THOM ISOTOPY THEOREM FOR NON PROPER MAPS AND
COMPUTATION OF SETS OF STRATIFIED GENERALIZED CRITICAL
VALUES

SI TIEP PINH' AND ZBIGNIEW JELONEK?!

ABSTRACT. Let X C C™ be an affine variety and f : X — C™ be the restriction to X of a
polynomial map C" — C™. In this paper, we construct an affine Whitney stratification of X. The
set K (f) of stratified generalized critical values of f can be also computed. We show that K(f) is
a nowhere dense subset of C™, which contains the set B(f) of bifurcation values of f by proving a

version of the isotopy lemma for non-proper polynomial maps on singular varieties.

1. INTRODUCTION

Ehresmann’s fibration theorem [3] states that a proper smooth surjective submersion f : X — N
between smooth manifolds is a locally trivial fibration. With some extra assumptions, this result
has been considered in different contexts.

Firstly, if we remove the assumption of properness or smoothness, in general, Ehresmann’s
fibration theorem does not hold since f might have “local singularities” or “singularities at infinity”.
The set of points in NV where f fails to be trivial, denoted by B(f), is called the bifurcation set of f,
which is the union of the set Ky(f) of critical values and the set B (f) of bifurcation values at
infinity of f. So far, characterizing Boo(f) is still an open problem. In general, people use a bigger
set (but easier to describe), the set of asymptotic critical values of f, denoted by K. (f), to
control B (f). The set K (f) is always a nowhere dense subset of C™ and it is a good aproximation
of the set By (f). For dominant maps on smooth complex affine varieties, the computation of
K (f), and hence of the set of generalized critical values, K(f) := Ko(f) U Koo(f), is given
in [8].

Now if X is singular, we need to partition X into disjoint smooth manifolds and then apply
Ehresmann’s fibration theorem on each part. However, if we do not require any extra assumption,
then the trivialization on the parts may not match. This obstacle can be overcome by introducing
the Whitney conditions [17, 18]. Indeed, if f is proper and X admits a Whitney stratification,
then f is locally trivial if it is a submersions on stratas [14, 10, 16]. Moreover, if f is non proper

and non smooth, we can also define the bifurcation set of f such that f is locally trivial outside
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B(f). However, so far, to our knowledge, no connection between B(f) and the set of stratified
generalized critical values of f, defined by K(f) := Ux_cs K(f|x.), for a Whitney stratification
S of X, has been established.

Let X C C" be a singular algebraic set of dimension n — r with I(X) = {g¢1,..., 9.} and let
f = (fi,--.,fm) : X — C™ be a polynomial dominant map. Now restricting ourselves to the
cases of dominant polynomial maps on singular affine varieties, the main goals of this paper are

the following:

e Construct an affine Whitney stratification S of X.
e Establish some version of the Thom isotopy lemma for f which yield the inclusion B(f) C

UXQGS K(f’Xa)'
e Calculate the set of stratified generalized critical values of f given by K(f) := Ux,_ cs K (f]x.)-

The paper is organized as follows. In Section 2, we recall the definitions of Whitney regularity
and Whitney stratification, then we construct an affine stratification from a filtration of X by
means of some hypersurfaces, and refine it to get an affine Whitney stratification. Some versions
of the Thom isotopy lemma for non-proper polynomial maps (Theorem 3.1 and Corollary 3.1) will
be given in Section 3. Then we compute the set of stratified generalized critical values of f, which
contains the bifurcation values of f, where f := (f1,..., fm): X — C™ is a polynomial dominant
map, in the last Section 4.

For the remainder of the paper, the differential of f at a point z is identified with its (row)

matrix, so we write d, f = ((%fl(x), e %{L(l‘)) Let
0
()
Vi(@):=| & |,
0
%(fc)

the Hermitian transpose of d, f. For v, w € C", denote by (v, w) = > | T;w; the Hermitian product,
and let v-w = > I vw;. For the set A C C", set A := {z: T € A} and let A% be the Zariski
closure of A. For an algebraic variety X, the singular part and the regular part of X are denoted

respectively by sing(X) and reg(X).

2. AFFINE WHITNEY STRATIFICATIONS

2.1. Preliminaries. For any two different points x,y € C™, define the secant Ty to be the line
passing through the origin which is parallel to the line through = and y.

A stratification S of X is a decomposition of X into a locally finite disjoint union X = |_| X

acl
of non-empty, non-singular, connected, locally closed subvarieties, called strata, such that the

boundary X, of any stratum X, is a union of strata. If, in addition, for each «, the closure X,
and the boundary 0X, := X, \ X, are affine varieties, then we call S an affine stratification. It

is obvious that any affine stratification is finite.



For linear subspaces F,G C C", let

d(F,G) := sup dist(z,G),
zcF
llzl=1
where dist(z, G) is the Hermitian distance.
Let (X, Xp) be a pair of strata of S such that Xg C X, and let z € X3. We recall some

regularity conditions:

(a) The pair (X,, Xg) is said to be (a) Whitney regular at = € Xp if it satisfies the following
Whitney condition (a) at 2: if ¥ € X, is any sequence such that 2% — x and T,x X, — T,
then T > T, X

(w) The pair (Xq, X3) is said to be (w) regular at z € Xz (or (a) strict Whitney regular
at x with exponent 1) if it satisfies the following condition (w) at x: there exist a
neighborhood U of x in C" and a constant ¢ > 0 such that for any y € X, N U and
' € XgNU, we have §(Ty Xp, Ty Xa) < clly — ']

(b) The pair (X4, Xp) is said to be Whitney regular at € Xp if it satisfies the following
Whitney condition (b) at z: for any sequence 2% € X, and y* € Xz, y* # ¥, such that
o =z, y* -2, T X, — T and xTyk converges to a line £ in the projective space P" 1,

we have ¢ C T.

We say that the pair (X,, X3) is (a) Whitney regular (resp. Whitney regular) if it is (a)
Whitney regular (resp. Whitney regular) at every point of X3. We say that S is an (a) Whitney
stratification (resp. a Whitney stratification) if any pair of strata (X, X) of S with X3 C X,
is (a) Whitney regular (resp. Whitney regular). It is well-known that Whitney regularity implies
(a) Whitney regularity [17, 18]. Moreover, in light of [13], the Whitney condition (b) is equivalent
to the condition (w) for the category of complex analytic sets, so to check the Whitney regularity,
we can verify either the condition (w) or the condition (b).

For the purpose of this paper, we also need the following notion of Whitney (resp. (a) Whitney)
regularity along a stratum. Let X3 be a stratum of § and let x € Xg. We say that Xz is Whitney
regular (resp. (a) Whitney regular) at z if for any stratum X, such that Xz C X, the pair
(X, Xp) is Whitney (resp. (a) Whitney) regular at x. The stratum Xz is Whitney regular
(resp. (a) Whitney regular) if it is Whitney (resp. (a) Whitney) regular at every point of Xg.
It is clear that S is a Whitney (resp. an (a) Whitney) stratification if and only if each stratum of
S is Whitney (resp. (a) Whitney) regular.

2.2. Construction of affine stratifications. Let us, first of all, fix an affine stratification of X

whose construction is based on the following proposition.

Proposition 2.1. Let X C C™ be an affine subvariety of pure codimension r. Assume that I(X) =
{91, , 9w}, where degg; < D. Let W be an affine subvariety of positive codimension in X with
IW)={g1,- 9w, u1,-..,ur} where u; € I(X) and degu; < D'. Then there exist a polynomial
px.w on C" of degree less than or equal to r(D — 1) + D' such that W C V(pxw) := {z € C":



pxw(z) = 0} and X \ V(px,w) is a smooth, dense subset of X. Moreover, the polynomial px w

can be constructed effectively.

Proof. Let X = J;~, X;, where X; are irreducible (hence r-codimensional) components of X. Take

sufficiently generic (random) numbers o;; € C,i=1,...,7, j=1,...,w and set
w
G; = Zaijgj, 1=1,...,7
j=1

Note that the set Z := V(Gy,...,G,) has pure codimension r and X C Z. Let 71,...,7; be some

(random) generic numbers and set

1 if W =40,
H =
> iy Yiu; otherwise.
Clearly dim (X NV(H )) < dim X. Moreover, for a sufficiently general linear r-dimensional subspace
L" C C™ the intersection L™ N Z has only isolated smooth points and L™ N X; # () for every ¢ =
1,...,m. We can assume that L" is determined by the linear forms [; = Z?:l Bijrj,i=1,...,n—r,

where 3;; sufficiently generic (random) numbers. Now take
Px.w = ‘JGC(GL s 7G7’7 ll? SR l?’b—?“)’ : H7

where Jac(.) denotes the Jacobian matrix. Then px w is a polynomial with the required properties.

The polynomial px - can be find by using a probabilistic algorithm. First recall the following.

Theorem 2.1 ([2]). Let I be an ideal in k[xy,...,x,] and let G = {g1,...,9s} be a Gréobner basis
for I with respect to a graded monomial order in k[z1,...,z,]. Then G" = {gh,... g"} is a basis

for I" C k[zg, x1,...,2,).

This theorem allows us to compute the set of points at infinity of an affine variety given by the
ideal I, to this aim it is enough to compute the Groebner basis {gi,...,gs} of the ideal I and
then to consider the ideal I, = {zo, g{l, e g?} Now we sketch the algorithm to compute the
polynomial px . Note that for a given ideal I we can compute dim V' (I) by [15].

INPUT: The ideal I = I(X) ={g1,..., 9.} and the ideal J =I(W) ={g1,..., guw, U1, .., Us}
1) repeat

choose random numbers o1, ..., Qw, 1 =1,...,7;

put G; == 5 qiggr, i =1,...,7;

put I ={Gy,...,G.};

compute the ideal I = {H1,...,Hpn} C k[zo,...,Zn)

until dim V(I) =n —r.

2) repeat

choose random numbers B;1,..., B, t =1,...,n —7;

put l; ;= >} Bz, i=1,...,n—r;



put I ={Gy,...,Gr,l1,.. . lnr};

compute the ideal I = {H1,...,Hn} C k[zo,...,Zn);
if dim V (/) = 0 then

begin

compute V(Gy,...,Gr,l1,.... 1) :=={a1,...,ap}

end

until dim V' (I) =0 and |Jac(Gy,...,Grli, ... ln—r)(a;)| #0 for i=1,...p.
3) repeat

choose random numbers v1, ..., v:;

put H := 71 viuy, ;

put J ={G1,...,G,,H};

compute the ideal Joo C k[xo, ..., zy]

until dim V' (Js) <n —r.

OUTPUT: px.w = |Jac(G1,...,Gr,l1,... ln—y)| - H O

Remark 2.1. Let us assume that I(X) and [(W) are generated by polynomials from the ring

Flz1, ..., 2], where F is a subfield of C. Then we can choose a polynomial px  in this way that

PX.W € Flzy, ..., zp].

Thus with no loss of generality, we can assume that rankJac(gi,...,gr) = r on some non-empty
regular open subset X© of X and that X = X0. Tt is clear that V(px ) contains sing(X) U W
and the singular points of the projection (l1,...,l,—,) : X — C"7". Now to construct an affine
stratification of X, it is enough to construct an affine filtration X = Xg D X7 D -+ D X, D
Xn—ry1 = 0 by induction with X1 := X; NV (py, ), i =0,...,n —r. The degree of each X; can
be calculated and depends only on D.

2.3. Construction of affine Whitney stratifications. In this section, we will construct an
affine Whitney stratification of a given affine variety X, with I(X) = {¢1,..., 9.} and degg; < D,
by refining the affine stratification given in Subsection 2.2 so that the resulting stratification is still
affine and moreover satisfies the Whitney condition.

First of all, inspired by the construction in [5, 13], let us describe the Whitney condition (b)
algebraically. Assume that Y C X is an affine subvariety of X of dimension n — p with dimY <
dim X defined by

Y = XN {grs1 = =gp=0}.



Set
(x,y,w, 0,79, \) EC" xC" xC"xC"x CxC":

g1(x) =+ =gr(z) =0
i=q a@) = =0:0) =gr1(y) = =gy) =0 ¢,
w:”y(l'—y)

v =711 Nidxgi

\

and let
T C"xC"xC"xC"xCxC —-C'"xC"xC"xC"

Z
be the projection on the first 4n coordinates. Let C(X,Y) = m(I'1) C (X xY x C" x C"), where
the closure is taken in the Zariski topology. Of course, C'(X,Y) is an affine variety. We have the

following.

Lemma 2.1. For each (z,z,w,v) € C(X,Y), there are sequences z* € X0, y* € Y, v* € C and
N e C" such that

o zF — x,

° yk — T,

o wh = ~AF(zF —yF) = w,

o v =" Nd g — v

Proof. By construction, there are sequences z* € X, y* € Y, 3¥ € C and A\* € C” such that

¢ yF — 2, wF .= F8(zF — y¥) — w and it M¥d_rg; — v. Tt is clear that by taking subsequences

if necessary, we may suppose that:

e cither z¥ = 4 for every k or z* # y* for every k,
e for each i, either \¥ = 0 for every k or A} = 0 for every k.

Set

0if z* = 4" for every k,

FF if zk £ y* for every k.

Suppose that \¥ Z0 fori=1,...,7" <r, k€ Nand A¥ =0 fori=+"+1,...,r, k € N. Since

0 .
zF € X, there exists a sequence zF € X9 such that

% if zF = y* for every k,

IIE’“;y’“II

" - <
if zF £ y* for every k,

k k

so ¥ — x. By continuity, we can also choose x
vf =31 A¥d kg;. Then

so that ||dkgi — dzrgi| < ﬁ if \f £ 0. Set

[oF = i Midagil| = | 0 M (durgi — i)
Sy M| dyrgi — dgrgi]| < % =0,

N



kv, Set wh := ~F (2% — ¢*). Now if zF = y* for every k, then v¥ = 0 and w = @* = 0, so

ie., v
we have w* = 0 = w. If zF # y* for every k, then

Il

=k k -
_ _ ¥ -y w

Hence w* — w. The lemma is proved. [l

— 0.

The following algebraic criterion permits us to check the Whitney regularity on Y° = Y\V (py.w),
where the notation V' (py,w ) is from Proposition 2.1, and the affine set W will be determined later.

Lemma 2.2. Let x € YY. Then the pair (X°,Y") satisfies the Whitney condition (b) at = if and
only if for any (z,xz,w,v) € C(X,Y), we have v-w = 0.

Proof. Suppose that (X% Y?) is Whitney regular at x and assume for contradiction that there is
(z,2,w,v) € C(X,Y) such that v-w # 0. In view of Lemma 2.1, there are sequences z* € X0, y* ¢
Y, v¥ € C and A\* € C" such that

o zF =z yF — x,
o wh = ~F(zF —yF) = w,

k._N°T k
e VY= Zi:l )\i dwkgi — .

Note that w # 0, so w determines the limit of the sequence of secants mTyk and it follows that
x¥ £ ¥ for k large enough. By taking a subsequence if necessary, we may assume that T, X° — T.
By assumption, w € T. For each k, let {b%,...,bF} be an orthonormal basis of N, X?; recall that
N, X0 := span{d kgi,...,drgr} is the conormal space of X% at z*. Obviously (@, bR =
T,» X°. By compactness, each sequence bf has an accumulation point b;. Without loss of generality,
suppose that bf — b;. Tt is clear that the system {by,...,b.} is also orthonormal and (b, . .. ,ETH =
T. Let \F = (X’f, ..., 2%) be such that vF = Yoy bef Then M is convergent to a limit A and it
is clear that v = > 7 ; \ibi. Finally, we have w € T = (by,...,b,)" C (¥)*, i.e., v-w = 0, which is
a contradiction.
Now suppose that v - w = 0 for any (z,z,w,v) € C(X,Y) and assume, that (X°,Y?) is not
Whitney regular at z. So there are sequences z* € X0 and y* € Y° with the following properties:
o zF AL yk aF s Yk oy
o T X O 5T,

e the sequence of secants z*y* tends to a line £ ¢ T.

For each k, let {b},... b} be an orthonormal basis of N« X° so bk, ..., bF)L =T, XO. As above,

we may assume that b¥ — b;. Then the system {by, ..., b, } is also orthonormal and (by, ..., b} = T.
k
Let wk := ﬁ; we can assume that the limit w := lim w® exists and clearly w is a direction

vector of £. By assumption, w ¢ T = (by,...,b,)", i.e., there exists an index j such that bj-w # 0.
To get a contradiction, it is enough to show that there is a sequence v* := iy )\fdxk g; such that
v® — b;, but this is clear since b; € span{d kg1, ...,d kg, } so such a sequence always exists. The

lemma is proved. [l



Now according to [9, 4, 7, 6], it is possible to calculate a basis for the ideal I(I'1) by calculating
the radical of the following ideal in Clx,y, w,v,, AJ:

gi(x) =--=gr(x)=0
aW)=-=gW) =g+1y) ==y =0
w=y(z—y)

v =711 Nidygi
Then by Buchberger’s algorithm, we can calculate a Grébuner basis of I(I'1). So in view of [8,
Theorem 5.1], [11], we can compute a Grébner basis of the ideal I(C(X,Y’)). Now we give another

criterion for Whitney regularity.

Lemma 2.3. Let {hi(z,y,w,v),...,he(z,y,w,v)} be a Grébner basis of I(C(X, Y)) and set

(z,z,w,v,7,A\) €eC" xC"xC"xC"xCxC:
hi(z,z,w,v) = = hg(z,z,w,v) =0
FQ = n y
Apyp(z) =1
where py.g(x) is the polynomial determined in Proposition 2.1. Then the pair (X0, Y9) is not Whit-
ney reqular at x if and only if there exists (w,v,v,\) € C" x C" x C x C such that (x,z,w,v,y,\) €

Is.

Proof. Note that = € Y if and only if pyg(x) # 0, i.e., there exists A € C such that Apyg(z) = 1.
In view of Lemma 2.2, the pair (X°, Y?) is not Whitney regular at x if and only if there exist w, v
with v - w # 0 such that (z,z,w,v) € C(X,Y). The lemma follows easily. O

Now we determine an algebraic set W = W(X,Y) in Y with dim W < dimY and V(pyy) C W
such that the pair (X°, Y \ W) is Whitney regular. Let

M C"xC"xC"xC"xCxC—=C"

be the projection on the first n coordinates. By Lemma 2.3, mo(I'2) is the set of points where the

Whitney condition (b) fails to be satisfied. By construction, o (FQ)Z is affine, where 7o (Fg)z is the
Zariski closure of mo(T'2). It follows from [17, 18] that dim my(I'2) < dimY’, so dimmz <dimY.
Set
W=W(X,Y):=m(ls) ;
then obviously dim W < dimY. Again, applying [9, 4, 7], [8, Theorem 5.1], [11], we can compute
a Grobner basis of the ideal I(WV).
Finally, let

e Xy := X,

o X1 :=XoNV(px,0)

o Xo:= X1 NV(px, w(xo,x1))5

o X3 1= Xo N V(Px,w(Xo,Xa)UW(X1,X2))s - 5



e X; =X,_1N V(pXi717U;;% W(vaXi—l))’

By induction, we can construct a finite filtration of algebraic sets X = X9 D X1 D -+ D X, D
Xn,TJrl = (D with dim Xz > dimXi+1. Let Bz = Xl \ Xi+1. Then S = {Bi}izl?m’q is a Whitney
stratification of X. Note that the degree of X; can be determined explicitly and depends only on
D.

3. THOM ISOTOPY LEMMA FOR NON-PROPER MAPS

Let f: X — C™ be a polynomial dominant map where X is an algebraic set with I(X) =
{g1,-. -, 90} If S = {X4s}aer is a stratification of X, then we denote by sing(f,S) the set of

stratified singular points of f, i.e.,

Sing(fa S) - U Sing(f: Xa)v (1)
ael
where sing(f, X ) is the set of points where f|x, is not a submersion. Let K(f) = K(f,S) be the

set of stratified generalized critical values of f given by

K(f):= |J Kulflx.) Using(f,S) (2)

a€l,
dim Xo>m

Assume that S is an affine Whitney stratification of X, we prove that K(f) contains the set of

bifurcation values of f.

Theorem 3.1 (First isotopy lemma for non-proper maps). Let X C C" be an affine variety with
an affine Whitney stratification S and let f : X — C™ be a polynomial dominant map. Let K(f)
be the set of stratified generalized critical values of f given by (2). Then f is locally trivial outside

K(f)-

Before proving Theorem 3.1, recall that the Whitney condition (b) is equivalent to the condition
(w) (see [13, V.1.2]), so it is more convenient to use the condition (w) since we will need to construct
rugose vector fields in the sense of [16]. In what follows, it is more convenient to work with the
underlying real algebraic set of X in R?", denoted also by X; the affine Whitney stratification S
of X induces a semialgebraic Whitney stratification of the underlying set with the corresponding
strata denoted by the same notations Xg. We also identify the polynomial map f with the real
polynomial map (Refy,...,Refm,Imf1,...,Imf,) : X — R?™.

Let us recall the definitions pertaining to rugosity. Let ¢ : X — R be a real function. We say

that ¢ is a rugose function if the following conditions are fulfilled:

e The restriction ¢|x, to any stratum Xpg is a smooth function.
e For any stratum Xz and for any z € X, there exist a neighborhood U of  in C*" and a
constant ¢ > 0 such that for any y € X NU and 2/ € Xg N U, we have |p(y) — p(z')] <

clly — 2|



A rugose map is a map whose components are rugose functions. A vector field v on X is called a
rugose vector field if v is a rugose map and v(x) is tangent to the stratum containing z for any
reX.

Proof of Theorem 3.1. Let z € C™\ K(f) where we identify C™ with R*™ and let B be an open box
centered at z such that BN K(f) = 0. To prove the theorem, it is enough to prove that f is trivial
on B. Without loss of generality, we may suppose that z = 0 and B = (—1,1)?". Let 01,...,0m
be the restrictions of the coordinate vector fields (on R?™) to B. Set U := f~1(B), Us =U N Xz

and
I''={Bel: XgnU # 0}.

First of all, let us give a sufficient condition for trivializing a rugose vector field.

Lemma 3.1. Fori=1,...,2m, let v; be vector fields on X which are rugose in a neighborhood of
U. Assume that df (v;) = 0; and there is a positive constant ¢ > 0 such that |v;(z)|| < W for
any © € U. Then f is a topological trivial fibration over B.

Proof. Tt is enough to prove that there is a homeomorphism ¢ : f~1(B) — f~1(0) x B such that

the following diagram commutes:

1B % Y 0)x B
N\ o

B

where 7 denotes the projection on the second factor. We note the following facts:

(i) The flow of v; preserves the stratification. This is a consequence of rugosity.

(ii) For each i and any = € U, there is a unique integral curve of v; passing through z (see [16]).

Set Yy := (Y1, -, ¥i—1,t,Yit1,---,Yn) and Y = {V} : t € [-1,1]}. First of all, we will prove that
the flow of v; induces a homeomorphism ¢; : f~1(Y?) — f=1(Y{) x [~1,1] such that the following

diagram commutes:

Y2 ) x 1,1
piof N\ v T
[_171]

where 7 denotes the projection on the second factor and p; denotes the projection on the ith
coordinate. This follows from the following claim which states that there is no trajectory of v;

going to infinity.

Claim 3.1. For each x € f~Y(Y}), let v be the integral curve of v; such that v(0) = z. Then v
reaches any level f=Y(Y}) at time t fort € [~1,1].

10



Iy @Il+1

Proof. By assumption, ||5(¢)] <

. Without loss of generality, suppose that ¢ > 0. In light
of the Gronwall Lemma, by repating the calculation of [1, Theorem 3.5], we get

WOl < IO+ / R,

t t
i+t [ RIOIPS
c 0

c
t Lds t\ ¢
< (el +2)exp [ 2= () + 2 )ef < +o,
c 0 € c
which implies that the trajectory v does not go to infinity at time ¢. The claim follows. O

For any z € f~1(YY), let hi(z,t) = m—l—fg 7Y (s)ds. Then h; defines a homeomorphism f~1(Y{) x
[~1,1] — f~5(Y?). Then ¢; = h; ! is the required homeomorphism.
Now for x € f~1(0), let h: f~1(0) x B — f~(B) be defined by

h(ZE, tl, . ,tgm) = hgm( .. (hg(hl(.’E, tl), tg), ceey tgm).
Then ¢ := h™! is a homeomorphism, as required. The lemma is proved. U

For each 8 € I', it is clear that f|x, is a submersion on (f|x,) *(B), so for z € U, the

differential d,(f| XB) T Xg — R?™ is surjective, which induces an isomorphism of vector spaces

do(f1x,) : ToXs/ ket du(fx,) = B*™.

Thus for each i = 1,...,2m, the vector field J; can be lifted uniquely and smoothly on each stratum
X3 with 3 € I, to the vector field called the horizontal lift of 9; and denoted by UZCB . Clearly, vf ()
is the unique vector in 7 Xg which lifts 0; and is orthogonal to kerd.(f|x,). Each vf has the

following important properties.

Lemma 3.2. Let ¢ > 0 be such that (||| + 1)v(de(f|x,)) = ¢ for any § € I' and any x € Ug;
recall that v is the Rabier function [12]. For each x € X with B € I', we have

z||+1
o)) < 1L

Proof. Let Bg be the closed unit ball centered at the origin in 7, Xg. Then d.(f|x,)(Bg) is an
ellipsoid in R*™ with v(d.(f|x,)) as the length of shortest semiaxis. Let B be the closed unit ball
centered at the origin in R?™. Then (c?x(f|Xﬁ))_1 (y(dx(f|Xﬁ))B> is an ellipsoid in T, Xz with 1
as the lenght of longest semiaxis. Therefore the longest semiaxis of the ellipsoid (glvz( fl XB))_I(IB%)
is 1/v(ds(f|x,)). Consequently,

R
V(dz(f|Xg)) h c ’

which yields the lemma. (I

o] (z)]| <
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Lemma 3.3. Let x € U, let Xg be the stratum containing x and let X, be a stratum such that
X C X,. Then there exists an open neighborhood W of radius not greater than 1 of x such that
for ally e W N X,, we have

() < 2lv) ()],

fori=1,...,2m.

Proof. Assume for contradiction that there are an index g, a stratum X, and a sequence Fe X a0
such that 2¥ — 0 and [[vf°(z*)| > 2HU? (z)||. Taking a subsequence if necessary, we may assume
that Tk Xo, — T. Since the stratification is Whitney regular, it is (a) Whitney regular, which
yields T' O T; Xg. The following claims are straightforward.

Claim 3.2. Let L : H — R™ be a surjective linear map and let L: H/ker L 2 R™ be the induced
linear isomorphism. Let H' C H be a linear subspace and assume that L|g is also surjective. Then

for any w € R™, we have

1) )< I~ W)I-
Claim 3.3. The sequence v{"(z*) is convergent.

By Claim 3.3, let w; = limg 00 v{"°(z*). Then it is clear that [w;|| > 2||vf(a:)|| and w; =
(Zi;f|T)_1(3i) where ZZ;f]T is given by the linear isomorphism 7/ ker(d, f|r) = R?>™. Since T' D
T,Xg, it follows from Claim 3.2 that

lwill < (dzflz,x,) " @) = [[vf @)
This is a contradiction, which ends the proof of the lemma. ([

Note that, for fixed 7, the vector field on U which coincides with vf on each Ug is not necessarily
a smooth vector field. In what follows, we will try to deform these fields to produce a rugose vector
field in the sense of [16], which satisfies the assumption of Lemma 3.1. The process is carried out
by induction on dimension.

For2m < d < 2dimc X, let I, := {f € I' : 2m < dim X3 < d}, By := Uie]& Xpgand Ug = BgNU.
By induction on d, we construct a rugose vector field on a neighborhood of U3 gim. x in X with the
property of Lemma 3.1. For d = 2m, let vizm be the restriction to an open neighborhood of Us,, in
X of the smooth vector field on Bs,, which coincides with each Uf on Xg for 8 € Iém. Then v?m
is clearly rugose, df (v™) = 9; and by Lemma 3.2, |[[v?™(x)|| < W for any = € Uayy,.

For each i, assume that we have constructed a rugose vector field, denoted by vl‘.i, on a neighbor-

hood Uy of Uy in By such that do f (vi(z)) = 8; and [Jvd(2)] < % for every z € Uy, where ¢g
d+2

is a positive constant. We need to extend each Ufl to a rugose vector field v;"“ on a neighborhood

7 cq
constant (recall that the strata of S have even dimension). Note that to construct v?“, it is enough
d+2

i

of Ugpo in Byio such that [Jvdt?(z)| < % for every © € Ugio, where cqio is also a positive

to construct v separately on each stratum X, with a € I} o \ 1, /. Without loss of generality,

suppose that I, \ I; = {a}.

12



By similar arguments as in [16], for each i = 1,...,2m, there is a rugose vector field on a
neighborhood Ud+2 of Ugyo in Byyo = By U X, denoted by w 2 which extends vfl, such that:

o,

(i) The restriction w is a smooth vector field.

(ii) For = € U,, we have dwf(wflJrQ(x)) = 0.

For each x € Uy, let Xz be the stratum containing x, and let W, be a neighborhood of x given by

d+2

Lemma 3.3. Since w; " “ is continuous, by shrinking W, if necessary, we may assume that

lof 2 (W) < 2vf (2)1], (3)

for any y € W,. Let V; := UzeUd
of Uy. By a smooth version of Urysohn’s lemma, there is a smooth function ¢ : R?" — [0, 1] such
that ©=1(0) = R2" \ V; and ¢~ (1) = Uy. For x € Ugyo, set

W) 1 { wi(2) = vf () if o € Uayz 1 U
(1= (z))v2(z) + p(x)wl2(z)  if 2 € Ugyo \ Uy

3
2

W, then V; is an open neighborhood of radius not bigger than 1

Clearly, the restriction of vf“ on each stratum is a smooth vector field. Moreover for x € ﬁd+2\ﬁd,
we have
4o f (012(@)) = dof (1= (@) 02 (@) + e(@)wi (@)
= (1 @(@))dof (v (2)) + p(@)do f (w]?(2))
= (1 - ¢(2))0 + ¢(x)0; = 9;.

d+2

Let us prove that v;"“ is a rugose vector field. For any x € ﬁd+2 N ﬁd, let X3 be the stratum

containing . For 2’ € W, N Xz and y € W, N X, with 3 € I/}, we have

o2 (y) — o 2 @) = [1(1 = o)) of (v) + e(y)wi™?(y) — v @)
= [[(1 = em)vi(y) — (1 —p(y))w d“( )+wd+2(y) vi (@)
< (1= @) llvf () — w2 @)l + lwi™(y) — v (@)
< (1= 2@) UlF @+ w2 @) + i () = vf (2.

We note the following facts:

e Since 1 —(y) is a smooth function, it is locally Lipschitz; with no loss of generality, assume
that 1 — ¢(y) is Lipschitz on W, with constant ¢;. Then

L—p(y) = (1-¢) - (1 -¢@) <ally —2||

e By Lemma 3.3 and by the continuity of waQ, there is a positive constant ¢y depending only
on 2 such that [[v®(y)|| + w2 (y)| < ¢

(we can take ¢y := max {QHU (z)]], SUPy W, NX, [
d+2

TR

e Since w; " “ is rugose, it follows that there is a positive constant c3 depending only on x

such that [Jwf"(y) —vf ()| < eslly — ||

Hence

o2 (y) — v (@) < (crez + es)lly — 2/l

13



ie., U;»H_Q is rugose. Now it remains to show that there is a positive constant cgio such that

o2 ()] < % for every y € Ugypo. Obviously, the statement holds for y € (Ugsa N Uy)
by the induction assumption and for y € ((7%2 \ V) by Lemma 3.2, so we can suppose that
ye (Vn ﬁd+2) \ ﬁd, which clearly implies that y € X,. By construction and by Lemma 3.3, there
are a point x € Uy and an open neighborhood W, of radius not greater than 1 of x containing y
such that [|vf(y)| < 2||v;8($)\|, where 3 is the index of the stratum X3 containing x. By Lemma
3.2, it follows that

ol +1 _plyll + =yl +1 _plyl+2 _ vl +1
C C C C

[0 ()| < 2 (4)

where c is the constant in the same lemma. Similarly, in view of (3) and the induction assumption,

we have

w41yl +lle—sl +1 _ il +2 _ Iyl +1

lwf 2 ()] < 2llvf ()] < 2! ()

Cd Cd Cd Cd
Thus (4) and (5) yield
o2 W)l = (1= @) (y) + e(y)w )|
< (T=oW)llvi W)l + 90( deH(y)H
< (1 - o(y)altE 4 ()4l
< (4+5)wl+1)

Set ci42 = mm{ C+14 Gy Cd} then [[vf™2(y)|| < HCJLZ for every y € Ugps. By induction, there
exists a rugose vector field on a neighborhood of Uj gim x in X with the property of Lemma 3.1.

Then the theorem follows by applying Lemma 3.1. ]
The following corollary follows immediately from Theorem 3.1.

Corollary 3.1. Let X C C" be an affine variety with an affine Whitney stratification S and let
f:X = C™ be a polynomial dominant map. Assume that for any stratum Xg € S, the restriction
flx, is a submersion and K (f|x,) =0. Then f is a locally trivial fibration.

4. COMPUTATION OF THE SETS OF STRATIFIED GENERALIZED CRITICAL VALUES

In this section, we will compute the set K(f) of stratified generalized critical values of f, for
which we need to construct an affine Whitney stratification of X and then apply [8] for each stratum
of this stratification. The process is a bit different from the construction in Subsection 2.3 since we
only need to construct such an affine Whitney stratification “partially”, by remarking the following

facts:

e As the construction of Whitney stratifications is by induction on dimension, we only need
to proceed until the dimension shrinks below m since the restriction of f to any stratum of

dimension < m is always singular.
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e For any algebraic set Z C X, let

rz = max rankJac,(f|z) and H(Z):={x € Z\V(pyp) : rankJac,(f|z) < TZ}Z'
2€Z\V (pz.0) ’

Then at any step of the induction process, the construction in Subsection 2.3 can be omitted

if ry < m.
Let us now construct such a stratification. With the same notations as in Lemma 2.3, let
(,2,w, 0,7, A\, 1) EC" x C*" x C" x C* x Cx C x Ct:

¢ hi(z,z,w,v) = = hg(z,z,w,v) =0
Fg = U 72?:1 vjwj =1 3
= Apyp(z) =1

oM () = 1

where each Mlgm’p ) (x) is a minor of the matrix

dxfl

dzfm
d.g1

dzgr
dx§r+1

L dagp

obtained by deleting n — m — p columns. So I's differs from I's in the last ¢ equations since we
are only interested in finding the points where the Whitney condition (b) is not satisfied, outside
P(Y,0). Let

3 CP"xC'"xC"xC"xCxCxCt—>C"
be the projection on the first n coordinates. By Lemma 2.3, m3(I'3) is the set of points where
the Whitney condition (b) fails. Obviously 73(I'3) C reg(fly\p(y)) and dimm3(T'3) < dimY. Set

72 —~
W := 73(I'3) . Then obviously dim W < dimY. Again, we can compute a Grébner basis of the

ideal I(W).
Finally, set
e Xy:=X,
o Xi:=XoNVi(pxyp), S1=sng(flxp\x,),---,
e X; =X, 1N V(pXi—hU;QD W(ijxi—l))7 Si = sing(f]x,_\x,)»---
By induction, we can construct a finite filtration of algebraic sets X = Xo D X7 D --- D X; D
Xgt1 2 ) with dim X; > dim X;;1 and "X, < m. It is clear that this filtration does not induce an
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affine Whitney stratification of X. However, it shows that there is an affine Whitney stratification
S such that
q
sing(f,S) = U Si U Xgt1.
i=1
Let B; := X; \ Xit1. Then {B;}i—o,. 4 is an affine Whitney stratification of X \ Xgy1. Ev-
ery variety B; can be realized as a closed affine variety in C"*!, by the embedding B; > = —
o~ n+1 i ; n+1
(z, 1/PXZ-, i W(Xj’Xi)(x)) € C"*! for i > 0 or the embedding By > z — (z,1/Px, g(z)) € C**1.
Let Koo(f|B,) be the set of asymptotic critical values of f|p,, which now can be computed by
applying [8]. Then from the construction, it is clear that the set of stratified generalized critical

values of f is given by

K(f) = U KOO(f‘Bz) Using(f,S),

i=1
and K (f) can be computed effectively. Note that Remark 2.1 and elementary properties of Grobner

basis implies:

Corollary 4.1. Let X C C" be an affine variety of pure dimension and let f = (f1,..., fm) : X —
C™ be a polynomial mapping. Let F C C be a subfield generated by coefficients of generators of I(X)
and all coefficients of polynomials f;, i = 1,...,m. Then there is a nowhere dense affine variety
K(f) ¢ C™, which is described by polynomials from Fxy,...,xp], such that all bifurcation values
B(f) of f are contained in K(f). In particular, for m =1, if X and f are described by polynomials

from Q|x1, ..., zy], then all bifurcation values of f are algebraic numbers.
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