ON THE PROBABILITY DISTRIBUTION OF THE PRODUCT OF
POWERS OF ELEMENTS IN COMPACT LIE GROUPS

VU THE KHOI

ABSTRACT. In this paper, we study the probability distribution of the word map

w(xy, T2, -+ ,x) = x7'xy? - x,* in a compact Lie group. We show that the

probability distribution can be represented as an infinite series. Moreover, in the
case of the Lie group SU(2), our computations give a nice convergent series for

the probability distribution.

1. INTRODUCTION

The literature on the study of probabilistic questions in finite group is huge. The
starting point is the work of P. Erdés and P. Turan [3, 4]. Since then several papers
are devoted to the study of the number of solutions of equations and the probability
distribution of word maps in finite groups. In the general setting, the problem can
be formulated as follows. Let F} be the free group of rank k , and let w € Fy be a
word. For a group G, the word w induces a word map wg : G¥ — G. The problem

is to study the probability distribution P, ¢ on G defined by P, (X) = lw%G‘(kX )‘,

for X C GG, where we use the counting measure on the finite group G.

The probability distribution of the commutator word has been studied in [6, 15]
for finite groups. The problem for other words on finite groups has been investigated
in [2, 10, 13, 14].

Other direction is to study the same question for compact group by using the Haar
measure, see [5, 7, 8]. In these papers, the authors study the probability distribution
of the commutator word on compact groups by using the product Haar measure to

define |wg'(X)|.
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In this paper, following M. Mulase and M. Penkava [12], we define |wz'(g)|,9 € G,

by the volume distribution:

(o) = [ S oy oo

Here, GG is a compact Lie group, 0 is the Dirac delta distribution on G and dz; - - - dx,
is the product Haar measure on G*. Recall that the Dirac delta distribution has the
following expansion:
6(x) = |—Cl;| > daxa
reG

where G is the set of all the irreducible representations of GG. Also d, and y, are
respectively the dimension and character of the representation A. Therefore the
probability distribution P, ¢ is given by:

1
(1.1) P,clg) = |G|—k+1 Z (/k dyxa(w(xy, 2o, wp)g ) doidwy - - - dxk>,
G

Ae@
provided that the sum on right hand side converges. The readers are referred to [12]

for the details on volume distribution.

The purpose of this paper is to give a formula for P, ¢ in the case w = x7'z3? - - - 2",
where (ny,ng, -+ ,ng) is a k—tuples of integers. Moreover, We will show that in the

case G = SU(2), the sum in the right hand side of (1.1) converges and P, ¢ has a

nice form. In the next section we will state and prove the main results.

2. MAIN RESULTS

We first note that it is enough to consider the case where all the exponents n.s
are positive since changing x; to ;' does not affect P, . Our first result is the

following

ni ,.n2

Theorem 2.1. Let G be a compact Lie group and w = ' xy* - - - x.*. The probability

distribution of w on G is given by

1 -1 n
Poclg) o) /G (@™ Ve /G @)y /G (@) dey,

- |G|+ 51
eGP

provided that the sum on the right hand side converges.
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Proof. To prove the formula we need the following lemma.

Lemma 2.2. The following equality holds
1 n
/X,\(a: u)dr = N Xa(z™)dzya(u)
G A
for any u € G and \ € G.

Proof. We consider the action @ : L*(G) — L*(G) defined by ® = [, flz"u)dz.
We can see that ® commutes with the action of G on L*(G) by left multiplication.
Indeed,

B 1)) = [ (o Damide = [ fla e de = [ a7 aans e

- /Gf@”g—lu)dx —®(f)(g"u) = g- D(f)(u).

So @ acts on L?*(G) by multiplication by a constant C. In particular, ®(x,) = Cxa.

Therefore, we get
Blu)(1) = [ (e = Cxa(1) = Cdy,
a

So C = N f o Xa(z")dr and we get the desire equality

[ otz = 200)w = @ = 7= [ vEaw,

Now using (1.1) we have
1 ni _no ng —
Pw,G(g) = |G|—k+1 )\Z@ (/Gk d)\X)\<I1 To® - xkkg 1)dx‘1d]}2 NP dxk> .
€

By using Lemma 2.2 and taking integration over one variable at a time, we obtain
the desired formula in the theorem.
O
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Note that for a compact Lie group

|G| if A is the trivial representation,
/ xXa()d
€

0 otherwise.
So we immediately deduce the following corollary.

ni .n2

Corollary 2.3. Let G be a compact Lie group. Suppose that w = x{'x3?---x,* is a
word where at least one of the exponents n;s is equal to 1 then P, ¢ is the uniform

distribution, that is P, c(g) = ﬁ for all g.

We note that the integral fG xa(z™)dz is a generalization of the Frobenius-Schur
indicator on finite groups and is hard to compute in general. Therefore in general,
it is hard to check if the right hand side of the formula in Theorem 2.1 converges
or not. However, for the case of the group SU(2), we get an explicit formula which
converges.

The case when the word w = z%x3--- 27 has been covered in [12]. For higher

exponents cases, we get the following result.

Theorem 2.4. Let G = SU(2) with the normalized Haar measure. Suppose that

ni ,.n2 Nk
w = Il $2 A l’k

is a word where all the n's are bigger than or equal to 2 and at
least one of the nis is bigger than 2. Then for k > 4 the probability distribution of
w s given by

p 2]+1’“1’

where xq; is the 2j-th irreducible character of SU(2).

Proof. First, we recall some standard facts about representation of the group SU(2)
n [1]. Note that G can be identified with the set of non-negative integers Zs. The

J-th irreducible representation has the dimension d; = j + 1 and the character

_ sin(j +1)6 [0 ‘
(2.1) x;(e(d)) = —and where e(0) = 0 o0 ) JjE€Z>.
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To prove the theorem we need to compute fG X;j(z™)dx. For n = 2, it is the
Frobenius-Schur indicator [, x;(#*)dz = (—1)7. For n > 3, we have the following

result.

Lemma 2.5. Let G = SU(2) with the normalized Haar measure, then the following
equality holds for all j € Z> andn > 3

0 f 7 is odd,
/Xj(x")dx =
G 1 if j is even.

Proof. We recall that the Chebyshev polynomials of the first kind and the second
kind are defined respectively by

sin((j 4+ 1)0)
sin 6

Tj(cosf) = cos(j#) and Uj(cosf) = , ] ELs.

To compute integral of class functions on Lie group we use the following result ([1]

page 86)
/ f(x)dx = g/ f(e(6))sin?6do.
SU(2) T Jo
So, we get
2 [Tsin((j+ 1)nd) . 2/7r o,
/GX](x )dzx W/o sin(nf) sin~0do =), U,(T,,(cos 0))sin“0d6

We need the following identities of Chebyshev polynomials from Exercises 3, sec-
tion 2.5 of [11]

1 1 1
§U2m+1 =T +To+ -+ Top1 and §U2m = §T0 + 1o+ + Top.

These identities together with the fact that T}, o T,,, = T,,, allow us to write

Usms1(Tn(cos0)) = 2T5,(cos 0) + 215, (cos0) + - - - + 2T (am1)n(cosd), and

Ui (T (cos0)) = Ty(cos @) + 2T, (cos @) + - - - + 2T, (cos 6).

Therefore, we get

(2.2)  Uspy1(Th(cosB)) = 2cos(nd) + 2 cos(2n) + - - - + 2 cos((2m + 1)nfd) and

(2.3) Uy (T (cos0)) =1+ 2cos(2nd) + - - - + 2 cos(2mnb)
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Now the formula 7 and 12, section 3.631, page 397 of [9] imply that
(2.4) / cos(mB)sin®*(0)df =0 if m > 3.
0

So in the case j is odd, it follows from (2.2) and (2.4) that the integrals of all the
terms vanish, we get [, x;(2")dz = 0. If j is even, then it also follows from (2.3)

and (2.4) that [, x;(2")dz = 2 [ sin?0df = 1 as required. O
Combining Theorem 2.1 and Lemma 2.5 we arrive at the formula

Puclo) = 3 0

J=0

As noted above, the value of the character x2;(g™") is of the form
Usj(cos ) = Ty + 2T5(cos 0) + - - - 4+ 2T (cos §).

So we deduce that |xo;(g~")| < 2j + 1 for all j. Therefore, the series 3% é‘;i(f);l_)l

converges for £ > 4 and the theorem is proved.

O

It is interesting that for the group SU(2) the probability distribution P, ¢ does
not depend on the exponents n}s appearing in w. It is natural to ask the following
question:

It is true that on the Lie group SU(n), for a fixed n, the probability distribution
P, with w = zxh? - - - ;" is finite when k is big enough and it does not depend
on the nls when n.s are big enough?
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