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Abstract In this paper we discuss some aspects where frames of subspaces
behave differently from frames. Several examples to make clearer the behaviour
of frames of subspaces are given. We also improve some results on g-frames.
Moreover, we extend the notion of redundancy to g-frames and show that most
of the desirable properties of lower and upper redundancies on frames and frames
of subspaces can carry over g-frames. We also study the relationship between
redundancy of g-frames and their dual g-frames, redundancy for infinite g-frames
and the excess of g-frames.

1 Introduction and Preliminaries

Frames were first introduced by Duffin and Schaeffer [I1] in 1952 in the con-
text of nonharmonic Fourier series, and today frames play important roles in
many applications in mathematics, science, and engineering (see e.g., [7],[8], [9],
[10],[12], [14], 15]).

Besides traditional applications as signal processing, image processing, data
compression, and sampling theory, frames are now used to mitigate the effect
of losses in packet-based communication systems and hence to improve the ro-
bustness of data transmission [I2] and to design high-rate constellations with
full diversity in multiple-antenna code design [14]. To handle these emerging
applications of frames, new methods have to developed. One method is to first
build frames locally and then piece them together to obtain frames for the whole
space. With this idea, in [5] Casazza and Kutyniok introduced the definition of a
frame of subspaces. It turns out that in many ways frames of subspaces behave
as a generalization of frames. However, there are some aspects where frames
of subspaces behave differently from frames. In this paper we discuss some of
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these aspects. We also provide several examples to make clearer the behaviour of
frames of subspaces.

In [I9] Sun introduced the notion of g-frame which is a generalization of frame
and showed that this includes more other cases of generalizations of frame concept
and proved that many basic properties can be derived within this more general
context. In this paper we deal with the question that when we get a g-frame
after deleting an element from a given g-frame and present some improvements
in results on g-frames in [13].

In [4] the authors introduced a quantitative notion of redundancy for finite
frames which they called upper and lower redundancies, that match better with
an intuitive understanding of redundancy for finite frames in a Hilbert space.
In 2016, Rahimi et al., in [I§] extended the concept of redundancy of frames
to frames of subspaces. In this article we extend the notion of redundancy to
g-frames and show that most of the desirable properties on frames and frames
of subspaces can carry over g-frames. In addition, we also study the relationship
between redundancy of g-frames and their dual g-frames, redundancy for infinite
g-frames and the excess of g-frames.

First we briefly recall the definitions and some basic properties of frames for
a Hilbert space. For more information we refer to the monograph of Daubechies
[10] or the book of Christensen [7].

Throughout this paper, let H be a separable Hilbert space if not otherwise
specified and I be a countable index set. A family {f;}ic; is a frame for H, if
there exist 0 < A < B < oo such that for all f € H,

AILFIP < ST 1P < BIFIP. (1)

el

The numbers A, B are called lower and upper frame bounds, respectively (the
largest A and the smallest B for which (1) holds are the optimal frame bounds).
The family { f;}ics is called a tight frame if in (1) the constants A and B can be
chosen so that A = B, a Parseval frame if A = B = 1. We call a frame {f;}ics
uniform (or equal norm), if there exists a constant ¢ such that || f;|| = ¢ for all
1 € I. A frame is exact if it ceases to be a frame whenever any element is deleted
from the sequence {f;}ic;. We say that a frame {f;};c; is a Riesz frame, if every
subfamily of the sequence { f; }ics is a frame for its closed linear span with uniform
frame bounds A and B.

The frame operator Sp(g) := > ,c; (9, fi) fi associated with a frame F' =
{fi}ier is a bounded, invertible, and positive operator mapping H onto itself.
This provides the reconstruction formula

g=z<g,fi>ﬂzz<g,ﬁ>ﬁ,weﬂ

il el
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where f; = S;(f;). The family {f;}ic; is also a frame for H, called the canonical
dual frame of {f;};c;. A frame {g; };c; satisfying

9=> {g.f)g = (9.9 fVgeH

i€l el

is called an alternate dual frame of {f;}:c;.
We say that a sequence { f;}ic; in H is complete if the span of { f; };c; is dense
in H. We can check that if {f;};cs is a frame for H then it must be complete.

Theorem 1. [7] The removal of a vector from a frame leaves either a frame or
an incomplete set.

In [4], Bodmann, Casazza, Kutyniok gave the definition of redundancy func-
tion, the upper redundancy and the lower redundancy for a frame in a finite-
dimensional Hilbert space as follows.

We denote the unit sphere in a Hilbert space H by S = {x € H : ||z|| = 1}.
Let < y > denote the span of some y € H and m.,- the orthogonal projection
onto <y >.

Definition 1. [4] Let ' = {f;}*_, be a frame for a finite-dimensional real or
complex Hilbert space H. For each f € S, the redundancy function R : S — R
is defined by

RF(f):Z”7r<fi>(f)”2: > AT Sl

{i:fi#0}

The redundancy function measures the concentration of frame vectors around
each point.

Since the redundancy function R is continuous on the unit sphere S which
is compact in the finite-dimensional space H, the function assumes its maximum
and its minimum on S.

Definition 2. [4] Let F = {f;}%_, be a frame for a finite-dimensional real or
complex Hilbert space H. The upper redundancy of F' is defined by

+
R = I?gSXiRF(f)

and the lower redundancy of F' by

Ry = min Rp(f).

Moreover, F' has a uniform redundancy if R = RF.
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The upper and lower redundancies obtained from the redundancy function
satisfy all of desirable properties (see [4]).

Now we briefly recall the definition of frames of subspaces (another name of
frame of subspaces also used in literature is fusion frame). For more information
we refer to the papers by Asgari and Khosravi [2], Casazza and Kutyniok [5],
Casazza, Kutyniok, and Li [6].

Let {W;}ier be a family of closed subspaces of H and {v;};c; be a family of
weights, i.e., v; > 0 for all ¢ € I. Then {W;};c; is called a frame of subspaces
with respect to {v; }ier for H if there exist constants 0 < A < B < oo such that
forall f € H,

AILFIP <D0} lmw (NP < BIFIP. (2)

iel

where 7y, is the orthogonal projection onto the subspace W;. The numbers A, B
are called lower and upper frame bounds for the frame of subspaces, respectively
(the largest A and the smallest B for which (2) holds are the optimal frame
bounds). The family {W;};cs is called a A-tight frame of subspaces with respect
to {v; }ies if in (2) the constants A and B can be chosen so that A = B, a Parseval
frame of subspaces with respect to {v;};c; provided that A = B = 1. We call a
frame of subspaces with respect to {v; };e; v-uniform, if v = v; = v; for all ¢, j € I.
Moreover, we say that a frame of subspaces {W, }s¢; is a Riesz frame of subspaces
with respect to {v; }ier, if there exist constants A, B > 0 so that every subfamily
{W;}ices with J C I is a frame of subspaces with respect to {v;};c; for its closed
linear span with uniform frame bounds A and B.

A family of subspaces {W;};c; for H is called complete if span {W;},c; = H.

To check completeness of a frame of subspaces, we have the following useful
characterization.

Lemma 1. [J] Let {W,;}ic; be a family of subspaces with respect to {v;}ier for
H and for each i € I let {e;;}jes, be an orthonormal basis for W;. Then the

following conditions are equivalent.
(1) {W.;}ier is complete.
(2) {eij}tierjes; is complete in H.

In 2016, Rahimi, Zandi, and Daraby [I§] introduced the notion of redundancy
of frames of subspaces. Many results on redundancy of frames remain true in the
context of frames of subspaces.

Definition 3. [I8] Let W = {W;}%_| be a frame of subspaces with respect to
{v;}%_, for a finite-dimensional Hilbert space H . For each f € S, the redundancy

k
function Ry : S — RT is defined by Ry (f) = 3 || Pw. (f)|*.
i=1



This notion is reminiscent of the definition of redundancy function for finite
frames if dim W; = 1 for all 7.

Definition 4. [I8] For the frame of subspaces W = {W;}¥_; with respect to
{v;}%_, for a finite-dimensional Hilbert space H, the upper redundancy is defined
by

Ry = max Ry (f)

and the lower redundancy of W by

Ry = win Ryy (f).

We say W has a uniform redundancy if R;;, = Ry,

Definition 5. [5] We call a frame of subspaces {W;};e; with respect to {v;}ier
for H a Riesz decomposition of H, if every f € H has a unique representation

f=>fiufieW.
i€l

Now we give a short review of g-frames. For more information we refer to
the papers [I}, 13|, 16, 17, 19]. Let H and K be two separable Hilbert spaces and
{W.}ier be a sequence of closed subspaces of K and L(H, W;) be the collection
of all bounded linear operators from H into W;.

We call A = {A;}icr, where A; € L(H,W,), a generalized frame, or simply a
g-frame, for H with respect to {W, };c; if there are two positive constants A and
B such that for all f € H,

AILFIP < Y IIMHIP < Bl (3)
iel
We call {A;}ier a tight g-frame if in (3) the constants A and B can be chosen so
that A = B, a Parseval g-frame provided that A = B = 1. We call {A;};c; an
exact g-frame if it ceases to be a g-frame whenever any element is deleted from
the sequence. We call this family a g-frame for H with respect to W whenever
W; =W for all i € I. A family {A;}ier, Ai € L(H,W;) is called g-complete, if
{feH:N(f)=0,Viel}={0}. If {A;}ics is g-complete and there are positive
constants A and B such that for any finite subset I C [ and ¢g; € W;,i € I,
AZ llgill* < Z 1A g1 < BZ lg:l1%,
ich i€l iel
then we say {A;}icr is a g-Riesz basis for H with respect to {W;}er.
We say that two g-frames A = {A;}icr, Ay € L(H,W;) and & = {P;}iey,
O, € L(K,W;) are similar if there is a bounded invertible operator U : H — K

so that A; = ®,;U for all i € I.
In this paper, we call g-frame {A;};c; equal norm if there is a constant ¢ > 0
such that ||A;]| = ¢ for all i € I and unit norm if ¢ = 1.

5



Proposition 1. [I7] A family {A;}icr, Ai € L(H, W;) is a g-complete if and only
if
span{A;(H;)}ic; = H.

Definition 6. [I9] We say that {A;}ic; is a g-orthonormal basis for H with
respect to {W; }ier if it satisfies the following conditions:

1) <A;’klgi1v A’?ggi2> = 5i17i2 <gi17gi2> Vi, g € 1,9, € Wi, i, € Wi,

where A7 is the adjoint operator of A;.

m;mwzmﬁ

Let A = {A;}ier be a g-frame for H with respect to {W;}ie;. Sun [19] defined
the g-frame operator S, associated with A as follows:

Sa(f) =D AN

el

Similarly to the frame operator, the g-frame operator is a bounded, invertible,
and positive operator mapping H onto itself. In particular, when {A;};cr is a
Parseval g-frame, the g-frame operator is the identity operator of H.

Let A; = A;S~!. Then we also have the reconstruction formula

F=Y NAf=>Y NAf

iel el

and {_/~\Z~}Z~€1 is also a g-frame for H with respect to {W, }ie;. {]\i}ig is called the
canonical dual g-frame of {A;}cs.

Similarly to frames, a g-frame which is not a g-Riesz basis has an alternate
dual g-frame which is different from its canonical dual (see [1]).

Definition 7. [I] Let A = {A;}ic; and & = {®,},c; be two g-frames of H with
respect to {W;}ier such that f = >, Ai®;(f) = > ,c; PiAi(f) for all f € H.
Then @ is called an alternate dual of A.

For each sequence {W;};cr, we define the space (Z @VVZ) by
l2

el

(Z eam) = {{fi}ief :fi € Wiand Y |Ifil* < +oo},
lo

iel i€l

with the inner product defined by ({ fi }icr, {9 }ier) = >_ (fi, 9:). Then (Z @Wi)
iel i€l Iy
is a Hilbert space with pointwise operators.



The analysis operator for A = {A;},c; is the operator

Ty : H — (Z @V{@)
la

el

defined by Tx(f) = {A:i(f)}ier- The following Propositions show similar results
in frame theory can be extended to g-frames.

Proposition 2. [1] Let A = {A;}ier be a g-frame for H with respect to {Wi}icr.
Then A is the canonical dual of A if and only if || Tx(f)|| < |Te(f)|| for all f € H
and for each alternate dual g-frame ® of A.

Proposition 3. [I[Let A = {A;}icr, @ = {D;}icr be g-frames for H with respect
to {W;}icr- A and ® are similar if and only if their analysis operators have the
same ranges.

In [19], Sun gave a characterization of g-frames and g-orthonormal bases as
follows.

Theorem 2. [19] Let A; € L(H,W;), i € I and {e;;}jes, is an orthonormal
basis for W; where J; is a subset of N, 1 € I. Set u;; = Ne;;,1 € I,j € J;.
Then {A;}icr is a g-frame (respectively g-orthonormal basis) for H with respect

to {W}tier if and only if {u; ;}icr jes, is a frame (respectively orthonormal basis)
for H.

2 Frames of subspaces

We start with the question whether Theorem 1 is still valid for frames of sub-
spaces? The answer is No. We consider the following examples.

Example 1. Let H be a Hilbert space with an orthonormal basis {e;}3°,. We
define
Wy = span{es; }3°,,v9 = 1.
1
For even number i , W; := span{e; },v; = —.
i
For odd number i , W; := Span{e; },v; = 1.
Then {W;}5°, is a frame of subspaces with respect to the above sequence of



weights. Indeed, for all f € H, we compute

o0

S (O = Do Ifeadl® + 3 Kfreadl s + 2 1ol
=1 =1 =0

=0

2 = 2 1
= | fll +;\(f762¢>’ 20e

< AP+ DI e
=1
< 20If)I*.

Therefore, || f[|* < S 02 [|mw, (H)II° < 2|1 £]I* and {W;}22, is a frame of subspaces
i=0

with respect to the above sequence of weights.
However, {IV;}22, is complete but it is not a frame of subspaces with respect
to {v;}52;. Indeed, for all f € H, we have

Do vt lmw (DI = DS ead” s + DK feana)
i=1 i=1 i=0
0 1
Choose f = ey. Then S 02 ||mw. (f)|)* = 22 which converges to 0 as | — oc.
i=1
In the above example, there is a subsequence (v; = = for even number 7) of the

sequence of the weights converging to 0 as ¢ — oo anfil it seems very important
to make the lower condition of the definition of frame of subspaces fail. One
question is that whether there is another example in which no subsequence of the
sequence of the weights converges to 07

Example 2. Let H be a Hilbert space with an orthonormal basis {e;}3°,. We
define

1
W} = spanf{es; + ~e9ir1},1=1,2,3, ...
)
W2 = span{es;},i =1,2,3, ...
W3 = span{e; }
W4 = span{egiﬂ};ﬁl.
Then the family {W}!}e2,, {W2}1, W3 W forms a frame of subspaces for H
with
respect to v; = 1 for all 7. Indeed,

o0 2 o0 2
> |me D]+ || (D] + s (DI + s (DI
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2

0 '<f, €2; + %62i+1>
>

T + 2 [ ean” + 2 [ eai)
i=1 14— i=1 i=0
;2
{ 2
o '<f, €2; + —.62¢+1>
¢ 2
> L
1= 1 _|_ 2_2
00 1 2 9
< 21 (fsea) + n (freair1)| + ISl

= 1
< 2(; |(f, e2i)]” + = I eair)”) + |1 £

< 2(2 Fea) 2+ (s eansn) ) + 1 £11°

<311
On the other hand,

1
o LT €2i+g€2¢+1
2 2
> i + 7= (A1
=1 1+
i

2

Therefore, the above family is a frame of subspaces for H.

However, the family {W}!}e2,, {W?2}2,, W3 is complete but it is not a frame
of subspaces for H with respect to v; = 1 for all i. Indeed, by using Lemma 1,
we can check that span{{W}}2, {W?}2,, W3} = H. Towards a contradiction

assume that there is a constant A > 0 such that

AU <3 [+ 3 ]|+ I 7 w5 €
i=1 i=1

2

1
o ’<f7 €2; + ;62i+1> -
Then A[|f|I* < 3 1 +30 [(fs ea) P+ [(f,e1)[* forall f € H.

- 1 + Z_2
Choosef = eggs1,k > 1. Then A <

contradiction.

k2+1—>0ask:—>oo. We have a

Now we consider a problem relating to Riesz frames of subspaces. Suppose
that {W;}ier is a Riesz frame of subspaces with respect to {v;}ic; for H and



{fij}icrjes; is a Riesz frame for W; with Riesz frame bounds A and B for all
i € I. We may ask whether {v;f;;}icr jes; is a Riesz frame for H. The following
example shows that this is not always the case.

Example 3. Let H be a Hilbert space with an orthonormal basis {e;}°,. We
define W; = span{e;,e;41},7 = 1,2,3,... Then {W;}2, is a Riesz frame of sub-
spaces with respect to {v;} with v; = 1 for all ¢ with Riesz frame bounds 1 and
2. For each i, {e; + €;41,€;41} is a Riesz frame for W; and we can choose the
same Riesz frame bounds A and B for all i. But {e; +e;11, ;41 }32; is not a Riesz
frame for H because {e; + e;11}:°, is not a frame for its closed linear span (By
Example 5.4.6 in [7], the sequence {e; + €;11}:2, is a complete sequence of H but
it is not a frame for H).

Remark 1. If {W;};c; is a frame of subspaces with respect to {v; };c; for H and

for each 1, W is a closed subspace of W; then it is not necessary that {W bier is
a frame of subspaces for its closed linear span with the same sequence of weights.
For example, let H be a Hilbert space with an orthonormal basis {e;}32; and

1
Wl = span{ey + 2621‘4’_1, eair1},t=1,2,3, ...

W2 = span{ey},i = 1,2,3, ...
W3 .= span{e; }.

—~ 1
W = span{eg+—e2is1},7 = 1,2,3, ... Then the family {W!}2, {W2}2,, W
i

)

forms a frame of subspaces for H with respect to v; = 1 for all i and span{ W}, W2, W3} =
1€EN

H. However, we can see as in Example 2, that {W7},, {W2}2 W3 does not

form a frame of subspaces for H with respect to the above sequence of weights.

Let W = {W;}_| be a Riesz decomposition of H. We may ask if the re-
dundancy of W is equal to 1. The answer is No. We consider the following
example.

Example 4. Let H = R?, ¢; = (0,1)7, ey = (1,1)7, Wy = span{e;}, Wy =
span{es}, vy = vy = 1. Then W = {W;}2_, is a Riesz decomposition of H and

R () = 1P (DI + 1R (DI = 1070 + W22l

5 . It is not hard to see
1
that Ry, = 3 and Ry}, = 1.

3 G-frames

In [I9] Sun introduced the notion of g-frames and proved that g-frames share
many useful properties with frames. However not all the properties are similar.
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Sun gave an example to show that Theorem 1 is not valid for g-frames and also
gave the following theorem.

Theorem 3. [19] Let {A;}icr be a g-frame for H with respect to {W;}ier and
{A;}ies be the canonical dual g-frame. Suppose that ig € 1.

1) If there is some gy € W;,\{0} such that /~\i0A’[OgO = go then {Ai}icr, s
not g-complete in H.

2) If there is some fo € H\{0} such that Afoj\z‘ofo = fo then {A;}icn, is not
g-complete in H.

3) If Iw,, —AZ-OJNX;*O or I, —/N\iOA:-‘O is bounded invertible on Wiy then {A;}icn,

is a g-frame for H.
From this theorem we get the following corollary.

Corollary 1. Suppose {A;}ier is a g-frame for H with respect to {W;}ie; and
{Ai}ier is its canonical dual g-frame. If {Ai}ieni, s a g-frame for H then
Ker(Iyy — A% Ayy) = {0}

Proof. Suppose that there is fy € H\{0} such that AfoAiO(fO) = fo. By Theorem
3 part 2, {A;}icn, is not g-complete in H. By definition, there is gy € H\{0}
such that A;(go) = 0 for all i € I\iy. Since for each i € I, A; = A;Sy", where
Sy is the g-frame operator for {A;}ic;, we have A;Sy'(go) = 0 for all i € I\io.
Since {A; }ien, is a g-frame for H, it follows that {A;},cn;, is g-complete. Hence
S (g0) = 0. So gy = 0 and we have a contradiction. O

In 2015, Guo [13] received the following Lemma, which is an improvement of
Sun’s result.

Lemma 2. [13] Suppose {A;}ies is a g-frame for H with respect to {W;};c; and
{A;}ie; is its canonical dual g-frame.

1) If Ker(fw,, — /~\Z-0Afo) # {0} or %(]Wio - /LOA;ko) # Wi, then {A;}ien, is
not g-complete in H.

2) If Iy, — A A% is surjective or Iy, — A

ol A} is surjective then {A;}ien, is
a g-frame for H.

0 10

From this lemma we get the following corollary.

Corollary 2. Suppose {A;}ier is a g-frame for H with respect to {W;}ic; and
{Ai}ier is its canonical dual g-frame. If {Ai}icni, s a g-frame for H then

Ker(Iy, — A, Az) = {0}.

0 10

Proof. Suppose that Ker(fw, — ApAz) # {0}, Since Ker(lw,, — ApAy) =

Ran(lw, — A, ALY, it follows that Ran(ly, — A;,AL) # Wi,. By Lemma 2

part 1, {A;}icn, is not g-complete in H. Thus {A;}icp;, is not a g-frame for
H. L]

11



When {A;};c; is a Parseval g-frame for H with respect to {W, };c;, we get the
following Propositions which are improvements of Lemma 2.13 in [13].

Proposition 4. Suppose that A = {A;}ic;r is a Parseval g-frame for H with
respect to {W;}ier and Ker(Ig — Aj A;)) = {0} and dim H < oo. Then {A;}ien,
is a g-frame for H with respect to {W Yiervio-

Proof. Since {A;};cs is a Parseval g-frame, the g-frame operator Sy is the identity
operator, Y~ AfA; = Iy. Thus for all f € H, we have

el

(NN (5 ) = (1) = D (A, ) < (F )

1€I\ig
So | Af AZOH sup (A A f, f) < 1. Since the unit sphere {f € H : || f|| = 1} is
[l fl=1
compact, there is fo € H, || fo|| = 1 such that sup <A;‘0Ai0f, f> = <Af0Az‘of0, f0>.

If1I=1
If ||A7 As|| = 1 then 1 = (A} Ay, fo, fo) = Ay, fol|*. Therefore,

0< <fo — A Aig fo, fo — A%Aiofo> = }
So fo = Aj, Ay, fo. Hence, Ker(IH — A;Ay,) # {0}. Thus, |

A Aigfol|* = 1 < JJAL AP 1fal* — 1 =0.

Al AzOH < 1. Because

| A ZOH = ||A,O|| = ||A || | Az Ao ||, we get HAZO Ap|l < 1and I — A A is
invertible. Since A = A,,, it follows that I — AlOA;k , 1s invertible. By Theorem 3
part 3, {A;}icni, is a g-frame for H. O

One natural question is that if H is an infinite-dimensional space then whether
Proposition 4 remains valid. The answer is No. Let us consider the following
example.

Example 5. Let H be a Hilbert space with an orthonormal basis {e;}3; and
consider Wy := [?(N) and A : H — [*(N) defined by

{5 )0 )

eA
where each vector < f, 71> is repeated ¢ — 1 times.
1

Let W; := C for each i € N and A; : H — C be defined by A;(f) := <f7 e_\/z_>
i

for each ¢ € N. We can check that the operators A;;i = 0,1,2,..., are linear

bounded and . .
SOINAIE =D el =111
i=0 i=0
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Therefore, {A;}32, is a Parseval g-frame for H.

S that f — AZA = 0. Th - D {f,—=)—==0.S
uppose that f — AfAo(f) fZi( )<f ﬂ>ﬂ o
OOZ_

f € span{e; }2,. Thus, f = i (freiyei=>_ - (f,e;) e;. Therefore, (f, e;) =
=2

=2
, — 1
! — (f,e;) for all i =2,3,4.... So (f,e;) =0 forall i =2,3,4.... Hence, f =0.

Thus Ker(I — A} A;) = {0}.

However, {A;}5°, is not a g-frame for H with respect to C. Indeed,

o) ) o] & 2_ 0o 1 . ,
IO =3 <f,ﬂ> S

S 1
Choose f = e;. Therefore, S || A;(ex)||” = 7 0.
i=1

Proposition 5. Suppose that {A;}icr is a Parseval g-frame for H and Iy —Aj A,
is surjective from H onto H. Then {A;}icr, is a g-frame for H.

Proof. Since ) AjA; = Iy, it follows that > AjA; = Iy — A} Ay, which is the

i€l i€l\io
g-frame operator associated with {A;}icpi,. By Proposition 2.7 in [I7], {A;}icr,
is a g-frame for H. O]

4 Redundancy of g-frames

4.1 Redundancy of finite g-frames

Now we introduce the notion of redundancy of g-frames. First we present the
definition of the redundancy function.

Definition 8. Let A = {A;}}, be a g-frame for a finite-dimensional real or
complex Hilbert space H with respect to {W;}%_,. For each f € S, the redundancy
function Ry : S — R* is defined by

A (O
- ¥ WL
{i:A;£0} ’

We note that in the special case, when A;(f) = (f, fi) forall i =1,2,3,..,k
then the definition of the redundancy function R, of g-frame is precisely the
definition of the redundancy function Rp of frame F = {f;}£_|.

Since the redundancy function R, is continuous on the unit sphere S which
is compact in the finite-dimensional space H, the function attains its maximum
and its minimum on S.
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Lemma 3. If A = {A;}}_, is a g-frames for a finite-dimensional real or complex
Hilbert space H with respect to {W;}r_, then the redundancy function Ry attains
its maximum and its minimum on the unit sphere in H.

Definition 9. Let A = {A;}¥_, be a g-frame for a finite-dimensional real or
complex Hilbert space H with respect to {W;}¥_,. The upper redundancy of A
is defined by
R = R
A = maxRa(f),

and the lower redundancy of A by

Ry = IJIclelélfRA(f)

Moreover, A has a uniform redundancy if R, = R}.

When A is an equal norm g-frame, the upper and the lower redundancies are
computed from the frame bounds.

Lemma 4. Let A = {A;}F_, be an equal norm g-frame for a finite-dimensional
real or complex Hilbert space H with respect to {W;}*_, with g-frame bounds A

A
and B. Suppose HA1H2 =c # 0 foralli =1,2,3,...,k. Then Ry = — and
c

Proof. 1t follows immediately from the definition of g-frame and the definition of
the upper and lower redundancies of g-frame. O

Theorem 4. Let A = {\;}_, be a g-frame for a finite-dimensional real or com-
plex Hilbert space H with respect to {W;}5_, with lower and upper g-frame bounds
A and B, respectively. Then the following statements hold:

(1) 0 < Ry <R} < 0.
(2) The unit norm g-frame A is an A-tight if and only if Ry = R = A.

(3) Additivity. For each orthonormal basis & = {©;},_, for H with respect to

{Hj}§:l7
:R*ue = Rf + 1.

Moreover, for each g-frame ® = {®;},_, for H with respect to {H;}}_,, we
have
Ryve = Ry + Rgy Rie < Ry +R§.

In particular, if A and ® have uniform redundancy then

Ryve = Ro + Ry = ij\_ucb'

14



(4) Invariance. Redundancy is invariant under application of a unitary operator
UonH, ie.,
fRfU - :Ri
where AU := {\;U}E_,

Redundancy is invariant under scaling, i.e.,

- _ ot
R (A, = Ry,
and under permutations, i.e.,
+ _ ot
Ry, = Ry,

where A := {A,u)} where o is a permutation of {1,2,3,..., k}.

Proof. (1) It is obvious that R < R{. By Lemma 3, R, attains its minimum at
some fy € S and its maximum at some f; € S. So fy # 0 and

= 3 G

{i:A;#0} 1A
All foll? Ai(fo)lI?
Since 0 < ol < > | z(f0)2|| , it follows that Ry > 0. We have
Jmax (AT T aze 1A
Ai(f)IP

{i:A;#0}

(2) If the unit norm g-frame A is an A-tight then by Lemma 4, RE = A.
Conversely, assume that RE = A. Then Ry (f) = A for all f € S. Therefore

_ZHIIAH -3

=1 =1

Hence, A is a tight g-frame with the frame bound A.
(3) By definition, for f € S,

A; O,
e = 3 DI s~ IOWDIE_ g gy 4y
{i:A;#0} ||Al ” {j:©;#0} ||®] ||
Thus,
RXUEZCRX‘FL
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Moreover,

Ryve = I}leiél?/\u@(f )
W ealls P,
s O s 108
fes Al fes [konls
(A0} a0y 1P
= Ry + Ry

Similarly, R} o < RE + RS,
In particular, suppose A and ® have uniform redundancy. On the one hand,

Riyve = Ry + Rg = R{+RE = Ri g

On the other hand, R, 4 < fRXUCb So the statement follows.
(4) Let ©; = A;U and © = {©;}F_,. Then for f €S,

Rolf) = 3 IMUUDE 5~ Aal”
) INUIR A INU
{i:A;U#0} {i:A;U#0}

where y = U(f). Since [ly|| = 1 and [|A;U]| = sup;eg | AU ()] = supyes Ayl =
| A, it follows that Re(f) = Ra(y). Hence, Ry, = R3.

For f €8,
llesha (NP 1A (A1
Riconiyr (f) = Z A = Z A Ra(f)-
{i:A;#0} ||C’L ’LH {i:A;£0} || ’LH
Therefore,
- _ ot
R e = Ry.
It is obvious that redundancy is invariant under permutations. O]

Corollary 3. If A = {A;}icr is a g-orthonormal basis for H then Rf\[ =1 and
A |l =1 for all .

Proof. By definition of g-orthonormal basis, A} is isometric for every i. So |Af|| =
1 for every i. Hence ||A;|| = 1 for every i. Therefore, by Theorem 4 part (2) we
get Ry = 1. m

A natural question is that whether the converse statement is true. The answer
is No. Let us consider the following example.
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Example 6. Let H be a separable Hilbert space with an orthonormal basis
{e;}2,. Put W; = span{e;, e;1} for every i € N. For each i € N we define a
bounded linear operator A; : H — W; as follows: A;(f) = (f,e;) e; for all f € H.

We can check that 3 [|A:(f)||> = || f||? for all f € H. We have
i=1

[Aill = sup |A(f)I] = sup [{f,en] < 1.
I1£11=1 Ifl=1

Choose f = e;. Then |(f,e;)| = 1. Thus, ||A;|| = 1. Hence, R = 1.
Suppose that g; = c;e; + ¢;1€;41 € H;. Then

(Agis [) = (95, Mi(f)) = (ciei + cigreirr, (frei) €) = (cieq, ), Vf € H.

So Afg; = cie;. Thus, u;, == Afe; = e;,u;, = Afe;p = 0 for all ¢ € N. Since
{uij}ieNJe{LQ} is a Parseval frame for H but it is not an orthonormal basis for H.
By Theorem 2, {A; }ien is not a g-orthonormal basis.

Lemma 5. Let G be the set of g-frames for a finite-dimensional real or complex
Hilbert space H. Then the relation ~ on G defined by

A~d o :RA = :ch
s an equivalent relation on G.

Proof. The proof is obvious. O

N A*A,
For a g-frames A = {A;}% | in H, we denote Sy = > -
(ihi0} | Al

the associated quadratic form by Qu(f) = <§A(f), f> and note that Q) extend

Rp toall f e H.
By using the same arguments as in the proof of Corollary 3.3 in [4] we can
prove the following corollary.

. We denote

Corollary 4. If &, A are two g-frames for a finite-dimensional real or complex
Hilbert space H then the following statements are equivalent:

(1) Ry = Re on S.
(2) Sy =S¢ on H.

Proposition 6. Let A = {A;}F_, be a g-frame for a finite-dimensional real or
complex Hilbert space H and T be an invertible operator on H. Then

(K(T))2RE < Rip < (k(T))*RE,

where AT := {A; T} K(T) = ||| |7

17



In particular, if we denote & = {A; 5_1/2 ¥ |, where Sy denotes the g-frame
operator associated with A\, then

(k(Sa)) 'Ry < Ry < (k(Sh))Ry.

Proof. Assume without loss of generality that A; # 0 for all . Since for each

J €S,
k
ZHA ils Z IATF?
INTI? S AP TP
we have
ATS? 1 Tf
R = max Ryr(f) > | = 5 max x || f” T
v feszm R 7]
1 L1 ( T )
> max Ra
|IT||* ses | T4 1Tl
e ()
= Tz gz hax
8Tt | ITf]
= (k(T))7*R}.
Similarly,
_ : IATF? 1 Tf
Ryp = min Rap(f = H fH —
M e fszrm PITE TP ITS]
I ( Tf )
> min Ra
IT||* Fes || 71 (eal

1 - < Tf )
= —————minR, | ——
IT|1* | T-1* e 1T £l

= (K(T))*R;.

We have Ry = Re 1 > (k(T71) 2Ry = (k(T)) 2R3y Therefore, (k(T)) 2Ry <
Rir < (K(T))°R}.
Since ¢; = AiSXI/Q for every ¢ and HS/TI/Q

we get the result immediately.

— ||SXEIH1/2 and let T' = SXI/Q,

Corollary 5. Let A = {A; }Z 1 be a g-frame for a finite-dimensional real or
complex Hilbert space H and A = {A;}r_,, where A; = A;SyY, be the canonical
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dual g-frame of A. Then

where k(Sx) = [|Sall||Sx|-

Corollary 6. Let A = {A;}F, be a tight g-frame for a finite-dimensional real
or complex Hilbert space H and A = {A;}%_, be the canonical dual g-frame of A.
Then for each f €S, Ry(f) = Ri(f) and hence, Ry = fRf

~ 1
Proof. Since A is a tight g-frame, Sy = ¢l for ¢ > 0. So A; = —A;. The
c

conclusions follow immediately. O]

The following results are similar to the results for frames of subspaces (see
[18]).

When A is a general equal norm g-frame, the bounds for the ratio between
Ra(f) and R;(f) can be given as follows. Suppose that A = {A;}}_, is a g-frame
with bounds A and B. Then the canonical dual g-frame A = {A;}%_| has bounds
1/B and 1/A (see [19]). Suppose that A and A are equal norm, ||A;|| = ¢ > 0 for

all ¢+ and H/LH =d > 0 for all <. Then for each f € S,

S I

Al f)1? B
and
k - 2
LI by 0] I
s <Ri(f)=——— <~
B d2 — AV 2 A 42
Therefore,
2d2 < :RA<f) < BQdQ

& Ri(f) T @
Let ® = {®;}%_ | be an alternate dual of the g-frame A = {A;}*_, and A = {A;}E
be the canonical dual of A. Suppose that A and ® are equal norm, i.e. |A;]| = ¢
and ||®;|| = d for some ¢,d > 0 for all . Then for each f € S,

Lol Rl
—222—2

=1

=
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and

Z [[: (NI “q) || Z H‘Pd2

=1 =1

H <§;Hq> ()% Thus, R5(f) < (i)Q a(f)-

Now we consider two examples Wthh are similar to the examples in [4] for
finite frames and in [I8] for frames of subspaces.

Let A = {A;}f_, be a g-orthonormal basis for a finite-dimensional real or
complex Hilbert space H with respect to {W;}¥_,. We consider

O = {Ay, .., Aty Aoy s ALY

where A; occurs k£ + 1 times. Then ng = k+1 and Rg = 1 when A; is not
a unitary operator. This can be seen as follows. Let f € S. By Corollary 3,
IIA;|| = 1 for every ¢ = 1,2, ..., k. Therefore,

Re(f) =k IA(F)I* + Z 1A (I = KAL) + 1.

Hence, R$ = I?&SX Re(f) = k+1. If Ay is not a unitary operator then there exists
€

f € S such that A;(f) = 0 because if otherwise, A; is injective. So Ran(Af) = H.
Since by definition of g-orthonormal basis, A is an isometric, A} have a closed
range. So A} is a unitary operator. It follows that A; is a unitary operator. We
get a contradiction. Hence, Rg = r}pelg Re(f) = 1.

Let & = {A1, A1, A2, Ao, ...y Ag, Ag}, where each A; i = 1,23, ..., k, occurs 2
times. Then ® possesses a uniform redundancy, Ry = Rf = 2.

4.2 Redundancy of infinite g-frames

Now we consider the redundancy of infinite g-frames in an infinite-dimensional
Hilbert spaces. Let A = {A;}ic; be a g-frame for H. Similarly, for each f € H,
we define the redundancy function Ry : S — R* by

N(HIP
{iel:A;#0} v

In contrast to the finite case, this redundancy function may not assume its max-
imum or minimum on the unit sphere and in general both the max and min of
this function could be infinite.

20



Let A = {A;}ier be a g-frame for H. Then the upper redundancy of A is
defined by

fRK = Sup fRA(f)
fes

and the lower redundancy of A by

R = inf Ra(f).

Now we can verify that Theorem 4 holds in the infinite-dimensional setting.

Theorem 5. Let A = {A;}ic; be a g-frame for an infinite-dimensional real or
complex Hilbert space H with respect to {W;}ie; with lower and upper g-frame
bounds A and B, respectively. We assume that Ry < oo. Then the following
statements hold:

(1) 0 < Ry <R} < 0.
(2) The unit norm g-frame A is an A-tight if and only if Ry = R} = A.

(3) Additivity. For each orthonormal basis € = {©,};es for H with respect to
{H;}jer,
Riu& = fR/i\ + 1.

Moreover, for each g-frame ® for H with respect to {H;} e, we have
Ryvs = Ry + Ry, Ry < RY + Ry
In particular, if A and ® have uniform redundancy then

Ryve = Ro + Ry = RXU@'

(4) Invariance. Redundancy is invariant under application of a unitary operator
UonH, ie.,
fR/j\:U = Rf,
where AU := {A;U}ier.

Redundancy s invariant under scaling, i.e.,

+ _ ot
:R{CiAi}iEI = Ri,
and under permutations, i.e.,
+ _ pE
Ry, = Ry,

where Ay := {Ayu)} where o is a permutation of I.
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Proof. For (1), we need only check that 0 < R;. Suppose the contrary R, = 0.

Ai(fo)l”
Then there exists a sequence {fi} in S such that ) M
gernzop - [|A]

as k — oo. Since Z:Z.elHAi(f)H2 < B|f|]? for every f € H, it follows that
IA(F)I” < BJ|f||? for every i € I and for every f € H. Therefore, ||A;]] < VB
for every ¢ € I. Hence,

goes to 0

A_AUAE s IAGOE e AP AP
5= <X~ 2 o = 2 hpE

el {iel:A;#0} {iel:A\;#0}

which goes to 0 as & — oo. The contradiction implies that 0 < R, .
Other properties are proved similarly to the finite case. O

5 Excess of g-frames

Now we introduce a notion of excess of g-frames and show that some basic prop-
erties of excess of frames still remain valid for g-frames.

Definition 10. Let A be a g-frame for H with respect to {W;};c; with analysis
operator T. The excess of A is defined as e(A) = dim(RanTy)*.

Proposition 7. Let A and ® be two similar g-frames. Then e(A) = e(P).
Proof. Tt follows immediately by Proposition 3. m

As in the case of ordinary frames, we have the following result for g-Riesz
bases.

Proposition 8. A is a g-Riesz basis for H with respect to {W}ic; if and only if
e(A) =0.
Proof. By [1], A is a g-Riesz basis for H with respect to {W;};cs if and only if
Ran(Ty) = (Z EBWZ) :
iel "
which is equivalent to e(A) = 0. O

Similar to Proposition 5.5 in [3] for frames, we obtain the following result for
g-frames.
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Proposition 9. Let A = {A;}icr be a g-frame for H with respect to {W;}icr with
the canonical dual g-frame A = {A;}ie;. Then the excess of A is

e(A) = Z (dimVVi - trace]&Af)
icl
Proof. For each i € I, let {e;;};ecs, be an orthonormal basis for W; and for each

iel,je J;,let E;; be an element of | > @Wi) defined by
la

iel

<E”)’“{ 0 if i # k.

It is obvious that {Ej;}ier jey; is an orthonormal basis for (Z @Wi) .
l2

el

By definition, e(A) = dim(RanT,)*. The orthogonal projection of | > ®&W;
el Is
onto (Ran Ty)* is given by P = I — TSy T where S, is the g-frame operator
for A. Since T} (E;;) = Af(e;;), we have

e(A) = dim(RanTy)* = trace(P)
= Y (Ey PEy)

iel,jeld;
= Z <Eij, Ei; — TAsxlTKEij>
el,jed;
= N (1 (T}Ey, Sy TiEy))
€l,jed;
=y (dimWi -y <Af(€zj),5A1A?(€z’j)>>
icl jed;
iel JE€Ji

= ; (dimVVi — trace\;A] )
O

We note that if for each ¢ € I, A; : H — C is given by A;(f) = (f, f;) where
{fi}ier is a frame for H then Proposition 9 is precisely Proposition 5.5 in [3] for
frames.
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We can characterize a g-frame A by the sequences {u; ;}ier jes, defined as in
Theorem 2. One natural question is that whether the excess of A is equal to the
excess of every associated sequence {u; ;}ier jes;- The answer is Yes.

Proposition 10. Let A = {A;}ies be a g-frame for H with respect to {W;}icr and
wij = Ni(e;j),i € I,5 € J;, where {e;}icrjes; be an orthonormal basis for W;.
Then the excess of g-frame A is equal to the excess of the sequence {u; ;}ier jeu;-

Proof. We denote the excess and the analysis operator of the sequence {w; ; }icr je,
by e(U) and Ty, respectively. It is proved in [3] that e(U) = dim(Ker(7})).
But dim(Ker(7})) = dim(RanTy)*. So e¢(U) = dim(RanTy)t. By definitions,
for any f € H we have Ty(f) = {(f, wi;)}ierjes, Talf) = {Ni(f)}ier. Since
(fruig) = (Mi(f); €iy), it follows that Ai(f) = >, (f,uij)eij. Therefore,
dim(RanT}) = dim(RanTy). Thus,

dim(RanTy)* = dim(RanTy)* and e(A) = e(U). O
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