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Abstract In this paper, we study local well-posedness for the Navier-Stokes equa-
tions with arbitrary initial data in homogeneous Sobolev spaces Hp (Rd) for d >
2,p > %, and % —1<s< %. The obtained result improves the known ones for

p > dand s = 0 (see [4,6]). In the case of critical indexes s = %— 1, we prove global
well-posedness for Navier-Stokes equations when the norm of the initial value is
small enough. This result is a generalization of the one in [5] in which p = d and
s=0.
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1 Introduction

We consider the Navier-Stokes equations (NSE) in d dimensions in special setting
of a viscous, homogeneous, incompressible fluid which fills the entire space and is
not submitted to external forces. Thus, the equations we consider are the system

Oru=Au—V - (u®u) — Vp,
V-u=0,
u(0, ) = uo,

which is a condensed writing for

1 S k S d, atuk = Auk — Z?:l al(uluk) - akp,

Sy Qur =0,
1<k<d, ug(0,z) = ugg.
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The unknown quantities are the velocity u(t,z) = (ui(t, z),...,uq(t,z)) of the
fluid element at time ¢ and position z and the pressure p(t, z).

A translation invariant Banach space of tempered distributions £ is called a
critical space for NSE if its norm is invariant under the action of the scaling
f(.) — Af(X\.). One can take, for example, & = L%(R?) or the smaller space

£ = H>"1(R?). In fact, one has the chain of critical spaces given by the continu-
ous embeddings

. d I s
5 7Y RY o LYRY) < Bfoo (RY) (ene) — BMO™H(RY) < B (RY). (11)

It is remarkable feature that NSE are well-posed in the sense of Hadarmard (exis-
tence, uniqueness and continuous dependence on the data) when the initial datum
is divergence-free and belongs to the critical function spaces (except Bo_ol’oo) listed

d

in (1.1) (see [4] for H%_I(Rd), LYRY), and B,?,;l (R?), see [22] for BMO™*(RY),
and the recent ill-posedness result [1] for Bo_ol,oo(Rd)).

In the 1960s, mild solutions were first constructed by Kato and Fujita [9,19] that
are continuous in time and take values in the Sobolev space
H*(RY), (s > £ — 1), say u € C([0,T); H*(R%)). In 1992, a modern treatment
for mild solutions in H*(R?), (s > % — 1) was given by Chemin [7]. In 1995, us-
ing the simplified version of the bilinear operator, Cannone proved the existence
for mild solutions in H*(R%),(s > ¢ — 1), see [4]. Results on the existence of
mild solutions with value in LP(R%), (p > d) were established in the papers of
Fabes, Jones and Riviére [8] and of Giga [10]. Concerning the initial datum in
the space L°°, the existence of a mild solution was obtained by Cannone and
Meyer in [4,6]. Moreover, in [4,6], they also obtained theorems on the existence of
mild solutions with value in the Morrey-Campanato space MY (R%), (p > d) and
the Sobolev space Hj(R?), (p < d,% — £ < 1), NSE in the Morrey-Campanato
space were also treated by Kato [21] and Taylor [24]. In 1981, Weissler [25] gave
the first existence result of mild solutions in the half space L*(R%). Then Giga
and Miyakawa [11] generalized the result to L3(£2), where §2 is an open bounded
domain in R3. Finally, in 1984, Kato [20] obtained, by means of a purely ana-
lytical tool (involving only the Holder and Young inequalities and without using
any estimate of fractional powers of the Stokes operator), an existence theorem in
the whole space L*(R?). In [4,5], Cannone showed how to simplify Kato’s proof.
The idea is to take the advantage of the structure of the bilinear operator in
its scalar form. In particular, the divergence V and heat el4 operators can be
treated as a single convolution operator. Recently, the authors of this article have
considered NSE in Sobolev spaces, Sobolev-Lorentz spaces, mixed-norm Sobolev-
Lorentz spaces, and Sobolev-Fourier-Lorentz spaces, see [15], [16], [12], and [13]
respectively. In [17], we prove some results on the existence and decay proper-
ties of high order derivatives in time and space variables for local and global
solutions of the Cauchy problem for NSE in Bessel-potential spaces. In [18], we
prove some results on the existence and space-time decay rates of global strong
solutions of the Cauchy problem for NSE equations in weighed L (R%, |z|?dx)
spaces. In [14], we considered the initial value problem for the non stationary NSE
on torus T? = R®/Z> and showed that NSE are well-posed when the initial da-
tum belongs to Sobolev spaces Vo 1= D(fA)C“/2 with % <a< % In this paper,
we construct mild solutions in the spaces C([0,T); Hf) (R%)) to the Cauchy prob-
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lem for NSE when the initial datum belongs to the Sobolev spaces HZS, (RY), with
d>2,p> %, and £ —1<s< 2&_ We obtain the existence of mild solutions with
arbitrary initial value when T is small enough; and existence of mild solutions for
cs—d(L—-1),
any T' < 400 when the norm of the initial value in the Besov spaces B; Gma) oo,
(¢ > max{p, ¢}, where % = %—%) is small enough. In the case p > d and s = 0, this
result is stronger than that of Cannone and Meyer [4,6] but under a weaker condi-

tion on the initial data. In the case of critical indexes (p > %, s = %f 1), we can take

d
T = co when the norm of the initial value in the Besov spaces Bq?_l’oo(Rd), (g >
max{d, p}) is small enough. This result when s = 0 and p = d is the theorem of
Cannone [5]. The content of this paper is as follows: in Section 2, we state our
main theorem after introducing some notations. In Section 3, we first establish
some estimates concerning the heat semigroup with differential. We also recall
some auxiliary lemmas and several estimates in the homogeneous Sobolev spaces
and Besov spaces. Finally, in Section 4, we will give the proof of the main theorem.

2 Statement of the results

Now, for T' > 0, we say that u is a mild solution of NSE on [0, 7] corresponding
to a divergence-free initial datum uo when u solves the integral equation

t
u=ePug — / et=Apy . (u(r,.) ®u(r,.))dr.
0

Above we have used the following notation: for a tensor F = (Fj;) we define the
vector V- F by (V-F); = Z?:1 0;jF;; and for two vectors u and v, we define their
tensor product (u®wv);; = u;v;. The operator P is the Helmholtz-Leray projection
onto the divergence-free fields

(Bf);=fi+ >, RjRufx,

1<k<d

where R; is the Riesz transforms defined as

Ry= % e RTg@):%g(s).

D@

The heat kernel e? is defined as
e u(z) = ((dmt) =214 ) ().

For a space of functions defined on R%, say E(]Rd), we will abbreviate it as F.
We denote by L7 := LI(R%) the usual Lebesgue space for ¢ € [1,00] with the
norm |.||z«, and we do not distinguish between the vector-valued and scalar-
valued spaces of functions. Given a Banach space E with norm |.||g, we denote
by LP([0,T],E),1 < p < 400, set of functions f(t) defined on (0,7") with val-
ues in F such that fOT [If(t)]%dt < +o0. Let BC([0,T); E) denote the bounded
continuous functions defined on (0,T"). For vector-valued f = (f1,..., far), we de-

fine || fllz = (=M ||fm||2E)% We define the Sobolev space by Hj := A™°L4
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equipped with the norm HfHH> := || A® f||pa. Here A% := F~1|¢|*F, where F and

F~1 are the Fourier transform and its inverse, respectively. A = /—A is the
homogeneous Calderon pseudo-differential operator. Throughout the paper, we
sometimes use the notation A < B as an equivalent to A < C'B with a uniform
constant C. The notation A ~ B means that A < B and B < A. Now we can
state our results

Theorem 1 Let p and s be such that

d d d
p>—and — —1<s< —.
2 D 2p

Set
1 1 S

¢ p d
(a) For all ¢ > max{p, q}, there exists a positive constant dq,q,4 such that for all
T >0 and for all ug € H;(Rd) with div(ug) = 0 satisfying

T30 Fey) 267D e uol| Ly < g,.0: (2.1)

NSE has a unique mild solution u € BC([0,T); H;) Moreover, we have

t%(é_%)u(t) € BC([0,T); L"), for all r > max{p, q}.

In particular, the condition (2.1) holds for arbitrary uo € H;(Rd) when
T = T(uo) is small enough.
(b) If s = % — 1 then for all ¢ > max{p,d} there exists a constant o454 > 0 such
that if HuoH 410 L0454 and T = 400 then the condition (2.1) holds.
B3
q

In the case of critical indexes (s = % —1,p> %), we obtain the following conse-
quence.

Proposition 1 Let p > %. Then for any ¢ > max{p,d}, there exists a posi-

L4
tive constant 85,4 such that for all T > 0 and for all uo € HF (R?) with
div(uo) = 0 satisfying

(17%) |etAuOHL6 < (5(37(1, (22)

1
sup t2
0<t<T

L d_
NSE has a unique mild solution w € BC([0,T); Hy 1). Moreover, we have
t%(é_%)u(t) € BC([0,T); L"), for all r > max{p,d}.

|
Denoting w = u — e*“ug then w € BC([0,T); HY ) forallp> %max{p, d}.

L d_q
In particular, the condition (2.2) holds for arbitrary uo € HE (RY) when T =
T(uo) is small enough, and there exists a positive constant og,q such that
if

H“OHB%—L:»C <044 and T = 400,
q

then the condition (2.2) holds.



On the initial value problem for the Navier-Stokes equations 5

Remark 1 If p = d then Proposition 1 is the theorem of Canone [5].

In the case of supercritical indexes p > % and % -1<s< %, we get the following
consequence.

d d

Proposition 2 Let p > 5 and % -1 <s< 55 Then for any ¢ be such that

g > max{p, q}, where
1

1_1
q P
there exists a positive constant 6q,q,a such that for all T > 0 and for all
uo € Hy(RY) with div(uo) = 0 satisfying

)

ISHVY

T%(l—i—s—%)HuOHB (%—%),oo < 6q7q’d, (23)

NSE has a unique mild solution w € BC([0,T); H;) Moreover, we have

t%(é_%)u(t) € BC([0,T); L"), for all r > max{p, q}.

Remark 2 Proposition 2 is the theorem of Canone and Meyer [4,6] if s =0, p > d,
and the condition (2.3) is replaced by the condition

2075 Juol|, < Gpa.

Note that in the case s = 0 and p > d, the condition (2.3) is weaker than the
above condition because of the following elementary imbedding maps

D d -—(%—%),oo d ~
LP(R") = B; (RY), (¢ >p > d),

_d
but these two spaces are different. Indeed, we have |z|~» ¢ LP(R?). On the other

_4d . —(4-4) o
hand by using Lemma 3, we can easily prove that ‘x! r € B; Goa) (Rd) for all

q>p.

3 Tools from harmonic analysis

In this section we prepare some auxiliary lemmas. .

The main property we use throughout this paper is that the operator A%etAPV is
a matrix of convolution operators with bounded integrable kernels.

Lemma 1 Let s > —1. Then the kernel function of A*e*PV is the function
el

(%)’

where the function K is the kernel function of A°e“PV which satisfies the following
inequality

Kt(ib) =t

1

|K(z)| < W-

Proof See Proposition 11.1 [23], p. 107.
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Lemma 2 (Sobolev inequalities).

If s1>s2, 1 <gq1, g2 <00, and s1 — ;11 = 52 — q%, then we have the following
embedding mapping _
Hg, < Hg;

In this paper we use the definition of the homogeneous Besov space B;,p in [2,
3]. The following lemma will provide a different characterization of Besov spaces
B;’p in terms of the heat semigroup and will be one of the staple ingredients of
the proof of Theorem 1.

Lemma 3
Let 1 <p,q < oo and s < 0. Then the two quantities

s A dey 5 ‘
(/0 (t 2”e fHLq)p7) and ||f||B;=” are equivalent.

Proof See Theorem 5.4 in ([23], p. 45).
Lemma 4 Let § <1 and v <1 then

t 1
/ (t—7)""r7%r =Ct' 7% where C = / (1—7)""77%r < .
0 0

The proof of this lemma is elementary and may be omitted. a
Let us recall following result on solutions of a quadratic equation in Banach
spaces (Theorem 22.4 in [23], p. 227).

Theorem 2 Let E be a Banach space, and B : E X E — E be a continuous
bilinear map such that there exists n > 0 so that

1Bz, )l < nllzl[llyll,
for all x and y in E. Then for any fized y € E such that ||y|| < ﬁ, the equation
x =y — B(z,z) has a unique solution T € E satisfying ||Z|| < %

4 Proof of Theorem 1

In this section we shall give the proof of Theorem 1.
We now need four more lemmas. In order to proceed, we define an auxiliary space
N, 1 which is made up of the functions u(t, z) such that

u € C([QT);H;), HUHNS,T = Oili)THu(m )HH; < 00,
and
ltigloHu(t)HH; =0, (4.1)

withp>1and32%— .

We define the auxiliary space ICZ’T which is made up of the functions u(t, z) such
that

tey € c([0,T); Lq), uH’CZ,T = OiltlETt% Hu(t, -)||Lq < o0,
and .
lim £2[ju(t)|| ., =0, (4.2)

WitthZquanda:d(%f%.
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Remark 3 The auxiliary space K4 := /ngT (¢ > d) was introduced by Weissler
and systematically used by Kato [20] and Cannone [5].

Lemma 5 Suppose that ug € H,S, (RY) with p > 1 and % —1<s< %. Then for all
q satisfying

G > max{p, q},
where
1 1 s
riai
we have

tA q
e ug € /Cq’oo.

Proof First, we consider the case p < g. In this case s > 0, applying Lemma 2, we
have up € LY. We will prove that

Jsup #3 ool S [l for all 3> g
Set
1_o,,1.1
h i q

Applying Young’s inequality we obtain

-2
o ||Lh||“0||Lq

1 =112 1
ool s = Grgaralle ™ = wollue < e le

—1.12
4
[

a

=3

wol| o = ¢ [[uol] - (4.3)

This proves the result. We now prove that

Lo e A -
ltlglotz He uoHLq =0, forall § > gq.
Set Xp(z) =0forz € {x: |z| <n}n{zr: |uo(z)] < n} and Xn(x) = 1 otherwise.
We have

a—d

oa— —,2 —.2
||, < C(EF e % (Xnuo)|, + 8T [l * (1~ Xa)uo)|| ).

g ‘

t2 |

Applying Young’s inequality, we have

a— —1.12 —1.12
O o™ ()| 5 < Calle™ | [ X, < Co| B, (4.0
For any € > 0, we can take n large enough that CgHXnuoHLq < 3.
Fixed one of such n and applying Young’s inequality, we have
a—d =2 a-d =l1%
Ct = le™st™ # (1 = XnJuo)|| Lo < Cat = [le ™ [| Ly (1 = An)uol] s
< Cot3 [ || In(1 — )|y = Catm)i3 < &, fort<to (45)

with small enough to = to(n). From estimates (4.4) and (4.5), we have

a

t3||etAuo”L§ < CQ”XnU()HLq + C5(7’L)t% <, for t < to.
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Finally, we consider the case p > ¢. In this case s < 0, we will prove that

sup ¢3¢0l < [Juol . for 7> .
P

0<t<oo
We have .
tA tA f—s 48 . is
e“u=¢e“"A Auo:—ﬂK(—)* A’up),
5\t (4uo)
where ) )
A 2
K(&) =——e g™, K@) S sy
(2m)2 (1 + [a[)d=s
Set
N
h qa p
Applying Young’s inequality to obtain
tA —a e _a
ool o 5475 1 A% = 7% o] .

This proves the result. We now claim that

e A -
1tlglot2 ||e uo”m =0, forall g>p.
Set Xy.s(x) = 0 for x € {z: |z] < n}n{z: |A%uo(z)| < n} and X s(z) = 1
otherwise. From the above proof we deduce that, for any € > 0, there exist a
sufficiently large n and a sufficiently small 9 = to(n) such that

a

t2

em“OHLi <

d(l

ClE s Ao, + Cont K] 1= X <, for £ < o

In the following lemmas a particular attention will be devoted to the study of the
bilinear operator B(u,v)(t) defined by

B(u,v)(t) = /0 UAPY - (u(r) @ v(7))dr. (4.6)

Lemma 6 Let p and s be such that

p>gandg—1§s<i.
2 p 2p

- ’ ’ q i s
Then the bilinear operator B is continuous from Kg 7 x Ky 7 into Ny 1, where

1

q

, 4 <q<2p,

SR
Ul ®»

and the following inequality holds

1B, < CTHDllully Jolles (@.7)

where C is a positive constant and independent of T.
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Proof By Lemma 1, we have

B0, < [ 47 2BY - (ulr) @ 0() | r

:/Ot

Applying Young’s inequality, we have

1M K(m> * (U(T) ® 1}(7')) HLpdT. (4.8)

(t—71) =

1 .
H (t _ 7—) d+;+s K(\/t — 7') * (U(T) ® U(T)) HLI’
1 .
ST K=, e ev@ll, g (4.9)
_ 2
where
%:H%f% (4.10)
Applying Holder’s inequality, we have
lum @ v g < l[u@)ll Lol e (4.11)
L2

Since the equality (4.10) and Lemma 1 it follows that

Lo (=), (4.12)

K|

d
(=l o
H t—T71/1lL ( T)
From the inequalities (4.9), (4.11), and (4.12) we deduce that

d

e 2BY - (u(r) @ o), S (=T u@)| ol o] (413)

By the inequalities (4.8), (4.13), and Lemma 4, we have

d

1B, )l 4, 5/0 (= )35 () | ol o) o

t 4 _d_st1l _ a a
g/ (t—7)2 a7 2% sup n2 |u(n)|,, sup n2|v(n)||,dr
0 o<n<t o<n<t

_d_ s+1

t
= sup n2|lu()||; sup nfl!vm)HLq/ (t—7)% a7 Cdr
o<n<t o<n<t 0

~ t%(1+57%)

0

The estimate (4.7) is deduced from the inequality (4.14).
Let us now check the validity of condition (4.1) for the bilinear term B(u,v)(t).
In fact, from the estimate (4.14) it follows that

ltiLnOHB(u,v)(t)HH; =0, (4.15)

B ] 3 . 4.14
sup 7* Hu(n)HLqul;gtnz o) .4 (4.14)

whenever

ltiinot% [u@®)] Lz = ltiinot% [v®]l,,; = 0.

Finally, the continuity at ¢ = 0 of B(u,v)(t) follows from the equality (4.15). The
continuity elsewhere follows from carefully rewriting the expression fot te_ fot and
applying the same argument.
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Lemma 7 Let g and G be such that ¢ > q > d. Then the bilinear operator B is
continuous from IC T X Kl 0T nto IC 1 and the following inequality holds

1p_d
1B er, < OTH0 D lluler folles - (416)
where C is a positive constant and independent of T.
Proof Applying the estimate (4.13) for s = 0 and p = ¢, we have
e 2BY - (u(r) @ ()| o £ (6= )7 a0
Applying Lemma 4, we have
¢ _d_1
B0 S [ €= F ) o)

t
S/ (t—7)"% 277 sup n? u(m)|| s sup 2 [lo(n)|| A7
0 o<n<t 0<n<t

o ¢ _d 1
= sup 7?2 ||u H i sup 172”11(77)HL§/ (t—7) 28 27 %7
0<n<t 0

~ 752070 sup ¥ lu(n)] L, sup n? [lo(m)]| .-
0zn<t Lo <n<t L

Thus

te B( <t2( ) 2 _ _ 4.17
1B, ) (O] 4 sup 1% [[u(m)]; sup n® o). (417)

0<n<t ‘o<n<t
The estimate (4.16) is deduced from the inequality (4.17).
Now we check the validity of condition (4.2) for the bilinear term B(u,v)(t). From
the estimate (4.17) it follows that

limy | B(u, v)(#)]| ,, =0,

whenever

lim 2 [|u(t)] ,; = lim ¢2 [ju(t)] ,; = 0.
Finally, the continuity at ¢t = 0 of ¢t2 B(u,v)(t) follows from the equality (4.15).
The continuity elsewhere follows from carefully rewriting the expression fg te_ fg

and applying the same argument.

The following lemma, the proof of which is omitted, is a generalization of Lemma
7.

Lemma 8 Letd < g < g2 <00 and g < 1 < oo be such that one of the following
conditions is satisfied.
dq1

<G <2d,qg<in<
7<q 452 < g

or
2d < g1 <2q,9 < g2 < 00,
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or

2q<cj1<oo,%1<dg<oo.
Then the bilinear operator B is continuous from ICZ}T X ICng into ICng, and we

have the inequality
1(1_d
1B < OTE D ul ol o

where C is a positive constant and independent of T.

Proof of Theorem 1

a) From Lemma 7, B is continuous from K2 . x KZ.. to KZ.. and we have
q,T q,T q,T
the inequality
B l(l_é) _ B l(1+s_i)
HB(u,v)HKiT < Cqg,al?" o HUH’CZ,THUH’CZ,T =Cq,4,aT? ? H“H;cgvTH”Hzcj)T’
where Cy 3,4 is a positive constant independent of 7. From Theorem 2 and the
above inequality, we deduce that for any ug € H, satisfying
1 _d
T2(1+s p)HetA

— p3(ts—2) sup t%HetAUOHLLf < 1

b
0<t<T 4Cq4.6,d

omdy- ) a3

NSE has a solution u on the interval (0,7") so that u € ICg’T.

We prove that v € N Kg, - We consider three cases ¢ < ¢ < 2d and
r>max{p,q}

2d < G < 2q, and 2q < § < oo separately.

Note that if max{p, ¢} > 2d then there does not exist ¢ satisfying the condition of
the first case, and if p > 2¢ then there does not exist ¢ satisfying the condition of
the second case. Therefore the number of cases that can occur depends on s and
p.

First, we consider the case ¢ < ¢ < 2d. There are two possibilities § > % and
q < %. In the case ¢ > %, we apply Lemmas 5 and 8 to obtain u € Ky 1 for all
r satisfying max{p, ¢} < r < §1 where §1 = % > 2d. Thus, u € ICgfiT. Applying
again Lemmas 5 and 8, we deduce that u € Kj r for all 7 > max{p,q}. In the

case § < %, we set up the following series of numbers {G; }o<;<ny by induction.

Set o = ¢ and ¢1 = 253_"%. We have ¢1 > Go. If g1 > % then set N =1 and stop
here. In the case @1 < %d set g2 = Qddzlql. We have G2 > ¢1. If G2 > 4—; then set
N = 2 and stop here. In the case g2 < %, set g3 = 25%. We have ¢q3 > G2, and
so on, there exists k > 0 such that g < 4—3d,(jk+1 = Q;E%k > %. Weset N =k+1
and stop here, and we have

uo H;cg'j

where

dgi—1

it Gs Gy fori=1,2,3,.., N,
50— g, &> G- fori

fjo :‘q~7[jl =

- 4d -
2d > gn > 3 > qN-1-
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From u € ICZ?T, applying Lemmas 5 and 8 to obtain u € K 1 for all r satisfying
max{p,q} < r < Gi. Then applying again Lemmas 5 and 8 to get u € Ky r
for all r satisfying max{p,q} < r < G2, and so on, finishing we have u € K¢ 1
for all r satisfying max{p,q} < r < gn. Therefore u € Ky 1 for all r satisfying
4d 4d

5 < r < gn. From the proof of the case ¢ > =,

r > max{p, q}.
We now consider the case 2d < ¢ < 2q. We show that v € K} r for all r >

max{p, ¢}. This is easily deduced by applying Lemmas 5 and 8.
Finally, we consider the case 2¢ < § < co. Let ¢ € N be such that

we have u € Ky p for all

q q
- > max{2q,p} > 5

From ¢ > max{p, q} and G > 2q, we have ¢ > max{2q, p}, hence i > 1. Applying
Lemmas 5 and 8 to obtain u € IC;T~ for all » > 4. Applying again Lemmas 5
and 8 to get u € Ky r for all r > &5, and so on, finishing we have u € Kf
for all r > ir.

r > max{p, q, 211} If max{p,q} > 211 then we have u € Kf 1 for all r > max{p, q}.

Applying again Lemmas 5 and 8 to obtain u € Kj r for all

If max{p,q} < 2&; then 2q > 2‘71». Thus u € Kj r for all r satisfying r > hence

2‘1 b
u € KE?T. Applying Lemmas 5 and 8 to obtain u € KCj 1 for all » > max{p, q}.
This proves the result.

We now prove that u € BC([0,T); Hy). Indeed, from u € K}, for all r >
max{p, ¢}, applying Lemma 6 to obtain B(u,u) € N5, C BC([0,T); Hy). On
the other hand, since u € H;, it follows that e*“ug € BC([O, T); H;) Therefore

u=e"uy — B(u,u) € BC([0,T); Hy).

Finally, we will show that the condition (2.1) is valid when T is small enough.

Indeed, from the definition of ICq . and Lemma 5, we deduce that the left-hand

side of the condition (2.1) converges to 0 when T goes to 0. Therefore the condition

(2.1) holds for arbitrary uo € Hj(R?) when T'(uo) is small enough.

and sup t%(l_%)HetA
0<t<oo

7—1 oo

(b) From Lemma 3, the two quantities ||u0H uOHLq

q
are equivalent. Thus, there exists a positive constant oz ¢ such that the condition

(2.1) holds for T' = co whenever HuoH R < 04,d- O

Proof of Proposition 1

By Theorem 1, we only need to prove that w € N K for all p > max{p, d}.
Indeed, applying Lemma 6 we deduce that the blhnear operator B is continuous

from Ky x Ky r into Nf),T for all p > % and r satisfying d < r < 2p, hence

d_

from u € N Kar and 2p > max{p,d}, we have w = —B(u,u) € N1
r>max{p,d} ’

The proof Proposition 1 is complete. a

Proof of Proposition 2
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By Lemma 3, we deduce that the two quantities HuoH

[P
q
é(l,ﬁ,l_) tA .
and sup t2'r d q ||e uoHLq are equivalent. Therefore
0<t<oo
dl_s_ 1 A
sup 135D e, < Juol] x5
0<t<T B, * ¢
Proposition 2 is proved by applying the above inequality and Theorem 1. a
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