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Abstract

In this paper, we give a new inequality for weighted Lebesgue spaces called Bohr-Nikol’skii
inequality, which combines the inequality of Bohr-Favard and the Nikol’skii idea of inequality
for functions in different metrics.
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1. Introduction

Let m > 1, f € C™(R),DIif € L*(R),j = 0,1,....m, 0 > 0 and suppf N (—o,0) =0,
where f is the Fourier transform of f. Then it is known the following Bohr-Favard inequality
(see [5, 6]):

[flloc < 07" K[| D™ flloo,

where the Favard constants K,, are sharp in the sense that these cannot be replaced by
smaller ones and defined by

4 & (_1)j(m+1)

K, =— -— €Z,.
TR Ly R
J=0
The Favard constants satisfy the following properties
2 3

T 4 m m
1=Kp<Ko=—< Ky <..< —<.<Ksg=—=< Ky =—.
8 T 24 2

This inequality was extended to LP-norm in [1]: Let 1 <p<oo,m>1,0>0, f € LP(R),
D™f € LP(R) and suppf N (—0o,0) = B, where D™ f is the m"-generalized derivative of f.
Then

1fllp < o™ Kl D™ fllp,

where K, are the Favard constants defined above.
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The Bohr-Favard inequality was studied also in [7, 9, 4]. The main purpose of this paper
is to derive a new Bohr-Nikol’skii inequality for weighted Lebesgue spaces, which combines
the inequality of Bohr-Favard and the Nikol’skii idea of inequality for functions in different
metrics (see [12, 13]). Note that the Nikol’skii inequality was studied in [9 - 14] and the
Bohr-Nikol’skii inequality for Lebesgue spaces was studied in [3].

2. Main results

Denote by S(R) the Schwartz space of rapidly decreasing functions and by S'(R) the dual
space of S(R), the space of tempered distributions on R. If f € S/(IR) then the support of f,
denoted supp f, is the set of points in R having no open neighborhood to which the restriction
of f is 0. The Fourier transform F of a tempered generalized function f can be defined via
the formula

(Ffip) = (£, Fp), »eSR),
and the m!"-generalized derivative of f, denote by D™ f, can be defined as follows

(D™ f,0) = (=1)™ (f,D™¢), ¢ € S(R).

Let 1 < p < 00,8 € R. The weighted Lebesgue space Lt := LE(R) consists of all
measurable functions such that

£l = ([ @Piapar) < .

Note that L%(R) is a Banach space and L5(R) becomes the usual LP(R) space if s = 0.
We recall the following result in [8] as known an extension of Young’s Inequality for the
weighted Lebesgue spaces.

Lemma 1. Let 1 < u,p,r < oo,1/p < 1/u+1/r, 1/p = 1ju+1/r+v+q+v—1,
v<1=1/u,q<1/p,y<1=1/r,v+q>0,7v+v>0,qg+v >0 andlet f € Ly(R),g € L (R).
Then fxg € inq(R) and there exists a constant C' independent of f, g such that

If* gl < Clifllcelgles
where
(F+9)@) = [ 1=
Now, we state our main theorem.

Theorem 2. Let 1 < u,p<o00,0<qg+1/p<v+1l/u<l,v—q>0, m 23,0 >0, and
f e S (R) such that it’s m*"-generalized derivative D™ f € L*(R) and suppf N (—o,0) = 0.
Then f € LY(R) and there exists a constant C > 0 independent of f,m, o such that

ID™ fll 2y = Cm*a™ A f]| . (1)

where
1 1
A=v+——q——->0.
U b



PROOF. Let us first prove (1) for the case 0 = 1. To do that, we denote K := (—o0, —1] U
[1,4+00), K¢ :=(—00,—(1 +€)] U [l + ¢ +00) for each € > 0, and

Cret/ -1 if ly| < 1,
T(y) = .
0 if [y = 1,

where C| is chosen such that [ T(y)dy = 1. We define the sequence of functions (¢, (y))men
via the formula

¢m(y) = (1K3/(4m) * Tl/(4m))(y)7

where
Tl/(4m)(y) = 4mY (4my).
Then Y1 /4my(y) = 0 for all y & [~1/(4m),1/(4m)], Jr Y1/(am)(y)dy = 1. Hence, for all
m € N we have ¢,,,(y) € C*(R) and
dn(y) =1 Yy € Kyjom), dm(y) =0 Yy & Ky, (2)

So, it follows from suppﬁ’?f C K that ¢, (y)ﬁ’?f = ﬁf?f . Therefore, since

Dmf = (—iy)™f,

we get

om(y) D7 f = (—iy)™f.
and then

D" fm(y)/(—iy)™ = f.
Hence

f=@m) 2D )« FH dm(y)/ (—iy)™). 3)

We consider two numbers r, 7y satisfies 1 < r < oo, q—i—%—v—% = %—1-7—1,7—1-1) >0,y—q>

0,v — ¢+~ < 1. From the hypothesis, we have % < %—I—%, v <1 —%, v < 1—1/u and

—q < 1/p. Therefore, due to (3) and Lemma 1, we obtain the following estimate

£y < @m) 72D f s | (bm(y) /y™) | s
= 2m) 2D e | F (S () /9™l - (4)

We define
b 2= 14 = () = Ok B(9) = G(9) — D).
Then
(F (O (w)/5™)) ) = ()™ (D i) ()™ () = ()™ (F (Gin) ™) o).
So,

(e

|7 @) /™)

Flom()/y™)
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Hence, it follows from (k‘m)m_H“’Jr% > (k)™ = (1+ L)™"1 > 2 that

|Fonwam],, = 5|F@nwmm],,

Therefore, since ®,,(y) = o (y) — Fm(y) we get
m > m o m
[F@ntrsm|),, 2 |[F@mwm|, = [FGntm],
1
> — m .
> 2| F@m)/y >HL9 (5)
From (4)-(5) we obtain
1£ 11y < 22m) 7 2ID™ Fll | F(@in(y) /y™) | s - (6)
Now, we will estimate |7 (®.(y)/y™)||;. To do that, we put Cp = max{|| YW1, j <3}
By T1/(am)(x) = 4mY (4mz), we obtain T?)Mm)(fn) = (4m)7 1Y) (4mz) and then
1T It = @MY YD1 < Co(dm), Vi < 3.
Therefore,
' _ ) () ' ;
HQS%)HLoo o H<1K3/(4m) * Tl/(4m))HLoo = “Tl/(4m)“L1 < (4m)!Cp, Vj<3. (7)
Note that ¢,,(y) =1 Vy € (—oo, =1+ (1/2m)] U [1 — (1/2m), +00) and ¢, (y) =0 Vy €
[~1+(1/m), 1= (1/m)].
So, if |[y| < 1—(3/m), then |y| < |kmy| < 1—(1/m) and then ¢, (y) = ¢m(kmy) = 0, which
implies ®,,,(y) = 0. Further, if |y| > 1 then |k,,y| > |y| > 1 and then ¢, (y) = dm(kmy) =1,
which implies ®,,(y) = 0. From these we have

suppy, C [1 = (3/m), 1]U [~1, (3/m) ~ 1]. ®)
Now, for y € [1 — (3/m), 1]U[~1, (3/m) — 1] we get
=] =[] < 7 ©)
From (7) and (9) we have the following estimate for y € [1 — (3/m), 1]U [~1, (3/m) — 1]
[@n(w)] = |om®) = I(w)] = [om(y) = 60k

<Jy-turffu]. < Eanca = w

and
[©1,)| = |61 () = V)] = |1 ) = S0 )|
= |6 &) = k6 (k)| < [610(0) = Erakunt)| + | (1 = Kon) 1 (ki)
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< Liumpe, + 1 ks

m
< 20mCs. (11)
Put ¥,,(z) = (F(®m(y)/y™))(z). Then
1 .
U, — [ YO d
=/ vy
R
Therefore, due to (8) we have
sup | Ui /(<I> /ym(dy— —— / (<I>m(y)/ym(dy
xre
1—%§|y|<1
and it follows from (7) that
6 3 24e1Cy
su \Ifmzn‘g ‘<I> ‘ ——_m_ 12
sup [, (0)| < —Z—sup ()1~ ) = (12)
We also obtain
., (y)
sup |2V, sup ‘/ @y ( - dy‘
:EGE @) WmeR m+1 ym )
@, (y)‘
_ Zm\J) g
/271'/ m+1 ym Y
Therefore, due to (7)-(8), we have
1 m®n(y)  ,.(y)
su :E\Ifmzz:‘g— / — ‘dy
meg ( ) /271' ym—l—l ym
1-2<y<1
< up _[2220) - Zml0)
mV2my_sqy<al Y Y
< f[ D) |1~ 2) 7 - sup [, ()| (1~ )77
sup | @, (y)|m(1 — — - —
om yeg Y m yeR m
14410y
< [40 me* + 20Cyme } —. 13
< - Tw > 5 o (13)
We see that
| TLT = / |:1:“’\Ifm(:17)|wd:r—|— / |:E7\Ifm(:n)|Td:E
ad
|z|<m |z|>m
r 1
< sup’\If ’ / " d:n—l—sup’:nllf )’ / —
z€R zeR "
|z|<m |z|>m
Due to r —yr > 1, we have [ mr —|dx < oo, and then
|z|>m
, - 9 yr+1l—r -
H\IJ < 2m7r+lsup|\1fm(:n)| —I—misuph:\lf (z )| (14)
gl z€R =1 zer




From (12)-(14), we obtain

H\Ijm‘ P (246402>T 2myrHi=r (1446402>7" _ gt <e4C’Q>T 1447 L o6m),
Ly~ my 2 r—ayr—1 \/ 21 N2 r—oyr—1
and then
4 14472
L —— 1+ 9672) b1 = (15)
Lr 27 r—ar—1
where C5 = \/271'/6402(% + 9672)%. From (6) and (15) we have
L
ID™ fllre = Cm* =% || £l o
So, (1) has been proved for the case o = 1.
Next, we prove (1) for any o > 0. To do that, we define a function f, as follows
folz) = f(x/o), x€R.
Clearly, (D™ fy)(z) = o~™(D™ f)(z/0). Hence,
1 _ 1
1ol = 0" H 1 fllan 1D™ ol = oo+ 5 D7 1. (16)

From suppf N (=0, 0) = 0 we deduce supp}; N (—1,1) = (. Therefore,
ID™ follzze > Cm| foll e,

where A=v+ 2 —¢— %. Hence, it follows from (16) that

1
oML D™ |y > CmA o £ .

So,

1,1
ID™ fllLy = Cmra™ o 7| £l

= Cm o™ | fll -
The proof is complete.
For o > 0 we denote
LY, = {f € Li(R) : suppf 1 (~0,0) = 0}.
The norm of the derivative operator D™ is given by

[1D™|pw gz = sup |ID"fllpe.
q q
’ Fllzy <1

From Theorem 2, we have the following corollary about the norm of derivative operators.

Corollary 1. Let l <u,p<o0,0<qg+1/p<v+1l/u<l,v—qg>0,m>3,0>0. Then
there exists a constant C' > 0 independent of m, ¢ such that

ID™ |y, 1 > Cnro™

where

1 1
A=v+——q——->0.
U b



If p = u,using Theorem 2, we have the following result.

Corollary 2. Let 1 <p <oo,-1/p<g<v<1-1/p,m=>3,0>0,and f € S'(R) such
that it’s m!-generalized derivative D™ f € L} (R) and suppf N (—0,0) = (. Then f € L5 (R)
and there exists a constant C' > 0 independent of f,m, o such that

ID™ fll g = Cm*a™ | |z,

where
A=v—g>0.

If ¢ = v, we have the following result from Theorem 2.

Corollary 3. Let 1 <u <p <oo,—-1/p<g<1l-1/u,m>3,0>0,and f € S'(R)
such that it’s m"-generalized derivative D™ f € Ly(R) and suppf N (—0,0) = §. Then there
exists a constant C' > 0 independent of f, m, o such that

ID™ fllzy = Cm*a™ A f]l .

where ] ]
A=——-—>0.

u p

Using Theorem 2 in the case ¢ = 0, we have the following:

Corollary 4. Let 1 <wu,p <oo,1/p<v+1l/u<l,v>0,m=>3,0>0,f¢€ S'(R) such
that it’s m!"-generalized derivative D™f € L*(R) and suppf N (—o,0) = 0, f # 0. Then
there exists a constant C' > 0 independent of f, m, o such that
m A _m—A\ 1 1

D™ flly = Cm>a™ [ f| e, (A=U+E—]—9)-

In particular,
lim || D™ f|| /0™ = oo, liminf | D™ f||},"™ > o
m—00 m—0o0 v

Further, if v = 0, we have

Corollary 5. Let 1 <u,p <00,0<¢q+1/p<1/u,q<0,m=>3,0>0,fE¢€ S'(R) such
that it’s m!-generalized derivative D™f € L*(R) and suppf N (—0o,0) =, f # 0. Then
there exists a constant C' > 0 independent of f, m, o such that

ID™ fl| v = Cm*a™ A f]| .

where ] ]
A=——q——=>0.
U b

In particular,
lim ||D"f|| /0™ = oo, liminf | D™ |1\ > o.
m—0oQ m—0o0

Moreover, if v = ¢ = 0 then we have the following result from Theorem 2.



Corollary 6. Let 1 <u <p<oo,m=>3,0>0, f € S'(R) such that it’s m!-generalized
derivative D™ f € L%(R) and suppf N (—o,0) = . Then f € LP(R) and there exists a
constant C' > 0 independent of f, m, o such that

ID™ fll v = Cm*a™ A f] s,

where ]
——=>0.

b

A=2
U

Remark 1. For comparison, using Bohr-Favard inequality for L*(R), we get K, || D™ f ||« >
o™ f|L« and then the sequence {||D"™ f||pu/c™}3°_; is separated with the origin, while by
Corollary 5 we have the following stronger result: lim,, .o [|[D™ f||Lu/(m*c™) = oo for all
0<a< %—q—% and for all f € LE(R), and then the sequence {|| D™ f||« /0™ }>°_, converges
to oo.

Using Theorem 2 and the Bohr-Favard inequality, we can prove the following result.

Corollary 7. Let 1 < u < p < oo, > 0. Denote

Noyw:={f¢€ S/(IR) . suppf N(—o,0)=0,D™f e L%R) for all m =0,1,2,...}

and .
m f€Now ™| f| e
Then v, < §Ym+1 and
lim ~, = co.
m—00

Let 1 <p < oo and s € R. The weighted Lebesgue space L% := LE(R™) consists of all
measurable functions such that

- /
Iz = ([ 176 [ laspax) ™" < e,
j=1

where x = (z1,z2,...,2,). Consecutively applying Theorem 2 to each variable, we get the
following result for the n-dimensional case.

Theorem 3. Let 1 < u,p < 00,0 < g+ 1/p<v+1l/u<l,v—q >0, m>3, 0=
(01,...,0n) €ERY, and f € S'(R™) such that it’s a'-generalized derivative D*f € L*(R™)
and suppf N (=o1,01) X --- X (—on,0n) = 0. Then f € LE(R™) and there exists a constant
C > 0 independent of f,a, o such that

n
A
ID*flle = Clflle I o)™, (17)
i=1,0;#0
where

1 1
A=v4——g—=>0,
U p

In the following theorem, we give a result for the sequence of L —norm of primitives of a
function (see the notion of primitives of functions in [2, 16]).



Theorem 4. Let 1 < u,p < 00,0 < ¢+ 1/p <v+1l/u<1l,v—-q >0, f e LyR),
o =inf{|¢|: &€ € suppf} > 0, and {I"f}°_, C LE(R), where I°f = f, I™f is a primitive of
I 1f m=1,2,.... Thenfor0<a<\A=v+ % —q— % we have the following limit

lim m*™|[I™f|l;» =0

m—o0 q
and

lim || I"f]]}," = 1/o. (18)

m—0o0 q

PROOF. Similar to the proof in [2] we have
suppl/”?f = Suppf Vm € N.
Therefore, suppl/”?f N (—o,0) = 0 and then it follows from Theorem 2 that
£y = 1D™ (™ P)lly = Cmra™ I f| .

Hence,
lim m®*™|[I"f||» =0
m— 00 a

for all 0 < a < A. Consequently,
lim sup ||Imf||%m <1/o.
m—o00 4

To complete the proof, we have to obtain

1mi£f||1mf||;%m > 1/o. (19)

To do that, we consider 0 < € < o. Without loss of generality we may assume that o € suppf.
Then there exists a function ¢ € C§°(R), suppF ¢ C [0—¢, o+¢] such that (f, ¢)# 0. Hence,

0 < |(f,0)|= |<ImfaDm90>|=/Rfmf(:v)Dmso(fv)dwé/R|<E"Imf(<v)||<v_"DmsD(<v)|dw-

Using Holder inequality, we have

0 < ()< ([ e s@lPan) ([ D" p(@)an) = | gl 07y

where
1 1
p P
So,
L. m g 1/m . m _nl/m
liminf [[I™f|| > > 1/limsup |[D™p| ", (20)
m—00 q m—oo qu
Note that

sup(1 + 2%)| D™p(x)| < / (Je™(F 1) (@) + | (@™ (F o) (2)) | der
z€R [0—€,0+€]

< Cm?(o+ €)™,



where C' is independent of m, and so,

lim sup ||Dm<,0||i/ptn <o+e

m—o0 —q

Then it follows from (20) that
lim inf |77 f]| 4" = 1/ (0 + ).

Letting € — 0, we confirm (19). The proof is complete.
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