STABILITY OF DEPTH AND COHEN-MACAULAYNESS OF
INTEGRAL CLOSURES OF POWERS OF MONOMIAL IDEALS

LE TUAN HOA AND TRAN NAM TRUNG

ABSTRACT. Let I be a monomial ideal I in a polynomial ring R = k[xy, ..., z,].
In this paper we give an upper bound on dstab(/) in terms of 7 and the maximal
generating degree d(I) of I such that depth R/I™ is constant for all n > dstab(I).
As an application, we classify the class of monomial ideals I such that I™ is Cohen-
Macaulay for some integer n > 0.

INTRODUCTION

Let R = k[xy, ..., z,] be a polynomial ring over a field k and a a homogeneous ideal
in R. It was shown by Brodmann [2] that depth R/a" is constant for n > 0. The
smallest integer m > 0 such that depth R/a" = depth R/a™ for all n > m is called
the index of depth stability and is denoted by dstab(a). Since the behavior of depth
function depth R/a™ is quite mysterious (see [7, 5]), it is of great interest to bound
dstab(a) in terms of r and a. However, until now this problem is only solved for a
few classes of monomial ideals (see, e.g., [7, 8, 20]). The bound obtained in [20] for
ideals generated by square-free monomials of degree two is rather small and optimal.
However, this problem is still open for a general square-free monomial ideal.

In this direction, it is also of interest to consider similar problems for other pow-
ers of a. In [10] together with Kimura and Terai we were able to solve the problem
of bounding the index of depth stability for symbolic powers of square-free mono-
mial ideals. In this paper we are interested in bounding the index of depth stability
dstab(a) for integral closures, which is defined as the smallest integer m > 0 such that
depth R/a™ = depth R/a™ for all n > m. Like in the case of ordinary powers, dstab(a)
is well-defined. We only consider the problem for monomial ideals /. In this context
one can use geometry and convex analysis to describe the integral closures of I™ (see
Definition 1.1 and some properties after it). Then one can use Takayama’s formula
(see Lemma 1.4) to compute the local cohomology modules of R/I™. This approach
was successfully applied in several papers (see, e.g., [10, 11, 19]). In particular, one can
show that in the class of monomial ideals the behavior of the function depth R/I™ is
much better than that of depth R/I": it is “quasi-decreasing” (see Lemma 1.5) while
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the function depth R/I™ can be any convergent non-negative numerical function (see
[5]). Our main result is Theorem 2.3, where we can give an upper bound on dstab(/)
in terms of r and the maximal generating degree d(I) of I for any monomial ideal I.
Although our bound is very big, an example shows that an upper bound must depend
on d(I), and in the worst case must be an exponential function of r.

In order to bound dstab(I) we have to study the index of stability for the associated
primes on R/I™. This in some sense corresponds the zero depth case and was firstly
done in [19]. In this paper we can improve the main result of [19] by giving an
essentially better bound, see Theorem 1.7.

As an application we classify all monomial ideals such that R/I" is a Cohen-
Macaulay ring for all n > 1 (or for some fixed n = ng > 0). It turns out that
only equimultiple ideals have this property, see Theorem 3.1. In the case of square-
free monomial ideals, we can then derive a criterion for the Cohen-Macaulayness of
R/F for some fixed n > 3, see Theorem 3.7. This criterion is exactly the one for the
Cohen-Macaulayness of R/I"™ given in [17, Theorem 1.2].

The paper is organized as follows. In Section 1 we study the stability of associated
primes and give an upper bound on astab(/) of a monomial ideal. In Section 2 we
prove the main Theorem 2.3. The study of Cohen-Macaulay property of R/I" is done
in the last section.

1. STABILITY OF ASSOCIATED PRIMES

Let R := k[zy,...,z,] be a polynomial ring over a field k£ with the maximal homo-
geneous ideal m = (xq,...,z,). Throughout this paper, let I be a proper monomial
ideal in R. Let N, R, R, be the set of non-negative integers, real numbers and non-
negative real numbers, respectively. For a vector ¢ = (a,...,a,) € N", we denote
by x* = x{*! .- - 2.

The integral closure of an arbitrary ideal a of R is the set of elements x in R that
satisfy an integral relation

"+ ai" o apr +a, =0,

where a; € a' for ¢ = 1,...,n. This is an ideal and is denoted by @. The integral
closure of a monomial ideal I is a monomial ideal as well. We can geometrically
describe I by using its Newton polyhedron.
Definition 1.1. Let I be a monomial ideal of R. We define

(1) For a subset A C R, the exponent set of A is F(A) :={a |x* € A} CN".

(2) The Newton polyhedron of I is NP(I) := conv{E(I)}, the convex hull of the
exponent set of I in the space R".



The following results are well-known (see [14]):

(1.1) E(I)=NP(I)NN"={a e N | x"* € I" for some n > 1}.

(1.2) NP(I") =nNP(I) =nconv{E(I)} + R’ forall n > 1.
Let G(I) denote the minimal generating system of monomials of I and
d(I) == max{a; + -+ a,| x* € G(I)},

the maximal generating degree of I. Let ey, ..., e, be the canonical basis of R". The
first part of the following result is [19, Lemma 6]. It gives more precise information
on the coefficients of defining equations of supporting hyperplanes of N P([).

Lemma 1.2. The Newton polyhedron N P(I) is the set of solutions of a system of
inequalities of the form

{xeR"|(a;,x) >b;, 1=1,...,q},

such that each hyperplane with the equation (a;,x) = b; defines a facet of NP(I),
which contains s; affinely independent points of E(G(I)) and is parallel to r — s,
vectors of the canonical basis. Furthermore, we can choose 0 # a; € N",b; € N for
all j =1,...,q; and if we write a; = (a1, ..., aj), then

s;—1 :
aj; < s;d(1)% foralli=1,...,r,
where s; is the number of non-zero coordinates of a;.

Proof. The first part of the lemma is [19, Lemma 6]. Moreover, it also claims that
a; € R and b € R,. For the second part, let H be a hyperplane which defines a facet
of NP(I). W.l.o.g, we may assume that H is defined by s affinely independent points
ay,...,as € E(G(I)) and is parallel to r — s vectors €441, ...,€,. Then the defining
equation of H can be written as

1 e Tg
11 Q15

) ] =0.
Qg1 Qgg 1

Expanding this determinant in the first row, we get: ajx;+---+alxs = ', where a} are
the (1,14)-cofactor for i = 1,...,s and ¥’ is the (1, s + 1)-cofactor of this determinant.
Clearly, af,...,a’, b’ € Z. Note that we may take a; = |a;| and b = |b'|. Expanding
the determinant

aip ey 1

Qgg  * Qg 1



in the last column, we get

Qg - Qg Qp2 -0 Qg Q2 v a1s
Qg2 - O3 Q32 - O3 Qg - Qigs
s+1 1 s—1
(=) ay = : : S I : [T +H(=1)
Ogp -+ Qg Qg -+ Ogg Os—12 =+ Os_15

Let det(c;;) be a determinant in the above sum. By Hadamard’s inequality, we have
(det(cy))? < oL (S el?) < L (22 eyl)? < d(DXeD,

Hence a; = |a}| < sd(I)*~!. Similarly, a; < sd(I)*! for i = 2,...,r, as required. O

The following lemma is a crucial result in the study of the stability of Ass(R/I").

Lemma 1.3. Let I be a monomial ideal in R with r > 2. If m € Ass R/I* for some
s =1, then

m € Ass R/I™ for alln > (r — D)rd(I) 2.

Proof. Let m := (r — 1)rd(I)"~2. Since the sequence {Ass R/I"},>; is increasing by
[6, Proposition 16.3], it suffices to show that m € Ass R/I™.

Asm € Ass R/I¢, by [19, Lemma 13], there is a supporting hyperplane of N P(I),
say H, of the form (a,x) = b such that all coordinates of a are positive. By Lemma
1.2, this hyperplane passes through r affinely independent points of E(G(I)), say
ag, ..., o Let J:= (x*,...,x%). Clearly, H is still a supporting plane of NP(J).
Again by Lemma 1.2, the Newton polyhedron N P(.J) can be represented by a system
of inequalities

{xeR"|(a;,x)=b;,j=1,...,q},
where 0 # a; € N" and b; € N. Let H; = {x € R" | (a;,x) = b;} for j =1,...,q.
We may assume that ¢ is minimal and H, = H. Since J is generated by exactly r
monomials and ¢ is taken to be minimal, by Lemma 1.2, each hyperplane H;, where
j < g — 1, must be parallel to at least one of the vectors eq,...,e,. Hence, by the
second statement of Lemma 1.2, we may assume that

(1.3) aj; < (r—1)d(J)"? forall j < g—1andi<r.

Consider the barycenter o := (o + - - + @) of the simplex [ay, ..., o). Then «
is a relative interior point of the facet H, N NP(J) of NP(J). Therefore, a does not
liein H; forall 5 =1,...,9 — 1, and so

(1.4) (aj,a) > b; forall j <¢g—1.

Next, we may assume that a, = min{a,,...,a,} > 0. Let B8 := ma — e,. Then
B=(r—-1dI)"* e+ - +a)—e €Z". Since ay,...,a, € H, are affinely
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independent and ag1,...,a, > 0, there exists 7 < r such that a;, > 0, whence
aj, > 1. Hence 3 € N". Moreover,

<aq’ﬂ> =m <aQJ a) - <aqae'r> - mbq - aq’l‘ < mbq.

Therefore 8 ¢ NP(J™) and also 3 ¢ NP(I™) (recall that H = H,).
On the other hand, we claim that

(1.5) B+e € NP(J") foralli=1,...
Indeed, for i =r, B+ e, = ma € mNP(J) = NP(J™). For i <r — 1, we have

<aq7 /6 + ei> = <aq7 mo — e, + ei>
=m <aqv a) — (ag,e,) + <aqa e;)
mby — agr + g

> mb, (since ag = min{ag, ..., a4 }).

Let j < ¢—1. Since ra = ay+- - -+, € NP(J")NN", by (1.4), we have (a;,ra)) > rb;,
which implies (a;,ra) > rb; + 1. Hence

(a;,B+e;) = (a;,ma—e,+e;)
= (r—1d(I)"*(a;,rax) — (aj,e,) + (a;, &)
> (r—1)d(I)"2(rb; + 1) — ajr + aj;
=mb; + ((r—1)d(1)"2 — a;,) + aj
> mb; (by (1.3)).

This completes the proof of (1.5).
Since NP(J™) = mNP(J) C mNP(l) = NP(I"), B+ e, € NP(I™), whence
xPz; € I™. Asshown above, 3 ¢ NP(I™). Therefore, m € Ass R/I™, as required. [J

A main tool in the study of the set of associated primes and the depth of rings is
using local cohomology modules. In the setting of monomial ideals, one often uses a
generalized version of a Hochster’s formula given by Takayama in [16]. Let us recall
this formula here.

Since R/I is an N'-graded algebra, H:(R/I) is an Z"-graded module over R. For
every degree o € Z" we denote by Hi(R/I)qs the a-component of Hi (R/I).

Let A(I) denote the simplicial complex corresponding to the Stanley-Reisner ideal
\/7 , i.e.

A(I> = {{ila "'7i5} - [T” Liy =+ T QI \/f}7
where [r] denotes the set {1,2,...,r}. For every a = (ov,..., ;) € Z", we define
its co-support to be the set C'Sy := {i | a; < 0}. For a subset F of [r], let Rp :=
Rlz;' | i € F]. Set

(1.6) Ao(I) = {F C[r]\ CSal x* ¢ IRr s, }-
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We set H;(0;k) = 0 for all 4, H;({0};k) = 0 for all i # —1, and H_;({0}; k) = k.
Thanks to [4, Lemma 1.1] we may formulate Takayama’s formula as follows.

Lemma 1.4. ([16, Theorem 2.2]) dimy, H},(R/1I)a = dimy, H;_jcs,-1(Da(]); k).

As an immediate consequence of this result is the following “quasi-decreasing” prop-
erty of the depth function depth R/I". We don’t know if this property holds for an
arbitrary homogeneous ideal.

Lemma 1.5. For any monomial ideal I of R, we have
(1) depth R/I™ > depth R/T™ for all m,n > 1.
(2) lim,,_,o depth R/I" = dim R — ¢(I), where ((I) denotes the analytic spread of
1.

Proof. 1) Rep_lacing I™ by J, it suffices to prove the statement for m = 1. Let
t := depth R/I. Then we must have HE(R/I)q # 0 for some e € Z". By Lemma 1.4,
(1.7) dimy, Hy_jcs,—1(Aa(T); k) = dimg HY,(R/T)a # 0.

For n > 1, we have C'S,,, = CS, and

Aal) = {F € A|x* ¢ TRroos,} = {F € ] x ¢ TRrocs,)"} = Bua(T7).

The middle equality follows from (1.1). Together with Equation (1.7) and Lemma
1.4, this fact implies that

dimy, HE (R/T%) po = dimy, Hy 0,01 (Dna(T7); k) = dimy Hy o501 (Aa(T); k) # 0.
This means depth R/I™ < t.

2) Let J := I"1. By [21, Theorem 7.29], J is torsion-free. Thus, by [3, Proposition
3.3], we have

lim depth R/J™ = dim R — ((J).

m—r0o0

For each m > 1, by [21, Corollary 7.60], we have J™ = [™("—1). Hence
lim depth R/I" = lim depth R/J™ = dim R — ((J).
m—0o0

n—oo
Note that £(J) = £(I"=1) = £(I""') = ((I), so the desired equality follows. O

Let F be a subset of [r]. Put R[F] = k[x; | i ¢ F| and denote by I[F] the ideal
of R[F] obtained from I by setting x; = 1 for all i € F. Then I[F|R = IRr N R.
If I = {i} for some i € [r], then we write R[i] and I[i] instead of R[{i}] and I[{i}]
respectively.

Remark 1.6. Let [ be a monomial ideal in R. Then,
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(1) Using (1.1) it is easy to see that I"[F] = I[F|" for any n > 1 (cf. [11, Lemma
4.6]).
(2) If I is Cohen-Macaulay, then I[F] is Cohen-Macaulay.

We can now give an improvement of the main result, Theorem 16, in [19].

Theorem 1.7. Let I be a monomial ideal of R and

o if i) <2,
"I e = a2 e s 2.

Then, Ass R/T" = Ass R/I™0 for all n > no(I).

Proof. Fix an index ¢ < r. It is well known that the analytic spread of I is equal to
the minimal number of generators of a minimal reduction of 7. Since [[i] is obtained
from I by setting x; = 1, this implies that ¢(1) > ¢(I[i]) and d(I[i]) < d(I). Hence
no(1[i]) < no(I). Using this remark, Remark 1.6(1) and Lemma 1.5, we can prove the

theorem by induction on r. The proof is similar to that of [19, Theorem 16], so we
omit details here. U

Remark. Set
astab(I) = min{m| Ass R/I" = Ass R/I™ for all n > m}.

It can be called the index of stability for the associated primes of R/I". An example
given in [19, Proposition 17] shows that an upper bound on astab() must be of the
order d(I)"~2, provided that r is fixed. The coefficient of d(1)"~? in the upper bound
given in [19, Theorem 16] is r2" 1.

2. STABILITY OF DEPTH

In this section we study the stability index of the depth function depth R/I™. Tt
is clear that a simplicial complex A is defined by the set of its maximal faces, say
Fi, ..., F;. In this case we write A = (F}, ..., Fy). Keeping the notations in Lemma
1.2, we set supp(a;) := {i | a;; # 0}. We can describe A, (I™) as follows.

Lemma 2.1. For any o« € N" andn > 1, we have

AalT) = (] \ supp(a;) | j € {L,....q} and (a;,c) < nb;).

Proof. Let F' € Ay(I™). We may assume that F'={s+1,...,r} for some 0 < s < 7.
By Lemma 1.2 and (1.2), we can deduce that NP(I™) is the set of solutions of the
system

{xeR"|(a;,x) =nb;, j=1,...,q}.
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Since CSq = 0, x* ¢ "Ry if and only if x*x” ¢ I" for any monomial x¥ €
klzsiq, ..., o] Taking x¥ =27 --- a2, where

m > max{nb; — (a;,a) | 1 <j<q},
is fixed, it implies that there is 1 < p < ¢ such that
(ay, o +m(esr1 +€,)) < nb,.
Assume that there is ¢ > s + 1 such that a, > 0. Then
(s 0+ mleser + ) = (8 @) + mlap(er) + -~ ayr) > (2, @) +m > nby,

a contradiction. Hence ap41) = -+ = apr = 0, whence F' C [r] \ supp(a,) . Then
(a,, a) = (a,, a+ m(esi1 +e.)) < nb,.
Conversely, assume that there is j < ¢ such that F' C [r] \ supp(a;), i.e. ajs1) =

- = aj, = 0, and (a;, @) < nb;. Then for all monomials X7 € k[zi1,...,2,], we
have (a;, +7) = (a;,@) < nb;. By (1.1) and Lemma 1.2, this implies x*xY ¢ ™.
From (1.6), we get that F' € A,(I™). This completes the proof of the lemma. O

The following lemma is the main step in the proof of Theorem 2.3

Lemma 2.2. Let m > 1 and t := depth R/I™. Assume that HL(R/T™)g # 0 for
some B € N". Ifr > 3, then
depth R/T" <t for alln > r(r? — D)r"/?(r — 1)"d(I)"~2+D),

Proof. For simplicity, set n* := r(r? — 1)r"/2(r — 1)7d(I)"=2+1)_ We keep the nota-
tions in Lemma 1.2.

Assume that supp(a;) = [r] for some 1 < j < ¢. By [19, Lemma 14] we have
m € Ass R/I" for all n > 0. By Lemma 1.3, it yields m € Ass R/I" for all n > n*.
Thus, depth R/I™ = 0 for n > n*, and the lemma holds in this case.

We now assume that supp(a;) # [r] forall j =1,...,¢, i.e. the number of non-zero
coordinates of a; is strictly less than r. By Lemma 1.2, we have

(2.1) a; < (r—1d(I) % fori=1,...,r
Assume that
(a;,B) <bjfor j=1,...,p,
and
(a;,8) =2 bjfor j=p+1,...,4q,
for some 0 < p < ¢. Then, by Lemma 2.1,
Ag(I™) = ([r] \ supp(a;) | j =1,...,p).
8



By Lemma 1.4, we have
dimy, Hy_1 (Ag(T™); k) = dimy, HY (R/T™) 5 # 0.
Hence Ag(I™) is not acyclic. In particular, p > 1. For each n > 1, put
D7) = {a € N | Aa(T7) = Ag(T7)},
and
(22) C,:={xeR"|(a;,x) <nbj,(a;,x) =nb for j <p; p+1<1<q} CR].

It is clear that C,, = nC;. By Lemma 2.1, C, N N" C I'(I").
Assume that C,, "N" # (). Then for any a € C,, N N", by Lemma 1.4, we have

dimy HY (R/T7))o = dimy, Hy_1 (A (T7); k) = dimy, Hy_1 (Ag(T™); k) # 0,

whence depth R/I™ <t
Thus, in order to complete the proof of the lemma, it remains to show that C,,"\N" £
() for any n > n*. Fix such an integer n.

Since B € C,, = m(C,, C; # (. First, we prove that C} is bounded in R”. Assume
that a;; = 0 for some 1 <4 < r and for all j = 1,...,p. Then, for any s > 0, by
Formula (2.2) we get that 3+ se; € C,,, which implies Ag, 4o,(I™) = Ag(I™). Again
by Lemma 1.4, we have

dimy Hi(R/T™) g1 se, = ditmg Hy 1 (Dgyse, (T7); k) = dimy Hy 1 (Ag(T7); k) # 0.

This contradicts the Artiness of HY (R/I™). Hence, for each i < r, there is j; < p
such that a;; > 1. Let y = (yl, ..., Y,) be an arbitrary point of C; C R’, . Then for
each i < r, we have y; < a;,;4; < (a;,,y) < bj,. This implies that C; is bounded and
so is Cy,.

Let C, be the closure of C, in R" with respect to the usual Euclidean topology.
Then C,, is bounded as well. Moreover,

(2.3) C,={xeR"|(a;,x)>nbj;, (a,x) <nb for j <p; p+1<1<q} CRY,

and hence C,, is a polytope.

We next claim that C; is full dimensional. Indeed, for any y € Ci, by Formula
(2.2) we can choose a real number ¢ > 0 such that for all real numbers ¢4,...,¢,
with 0 < e1,...,6, < &, we have y + 11 + - -- + ¢,e, € (1. This means that the
parallelotope [y1,y1 + €| X -+ X [y, yr + €] C Cy , and thus (Y is full dimensional in
R", as claimed.

Since the polytope C is full dimensional, by the Decomposition Theorem for poly-
hedra (see [15, Corollary 7.1.b]), we can find r + 1 vertices, say ay,...,a,, of the
polytope C, which are affinely independent. Let o = —=(a + -+ + a,) be the

- o
barycenter of the r-simplex [, oy, ..., o] C CY.
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For each i < r, set \; = [a;] — a; = 0, where [a;] is the least integer which is
bigger than or equal ;. Then A\ +---+ A\, <r and v :=na+\je;+---+ \e,. € N".
In order to show C,, "N" # (), it suffices to show that v € C,,.

Since a € C}, by Formula (2.3), we have

<al7’7> = <al7na> + <alaz)\’iei> P n<al7a> = nbl7
=1

foralll=p+1,....,q.

Now, fix an index j < p. Since oy, aq, . . ., ., are affinely independent in R", there
is at least one point not lying in the hyperplane (a;,x) = b;. We may assume that
oy is such a point. From Formula (2.3) we then have

(24) <aj, a0> < bj and <aj, ozz> < bj for all ¢+ = 1,...,7

Since a is a vertex of the polytope C1, by [15, Formula 23 in Page 104], g can be
represented as the unique solution of a system of linear equations of the form:

(ap,x)y =by, forallhe S C{1,...,q},

where |S| = r. By Cramer’s rule we have ag; = §;/0 for all i < r, where ¢, 1,..., d, €
N and 0 is the absolute value of the determinant of this system of linear equations. In
particular, day € N”. Using the inequalities (2.1) and Hadamard’s inequality applied
to §, we get

(2.5) 6 <72 (r = 1)rd(I)"" Y,

By (2.4) we have (a;, day) < 0b;, whence (a;, do) < db; — 1 because a;, day € N.
Let ¢ =n/(r + 1)d, then by (2.5), ¢ = r(r — 1)d(I)"~2. We then have

(aj,na) = cd (aj, (r + 1))
= céz (a;, ;)

=c(aj,day) + 652 (a;, o)

i=1
< C((;bj — ].) —+ T’C(;bj

=nb; —c.
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Hence
(aj,7v) = (a;,na) + <aj,2)\iei>
i=1

= <3_j, na> + Z )\iaji

i=1
<nbj —c+r(r—1)d(I)? (by (2.1) and Z i < 1)
So (aj,v) < nb; — 1, for all j < p. This means that v € C,,, as required. O

We are now in position to prove the main result of this section.

Theorem 2.3. Let I be a monomial ideal of R. Let

0 1 ifr <2,
n =
! r(r? — 1) 2(r — 1) d(D0-20+) ifp > 2,

Then, depth R/I" = dim R — ((I) for all n > ny(I).

Proof. We prove the theorem by induction on 7. If r < 2, and I # 0, then depth R/I" =
0,1, and depth R/I" = 0 if and only if m € Ass(R/I"). Since Ass(R/I") is constant
for all n > 1 in this case (by [12, Proposition 16]), we get

depth R/I" = depth R/I for all n > 1,

and the theorem follows from Lemma 1.5(2).
Assume that r > 3. By virtue of Lemma 1.5(2) and symmetry, it suffices to show
that

(2.6) depth R/T" < depth R/I™,

for any m,n = ny(I). Let t := depth R/I™. As HL(R/I™) # 0, by Lemma 1.4, there
is 3 € Z" such that

(2.7) dimy Hy_jc5,-1(Dp(T7); k) = HL(R/T™)g # 0.

In particular, Ag(I™) # 0. If CSg =0, i.e., B € N", then (2.6) follows from Lemma
2.2.

We now assume that C'Sg # 0. Without loss of generality, we may assume that
CSg = {s+1,...,r} for some integer 0 < s < r. If s =0, i.e. CSg = [r], then
Ag(I™) = {0}. By Lemma 1.4, it follows that HO(R/I™) = 0, which is equivalent to
m € Ass R/I™. Since r >3, n > ny(I) > (r — 1)rd(I)""2, m € Ass R/I" by Lemma
1.3. Hence, depth R/I™ = 0 = depth R/I™ in this case.

11



Assume that s > 1. Let R’ := k[xy,...,25] = R[{s + 1,...,r}] (in the notation
before Remark 1.6) and I’ :== I[{s + 1,....,7}] C R'. Let 8 = (34,...,05,) and @' :=
(Bi,...,Bs) € N°. Then, by Formula (1.6), Ag (I"™) = Ag(I™). Let n:= (z1,..., ;)
be the maximal homogeneous ideal of R'. Using (2.7) and Lemma 1.4 we obtain

din. Hy™ P (R /T = dim Hc sy 1A (7))
= dimy, Hy—jc5,-1(Dp(T™); k) # 0.

Hence I' # R’ and depth R'/T'™ < t — |C'Sg|, or equivalently depth R/I™ > |C'Sg| +
depth R'/T"™. On the other hand, by [10, Lemma 1.3], we have depth R/T™ < |C'Sg|+
depth R'/T'™ and depth R/I" < |C'Sg| + depth R'/I"™. Hence

depth R/T™ = |CSg| + depth R’ /T"™,

) < ny(l), since d(I') < d(I) and s <)

('

depth R/T" < |CSg| + depth R'/T'™
= |CSg| + depth R'/T"™ (by the induction hypothesis)
= depth R/T™.

and (noticing that n,

Remark. Set
dstab(7) = min{m/| depth R/I™ = depth R/I™ for all n > m}.

One can call it the index of depth stability for integral closures. Then Theorem 2.3
says that dstab(/) < ni(I). It seems that this bound is too big. However, an example
given in [19, Proposition 17] shows that an upper bound on dstab(I) must be at least
of the order d(I)"2.

3. COHEN-MACAULAY PROPERTY

In this section we apply results in previous sections to study the Cohen-Macaulayness
of integeral closures of powers of monomial ideals. We say that I is equimultiple if
¢(I) = ht(I). Note that, by [1, Theorem 2.3|, we can compute ¢(I) in terms of
geometry of NP(I).

((I) = max{dim F' + 1 | F' is a compact face of NP(I)}.

Therefore, the condition I being equimultiple is independent on the characteristic of
the base field k.

Theorem 3.1. Let I be a monomial ideal of R. The following conditions are equiva-
lent

(1) R/I" is a Cohen-Macaulay ring for alln > 1,

12



(2) R/I" is a Cohen-Macaulay ring for some n > ny(I), where ny(I) is defined in
Theorem 2.3,
(3) I is an equimultiple ideal of R.

Proof. If R/I" is a Cohen-Macaulay ring for some n > ni(I), then by Theorem 2.3
we have dim R/I" = depth R/I" = dim R — ¢(I). On the other hand, dim R/I" =
dim R/I = dim R — ht(/). Hence, ¢(I) = ht(I).

Conversely, assume that ¢(/) = ht(I). Then,

depth R/T < dim R/I = dim R/I = dim R — ht(I) = dim R — ¢([).
For all n > 1, by Lemma 1.5 applied to m > 0, we have
dim R — ¢(I) > depth R/I > depth R/I™ > depth R/I™ = dim R — ((I).
Hence,
depth R/I" = dim R — ((I) = dim R — ht(I) = dim R/I = dim R/I",
which means that R/I" is a Cohen-Macaulay ring. U

In the rest of this section we will improve the above theorem for the class of square-
free monomial ideals. We need some auxiliary results.

Lemma 3.2. Let I be an unmized monomial ideal and I = Q1 N --- N Qs be an

irredundant primary decomposition of I. Assume that I™ is unmized for some n > 1.
Then

I"=Qrn---NQn.

Proof. We prove by induction on s and on r. If s = 1 (which also includes the case
r = 1) there is nothing to prove. Assume that s > 2 and r > 2. Since [ is unmixed,

/@ # m for all j <s. For each i <r, let
Ai={j<s |z ¢ Q).

If there is jo < s such that jo & U;_, A;, then zy,...,2, € /Qj,, a contradiction.
Hence U_;A; = [s] and I = ();_;(Njea,Q;)), where we set Njea,Q; = R if A; = 0.
Moreover, using Remark 1.6(1) and the induction hypothesis on r, we may assume
that |A;| < s for all ¢ < r.

It is well-known that one can get a primary decomposition of a monomial ideal
a C R by repeated application of the formula (B,uv) = (B,u) N (B,v), where B is a
set of monomials and w, v are monomials having no common variable. Based on this
fact, it is immediate to see that one can get a primary decomposition of a[i]R from
that of a by deleting those primary components whose associated prime ideals contain
x; (recall that a[7] is obtained from G(I) by setting z; = 1).

13



Using this remark we see that I[i] is an unmixed ideal for all ¢ < r. Moreover
Ii] = Njea, @, and I = N_, I[i].

By Remark 1.6(1) I[i]"R = (I")[i]R and I™ = N/_,I[i{]"R. Since I" is unmixed,
by the above remark, all I[i|”R are unmixed ideals. Since |A;| < s, by the induction
hypothesis on s, we also get I[i|"R = Njc¢ AZ.Q_;?.

Let J := Q7 N---N Q7 This is an unmixed ideal. Hence, as shown above, J =
Ni_; JliJR and J[i]R = Mjea, Q7 = I[i]"R . Then J = Ni_,I[i]"R = I", as required.

O

Lemma 3.3. Let y be a new variable and S = Rly| = klx1, ..., z,,y|. Then, for every
n > 1 we have

(1) (L,y)» = >y In—S. B
(2) (I,y)™ is Cohen-Macaulay if and only if I' is Cohen-Macaulay for all i < n.

Proof. (1) The inclusion Y 7, y*I"~S C (I,y)" follows from the fact that I;-I, C I, 15
for all ideals I; and I, in S.

In order to prove the reverse inclusion, let G(I) = {x*,... ,x*}. Set o] =
(aj,0) € N and let e,41 be the (r + 1)-th unit vector of R™**. Assume that
(a,8) € NP((I,y)") NNt From (1.2) we see that there are non-negative numbers
ai, ..., as, b such that Z;Zl aj+b>nand (o, fB) = ijl aja;+be, ;. Thenb = 3 € N.
If b > n, then x®y? € y"S. Assume that b < n. Then Z;Zl a; =2 n—>b>0 and
a =Y ajoe; € NP(I"™). Hence, by (1.1), x*y? € y™I"=™S. In both cases,
xy? € Sy IS, e, (Iy) C SO0y IS,

(2) From (1) we deduce that

S/(Ly"=2R/T&R/I?®--- & R/I"

as R-modules, and the conclusion follows. l

From now on, let I be an ideal generated by square-free monomials. Such an ideal
is often called a Stanley-Reisner ideal and is associated to the simplicial complex
A := A(I). In this case we also denote I by In. Note that we do not require that A
contains all vertices {i}, ¢ < r. Recall that for a face F' € A, the link of F' is defined
by

ka(F)={GC[r]\F| FUG € A}.

We simply write lka i for lka{i}.
Corollary 3.4. If IX is Cohen-Macaulay, then so is Iy ; for every vertex i of A.

Proof. Let S = k[z; | j # i]. Then R = S[z;]. Let J = InR[x;'] N S. We have
Jn = I R[x; '] N S, whence Jm is Cohen-Macaulay.
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Denote by V(A) the set of vertices of a simplicial complex A. Let Y = {z; | j ¢
V(lka i) and j #i}. By [17, Lemma 2.1] we have
IaR[z;'] = (Tiy s, Y)R[z; '],

()

It follows that J = (i, 4, Y) as ideals in S. By Lemma 3.3 we conclude that I
is Cohen-Macaulay. O

Note that I is a complete intersection if and only if any two of its minimal mono-
mial generators have no common variable. Recall that dim A = max{|F|| F € A} —1.

Lemma 3.5. Assume that dim A = 0 and that I} is Cohen-Macaulay for some n > 2.
Then, Ia is a complete intersection. Moreover, A has at most two vertices.

Proof. Since dim A = 0, we may assume that A = ({1},...,{s}) for some s < r.
Then

In = (Tsi1y ooy @) + Oy (@1, oo Ty o Ts) = (@i, s Ty iy | 1 <0< j < s).

If s < 2, then Ix is a complete intersection. It remains to show that s < 2. Assume
on the contrary that s > 3. Since

I3 = (Tap1, o Ty iy | 1 <4 < j < 5)2,

we can check that m = I2: (z,2913), but 212025 ¢ I3. Hence m € Ass R/I2. Using
the non-decreasing property of the sets associated prime ideals of integral closures of
powers of an ideal (see [6, Proposition 16.3]), we have m € Ass R/I". Hence I} is not
Cohen-Macaulay, a contradiction. U

Lemma 3.6. Assume that dim A =1 and thatﬁ 1s Cohen-Macaulay for somen > 3.
Then, Ia 1s a complete intersection.

Proof. Since I} is Cohen-Macaulay and \/i = In, A is Cohen-Macaulay by |9,
Theorem 2.6]. Since dim A = 1, this property implies that A is connected. In
particular, every facet of A has exactly two vertices, and we can regard A as a
connected graph without isolated vertices. We may assume that V(A) = [s] for some
s<r.

If s =2, then A is just an edge, and In = (3, ..., 2,). Assume that s > 3. For each
vertex i of A, by Corollary 3.4 and Lemma 3.5, lkA( ) is either one vertex or consists
of exactly two vertices. Consequently, A is either a path or a cycle.

For each edge {i,j} of A | set Pyj = (541, ..tz | 1 <1< sy L #dand l # j).
Then, Ia = Ny jyea ;. Since ﬁ is unmixed, by Lemma 3.2 we have
n)

[A = m{ZJ}EAP m{M}GAP = [(A
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where Igb) is the n-th symbolic power of Io. This implies that I(An) is Cohen-Macaulay.
By [13, Theorem 2.4], every pair of disjoint edges of A is contained in a cycle of length
4. Since A is either a path or a cycle, we conclude that A is either a path of length two,
or a cycle of length 3 or 4. Hence, either In = (xy4, ..., x,; 2123), (T4, ..., Tr; T122x3) OF
In = (x5, ..., 2,; 1123, Toy) - all are complete intersections. O

We can now improve Theorem 3.1 for square-free monomial ideals by giving an exact
description of all square-free monomial ideals In such that K is Cohen-Macaulay for
some n = 3.

Theorem 3.7. Let A be a simplicial complex. Then the following conditions are
equivalent:

(1) IR is Cohen-Macaulay for every n > 1;
(2) I is Cohen-Macaulay for some n > 3;
(3) Ia is a complete intersection;

(4) Ia is an equimultipe ideal.

Proof. (1) = (2) and (3) = (4) are clear. (4) = (1) follows from Theorem 3.1.

It remains to prove that (2) = (3). The following proof is similar to that of [17,
Theorem 4.3]. We prove the implication by induction on dim A. The case dim A < 1
follows from Lemmas 3.5 and 3.6. Assume that dimA > 2. Since I} is Cohen-

Macaulay and E = Ia, Ia is Cohen-Macaulay by [9, Theorem 2.6]. In particular,

A is connected. On the other hand, by Corollary 3.4, TN is Cohen-Macaulay for
all i < s, where w.l.o.g. we assume V(A) = [s]. By the induction hypothesis, I ¢
is a complete intersection. Since A is connected, this implies that Ia is a complete
intersection complex by [18, Theorem 1.5]. O

Note that [17, Theorem 1.2] states that the last condition in Theorem 3.7 is also
equivalent to the Cohen-Macaulayness of R/I™ for all n > 1 (or for some fixed n > 3).

The property that the Cohen-Macaulay property of I™ for some n > 3 forces that
for all n is very specific for square-free monomial ideals. For an arbitrary monomial
ideal, the picture is much more complicate, as shown by the following example.

Example 3.8. Let d > 3 and I = (29, 2y 22,94 12) C R = k[z,y,2]. Then
(z,y,2) € Ass(R/I") if and only if n > d (see the example in [19, Page 54]). Since
dim R/I =1, it follows that:

(1) R/I" is Cohen-Macaulay for each n =1,...,d — 1;
(2) R/I" is not Cohen-Macaulay for any n > d.

Note that ht(/) = 2 and ¢(I) = 3 in this case.
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