to obtain

mlrx () A, <= (]

= 36D ok |y 7l = oGm0 g,

1+

|Det S]], =

3+\0¢\

£l

1
a1 T
T4 b

m»—'»-‘
'E\'—‘

Lemma 4
()If0<1'y<1 and t > 0 then

t 1
/ (t —s5) Vs 0ds = C1t* 7% where C} = / (1—15)"7s%ds < oo.
0 0

(b) If 6 < 1 then

[
N

/ (t—s) Vs 0ds = Cot' ™77, where Cy = / (1—15)"7s%ds < oo.
0 0
(c) If v < 1 then

t 1
/ (t —s) Vs %ds = C3t' 770 where C3 = / (1—5)"7s7%s < co.
t 1
2 2

The proof of this lemma is elementary and may be omitted. U
Theorem 4.1. For any ug € L3(R3), div (ug) = 0, and any T > 0, there
exists at most one mild solution to the Navier-Stokes equations (1.1) such that
we C(0,T); L3 (R%)).

Proof. See [21, 22]. O



Theorem 4.2. Let u € C([0,00); L3(R?)) be a mild solution of the Navier-Stokes
equations (1.1) then tlim Hu(t)H5 =0.
—00

Proof. See [11]. O

Theorem 4.3. Let ug € L3 and div (ug) = 0. Then there exists a positive
constant § such that if Hu0H3 < 4, then the Navier-Stokes equations has a unique
solution u satisfies

;(1_5) 3 1-3 3
t2V"aJu € BC([0,00); LY(R?) and t ~2aVu € BC([0,00); LY(R?) for all ¢ > 3.
Proof. See [12]. O

We prove the following result on solutions of a quadratic equation in Banach
spaces which is a generalization of Theorem 22.4 in [22], p. 227.

Lemma 4.3. Let E and F be two normed spaces such that E N F is a well-
defined Banach space with the norm ||z| gnr := ||z||g + ||x||F. Assume that B is
a bounded bilinear operator from E X E to E, form E X F to F, and form F x E
to F such that there exists a positive constant v > 0 such that

1B(z,y)lle <Allzlzllyle, for all x € E andy € E,
1B(z,y)llr <Allzllzllyllr, forall x € E andy € F,
1B y)llr <Allzlrllyllz, forallxe Fandye E.

Then for any fired y € ENF such that ||y||g < %, the equation x = y — B(z,x)
has a unique solution T € ENF satisfying |ZT||g < %

Proof. The uniqueness of z in N F is obvious it is even unique in F. Thus, we
need to prove the existence of Z in E N F. Let x,, be defined by

xo =y and 11 =y — B(xp, x,).
By induction, we can easily prove that

lznlle < 2[lylle
for any n. It follows that {x,}>2, is a Cauchy sequence in E. We will show that
{zn}52 is also a Cauchy sequence in F. Indeed, we have
21— zollp = By, y)llr < vlyllelylle,
|Znt1 — 2nllFp = [|B(Tn, Tn — 2n-1) + B(Tn — Tn-1, Tn-1)||F
< Allznllellzn — znallr +yllzn-allellen —2nallr
<Hllylellen — zn-allr, with &y[lyllp <1.
An elementary computation leads to

This proves that {x,}°, is a Cauchy sequence in F. Therefore {z,}7°, is a

Cauchy sequence in ENF, so {x,}52, converges in ENF to an element T € ENF.

We thus obtain, from ||z,||r < 2||y||g, that ||Z||g < 2||lyl|r < % The proof of

Lemma is complete. O
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In order to proceed, we use the auxiliary space K%, 3 < ¢ < oo which is made
up of the functions u(t, z) such that

t20=Du(t) € BC((0,T); LYR3))
and

lim t%(l—%)Hu(t)Hq = 0. (4.1)

In the case ¢ = 3, it is also convenient to define the space K as the natural
subspace of C([0,T); L3(R3)).
The space K. is equipped with the norm

— 3(1-2)
Hu”,cq = sup t2° < ||u(t,z)|| < oo. (4.2)
T 0<t<T q
The space K% was introduced by Weissler and systematically used by Kato [14]
and Cannone [6].
In the following lemmas a particular attention will be devoted to study of the
bilinear operator B(u,v)(t) defined by

B(u,v)(t) = /Ot I=IAPY . (u @ v)ds.

Lemma 4.4. The bilinear operator B is bicontinuous from K. x KL to K. for
3q

any3§p<6 if3<q<6;any3§p<ooifqu;and%Spgooz’f
6 < g < 0o and the following inequality holds
1B, v)llxs. < Cllulls [0llxs, for all u,v € K

where C' is a positive constant independent of T'.
Proof. See [5, 7]. O
Lemma 4.5. If ug € L*(R?) then e'®ug € K& and ||e"ug|,.q < ||uolls for all
q € (3,00].
Proof. See [5, 7]. O

Denote Ef. := K1 N K with 3 < ¢ < co, we have the following lemma
Lemma 4.6. Let6 < g < oo, T > 0. Then the bilinear operator B is bicontinuous

from EL x EX to EY. and the following inequality holds
1B(u,0) s, < C lulpg lollps. for all u,v € EX, (4.3)
where C' is a positive constant independent of T'.

Proof. Applying the Lemma 4.4, it follows that the bilinear operator B is bicon-
tinuous from K7, x K2 to K., from K7, x K. to K3°, and the following inequalities
hold

1B(u,)llxes < Cullull s [0l s < Cillullgs vl g for all wve BS  (4.4)
and

1B(u, 0)ll e < Collvllgllull g < Collollpgllullpy for all w,v e Ef,  (4.5)
where C} and Cy are positive constants independent of T'. The estimate (4.3) is

deduced from the inequalities (4.4) and (4.5). O
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To prove main theorems, we define the auxiliary space G%, 0 < a < 1 which
is made up of the functions w(x) = (w1 (x), ws(z), ws3(x)) € L3(R3) such that

sup to‘HetA|wH|3 < o0
0

t>
and A
tli)rglo e |w\H3 = 0. (4.6)
The norm of the space G is defined by
el = Neolls + stap £ e o .
where
3
()] = (Y wi@)"”.
i=1

Lemma 4.7. The space G is a Banach space which is invariable with translation
in the sense that

Hw( - xo)HGa = HwHGa for all xy € R3.

Proof. Firstly, we will show that G* is a Banach space. Indeed, let {w,},>1 be a
Cauchy sequence in G¢, for any € > 0 there exists a large enough N such that

lwy, — w3 + sup t‘“HetA|wn — wm\Hs <eforalln> N,m> N.
>0

It follows from the above inequality that {wy, },>1 is a Cauchy sequence in Banach
space L3, thus there exists wg € L? such that

Jim i, o], = 0.

We have

£ e = winl g = £ e = wollly| < £y = wra| = € = wil
< taHetA]wm - w0|H3 < to‘me — ons, for allm > N,n > N,and t > 0.
It follows from the above three estimates that

lim taHetA\wn — wm\Hg = to‘Hem\wn — w0]H3 <eforalln>N,t>0.
m—0o0
Thus, we have
sup t°‘||em|wn — wo\Hg < eforall n > N.
>0
From the above inequality we have
tlim Hwn — wOHGa =0.
—00

Let us now check the validity of condition (4.6) for wg. For any € > 0 there exists
a large enough N such that

taHetA\wn — wo|H3 < % forallm > N,t > 0.

On the other hand, there exists a large enough ¢y = to(N) such that
€

e, < &

7



From the above two inequalities we have

to‘||em|w0]H3 < taHetA]wN - wo\Hg + taHetA\meg < e for all t > t.

Finally, the property Hw( - xo)H Ga = HwH go 18 derived from the fact that
.12 2

€' (- — z0)|(x) = (4mt) e~ 4 x fu(- — 20)|(x) = (4mt)"Fe ™ x fuw(:)](z — 20)

and Hu(-—xo)Hq: Hu”q foru e L9,1 < g < 0. O

Lemma 4.8. Let h € L' and w € G*. Then, hxw € G* and

7% wl o < Al f[ell e

Proof. Applying the Lemma 4.7, we deduce that

s wllg = | [t =], < [ il - le-ay
< [ mllwlondy = [
The Lemma is proved. O

Lemma 4.9. Let h € L™ and w € G*. Then, hw € G and

1wl o < (2]l ]l -

Proof. The proof is derived directly from the definition of the space G“. O

We define auxiliary the space F'¥, 0 < « < 1, which is made up of the
measured functions u(¢, z) such that

u(t) € G* for all t € [0,T] and sup Hu(t)HG[x < 0.
0<t<T

We have the following lemma
Lemma 4.10. Let p,a,T € R be such that

0<a<l,3<g<o00, T>0.

Then the bilinear operator B is bicontinuous from EJ. x E¥ to E¥ and from
F2 x B4 to F and the following inequalities hold

HB(u,v)(t)HFg < HUHE%H’UHF% for all we El, ve Fy (4.7)

and

HB(u,v)(t)HF% < HuHF%HvHE% for all we Fg, v e E} (4.8)
8



Proof. Applying Lemmas 3.4, 4.8, 4.9, and 4.2(a) in order to obtain

1B, 0) ()] e = H/ —5Y t_s) (wev)ds|

)* UV H ds

S/o R

[ 116080 guds

<[ ol (=

< [= s KL (18 ) g
< [ = IR futs) | o) s
N/O(t_s Hu@| o]l s < HUHF%/Ou_S)éS;HUH,@odS

= HUHK;?IMIF%/O (t = 5)7%s2ds = Calfull g [l gy < Callul] o] -

This prove the estimate (4.7). By an argument analogous similar to the previous
one, we get the estimate (4.8). O

Lemma 4.11. Let3<g<o00, T >0, and 0 < a < 1. Then
(a) If ug € L? then e'®ug € B3 and HetAuoHEgF < ||etAuo||KgF.

(b) If ug € G* then e'®ug € F and HetAuoHF% < upl| g -

Proof.
(a) We have by Lemma 4.5 that e®ug € E. It follows from Lemma 3.3 that
[ uollg = s e ol + sup 40D,
= sup 13]|es2eFRug] + sup 12070 e,
0<t<T 0<t<T
< Cy sup t2 Hez uoH + sup t2( Hemuqu
0<t<T 0<t<T

< C; sup ti(lfﬁ)HemuOH + sup t%(lfg)HetAuoH ZCQHGtAUOHKQ-
0<t<T T o<i<r I g

(b) Using Lemma 4.8, we have
_L2
€ At x ug

(4mt)2 wt)?
This prove (b). O

<|

o] e = | | Mol e = ol

Lemma 4.12. Let p,a,T € R be such that

6<qg<12,0<a<l, and T > 0.
9



Then there exists a positive constant C' = C(q, ) such that for all ug € G with
div(ug) = 0 satisfying

sup t%(k%)Hemuqu <C, (4.9)
0<t<T

the Navier-Stokes equations (1.1) have a solutionu € EFNEXNBC([0,T); L*(R?)).

In particular, for arbitrary ug € L3, there exists T = T(uo) small enough such
that the inequality (4.9) holds.

Proof. Combining Lemma 4.3 with E = Ef, F = F%, Lemma 4.10, Lemma
4.11, it follows that there exists a positive constant C' such that if the following
inequality

lwollicy. = sup 12070 ety || < ©

holds then the Navier-Stokes equations (1.1) has a solution u € ELNFS. It follows
q q
from Lemma 4.4 that B(u,u) € K7, we have by Lemma 4.5 that eBug € K3

q
and therefore v = e®ug + B (u,u) € IC%. Applying again Lemma 4.4, we obtain
B(u,u) € K3 C BC([0,T); L*(R?)) and therefore u € BC([0,T); L*(R?)). The
uniqueness of u is deduced from Theorem 4.1. Now we show that the condition
(4.9) is valid when T is small enough. Indeed, from the definition of K7, we deduce
that the left-hand side of the inequality (4.9) converges to 0 when T tends to 0.

Therefore the condition (4.9) holds for arbitrary ug € L3 when T = T'(ug) is

small enough.
O

Lemma 4.13. If u € C([0,00); L}(R?)) is a mild solution of the Navier-Stokes
equations (1.1) with the initial value ug € G*, then u(t) € G* for all t > 0.

Proof. Applying Lemma 4.12 and Lemma 4.5, there exists a strong solution v
of the Navier-Stokes equations (1.1) with the initial value ug on some interval
[0,7"], where T" > 0, so that v(t) € G* for ¢t € [0,T"]. Using Theorem 4.1, we
obtain that v = v on [0,7”], and so u(t) € G* for t € [0,T"]. Let

T =inf{t > 0:u(t) ¢ G*}.
Then 0 < T* < oo and u(t) € G for t € [0,7*), we only need prove that

T* = oo. Suppose that T* < co. Let C be the constant in Lemma 4.12, we have
by continuity that there exists §; > 0 such that

)~ u(T)ly < S for all 1 € [1° — 5,.77).

Let 6 < ¢ < 12, we take a number positive ds enough small such that

1(1_3) tA % C

12 T < =,

S e tu(T)], < 5
10



1
Let § = imin{&, d2}. It follows from the above two inequalities that

sup 13079 |eBu(T - 5)|
0<t<29

< sup 207D+ sup 1207 | (w(T) — (T~ )],

q

0<t<26 0<t<26

< sup t%(l_%)Hemu(T*)Hq + ||u(T*) = u(T* = §)||, < C.
0<t<d2

From the above inequality, applying Lemma 4.12 and Theorem 4.1, we obtain
u(t) € G* for all t € [T* — 6,7 + ¢|, which constitutes a contradiction. This
completes the proof of Lemma. O

We define the auxiliary space Q% 0 < « < 1, which is made up of the
measured functions u(¢,z) such that

sup £ [u(t)]}s < o0
t>0

and

. _

th_r)noot ||u(t)H3 = 0. (4.10)
We have the following lemma
Lemma 4.14. Let p,a € R be such that

2 1 1 1

Then the bilinear operator B is bicontinuous from K, x K, to K&, from K, x Q%
to Q%, from Q% x K, to Q%, and the following estimates hold

HB(u,v)(zﬁ)H,Cgo <~ HuHKgoHvHKgo for all u, v € KL, (4.11)
| B(u, U)(t)HQa <~ HuHICZOHUHQa forallu e KL, v € Q, (4.12)
| B(u, v)(t)HQa <7 HUHQQHUHK&J for all u € Q%, v € KL, (4.13)

where v 1s a positive constant.

Proof. The estimate (4.11) is deduced from Lemma 4.4. Applying Lemma 4.1,
Holder inequality, and Lemma 4.2(a) in order to obtain

t
HB(u,v)(t)Hy)S/(t—s)é23¢1Hu®lellds
0 +1

37q

t _1_3
< [t 97 ulJolads
0
t Sl —a-1(1-8) la-d)
g/(t—s) 2725 g 2\""q/ g2V g Hu(s)“qso‘Hv(s)Hgds
0

t
<l Bollge [ (¢ =430 57240

= C1t™ |l g, [1oll -
11



The estimate (4.12) is deduced from the above inequality. Let us now check the
validity of the condition (4.10) for the bilinear term B. Indeed, we have by the
above estimate and the change variable of the variable s = t7 that

el <t [ =97 E )] o) as
t

<0 [ = s ATHDAD ) (o) s
0

t
<ty [ (€= F O o) ds
> Jo

1
~llullgs, [ (=2 Er 30 (e o
*Jo

From tlim (157')0‘Hv(t7')H3 = 0 for all 7 > 0, applying Lebesgue’s convergence
—00
theorem, we deduce that

Jim 1B, v)(0)], =

By an argument analogous similar to the previous one, we get estimate (4.13). O

Lemma 4.15. Let p,a € R be such that
2 1 1 1
0<a<, 0,z(a—2) < —< =
< max{ 3(a 2)} . <3
Then there ezists a positive constant C = C(q,«) such that for all ug € G*
satisfying
sup t2
0<t<oo

the Navier-Stokes equations (1.1) has a solution v € K&NQ*NBC ([0, 00); L*(R?)).

1=t uo, < C, (4.14)

Proof. Tt is easy to see that e/®uy € Q®. Combining Lemma 4.3, Lemma 4.14
with E = K& and F = G%, it follows that there exists a positive constant C' such
that if the following inequality

1

3
lugll o, = sup 207 2)||e2
* 0<t<oco

UOHq <C

holds then the Navier-Stokes equations (1.1) has a solution u € K& N Q. By
applying Lemma 4.4, Lemma 4.5, and using an argument similar to that of the
proof of Lemma 4.12, we obtain u € BC([0,T); L*(R?)). The uniqueness of u is
deduced from Theorem 4.1. O

Proof of Theorem 2.1

Proof. (a) It is easy to see that uy € G*. Using Lemma 4.13, we get u(t) € G¢
for all ¢ > 0. Since Theorem 4.2 and Lemma 4.5, it follows that there exists a
positive value ty large enough such that the condition

sup t2 HetA (to H <C
0<t<oo
holds. Applying Lemma 4.15 we obtain the strong solution v of the Navier-Stokes
equations (1.1) with the initial value u(¢p) on the interval [0, 00) satisfying v €
K& NQ*N BC([0,00); L3(R3)) and therefore ||v(t)||, = o(t™*). Using Theorem
12
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4.1, we obtain that u(t) = v(t — to) for all ¢ € [ty,00) and so Hu(iﬁ)H3 =o(t™).
(b) We consider two cases 0 < o < 1 and o = 1 separately. The proof of the case

0 < a <1 is deduced from the part (a), we only consider the case & = 1. Now,
we prove that there exists a positive number ¢y large enough such that

Vu(t) € L? for t > to and | Vu(t)||, = O(t™1). (4.15)

Indeed, using Theorems 4.2, 4.3, and 4.1 it follows that there exists t; > 0 larger
enough such that

IVu(t)lg St71 for t > ty. (4.16)
Applying Theorem 2.1(a) for the case 0 < a < 1 we have
)]s < (1+1)"1 for ¢t > 0. (4.17)
For t > 2t; we have

t
HVB(u u H3 = HV/ (t= S)AIP)(U-Vu)dsH3 < / ‘}Ve(t_s)A]P’(u-Vu)“3ds
0

t t
= [ 192 p e v yds + [V R Vu)ds. (418)
5 0
2

Firstly, we estimate the first term on the right-hand side of equation (4.18),
applying Lemma 4.1, Holder inequality, inequality (4.16), inequality (4.17), and
Lemma 4.2(c) in order to obtain

t
ﬂ HVe(t_s)AIP)(u-Vu)H:,)ds S / (t—s)" Hu VUHst
2

2

t t
< / (t — )7 [ul| | V| s 5/ (t—s) i dds=catt (419)

t t

2 2
Secondly, we estimate the second term on the right-hand side of the equation
(4.18), applying Lemma 4.1, Holder inequality, inequality (4.17) in order to obtain

t

t
/2 HVe(t_S)A]P’(u : Vu)H3d8 = /2 HV2e(t_s)AIP(u®u)H3ds
0 0
S/Oz(t—s)_guu@)u\gdsgf (t—s)" HuH3d8

5t
< (;)3 /02 (1+s)"3ds <t 2. (4.20)
Combining the inequalities (4.19) and (4.20), we obtain
IV B, w)(t)]|, = Hv/ (t=9)Ap(y . Vu) dsH <t%fort > 2. (4.21)
On the other hand, we have
Vel = [VesdesSull, < HlebSull, < e Hed < . (122

The property (4.15) is deduced from the inequalities (4.21) and (4.22) with
to = 2t;. Now we come back to prove Theorem 2.1(b) for the case a = 1, we
13



have

t
| B(u, u)H3 = H/o e(t*s)AIP’(u-Vu)dsH3
t t
< / (Ve 2P (u @ wyas]), + / |elt=)2P (s - ) . (4.23)
0

Firstly, we estimate the first term on the right-hand side of equation (4.23).
Applying Lemma 4.1, Holder inequality, inequality (4.17), and Lemma 4.2(c) i
order to obtain

t

/2 HVe(t_s)AIP’(u®u)H3ds < /2(75 — s)_1Hu®uH%ds < /2(15 — s)_lHquds
0 0 0

t
t\—1 [2 3
< (= ~3ds <t
_(2) /0(1+5) Bds <t L. (4.24)

Secondly, we estimate the second term on the right-hand side of the equation
(4.23). Applying Lemma 4.1, Holder inequality, inequality (4.15), inequality (4.17),
Lemma 4.2(c) in order to obtain

t t
IR ds £ [ -9 vl s
2

2
t

t
< / (t—s)%\|u||3uvu||3dsg/ (t—s) 25 2ds <72 for t > 2tp.  (4.25)
1 t

2 2

Combining the inequalities (4.24) and (4.25), we obtain
t
HB(u,u)(t)H3 = H / e=9)AP(y, - Vu)dsH3 <t fort > 2ty
0

and therefore ||u(t)||, = O(t™).
(¢) To prove this part, we need this following lemma

Lemma 4.16. Suppose that ug € LP’T(R?’) withl <p<ooandl <r <oo. Then
lim HX"“()HLP,T =0, where X,(z) =0 for v € {z: |z] <n}n{z: |u(z)| <n},

n—oo
and X, (x) = 1 otherwise.

Proof. See [16]. O
We only need to prove

tim £2 1) |2 ||, = 0.

We have
(31 eta 521 eta 531 | eta
2 (e uollls < 2P [ (Knfuo])[| + 2P (|2 (1 — An)fuol) ||

3 3
3 _9 =2
t2p —1.12 t2p —1.12

< WH@T % (Xnluol) |5 + WHBT x (1= Xn)luol)||5- (4.26)

14



For any ¢ > 0 applying Lemma 3.1 and Lemma 4.16, we have

t2p p -2 L2 ¥ _ t%—2 L2 N
WHC 4t ( n’U0|)H3 < WH@ It *( ”|u0DHL3«1
3 _9
t2 =L =L
< Gl Wnloll = sl o bl
= C|[Xaluol| e < 5 (4.27)

for large enough n. Fixed one of such n, let p* be such that 1 < p* < p, applying
Lemma 3.1 we get

e 12 =L
WHe i (1= Xn)uol) ||, < ( 3/2” HL4 v X)luol || .
3(1_ 1
—t2\p p WHG 4 HL43* . n)‘u0|HLP*ﬂ“
< rt3G=3) n(1 — 2|0 = Co(m)3 G) < S (4.28)
for all ¢t > ¢* with t* = (2026(”)) e . From the inequalities (4.26), (4.27), and

(4.28) we have

1(3
15 (2-1) [€"uol||3 < e for all t > t*.

(d) From Lemma 3.2, the two quantities H|UOH|3720¢,00( and sup t"‘”em|uo\H3
3 t>0

R3)
are equivalent. This prove (d). O
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