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Abstract

Our aim in this paper is to establish explicit formulas for the top
Lyapunov exponents of planar linear stochastic differential equations.
We use these formulas to examine the sample-path stability of a lin-
ear stochastic differential equations arising in fluid dynamics and of a
model of stochastic Hopf bifurcation.
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1 Introduction

The characteristic Lyapunov exponent of a non-zero solution of a linear
stochastic differential equation measures the asymptotic exponential growth
rate of the norm of this solution. Thank to the Multiplicative Ergodic The-
orem (see, [Ose68, Ar98]), the set of all possible Lyapunov exponents, called
Lyapunov spectrum, of a linear stochastic differential equation consists of
finite non-random real numbers.

It is well known that the Lyapunov spectrum indicates not only the stability
of the corresponding linear stochastic differential equations but also some
other important dynamical properties of the nonlinear perturbed stochastic
systems such as the transience/recurrence, see [Bax90], the normal form the-
ory, see [AI98] and the bifurcation theory, see [Ar98, Chapter 8. Therefore,
computing the Lyapunov exponents of linear stochastic differential equa-
tions is an extremely important task in the qualitative theory of stochastic
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differential equations. In this paper, our aim is to establish an explicit for-
mula for the top Lyapunov exponent of planar linear stochastic differential
equations of the form

dxy Ty Tt
dy; Yt Yt

where A, B € R?*2. For this purpose, we consider two separated cases: the
coefficients A and B of (1) do not (case (i)) or do (case (ii)) satisfy the
Hormander hypoellipticity condition.

Concerning the case (i), we are able to write explicitly the solutions of (1)
and to use the Strong Law of Large Numbers for Martingales to compute
explicitly the top Lyapunov exponent of (1). Meanwhile, for the case (ii),
we first use the Furstenberg-Khasminskii formula to represent the top Lya-
punov exponent as an integral of a function involving coefficients A and B
over the stationary distribution of the induced flow of (1) on the unit cir-
cle. Finally, we compute explicitly the stationary distribution by solving the
Fokker-Planck equation associated with the induced flow on the unit circle.
To do this, depending on the Jordan normal form of the diffusion coefficient
B, we can partition the unit circle on some open intervals such that on each
open interval the associated Fokker-Planck equation is a solvable ordinary
differential equation (Note that in general Fokker-Planck equations are im-
plicit ordinary differential equations). Note that this procedure is also used
in [IL99, ILO1] to establish explicit formulas for the top Lyapunov exponent
and the rotation number of (1) in the case that the Jordan normal form of

a 0
Bis( ),WhereaeR.
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The paper is organized as follows: In Section 2, we recall some fundamental
aspects of Lyapunov exponents of linear stochastic differential equations.
Section 3 is devoted to present our main results in this paper about ex-
plicit formulas for the top Lyapunov exponents of planar linear stochastic
differential equations. These formulas are later used to detect the area of
parameters for which a linear stochastic differential equation arising from
fluid dynamics is sample-path asymptotically stable (Subsection 4.1) and
the bifurcation value of a model of stochastic Hopf bifurcation (Subsection
4.2).

To conclude this introductory section, we introduce notations which are
used throughout this paper. For a matrix M, let o(M) denote the set of all



complex eigenvalues of M and let
p(M) = {maxReX: A € o(M)}.

Let (-) denote the standard Euclidean inner product in R? and S! denote
the unit circle in R?, i.e. S':= {z € R?: ||z|| = 1}. Let Rx>( be the set of
non-negative real numbers.

2 Preliminaries

Consider a planar linear stochastic differential equation of the form

dxy Ty Tt
=A dt+ B o dWr, (2)
dy; Yt Yt

T
where ( ! ) € R? and A, B € R?*2. Let ®,4 p(t,£) denote the solution
Yt

of (2) with (zo,y0)" = & € R?2\ {0}. Then, the top sample path Lyapunov
exponent Ay p of (2) is defined by

o1
Aap = lim —log|[@ap(t )l as.,
see e.g. [Ar98]. To gain a formula to compute A4 g, we rewrite equation (2)

T
x
in its polar coordinates by defining r; := /27 + y? and s; := <t yt) .

e T
Using Ito’s formula, see e.g. [KP92], we obtain

d’l"t = ?A(St)rt dt + ?B(St)rt o} th, dSt = §A(8t) dt + EB(S{/) o} th,

mi1r Mmi2

where for a matrix M = < ) € R?*2 we define

ma1  M22
Fu(s) = {(s,Ms) and gy (s):=Ms— f(s)s for s € S!.
By identifying ¢; and —¢4, the angular motion is in fact a motion on

. . L . COS @t
one-dimensional projective space. Writing sy = . , where ¢; €
sin @y
T
[——, —), leads to
272

dry = fa(eg)redt + fp(@e)re 0 dWy,  dpr = ga(er) dt + gp(ps) o dWy, (3)



' mi1 Mmi2 oo
where for a matrix M = € R=%

mo1  M22
fu(p) = ma1cos? o+ mazsin® ¢ + (my2 + may) cos psin g,
gum(p) = (mag —my1) cospsinp + maop cos? ¢ — myg sin? .

Now we recall the well-known Furstenberg-Khasminskii formula for the top
Lyapunov exponent of (2).

Theorem 1 (Furstenberg-Khasminskii formula). Suppose that the following
non-degeneracy condition holds:

(H) There is no s € S! such that
As = (As,s)s and Bs = (Bs,s)s.

Then, the top Lyapunov exponent A4 g of (2) is given by

B = /_ i (fA(sO) + ;fé(¢)93(¢)> p(p) do,

where p : [=73,5] — R>q is a smooth density function satisfying that
p(—g) = p(g), J2: p(¢) dp =1 and the following differential equation
2
1 2,1 1 !
298(9)P'(9) = ( 94(0) = 59B()gB(#) | P(0) +C, (4)

where C' is a constant.

Proof. See e.g. [ILO1, page 34-37]. O

3 Explicit formulas for top Lyapunov exponents

Our aim in this section is to establish explicit formulas for the top Lyapunov
exponents of planar linear stochastic differential equations. For this purpose,
we divide this section into two subsections. In Subsection 3.1, we consider
degenerated linear stochastic differential equations, i.e. equations in which
the drift and the diffusion coefficients do not fulfill condition (H) of Theorem
1. For systems satisfying condition (H), we give explicit formulas for their
top Lyapunov exponents in Subsection 3.2.



3.1 Degenerated linear stochastic differential equations

Suppose that A, B € R?*? do not satisfy condition (H). Therefore, there
exists s € S! such that

As = (As,s)s and Bs = (Bs,s)s,

which implies that s € S! is a common real eigenvector of A and B. Thus,
for the orthogonal matrix 7' € R?*? defined by Te; = s and Tey := s+,
we have T7'AT and T~'BT are lower triangular matrices. Hence, any
degenerated linear stochastic differential equation can be transformed to a
lower triangular linear stochastic differential equation and our aim in this
subsection is to give an explicit formula for Lyapunov exponent of this class
of linear stochastic differential equations. Before going to the main result in
this subsection, we need the following preparatory lemma.

Lemma 2. Let o, 8 € R be arbitrary and (W})ier be a Brownian motion
defined in a probability space (€2, F,P). Then, the following statements hold
almost surely:

(i) limsup,_,. +log ‘fot exp(as)Ws(w) ds| < a.
(ii) limy—oo + log fg exp(as + fWs(w)) ds = a.

Proof. Let € be an arbitrary positive number. Using Strong Law of Large
Numbers for Martingales, there exists a measurable set Q with P(Q2) = 1

and lim; o0 th(w) =0 for all w € €, see e.g. [BGV10, Appendix A]. Choose
and fix an arbitrary w € Q. Thus, for w € € there exists T(¢,w) > 0 such
that

—es < Ws(w) <es for all s > T'(e,w).

Hence, for all ¢ > T'(e,w) we have

t t
/ exp(as)Ws(w) ds < 8/ exp(as)sds,
T(e,w) 0

which implies that

lim sup — log
t—o0

1 t
< limsup;log (5/ exp(as)s d5> <a.
0

t—o0

/ t exp(as)Wi(w) ds

T(g,w)




Hence, (i) is proved. For all t > T'(e,w) we also have

A

/t exp (o — |Ble)sds < /t explas + BW,(w)) ds

T(e,w) T(a,w)

IN

¢
/ exp (a + |Ble)s ds,

T(e,w)

which implies that

1 t
a—|ple < litrr_1>inf n log/ exp(as + fWs(w)) ds
& 0

and .
1
a+|fle > limsup — log/ exp(as + fWs(w)) ds.
t—o0 t 0
Letting € — 0 yields (ii) and the proof is complete. O

Theorem 3 (Explicit formula for the top Lyapunov exponents of degen-
erated linear stochastic differential equations). Consider system (2) where
A, B are of the following form

A_<(I11 0) and B—(bll 0 >
az1 a9o9 b21 622

AA,B = p(A) = max{an,agg}.

Then,

Proof. The stochastic differential equation for the first component x; is
dxy = ayj1xy dt + byixy o dWy,

which implies that
xy = exp (a1t + b1 Wy) xo.

The equation for the second component y; is

b2 bi1 +b
dy; = (a22 + ;2> yp dt + <a21 + b2y H222> xp dt + (barzy + booyr) AW,



Using the variation of constants formula, see e.g. [KP92, pp. 120], we obtain
that

by —b t
yr = exp (azt + boaWy) (yo + <a21 + b2y 11222) 560/ exp (as + BWs) ds
0

t
T bmao / exp(as + AIV,) dIV, ).
0
where a := a11 —agg and 3 := b1 — baa. Since limy_, % = 0 it follows that
o1
lim —log|z:| = a1 for xy #0
t—oo t

and 1
lim —log |y:| = aga for xp = 0,yo # 0.
t—oo t

Consequently, A g > p(A). To conclude the proof, it is sufficient to show
that A4 g < p(A). Equivalently, we prove that limy_,.  log|y:| < p(A). To
do this, we consider the following separated cases:

Case 1: If B8 =0, then by using Ito’s formula, we obtain that

t t
/ exp(as) dWs = exp(at)W; — a/ exp(as)Ws ds.
0 0

Therefore,

b1 — b t
yr = exp (agat + bpWy) (?Jo + <a21 + 52111222) JEO/ exp (as) dS) -
0

t
aba1 g exp (agat + booWh) / exp(as)Wsds +
0
ba1x0 exp (allt + b11Wt) W,
which together with Lemma 2(i) implies that limsup,_, ., + log |y:| < p(A).

Case 2: If B # 0, then by using Ito’s formula, we obtain that

t
/ exp(as + W) dW, = —(exp(at + W) — 1)
0

t
- <; + g) /0 exp(as + fWs) ds.

| =



Thus,

b b
(T (Z/o — %%) exp (agat + b Wy) + %960 exp(aj1t + b11 Wy)

t
+ (a2 — b21%)$0 exp (agat + baaWh) / exp (as + SWs) ds.
0

By virtue of Lemma 2(ii), lim;_o 1 log |y:| < p(A) and the proof is complete.
O

3.2 Non-degenerated linear stochastic differential equations

According to Theorem 1, the top Lyapunov exponent of a non-degenerated
linear stochastic differential equation is given explicitly in terms of the sta-
tionary distribution of the induced flow on the unit circle. Hence, to obtain
an explicit form of the top Lyapunov exponent, our attempt in this subsec-
tion is to solve explicitly non-zero solutions of (4). Note that the equation
(4) can be singular in the sense that gp(y) might be equal to zero for some
values of . So, to solve (4) we distinguish the following types of the form
of matrix B (up to a transformation generated by a non-singular matrix):

Typel B =«aid, Type 11 B:(g g),
a 0

_ _(a =B
Type III B—<1 oz)’ Type IV B_(/B o >,

where a, 5 € R and additionally, in Type II we assume that a # 8 and in
Type IV we assume that 8 # 0.

Type I

Let B be of Type I. Then, any matrix A € R?*2 commutes with B. In the
following lemma, we compute the top Lyapunov exponent of (2) when A
and B commute. Consequently, we obtain a formula for the top Lyapunov
exponent of (2) when B is of Type 1.

Lemma 4. Suppose that A and B are commutative, i.e. AB = BA. Then,
for any non-zero initial value (2o, yo)* € R%\{0} the characteristic Lyapunov



exponent of the solution ®4 (¢, (zo,y0)T) of (2) is

1 1
lim sup n log ||®4,5(t, (a:o,yo)T)H = tliglo n log ||exp (tA)(:ro,yo)TH . (5)

t—o0

In particular, Ay g = p(A)

Proof. Since the matrices A and B are commute it follows that the explicit
solution of (2) is

D4 p(t, (v0,y0)") = exp (LA + BWy) (w0, y0)T = exp (W B) exp (tA) (zo,y0) ",
which implies that

[exp (tA) (o, o)™ ||

< [[@4,5(1) (20, 90) || < llexp (WeB)|| [|exp (£A) (0, y0) ]| -

lexp (=W, B
(6)

Since lim;_,oo % = 0 it follows that

tim + log [lexp (W3 B)|| = lim  log [lexp (~17,) | =0

Jim —log [lexp (W H—tglolotog exp (=W =0,
which together with (6) proves (5). Since

1
lim —1 tA T = p(4
oy A2 0 () 0] =4

it follows that A4 g = p(A). The proof is complete. O

Theorem 5 (Explicit formula for the top Lyapunov exponents of linear
SDE of Type I). Consider system (2) with the drift part A = (a;;) € R?*?
g 2 >, where o € R. Then, the top

Lyapunov exponent of (2) is given by Aa g = p (4).

and with the diffusion part B =

Type 11

In this part, we consider the case that B is of Type II. Note that for all

diagonal singular matrices F' = < J(c]l ]9 > € R?*2 we have FBF~! = B.
2

In the following remark, a suitable diagonal matrix F' which enables to
simplify the form of the drift term A is found:



Remark 6. Let A = (a;;) € R**2. Then, the pair (A, B) satisfy condition
(H) of Theorem 1 iff aj2a21 # 0. Depending on the sign of aj2a21, we can
simplify A as follows:

. IR
(a) If ajoag; > 0, then for F' = ( sign(a12) V a1z ) we have
0 1

~ a Jaiza
A=FAF = H 2 (7)
Vai2a21 a2
. "o
(b) If aja2; < 0, then for F = ( sign(a12) vV ooa2 ) we have
0 1
~ a v—ai2a
A=FAF! = . 2 (8)
—+/—a12021 a2

Theorem 7 (Explicit formula for the top Lyapunov exponents of linear
SDE of Type II). Consider system (2) with the drift part A = (a;;) € R**?

a 0 ),where a,f € R with a # S.

and with the diffusion part B = ( 0 3

Then, the following statements hold:

(a) If ajpag; > 0, then

Jo© Pa,(u) exp (-2\/%#) "

AB = ail + a2 ot
: 2 2 [° Qa,(u)exp (_%¥> .
where
M—G%N_Q ,
Paplu) = u € ((a11 — a22)(1 — v?) + 4y/arzan u+
2
u
e — 82—
2= f) 1+ u?
2(agg—ayy)
Qaplw) = w @I (1),

10

).



(b) If a12a21 < 0, then

ail + a2
A = —
_2(agp—ajy)
2y/—aiga91 102 U 7 (@-B)2 2 —%2;21 1—v2
Rap(u)e (- gz ——e (@=8) v dvudu
C / o 140
_ 2(ag2—a1q)
\/*a12¢2121 1—u?2 [ U |v‘ (a—B)2 _2\/*a1212121 1—v2
Rap(u)e (a=5 u ——e (=B v dvdu
C’/ oo 1402 ’
where
2(age—ayq) —92 ail — a9 u2
Ragu) = |u| (52 - =1 -uH)+(a-B)P—
s) = (1) + (0 B
and
_2(agz—a11)
—%2;21 1-u? U T (@ f)2 _2\/—012;21 1—v2
a—F u - a—p3 v
/ Sap(u)e @5 / T2 e (a=p) dvdu
0
2(agg—ajq)
2y/—a12a21 1-u2 U ’1}|_ (a—p)2  _2y/—a12021 142
/ Saplu)e @@= / ——5 ¢ (-5 v dydu,
—oo 14+v

2(agg—a11) o

here Sa p(u) := (1 + u?)|u| (-57?

Proof. Let A; 5 denote the top Lyapunov exponent of the following linear
stochastic dlfferentlal equation

dX, = AX, + BX; o dW,, (9)

where A is defined as in Remark 6. Obviously, Aa g = A; 5 and our aim

is to compute A 7 5. For this purpose, by definition of B, we have gp(p) =

5%0‘ sin 2. Then, the equation for the stationary distribution of the induced

flow on S is

897 a (90)
p—a)?
where C is a constant. Using the explicit formula of gz(), the differential
equation corresponding to the linear part of (10) is given by

sin? 20 p/ () = <( — 2sin 4g0> p(e) + C, (10)

() 4 <622 —an (a2 +ag1)cos2¢p n a1 — Q12

= — 4 cot 2¢p,
p(e)  (a—pB)2 U sin2¢ sin? 2¢p sin? 2¢p ) 4

11



T T

where ¢ € [-7, 3] \ {£5,0}. A solution of the preceding equation on
(=2, 2]\ {£35,0} is

’ ’2(?22—5%1)
tanp| (-
() := sin2 20 ex ( 2(@12+a21) + 2(521—312)60”@)' (11)
P OXP\ la—p)Zsin2¢ (@B
By variation of constants formula, we have
(1)
H(@)(p(ér +Cf@mds) fOI‘QDe(O,%),
p(yp) = (12)

H(QO) (p(( 4 +Cff7 mdS) for [%2) € (—%,0)

Now, we consider two separated cases:

(a) Let A be of the form (7). Then, by (11) the function II(y) is given by

2(ago—ayq)
|tan | (@—8)

4\/a12a21 1 )7

(p) =
sin? 2pexp ( (a—p)2 sin2p

which implies that lim, ,o- II(¢) = lim,, =+ II(¢) = co. Therefore, by
2
boundedness of p and (12), we have

p(—1)+0/0 1 ds: (=1) —1—0/_ ————ds=0.
I(—7%) —= TI(s) sin? 25 (—7) ) sin? 2s
Consequently, p(—7%) = C = 0 and using the fact that f 2 v)dp =1, we
obtain that (o)
2 ifpe [0, 2],
p(gp) fo II(s) ds 2
0, if p € [-5,0).
In light of Theorem 1 and from the fact that
1 . a1 +a aj; —a .
fale) +5fp(P)gsle) = - 5 2+ 5 % 08 20 + /@121 sin 2 +
_ a2
7(0[ 46) sin? 2,
we have

a1l + agg fo (all %22 cos 2 + /ar2a21 sin 2¢ + (a=B)” 6) sin 290) II(p) de

AAB = 5 i
f02 () dp

12



Changing variable ¢ = arctan u in the preceding integral completes the proof
of this part.

(b) Let A be of the form (8). Then, by (11) the function II(¢) is of the
following form

2(agg—ayj)
|tan | (o—8)?

dv—aizaz cot2gp)

(p) = —
sin 2<pexp< «—5)2

which implies that lim, o+ II() = lim, , =+ II(¢) = co. Consequently,
2
from boundedness of p(¢) and (12) we have

us 0 _T -5
p<4>+c/ S SR 4>+c/ L o

(%) x sin? 25 TI(s) (—7%) =z sin? 2s TI(s)
Thus,
o) cly % ds  for ¢ € (0,3),
Cf{%ds for ¢ € (—7,0).
Since f : ) dp = 1 it follows that
C= ! .
fo Osmlg%dsdcp—kf f‘piﬁdsdgo

A direct computation yields that

1, ai; +ag  ail — a a—pB)?
fale) + §fB(<P)9B(<P) = + cos 2¢p + (4) sin? 2¢,

2 2
which together with Theorem 1 implies that

ﬁ
ail + a22 fO (a112a22 cos 230 + et r sin 2¢> fO sin? 2(512[(8) ds dg@

AaB =

2 fU fO sin? 2s 121( ) ds ng + f f“O7 sin? 2s I)T(s) ds d(p
fi)% <a112a22 cos 2p + (a=pB)* 5) sin QQD) fw, SmH2(s<PlZI( ) ds dyp

11
fO fO sin? 2s 12[(5) ds dsp + ff% fip% sin? Q(flzl(s) ds dSD

Changing variables s = arctan v and ¢ = arctanu in the preceding integral
completes the proof. ]

13



Type III

In this subsection, we recall the result in [IL99, IL01] about explicit formula
of Lyapunov exponent of linear stochastic differential equations whose diffu-
sion parts are of Type III. Note that in this case a pair (A4, B) do not satisfy
the degeneracy condition (H) iff the matrix A is not of lower triangular form,

i.e. a2 7& 0.

Theorem 8 (Explicit formula for the Lyapunov exponents of linear SDE
of Type III). Consider system (2) with the drift part A = (a;;) € R?*? and

a 0

with the diffusion part B = < | o >, where a € R. Then,

o0
2
J Vvexp (—% |a12] v* + gl (1 — p2) ) dv

aijl +agg 1
)\A,B:T'f‘i’aw’go ; .
[ sexp (=4 laral 02 + g (1 — 12)?) o
Type IV

In this subsection, we consider the case that the matrix B has a pair of
conjugated complex eigenvalues, i.e.

B = ( g _aﬁ ) where o, 8 € R. (13)

Theorem 9 (Explicit formula for the top Lyapunov exponents of linear
SDE of Type IV). Consider system (2) with the drift part A = (a;;) € R**?

and with the diffusion part B = ( g _aﬁ ) , where o, € R with 8 # 0.
Define a function II4 p : [—g, g] — R by
ITa B(p) := exp (W cos2p + (1122;2(121 sin2¢p — (mﬁ;amgp) .

Then, the top Lyapunov exponents of (2) is given by:

If a19 = ao1, then

ail + ag2 -3
AAB = + —2

2 f_ig HA,B(SD) dp

[ 20 (215922 cos 2¢ + 21921 gin 20) TT4 5(p) dy

14



If a2 # agy then

1 3 1 z
AaB = / dy fale)ap(p)de
F,&3(€xp(%) _ 1) -z HA,B(‘P) _z

FAB / / Ei; dud-

w\:

where
QO f—EE HA,B(SO) dy f_il HA}B(@ dy
Fap —/ / H du dp + —=2 ﬂ(alram? ’ . (14)
z Joz M p(u) exp(—) — 1
. T
Proof. By definition of gp(y¢), we have gg(p) = S for all ¢ € [—5 2]

Then, the condition (H) holds for all A € R?*2 and the differential equation
of p(¢p) is given by

294()
p,(SO) - /82

where C' is a constant. From the definition of II4 g, we get that

Mas(e) = exp (/“" 2g4(u) du) exp ((au — ag)m — (ay1 — a22)) ’

ple) +C, (15)

BP:2 25

Therefore, I14 g() is a nontrivial solution of the corresponding linear equa-

tion of (15) given by p'(¢) = 2g/g,‘igp)p(go). By variation of constants formula,

we arrive at

® 1
p(p) =14, /1—1—0/ ——du |, 16
(SO) B(SO) ( 7% HA,B(U) ( )
where k is a constant. In the remaining part we solve k and C' by using
the properties that p(—g) = p(;r ) and f2 u)du = 1. From definition of
I14,5, we have
T
HA’B(_§> (a2 — ag1)
T = eXp T .
HA,B(g)

15



So, from (16) the equality p(—g) = p(g) leads to

_ 5 1
exp (ﬂ(auﬁg a21)> K=K+ C/i 71_114 ) du.
_z ,

To solve the preceding equality, we consider the followmg separated cases:
Case 1: If a1o = a1, then C = 0. Hence, from f2 ¢) dp = 1 we derive

that K = ———L———. According to Theorem 1, we obtaln
ff% HA,B(QO) dp

S22 PG a () di
f_%g HA,B (90) dp

f—ag (15922 cos 20 + U221 5in 20) TT4 5() dip

AMA,B) =

ail + as
2 25 T, 5 () de

Case 2: If a1 # ai2, then from p(—g) = p(z

2) we derive that

2 1
f—Q% HAyB(u) du

(rlezpsd)

k=C
exp

Since f : ¢)dp =1 it follows that

= 1.

Ld Ld 1
/ / T4 5( g; dud¢+ J2: Wa (@) de [ 25 gy de
4B (u) exp(iﬁ(auﬂgmﬂ) -1

Hence, C' = ﬁ, where I'y4 p is defined as in (14) and using Theorem 1,

the proof is complete. O

16



4 Applications

4.1 Sample-path stability of a linear stochastic differential
equation arsing from fluid dynamics

In this subsection, we consider the following linear stochastic differential
equation

duy —R! 1 Ut 0 -1 Ut
— dt + 0o ] tha

dvy 0 —R! U 1 0 vt
(17)
where o # 0. This system was discussed in [BK14] and arises from a model
in fluid dynamics. In [BK14], the authors compute explicitly the area of
parameters for which system (17) is mean-square asymptotically stable. In-
stead of studying mean-square asymptotic stability, our aim is to find the

area of parameters for which system (17) is sample-path asymptotically sta-
ble.

Theorem 10. System (17) is asymptotically stable if and only if two pa-
rameters R, o satisfy

sm 2¢p

Fap > 1 / /2 sin 2¢ eXp 202
R exp LQ -1 exp (s1n2u _

) dudyp

)

Qw‘ IS qw‘ﬁ

dudp,
-5/-3 wﬂ“%—p)
where
jus - 2
exp (B3 - %) (J7 exp (%22 - %) dv)
Cap —/ / —= dudp+ 2 — > 0.
%) exp(gz) — 1
(18)

Proof. The diffusion coeflicient of this linear stochastic differential equation
if of Type IV. Hence, we can use Theorem 9 to compute and to determine
the sign of the top Lyapunov exponent of (17). A direct computation yields
that

sin2p ¢ 1  sin2¢
A,B(p) = exp ( 572 02> and  fa(p) 2T 3
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Therefore, the constant I'y p defined in (14) is computed explicitly as in
(18). Hence, by Theorem 9, we have

sin 2¢ %)
1 1 2 2 sin 2¢p XP < %92 p)
PapAap = —plap+ 7r/ / . dudyp
i () —1/5)5 2 e (3 - %)
sin 2¢p %)
2 [¥ sin2¢p “XP ( 262 ﬁ)
+/ ™ / T 2 sin 2u u du d@?
—37/73 exp ( 202 ?)
which completes the proof. ]

As is proved in [BK14, Theorem 4.2], system (17) is mean-square asymptot-
ically stable iff R and o satisfy

7 > —o% + {’/806 + 2702 + 3/304 (1604 + 27)
40t

+ .
{/80% + 2702 + 3\/30 (1607 + 27)

The following lemma is devoted to show that mean-square asymptotic sta-
bility implies sample-path asymptotic stability for an arbitrary planar linear
stochastic differential equation

diEt Tt Tt
=A dt+ B o dW,. (19)
dyy Yt Yt

Recall that the mean-square Lyapunov exponent of (19) denoted by ANip 18
defined by

. !
T 1= Jim 1 log B[94 5(1, )|,
see e.g. [AKOS86].

Lemma 11. Consider (19) and suppose that A% < 0. Then, Ay p < 0.
Proof. Note that in the case that the coefficients A and B of (17) satisfy
condition (H) of Theorem 1, then the assertion of this lemma was proved in

[Ar84, Corollary 1]. Hence, we only need to deal with the case that the pair
{A, B} does not satisfy (H). Based on the arguments at the beginning of

18



Subsection 3.1, we can assume w.l.o.g. that A and B are upper triangular
matrices, i.e.

a;p O bi1 O
A= H and B = H .
a2 a9 b12 b22

Using Ito’s formula, we obtain that

dEx?
A 2(ay1 + b3,) dEa?,
dt
dEx b1y + ba2)?
dttyt _ (au T g + (11222)> Expyy,
bo1(b b
+ <a21 + 21(11;—22) + bnb21> Ex}
dBay? ba1(b11 + 3b
Tyt = 2(az +b3,) Byi + b3, Eaf + 2 (a21 + 21(H222)> Ezy:.

Therefore, A\i°; < 0 is equivalent to the fact that

a1+ b3, <0 and ag + by < 0,

which implies together with Theorem 3 that A4 g < 0. The proof is com-
plete. O

4.2 A model of stochastic Hopf bifurcation

Consider a model of stochastic Hopf bifurcation of the following form

dxy [ + (a — b(x? + y?))xy it o1 0 Ty o d,
dy 2+ (a — b(x? + y?))ue 0 oo Yi

(20)

where a € R and b, 01, 09 > 0 are parameters. Note that the preceding model

with an additional assumption that o; = o9 is studied in [Bax94]. Our aim

in this section is to find the bifurcation value of (20) in the remaining case

that o1 # o09. For this purpose, the linearized equation along the trivial
solution of (20) is

()00 G ) (00 ) )
_ dt + odW, (21)
dy; 1 a Yt 0 o9 Yt
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Let 0 := 01 — 09 and denote by apit(d) the bifurcation value satisfying that
when a changes increasingly and crosses apif(d), the system (21) changes
from stability to instability. For the case that > 0, in light of Theorem 7
the bifurcation value apif(6) is

w2 2
S e e () pew ()
wir®) = —7 | 1+ u? /0 1+ 02 v
2 _v2
§2 0 exp (2(152u )> u  exXp (— 2(221} )> dod
_6 —0o0 1+ u? /oo 1+ 02 o
where
Sl N 2 2(1 2) u €Xp <2(1§;U2)>
u — U v
C .= dvd
/0 u? exp< 02u >/0 14 0?2 van
2(1—v?)
O 142 2(1 —u?)\ [* ©XP (75% )
+ . u2 exp 52“ - T d'U du

By virtue of Theorem 5, apis(0) = 0, i.e. when § = 0 the bifurcation value of
the stochastic Hopf bifurcation model (20) coincides with the Hopf bifurca-
tion value of the deterministic part. Meanwhile, when § > 0, the bifurcation
value of the stochastic Hopf bifurcation model (20) is strictly smaller than
the Hopf bifurcation value of the deterministic part.
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