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Abstract

Let f : (R?,0) — (R,0) be a germ of a smooth function. We
give a sufficient condition such that the Lojasiewicz inequality holds,
i.e. there exist a neighborhood €2 of the origin and constants ¢, > 0
such that

|f ()| > cd(@, f71(0))*

for all x € Q. Then, under this condition, we compute the Lojasiewicz
exponent of f. As a by-product we obtain a formula for the Lojasiewicz
exponent of a germ of an analytic function, which is different from
that of T.C.Kuo (Comment. Math. Helv. 49 (1974), pp.201-213.

1 Introduction

Let f be a germ of an analytic function at the origin of R™. Let V := {z €
R"™|f = 0}. The Lojasiewicz inequality says that there exist ¢ > 0 and o > 0
and a neighbourhood €2 of the origin such that

(1.1) |f(2)] = cd(z,V)*

for all z € €.
The Lojasiewicz inequality was born to solve a problem in analysis [L1].
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Later, it finds many applications and generates many results in other fields
[Bi-M], [Br], [H], [Kur-M-P], [T].

Let L(f) := inf{a|3ec > 0 and Q s.t. (1) holds } be the Lojasiewicz
exponent of f.

If f(z,y) is an analytic function, L(f) is computed via Puiseux expansions
of f [Kuo.

In general, Inequality (1) is false for smooth functions. In this paper we
assume f to be a germ of a smooth function in two variables. Firstly, we
give a sufficient condition such that inequality (1) holds for f. Then, under
this condition, the Lojasiewicz exponent L(f) is computed explicitly.

Our method is based on the smooth Puiseux theorem of V. Rychkov [R] and
the following observation: let f(zy1, T2, ..., Zn) = cg@l+ca 1 (21, .oy Ty )21+
o +co(1, ..., Tp—1) be the Malgrange-Weierstrass forrg]?f f, where d is the

multiplicity of f at the origin, then the set {z € R”|a— = 0} can be con-
T

sidered as a testing set for the existence of the Lojasie%vicz inequality for
f. As a by-product we obtain a formula for the Lojasiewicz exponent of a
germ of an analytic function, which is different from that of [Kuo].

Recently, a version of the Lojasiewicz inequality for smooth functions
was given in [H-N-S].

2 Statements of results

Lemma 2.1. Let f(2/,z,) = 2% + ag_1 (221 + ... + ao(2’) be a germ
of a smooth function at 0 € R x R. Assume that, for some constants
co>0,e>0 and f > 0 we have

(2.1) |f(z)| > codist(x, V)P
for allx € ViNB,, where Vi .= {x € ]R”|aa—f =0} and B, = {z € R"|||z|| <
x

€}. Then there ezist a neighbourhood ) 0f6 € R™ and an ¢ > 0 such that
|f(x)] > cdist(z, V)
for all x € Q, where a = mazx{d, }.

Let L(f, V1) := inf {# > 0|3c,e > 0 such that (2.1) holds }. We call
L(f, V1) the Lojasiewicz exponent of f with respect to V.

Our problems now become:
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i) To find conditions under which L(f,V}) < oc.
ii) To compute L(f, V) and then to compute L(f).

We recall now the smooth Puiseux theorem of V. Rychkov.
Let C[[z]] be the ring of formal series with coefficients in C. We use notation

of following rings of germs of C— valued functions.

- C*((z)) and C*°((z,y)) are rings of C'*° functions at the origin of R
and R?, respectively.

- C4((x)) and C((x)) are rings of one-sided germs, consisting of (the
equivalent classes of ) functions g(z) defined in a left half -neighbourhood
of zero of the form [0, €), where € > 0 can depend on g(x), which are

continuous, respectively C'*°; up to zero.

- A ((z7)),y > 0, the subring of C'\((x)) consisting of germs g(x), for
which there exists a series g(z) € C[[27]], g(x) = > .7, cax™, such
that g(x) ~ g(z) in the sense that for any N

N
g(z) — chwm = Oz ) 2 — 0,
n=0

such an g(x) is uniquely determined and is called the asymptotic ex-

pansion of g(z).

The ring of germs of R - valued functions will be denoted by adding an R
to the above notation, e.g. RA, ((x)), RCy((z)).

Let F(x,y) € RC®((z,y)) and F(z,y) = Y cijz'y’ be the formal Taylor
series of F' at the origin. Put

supp(F) = {(i, j) € R|c;; # 0}

Let T'(F) be the convex hull of the set

{(i,7) + R2|(3, §) € supp(F)}

Then I'(F') is the Newton polygon of F. Let E be a compact edge of the
boundary of I'(F") joining points (Ag, Bg) and (A, B%), where B, > Bp,
we put

Ap — Ay

- B. - B =
nNg E E,VE BE—BE
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Let A be the x-coordinate of the vertical infinite edge and B be the y-
coordinate of the horizontal infinite edge of I'(F').

Let F(x,y) € RC®((x,y)) such that its formal Taylor series F is different
from 0. Assume that the formal Taylor F' of F(z,y) at the origin is not

identically equal to zero.

Theorem 2.2. [R] The germ F(x,y) admits in region x,y > 0 a factoriza-

tion of the form

F(z,y) = u(z,y) H(fv — Xi(y)) H(y ~Yi(2) ][] H(y — Y, (2))

where
i) u(z,y) € RC*((z,y)),u(0,0) # 0
i) all Xi(y) € C((y)), (resp. Yi(x) € Ci((x))) and Xi(y) = O(y"™), as

y — 0 (resp. Yi(z) = O(2N), as 2 — 0) for any N > 0

iii) all Y, (z) € Ay ((zw)) forn = B+ ng with asymptotic expansions
of the form Yg,(v) = cg,x"" + ..., as x — 0, where cg, # 0.

Remark 2.3. The asymptotic series Y, (2) = cg,a%+... € C[[zn]] of Y, ()

is computed from the formal Taylor series F' of F' by the Newton-Puiseux

algorithm which is described in [W].

ot f
——(0,0) # 0} be th

Sy (0.0) £ 0} be the

multiplicity of f at the origin. By the Malgrange preparation theorem [M],

Let f(z,y) € RC*((z,y)) and d := min{i + j|

we can assume that f is of the form
f(z,y) = yd + ad—l(w)yd_l + ...+ ap(x)

where a;(z) € C*((2)),a;(0) =0,i=0,1,...,d — 1.
It follows from Theorem 2.2 that

i) f(x,y) admits in the region > 0 a factorization

22 Sy =][w-Yie) [[]]@ - Va@)

where Y;(z) € Cy((r)) and Y;(z) = O(z"), as * — 0, for any N >
0,Yg (z) € Ay((z@)), B is the y-coordinate of the infinite horizontal
edge of I'(f) and F runs through all compact edges of I'(f).
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of

ii) a—(m, y) admits in the region x > 0 a factorization

8 B’ ngr
(2.3) 8—;(%?/) =Y ]I]]w-Ye. (=

i=1 E' =1

where Y/(z) € C((x)) and Y/(z) = O(zV), as + — 0, for any

7

N > 0,Yg(z) € A+((x(d—11>!)),B’ is the y-coordinate of the infinite

horizontal edge of F(?) and E’ runs through all compact edges of
Y
of
r(h),
Y

Notation 2.4. Let Pc(f) denote the sets of all functions Y;(x) and Yg,(x)
in (2.2) and P(c(a—f) denote the set of all functions Y/ (x), YL (z) in (2.3).

Put o
Pa(f) = (Pe() NRCL () | J(Pe(f) NRAL(zH)))
and
Pa() = (Pe(G) RO (@) U(Pel(Gh) nRAL (=)

Then, as germs of sets at the origin, we have

VE=Vn{(zy) eRe >0 = ] {(z,y) eRz>0,y=Y(x)}

YePr(f)
and
Vi=Vin{(zy) eRz>0t= |J {(zy eRr>0,y=Y(2)}.
Y/ ’P g
€ R(ay)

For two real value functions ¢(z) > 0 and ¥ (z) > 0 we write ¢ < ¢ if
and only if % lies between two positive constants, as x is near 0 € R.
If p(z) < x° for some s, we put v(p) := s. If p(z) = o(z") as x — 0 for
any N > 0, we put v(p) := oo. If p(z) and ¢ (x) are two functions, we put
0(p, ) :=v(|p —1|) and call it the contact order of ¢ and .

For each Y’ € PR(a—) we denote
Y

Oy = > (YY)

YePe(f)
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Clearly 6y € QU {o0}.
We also put

(2.4) Syr = {1 i PR(f? =0 ‘
max{0(Y',Y)|Y € Pr(f)} if otherwise

Definition 2.5. We say that f satisfies the finite contact condition if for
0
every Y/ € PR(a—f) \ Pc(f), we have Oy, < .
Y

Theorem 2.6. Let f(z,y) = y* + ag_1(2)y?™ 1 + ... + ao(z) € RC*®((z,v)),
where d is the multiplicity of f at 0 € R%. Assume that f satisfies the finite

contact condition, then the number

Oy
Li(f,V1) = maa {3~}

where Y’ runs through all elements ofPR(%) \Pr(f), has the property that
Y
there exist ¢ > 0 and € > 0 such that

\f(z,y)| > edist((z,y), V) ")

for all (z,y) € Vi N {(z,y) € R*lx > 0} N B, where B. = {(z,y) €
R?|||(x,y)|| < €}. Moreover, L, (f; V1) is the smallest number with this prop-
erty.

Corollary 2.7. Assume that both f(x,y) and f(x,y) = f(—x,y) satisfy the
finite contact condition then we have

L(f; Vi) = maz{ Ly (f; Vi), L+ (f3 V1))

Theorem 2.8. Let f(x,y) =y’ + ag_1(x)y*™' + ... + ap(z) € RC*((z,y)),
where d is the multiplicity of f at 0 € R%. Assume that both f(x,y) and
f(=z,y) satisfy the finite contact condition, then we have

L(f) = maz{L(f; V1), d}.

Remark 2.9. The condition of the existence of the Lojasiewcz inequality
given in Theorem 2.8 is not sharp, as it is shown by the following example.
Let f(z,y) = y2 — e~ /%", Then the ideal fC>®(B,) is closed, hence there
exist ¢ > 0 and o > 0 such that

(2. y)| > cd((z,y), F(0))"

for all (x,y) € B. = {(z,y) € R?| ||(z,y)|| < €} (see [M, §2, Chapter VI].)
Nevertheless, f does not satisfy the finite contact condition.
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Now we consider the two following cases, where the finite contact condi-

tion holds automatically

(i) fisagerm of a smooth function, which is non-degenerate with respect

to its Newton polygon;

(ii) f is a germ of an analytic function.

Case 1:

Let denote the formal Taylor series of f at the origin by

flz,y) = Z 'y’

i+j=0
For a compact edge F of I'(f), we put
fp = Z cijx'y’
(i,)eE
Definition 2.10. [Ko| We say that f is nondegenerate if for any compact

edge E, the system
o _ Ofs _
ox oy
has no solutions in (R \ 0)%.

We say that f is convenient if T'(f) intersects both coordinate axes.

For each compact edge of I'( f), joining the points (Ag, Bg) and (A%, By),
/

Ap— A
L E We put

where By, > B, let as before v = —BJ,E ~ B,

¥(f) := {ve|F runs through all compact edges of T'(f)}.

Theorem 2.11. Let f(x,y) = y?+aq41(2)y? ™t + ...+ ao(z) € RC*®((z,v)),
where d is the multiplicity of f at 0 € R% Assume that f is convenient
and nondegenerate. Then the Lojasiewicz exponent of f is finite and can be
expressed in terms of the set y(f) U {d}.

Case 2:

Let f(x,y) be a germ of an analytic function at 0 € R% Then the sets
Pc(f), Pr(f) (resp., 'P@(g—f), PR(g—f)) are respectively the sets of com-
Y Y
of

plex and real Puiseux series of f = 0 (resp., of Fyie 0). Clearly, the finite
Y
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contact condition holds automatically. Hence, Theorem 2.8 gives the fol-
lowing method of computation of the Lojasiewicz exponent of an analytic

germ.

0
Firstly we find all the Puiseux series of f = 0 and (3_f = (. This gives
Y

0
the sets Pc(f) and PC(—f Then, in assuming that we are in the domain

8y)'

9]
R%,, we define the sets Pgr(f) and PR(a—f) of real Puiseux series. We have
B Y

O/
Ly(f;Vh) = max{é—;},

of
where Y’ runs through the set Y’ € PR( ) \ Pc(f). Then, we compute

L+(f; 1), f= f(—=x,y), by similar way and finally we use Theorem 2.8 to
get the Lojasiewicz exponent of an analytic germ. This method of computa-
tion of L( f) for analytic germs is different from that of [Kuo] in the following
aspect: instead of using the so called real approximations of Puiseux series

of f =0 to express L(f) as in [Kuo|, we use real Puiseux series of 50 and
Y

Puiseux series of f = 0.
Let us use this method to compute the exponent L, (f,V;) for some

examples taken from [Kuo].

Example 2.12. (Example (3.6) of [Kuo]).
fla.y) = (y =)y +2')
g—*g’; =05y — 42 + 210 =0

0
—f = 0 gives 4 Puiseux series

dy

z7r/3 8/3

) i2m/3,8/3
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Clearly Y3,Y, ¢ PR(g—f). We show that Y], Y] € PR(g—f),
Y Y
4
Let Yi(z) = 2? (g + 90(:76)) with v(p(z)) > 0. Since g—g(:p,Yl(x)) =0 we

have

1\ 2
026(5) ¢ + 2% + terms of degree > 1 in ¢.

Hence, it follows from Implicit function theorem that ¢(z) is an analytic

function and therefore Y;(z) € PR(a—f). Since the number of non-real

dy
Puiseux series is even, Y, also belongs to PR(a—). We find that 6y; = 10,
)
By, = 12.
Since R*N{f =0} & {y — 2? = 0}, we have

Oy = Oy = 2.
Hence L(f) = max{5,6} = 6.

Example 2.13. (Example (3.8) of [Kuo]). This example is due to Lojasiewicz
[L2]. It shows that the Lojasiewicz exponent can be larger than the degree

of a polynomial.

flxy) =y*" + (y — ")’

of on-1
9 ny™" 4+ 2(y — ")

af : : : ,
Hence — = 0 gives a single Puiseux series

y
Y i=ylz)=a"+ ..

0
which belongs to PR(O—f) by Implicit function theorem. More careful com-
)

putation gives

y(z) = 2" — na® " + terms of degree > 2n% — n.
Hence Oy = v(f(x,y(z))) = 2n>.
Since Pr(f) =0, 6y» = 1. Hence L(f) = 2n>.

3 Proofs

3.1 Proof of Lemma 2.1

Proof. Let us begin with determining the neighbourhood €. We fix two
points (0,a) and (0, —a) € (R"! xR)N B.. Since ¢;(0) =0,i = 0,1,...,d—1,
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we have |f(0, —a)| = | f(0,a)| = |a|?. Hence, we can find an b > 0 such that
if ||'|] < b then
d

min{| )l | F(o', ~a)l} = 12

We put Q := {(z/,z,) € R"! x R|||2'|| < b, |x,| < |a|}.
d

Let Ql = {(:c',xn) € Q’f > %} and QQ =0 \ Ql-
Clearly, one can find ¢ > 0 such that |f(z)| > cdist(z,V)?, for all x € {4
where o« = maz{3, d}.

Let x¢ € €, we denote r = | f(zo)| and
Wi(zo) := {o € R*[f(x)] <r} N 1.
Claim 3.1.

Fao)| > (o

Proof. Put > (xp) = {x,, € [—a,+a]||f(xf, zn)| < 7}. Then > (zf) is a non-
empty closed semi-algebraic set in R, hence it is the finite union of closed

Y min{dist(zo, V), dist(xe, W (20) }]*.

intervals and isolated points. Since zy € {2y, we see that a ¢ > (zf) and

—a ¢ > (xf). Hence, if [a;, b;] C > (xf), we have | f(xy, a;)| = | f(xg, b;)| = 7o

and |f(z(,t)| < r for any t € (a;,b;). Clearly, if ¢; is an isolated point of

> (z(), we also have |f(z(, c;)| =r.

0°f (x5, )
Ozd

that the following estimate for the Lebesgue’s measure of > (zf) holds:

mes Z(xg) < d!(QQZ)Té

Since = d!, it follows from the Van der Corput lemma [C-C-W]

Consequently,
(3.1) b; — a;| < d)(2d)ra

for each [a;, b;] C > (z().
Since |f(xg)| = r, either the point z,, coincides with one of a; and b; or it
is an isolated point of Y (z(). Assume that z,, = a;.

i) If f(xp, xn,).f(2h,b;) < 0, then there exists ty € (z,,b;) such that
f(zg,to) =0, ie. (z(,t9) € V. It follows from (3.1) that

dist(29, V) < |2n, — to| < |mg — bi] < d!(2d)r

or
IV d
| f(xo)] > (m) dist(zo, V)
and claim 3.1 holds.
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ii) Assume that f(zy,x,,).f(xg,b;) > 0, then, by Rolle’s theorem there
(x{)?tl) = Oa i-e'a (l’6,t1> € W(JZ'E))

and the claim holds again by (3.1)7 Now assume that x,,, is an isolated

exists t1 € (x,,,b;) such that
1 ( 0 ) ox

point of > (z). It is easy to see that z,, is a local minimum of a
of
oz,

function g(z,,) := f(z(, x,), therefore

(20, Zny) = 0 and the claim

holds automatically.
O

Now we derive the proof of Lemma 2.1 from Claim 3.1. Let ¢(xy) and
(o) be the points of W (x) and V, respectively, such that dist(xg, W(zy)) =

dist(zo, o(xo)) and dist(¢(xg), V) = dist(e(xg), ¥ (x0)).
We have

dist(xg, V) < dist(xg, (o)) < dist(xg, p(x0)) + dist(¢(xo), ¥(x0))

If dist(xo, p(x0)) > dist(p(xo), ¥ (xg)) then dist(xg, V) < 2dist(zg, p(x0)) =
2dist(xo, W(xg)). Hence, by Claim 3.1, we have
(3.2)

@) > (o

Yimin{dist(xo, V), dist(xe, W (z0))}* > ( )ldist(zg, V)?

1
d\2d 24d12d

Assume that dist(xg, p(x0)) < dist(p(xo), ¥ (xg)), then dist(zo, V') < 2dist(p(xo), P (x0)).
Since ¢(xg) € W (xo), | f(zo)| > |f(w(x0))|, by the hypothesis, we have
(3.3)

F o)l > [ (plao))] > codist(p(zn), V)? > co( Z2E0:V)yo

2
Lemma 2.1 follows from (3.2) and (3.3). O

Co ,.
= Q—Edzst(xg, V)P

Lemma 3.2. Let Y(x) € Pr(f) and Xy be the germ at the origin of the

set {(z,y) € R?|x > 0,y =Y (x)}. Let Y'(z) € PR(%). Then we have

dist((z,Y'(2)), Xy) < |Y'(x) — Y (2)|.
Proof. We recall that f(z,y) € RC*((z,y)) and is of the form

f@y) =y + aga(@)y™ + ... + ao(x),

where d is the multiplicity of f at the origin. Hence, f(z,y) admits in the

region x > 0 a functorization of the form (3), i.e.

B

=1 E i=1
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where B is the y—coordinate of the infinity horizontal edge of I'(f) and E
runs through all compact edges of T'(f). Each function Y;(z) € C,((z)),
in particular, Y;(z) = O(z") as * — 0, for any N > 0. Each Yg,(z) €
A, ((z@)) and has asymptotic expansion of the form Y, (z) = cp,a?® + ...,
as v — 0, with cg, # 0.

Claim 1. For each compact edge E of I'(f), we have yg > 1.

Proof. Since the multiplicity of f at the origin is equal to d, it is easy to
see that the line ¢ + j = d is a support line of I'(f). Hence, all the compact
edges of I'(f), except possibly the edge containing the vertex (0,d), are
situated strictly higher the line i + j = d. Therefore, the inequality v > 1
follows trivially from the definition of vg.

Let W be a neighbourhood of (0,0) and W := W N {(z,y) € R%|z > 0}.
Let

¢ W — o(W),
defined by ¢(z,y) = (u,v), with u = z,v =y — Y (z).

Claim 2. If Y(x) € Pr(f), then there exist constants ¢; > 0 and ¢y > 0

such that for any two points z; = (z1,y1) and 2o = (z2,y2) from W, we

have
(3.4) cillzr = 2l < [¢(21) — ¢(22)|] < eaf[z1 — 2||.
Proof. It is convenient to use {! norm in R?, i.e
()l =[] + [yl
Let Y(z) € C+((x)), we have
21 = 22[ln = [[(z1,91) = (@2, 92)[|n = |21 — @2 + [y1 — 92| =

= |21 — @ + |yr = Y (21) = (y2 — Y(22)) + (Y(21) — Y(22))]
> |zy — x| + |y — Y(21) — (g2 — Y(22))| = |(Y(71) — Y (2))].
Since Y'(z) € Cy((x)), if W is sufficiently small, we have

1
Y1) = Y(22)| < 5lar — aal.
We obtain that

1
|21 = 22| > |21 — 2| + [(11 = Y(21)) — (y2 — Y(22))| — 5’951 ]

71 — o] + [(y1 — Y (21)) — (2 — Y(22))[] = %||¢(z1) — o(22)|[n-

l\')l»—t
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Conversely,
|o(21) — d(22)||in = 21 — 2| + (11 — Y (21)) — (y2 — YV (22))]
1
> |wy — x|+ |y1 — g2 — Y (21) = Y(22)| > |21 — 22| + |1 — 92| — §|5171 — 1|

>— 21|| H
- z .
1 21|11

Thus, Claim 2 holds if Y (z) € C((z)).

Assume that Y (2) = Yg,(z) € A, ((z@)). Then, Y (z) = cg a7 + o(z7E),
as v — 0.

By Claim 1, v > 1. We distinguish two cases. Firstly, assume that
vg > 1, then it is easy to see that

1
Y (z1) = Y(22)] < §|~T1 — Iy,

for any couple of points x; > 0 and x5 > 0, sufficiently closed to 0. Then,
analogously as above, we can see that Claim 2 holds. Now, assume that
vg = 1, then

Y(x) = cgx + cx” 4+ o(x7), as x — 0, where v > 1.

Let
do : W — ¢0(W)
(x,y) — (z,y — cg,x)
and
o1 ¢0(W) — ¢(W)
(z,y) = (z,y — (V(2) - cpu)).
Then we have ¢ = ¢ o ¢g. Clearly,

(3.5) Az — 2| < ldo(z1) — do(22)]] < &lz1 — 2|

holds for some ¢} > 0 and ¢, > 0.
Moreover, since Y — cgx = cx” 4 o(z?), where v > 1, we can see that
the inequalities

(3.6) cillzr = zo|| < |l¢1(21) — @1(22)|] < &[z1 — 22|

hold for some ¢/ > 0 and ¢ > 0. The Claim 2 follows then from (3.5) and
(3.6).
Now we finish the proof of Lemma 3.2.
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We see that
¢<XY) = {U = O} C RZ,U
and ¢((x,Y'(x))) = (u,v) with u = 2, v = Y’(x) — Y (x), hence
dist(6((x, Y'(2)), (X)) = |Y"(2) - Y ()]

The proof of Lemma 3.2 follows from this equality and Claim 2.

[
3.2 Proof of Theorem 2.6
Theorem 2.6 follows directly from factorizations of the germs f and g—f,
Y

Lemma 3.2 and the definition of the number 8y and dy-.

3.3 Proof of Theorem 2.8

Proof. Clearly L(f; V1) < L(f). By Lemma 2.1, L(f) < max{L(f; V1), d}
Hence, it is enough to prove that L(f) > d.
We will use the max-norm in R?, i.e. ||(z,y)|| = max{|z|, |y|}.

Claim 3.3. dist((0,y),V) = |y|

Proof. Since (0,0) € V, dist((0,y),V) < |y|.

We will prove that there exists ¢ > 0 such that |y| < dist((0,y),V) for
y sufficiently small. Let dist((0,y),V) = dist((0,y), A(y)), with A(y) € V.
We may assume that A(y) is of the form A(y) = (7(y),Y(7(y))), where

Then we have
(3.7)
lyl < dist((0,y), (7(y), Y (7(y)+Y ((v)| = maz{|7(y)|, ly=Y (7 () [}+]Y (7(v))]

Since Y (z) € Pr(f), either Y(x) = O(zV) for any N > 0 or Y(z) =
cpx B +o(x7®), with yg > 1, there exists 6 > 0 such that |Y(7(y))| < §|7(y)|,
for all y sufficiently small. Since we may assume that 6 > 1, continuing (3.7),

we have
ly| < max{d|m(y), 0ly — Y (r(y))|} + dl7(y)| < (6 + 1)dist((0,y), V),
and the claim is proved. [

Now, by the claim |f(0,y)| = |y|? =< dist((0,y), V)%, which implies that
L(f) = d. O



Computation of the Lojasiewicz exponent 15

3.4 Proof of Theorem 2.11

Proof. Let f := (R?,0) — (R,0), f(z,y) = v* + ca1(x)y* " + ... + co(),
where d is the multiplicity of f at (0,0) € R

Let us number all the vertices (Ao, By), ..., (Ag, Bx) of I'(f) such that By >
By > ... > By. (By = d, B, = 0, since f is convenient and the multiplicity
of f at the origin is d). Let E; be the compact edge joining the points

A; — A
(Ai—1,Bi—1) and (A;, B;),i = 1,....k and g, = B—Bl Then, by the
i-1— Dj
convexity of I'(f), we have vg, < Vg, < ... < Vg,

0
Now, we number the edges E of F(a—f) such that if ¢ < j then v < vgr.
Y ! !
0
We see that if ¢ = 1,....,k — 1, then E] is the edge of F(a—f), joining the
Y
points (A;—1, B;—1 — 1) and (A;, B; — 1). We have then

A — A o A — A

BT B —1)—(Bi—1) B, -B "

Hence yg, = yp, for i =1,...,k — 1.

Further, let us to look at how the edge Ej of I'(f) "produces” the corre-
sponding edges of F(g—y)

Firstly, assume that Ej, does not contain integer points different from (Ax_1, Bx_1)

0
and (A, By). Then Ej "produces” the infinite horizontal edge E’_ of F(a—f)
Y

0
and the set of all adges of F(a—JyC) are B, ... E,_|,E..
Assume that Fj contains integer points, different from (Ax_;, Bx—1) and

&, Dk). en, beside of the edge 0 —), with vgr = vg,, possibly
Ay, By). Then, beside of the edge Ej. of T’ gf ith A 3 ibl
Y

0
there are also edges E ..., E},, and E_ of F(a—f), with yg > g, for
y K2
i=k+1,.. kK (if ¥ > k). Now we compute L(f,V]) via the set v(f)U{d}.
1

Case 1. Let either Y’ € PR(Z—'];) NCL((x)) or Y € PR(%) N A, ((x@ D))

such that Y'(z) = cga™® +o(z®), with vl > vg,. We have then v(|Y(z)—
Y(2)]) = v(|Y(2)]), for all Y € Pc(f). Hence

f@Y' @)= ] V() =Y() =™

YePe(f)

where

k
(3.8) Oy =Y npm,
=1
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Further
dist((z,Y'(x)),V) = min{dist((z,Y"(2)), Xy)[Y € Pr(f)}

where Xy = {(z,y)|ly = Y ()}

By Lemma 3.2, we have
dist((z,Y'(z)),V) =< |z|>
where

(3.9) 5y — {1 if Pr(f) =0

maz{v([Y)[Y € Pa(f)}

Hence, on the branch (x,Y’(x)) of Vi, we have

Oy

|f(2,Y(2))| > edist((x,Y(2)), V)

where 6(Y') and §(Y”) are given by (3.8) and (3.9) respectively.
0
Case 2. Y' € PR(a—f) and Y'(z) = cga™ 4 o(x7%) with vg = vg,, (ie.
Y
either s <k —1ors=Fkif yg =g,).

Claim 3.4. For Y € P¢(f), we have

v([Y'(x) = Y(2)]) = min{ve,, o([Y (2)[}.

Proof. Since vg = g, the claim is trivial if v(|Y (z)|) # g, .
Now, assume Y (z) = cp, a7 +o(27F+). To prove the claim, we will show that

_ ~ ;o of . C i

Cg #+ cg,. Let f(x,y) = Zi+j:0 cijx'y’ and 8_y($»y) = Zi+j:0 Jjeijr'y’ !

be respectively the formal Taylor series of f and a—f It follows from the
Y

Newton- Puiseux algorithm [W] that fg (1,c¢g,) = 0 and ng(l,C’Eg) =0,
where fp,(z,y) = Z(i,j)eES cija'y’ and fe (2, y) = Z(i,j_l)eEg jeijaty’

It is clear that, ng(:U, y) = (9_E Thus, we have
Y

and
0

(3.11) /o, (1,¢m) =0

oy
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Since E; belongs to the line joining the points (As_1, Bs—1) and (A, Bs)
As - As—l

ith ———
b Bs—l - Bs

=g, fe.(x,y) can be written in the form

l

fou(@,y) = oy T [y — cpa™)™
k=1

where ¢y, ..., ¢; are non-zero roots of fg (1,y) = 0.
By contradiction, assume that cg, = cgy, then it follows from (3.10) and
(3.11) that cg, is a nonzero root of fg, (1,y) = 0 of multiplicity greater than

1. As consequence, the system I, and —22 has 1,cg.) as a solution in
0 0 °
T Y
R\0)?2, which is possible, since f is non-degenerate. The claim is proved. [
( p g p
Now,
f@Y' (@)= ] ' =Y(@) = lz="D,
YePc(f)
By Claim 3.4

(3'12) v(|Y/(x) _ Y(SL’)D _ {U(|Y(l’)|) if U(|Y(l’)|> < YE,

VE, if  o(|Y(2)]) > g,
Putting

Oy= Y (Y -Y)))
YePe(f)
we get

s—1 k
(3.13) Oy = Z neYE; + (Z nE,)VE,
i=1 1=5

It follows from Lemma 3.2 and Claim 3.4 that dist((z,Y’(z)),V) < 2%,

where

_ 1 if  Pr(f)#0
&1 ‘5”’ {min{vEﬂR(f)}

with

(3.15) V() = maz (oYY € Pal)

Therefore, on the branch (x,Y (z)) we have
01
P Y @) 2 edist((@.Y' (@), V)™
for some ¢ > 0, where the number 6(Y”) and 6(Y”) are determined by (3.8)
- (3.9) or (3.14) -(3.15). Thus, the exponent L. (f;V4), as well as L, (f; Vi),
can be computed via the set {yg,, ..., vg,,d}. The proof of Theorem 2.11
follows now from Theorem 2.8. []
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