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ON THE RATIONAL RECURSIVE SEQUENCE

1 _
DTy + Tn—fk

ELSAYED M. E. ZAYED

ABSTRACT. In this article, we study the global stability and the asymptotic
properties of the positive solutions of the nonlinear difference equation

1+ TnTn_k
PTn + Tn—k
where the parameters A, B,p and the initial conditions z_g,...,z_1,z0 are
arbitrary positive real numbers, while k is a positive integer number. Some
numerical examples will be given to illustrate our results.

Tpt1 = ATy + Bxp_i + , n=20,1,2,...

1. INTRODUCTION

The qualitative study of difference equations is a fertile research area and
increasingly attracts many mathematicians. This topic draws its importance from
the fact that many real life phenomena are modeled using difference equations.
Examples from economy, biology, etc. can be found in [2, 17, 20, 30]. It is
known that nonlinear difference equations are capable of producing a complicated
behavior regardless its order. This can be easily seen from the family x,1; =
gu(2n), 0 > 0,n > 0. This behavior is ranging according to the value of p, from
the existence of a bounded number of periodic solutions to chaos.

There has been a great interest in studying the global attractivity, the bound-
edness character and the periodicity nature of nonlinear difference equations. For
example, in the articles [1, 7-15, 22-49] closely related global convergence results
were obtained which can be applied to nonlinear difference equations in prov-
ing that every solution of these equations converges to a period two solution.
For other closely related results, see [3-7, 11, 18, 19] and the references cited
therein. The study of these equations is challenging and rewarding and is still
in its infancy. We believe that the nonlinear rational difference equations are of
paramount importance in their own right. Furthermore the results about such
equations offer prototypes for the development of the basic theory of the global
behavior of nonlinear difference equations.
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The objective of this article is to investigate some qualitative behavior of the
positive solutions of the nonlinear difference equation

1+ xpxn—k

_ n=20,1,2,...,
PLy + Tp—k

(1.1) Tpy1 = Axy + Bry, o +
where the parameters A, B, p and the initial conditions z_y,...,z_1,zo are ar-
bitrary positive real numbers, while k is a positive integer number. Our interest
in this article is to study the behavior of solutions of Eq. (1) in the general case
where A and B are nonzero positive constants while k is a positive integer num-
ber. For the related work see [33-49]. Let us now recall some well know results
[16] which will be useful in the sequel.

Definition 1.1. A difference equation of order (k + 1) is of the form
(1.2) Tnt1 = F(xp,xn—), n=0,1,2,...

where F is a continuous function which maps some set J**! into J where J is
a set of real numbers. An equilibrium point Z of this equation is a point that
satisfies the condition © = F(z,z). That is, the constant sequence {x,}>°
with z, =% for all n > —k is a solution of that equation.

Definition 1.2. Let Z € (0, 00) be an equilibrium point of the difference equation

(2). Then
(i) An equilibrium point z of the difference equation (2) is called locally stable
if for every ¢ > 0 there exists § > 0 such that, if x_g,...,2_1,29 € (0,00) with

|z —Z|+ -+ |21 — Z| + |0 — Z| < 0, then |z, — T| < e for all n > —k.

(ii) An equilibrium point = of the difference equation (2) is called locally
asymptotically stable if it is locally stable and there exists v > 0 such that,
ifx_g,...,x_1,20 € (0,00) with |[z_ —Z|+ -+ |z_1 — | + |zg — Z| < 7, then

lim z, = 7.
n—oo

(iii) An equilibrium point = of the difference equation (2) is called a global

attractor if for every z_g,...,z_1, 29 € (0,00) we have
lim z, = 7.
n—oo

(iv) An equilibrium point Z of the equation (2) is called globally asymptotically
stable if it is locally stable and a global attractor.

(v) An equilibrium point Z of the difference equation (2) is called unstable if
it is not locally stable.

Definition 1.3. A sequence {z,}7° _, is said to be periodic with period p if
Tptp = Ty, for all n > —k. A sequence {x,}°° _, is said to be periodic with prime
period p if p is the smallest positive integer having this property.

Definition 1.4. A positive semi-cycle of {z,,}>° _, consists of “a string” of terms
{z;, 2141, ..., xm} all greater than or equal to z, with [ > —k and m < oo such
that

either [=—-k or [>—-k and x4, <2,
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and
either m=00 or m<oo and x,41 <z

A negative semi-cycle of {x,,}>° _, consists of “a string” of terms {z, x;41,...,2m}
all less than x, with [ > —k and m < oo such that
either [=—-k or [>—-k and z;_1>7,
and
either m=00 or m<oo and x4 >7.

Definition 1.5. Eq. (2) is said to be permanent if there exist positive real
numbers m and M such that for every solution {z,}2° _, of Eq. (2) there exists
a positive integer N > —k which depends on the initial conditions, such that

m<x, <M, for all n> N.

The linearized equation of the difference equation (2) about the equilibrium
point 7 is the linear difference equation

OF (&%)  OF (¥,7)

1.3 ntl = n n—k-
(1.3) Zn+1 s DT n Zn—k
The characteristic equation associated with Eq. (3) is
(1.4) p(A) = MF! = ppA¥ —p =0,
where

OF (z,x) OF (z,x)

1.5 = =\

1.1. Equilibrium points. In this section, we examine the positive equilibrium
points = of Eq. (1). The equilibrium points of Eq. (1) are the solutions of the
equation

1+ 72
p+1)T
If 0<A+B<1,and (p+1)[1 —(A+ B)] > 1, then the equilibrium points of
Eq. (1) are

(1.6) F=(A+B)T+

1
Vi+ )1 -(A+B]-1

Theorem 1.6. ([16] The linearized stability theorem). Suppose F' is a continu-
ously differentiable function defined on an open neighborhood of the equilibrium
. Then the following statements are true.

(i) If all the roots of the characteristic equation (4) of the linearized equation
(3) have absolute values less than one, then the equilibrium point T of Eq. (2) is
locally asymptotically stable.

(i) If at least one root of Eq. (4) has the absolute value greater than one, then
the equilibrium point T of Eq. (2) is not locally stable.

(iii) If all the roots of Eq. (4) have absolute values greater than one, then the
equilibrium point T of Eq. (2) is a source.

(1.7) =+
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1.2. Linearization. In this section, we derive the linearized equation of Eq. (1).
To this end, we introduce a continuous function F : (0,00)% — (0,00) which is
defined by

1+ uoul
1.8 F(ug,u1) = Aug + Bup + ——.
(1.8) (uo,u1) 0 [
Therefore,
OF (ug,u1) __ ui—p
Oug = A+ (pu01+u1)2’
(1.9)
OF (ug,u1) __ + pug—l
dur (puo+u1)?”

Lemma 1.7. The function F(ug,u1) is non-decreasing in each of its arguments.
That is F(ug,u1) non-decreasing in ug for a fived uy > /p and non-decreasing
in uy for a fized ug > %.

From (7) and (9) we have

LD = A+ A5 {1 —p[l— (A+ B} = po,

(1.10)

OF(F,3) 1-(A+B)] _
ED _ gy U=B]

The linearized equation of Eq. (1) about the equilibrium points (7) is
(1.11) Znal — PO Zn — P1 Zn—k = 0,

where pg and p; are given by (10).

Theorem 1.8. ([21]). Assume that pg,p1 € R and k € {1,2,...}. Then
(1.12) ool + o1l < 1

is a sufficient condition for the asymptotic stability of the difference equation (2).
Suppose in addition that one of the following two cases holds:

(i) k is an odd integer and p; > 0.

(ii) k is an even integer and pop; > 0.
Then (12) is also a necessary condition for the asymptotic stability of Eq. (2).

Theorem 1.9. ([17]). Consider the difference equation (2) where the function
FecC (Ik“,R) and I is an open interval of real numbers. Let © € I be an
equilibrium point of Eq. (2). Suppose also that

(i) F is a nondecreasing function in each of its arguments,

(ii) the function F satisfies the negative feedback property

[F(z,z) —z](x—2) <0 foral xzel-—{z}.

Then the equilibrium point T of Eq. (2) is a global attractor for all solutions of
Eq. (2).
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Theorem 1.10. ([17]). Let [a,b] be an interval of real numbers and assume that
F : [a,b] X [a,b] — [a,b] is a continuous function satisfying the following two
conditions:

(i) F (z,y) is non-decreasing in each of its arguments.

(i) If (m, M) € [a,b] X [a,b] is a solution of the system m = F (m,m) and
M=F(M,M), then m = M.
Then Eq. (2) has a unique equilibrium T € [a,b] and every solution of Eq. (2)
converges to .

2. LOCAL STABILITY

In this section, we investigate the local stability of the positive solutions of
Eq. (1).

Theorem 2.1. If 0 < p[l—(A+B)] < 3 and 0 < A+ B < 1, then the
equilibrium points T given by (7) are not stable.

Proof. From (10) and the assumptions of this theorem, we get

|m+mu{A+ u—pu—m+3m'

(p+1)
1-(A+B
+F+[ ( +)w
(p+1)
_WA+B) -p+2 2(p—3)-p+2
p+1 p+1 '
This contradicts Theorem 3 and consequently the points T are not stable. Now,
the proof is complete. O

Theorem 2.2. If p[1—(A+ B)]=1and 0< A+ B <1, then the equilibrium
points T are locally asymptotic stable.

Proof. From (10) and the assumptions of this theorem, we get

I+ Il =4+ gy (1=l = (44 B

U—M+B”

(p+1)
p(A+B)+1
T p+1l

and by Theorem 3 the proof is complete. O

+F+

<1,

Theorem 2.3. Ifp[l-(A+B)|>1, 0<A+B<1 and
1-(A+B)] -1}
p+1 ’

then the equilibrium points T are locally asymptotic stable.

A>@[
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Proof. From (10) and the assumptions of this theorem, we get

ol +1o1] = |4+ s (L= p[L— (4 B}
[1—(A+B)
o B

<]ﬁ{(A+B)<p+1)+[1—<A+B>]}
_pA+B)+1 _

L,
p+1
and by Theorem 3 the proof is complete. O
Theorem 2.4. If p[1-(A+B)] >1, 0< A+ B <1 and 2(;—4{1) <A<
W, then the equilibrium points T are locally asymptotic stable.

Proof. From (10) and the assumptions of this theorem, we get

{1—p[1—(A+B)]}' [1-(A+ B)]
=1A B+ ———=
_BO-(A+BI-1) [l (A+B)
p+1 p+1
1 1
<l-(A+B)———+B=1-A————— <1,
A+B) = v 2(p+1)
and by Theorem 3 the proof is complete. O

3. PERIODIC SOLUTIONS

In this section, we investigate the periodic character of the positive solutions
of Eq. (1).

Theorem 3.1. (1) If k is an even positive integer, then Eq. (1) has no solutions
of prime period two for all A, B, p € (0,00).

(2) If k is an odd positive integer, then Eq. (1) has no solutions of prime
period two for all A, B, p € (0,00) such that Ap— B+ 1# 0.

Proof. Assume for the sake of contradiction that there exists distinct positive
real numbers ® and ¥, such that

LD T DT,

is a prime period two solution of Eq. (1). If k is even, then x,, = x,,_. It follows
from the difference equation (1) that

14+ 92 1+ @2
db=(A+B)V+—— d V=(A+B)dP+ ——M—.
(A+ B) +(p+1)\11 an (A+ B) +(p+1)<1>

Consequently, we obtain

(3.1) (p+1)dV =(A+B)(p+1) V% + 2 1,
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and

(3.2) (p+1)®V =(A+B)(p+1) P>+ &* + 1.
By subtracting (13) from (14), we deduce that

(3.3) (- {1+(A+B)(p+1)}=0.

Since (A + B) (p+ 1) +1 # 0, then we have ® = W. This is a contradiction. This
proves that Eq. (1) has no solutions of prime period two if k is even. Also, if &
is odd, then x, 11 = x,,—. It follows from the difference equation (1) that

<I>:A\I’—|—B<I>+11);_fi and \I':A¢>+B\If+;£_f§.
Consequently, we obtain
(3.4) pdU 4+ &2 = ApU? + ADY + BpdV + B2 + dW + 1,
and
(3.5) p®U 4+ U2 = Apd? + ADV + BpdVU + BU? 4 U + 1.
By subtracting (16) from (17), we deduce that
(3.6) (®* — ¥*) {1+ Ap— B} =0.

Since Ap — B + 1 # 0, then we have ® = W. This is a contradiction. This proves
that Eq. (1) has no solutions of prime period two if k is odd. The proof of
Theorem 10 is now complete. O

4. BOUNDEDNESS CHARACTER

In this section, we investigate the boundedness character of the solutions of
Eq. (1).

Theorem 4.1. Let {z,} 2, be a solution of Eq. (1) with0 < A+ B < 1. Then
the following statements are true.
(i) Suppose p < 1 and for some N > 0, the intial conditions

TN—k415---sTN-1,ZN € [p71]7
then
1 o 3
(4.1) Ty € (A+B)p+§(1—|—p),§ ,  for all n>N.

(ii) Suppose p > 1 and for some N > 0, the intial conditions

TN—k+15---yTN-1,TN € [17p] 5
then

(4.2) a:ne[1(A+B+1),(A+B)p+%(l+p2)], for all n>N.
p
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Proof. First of all, if for some IV > 0, the initial conditions x y_g+1,...,ZN-1,ZN €
[p,1] and p < 1, then
1+zp2,— 1+ p?
Tn+1 :A$n+Bajn—k+w > (A—I—B)p—l— ) b
PLy + Tp_k pe+p
1
>(A+B)p+ 3 (1+p%),
and
1 + TnTh—k 2 2
T =Az,+Bxy,_p+— < (A+B)+ <1+
e " . AT
1 2 3
S -+ -= ™
p p D
and hence the proof of part (i) is complete. Secondly, if for some N > 0, the
initial conditions x_k11,...,2N-1,2N € [1,p] and p > 1, then
1+ 220k 2
x = Az, + Bxy_p + —— > (A+ B) + ——
n+1 n n—k DT + Tk ( ) p_|_1
1 1
>(A+B)+->-(A+B+1),
p D
and
14+ zpx,— 1+ p?
Tn+1 :A$n+ngn—k+w < (A—|—B)p—|— b} P
PTyn + Tn—k pe+p

+ p?

1 1
<(A+B)p+ S(A+B)p+§(1+p2),

and hence the proof of part (ii) is complete. Therefore, the proof of Theorem 11
is now complete. O

4.1. Semi-cycle analysis.

Theorem 4.2. Assume that F € C [(0,00)2 ; (0,00)} is a continuous function

such that F(xz,y) is non-decreasing in each of its arguments. Let T be an equi-
librium point of Eq. (1). Then except possibly for the first semi-cycle, every
oscillatory solution of Eq. (1) has semi-cycle of length at least k.

Proof. The proof is obvious when k = 1. We just give the proof for £ = 2. The
proof is similar for £ > 3 which is omitted here. Let {z,} be a solution of Eq.
(1) with at least three semi-cycles. Then there exists N > 0 such that either
TN—1 < T < TN,
or
ITN_1 2T >IN
We first assume that
N1 < T < TNyl
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Since the function F'(z,y) is non-decreasing in each of its arguments, then we get

1+zyi1zNn—1

rNt2 = F(onti,on-1) = Azyi + Bay_1 +
PTN+1 +ITN-1

~ 1+TeN_ ~ SO
=Ar + Bon_1 + w =F(z,zny_1) < F(Z,7) = 7,
Pr + TN-_1
and hence
(4.3) N2 < T

Also for T < xp, we have

1+ zNnpozN

rNy3 = F(xni2,oN) = AxNyo + Bay + —————
PTN4+2 + TN

— A7+ B+ T pGan) > FGF) = 7,
pT + TN
and hence
(4.4) TN43 > T.
From (21) and (22) we have
(4.5) TNyo < T < TNy3.

Similarly, we can prove this theorem if xxy_1 > Z > xny41 which is omitted here.
The proof of Theorem 12 is now complete. U

5. GLOBAL STABILITY

In this section, we investigate the global stability of the positive solutions of
Eq. (1).
Theorem 5.1. Consider the difference Eq. (1). If p[l1—(A+ B)] > 1 and
0 < A+ B < 1, then the equilibrium points
~ +1
xr =
Vie+1)[1-(A+B) -1

of Eq. (1) are global attractors.

Proof. We shall prove this theorem using two different ways because they are
both interesting to the readers. First of all, we consider the function

14+ zy

prt+y

(5.1) F(z,y) = Ax+ By +

If the function (24) satisfies the two conditions (i), (ii) of Theorem 4, then the
equilibrium points  of Eq. (1) are global attractors. With reference to Lemma
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2, the condition (i) is obvious. It remains to prove the condition (ii) as follows:

[F(z,2) — 2] (x — )

_ 1+ 2 +1
_[(A+B)m+w(p+1) N } - \/(p+1)[1—(A+B)]—1]
_{1+x2(A+B)—m2p[1—(A+B)]}

B p+1

i{ 2 {(p+1)[1—(A+B) -1} -1 }
t )T DA+ B 1)

Since p[1 — (A+ B)] > 1 and 0 < A+ B < 1, then we have

1+22[(A+ B) — 1] jEoc\/(erl)[l—(AJrB)]—1
p+1 p+1
1

D VOr ) (A+B) -1
+22 {(p+1)[1 — (A+ B)] -1}
(p+1Day/(p+1)1—-(A+B) -1
2/ (p+1)1-(A+B)]-171
(p+Dazy/(p+1)[1-(A+B)] -1

(5.2) __#l {(x\/(p—i-l)[l(A—I-B)]1:&%)22}.

[F(x,z) —x](z —2) <

(p+1) 2/ p+)[l—(A+B) -1

From (25) we discuss the following two cases:

V51 . 1
Case 1. If 0<z < oD and T = T then the
inequality (25) reduces to

[F(x,z) —zx](z —2) <

1 {<$\/(p+1)[1(A+B)]1+§>22}

(p+1) a/(p+1)[1-(A+B) -1
(5.3) < 0.
This proves that the positive equilibrium point

. +1
Vie+1)[1-(A+B) -1

of Eq. (1) is a global attractor.
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1+v5 ~ —1
Case 2. If x > T (ATBI and T = TS vt then the

inequality (25) reduces to

1 (x\/(p+1)[1—(A+B)]—1)2—g
(p+1) v/ (p+ 1)1 -(A+B)] -1

(5.4) <0.

[F(z,z) —z](x — ) <

This proves that the negative equilibrium point
~ -1
xr =
Vip+1D)[1-(A+B)-1
of Eq. (1) is a global attractor. The proof of Theorem 13 is now complete.

Secondly, since the function F'(z,y) given by (24) is nondecreasing in each of
its arguments, then if (m, M) is a solution of the system

m = F(m,m) and M=F(M,M),

then we get

1+m?
=(A+B —_—
m = (A+ B)m + T Dm
and
1+ M?
M=(A+B M+ —0=—.
(A+B)M+ p+1)M
Consequently, we have
(5.5) (p+1)m?=(A+B)(p+1)m* +m* + 1,
(5.6) (p+1)M?=(A+B)(p+1) M> + M* + 1.
By subtracting (28) from (29) we get
(5.7) (m—M)(m+M){(p+1)[1 - (A+B)] -1} =0.

Since (p+ 1) [1 — (A + B)] > 1, then we deduce from (30) that m = M. Accord-
ing to Theorem 5, the equilibrium points = are global attractors. Therefore, the
proof of Theorem 13 is now complete. O

On combining Theorem 8 or 9 together with Theorem 13, we have the following
result:

Theorem 5.2. If p[1—(A+B)] > 1,0 < A+ B < 1 and either A >

{p[l_(;‘:lB)}_l} or 2(;i1) <A< %, then the equilibrium points

- +1
xr =
Vie+1)[1-(A+B) -1
of Eq. (1) are globally asymptotically stable.




262 ELSAYED M. E. ZAYED

6. NUMERICAL EXAMPLES

In order to illustrate the results of the previous sections and to support our
theoretical discussions, we consider several interesting numerical examples in this
section. These examples represent different types of qualitative behavior of solu-
tions to the nonlinear difference equation (1).

Example 1. Figure 1 shows that the solution of Eq. (1) has no positive solutions
of prime period two if k=4, z_4=1,2_3=2, x_ 9=3, z_1=4, 20 =5, A=
300, B =100, p = 50.

x 10%7 plot of X(n+1)=(A*X(n)+B*X(n-4))+((1+X(n)*X(n-4))/(p*X(n)+X(n-4)))
8 T T T T T T T

(A*X(n)+B*X(n=4))+((L+X(n)*X(n-4))/(p*X(n)+X(n-4)))
o
T
I

N
T
I

solution of X(n+1):
-
T
L

I I I I I I
0 20 40 60 80 100 120 140 160 180 200
n-iteration

o

FIGURE 1. (Tp41 = 300z, + 1002, 4 + syrotte=t)

©10'? plot of X(n+1)=(AX(n)+B*X(n=3)}+((1+X () X(N-3)(P*X(}+X(n-3)
T T T T T T T T

= N
w N o
T T
i

-
T

(A*X(n)+B*X(n-3))+((1+X(n)*X(n=3))/(p*X(n)+X(n-3)))

solution of X(n+1)
o
u
T

0 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

n-iteration

FIGURE 2. (2p41 = 3z, + 10z,—4 + %)
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Example 2. Figure 2 shows that the solution of Eq. (1) has no positive solutions
of prime period two if k =3, x_3=2, x_9=3, x_1 =4, xtg=5, A=3, B=
10, p =5.

Example 3. Figure 3 shows that the solution of Eq. (1) is global stability if
k‘:?), :E_3:2, :E_2:3, :E_1:4, l‘0:5, A:0.5, B:0.25, p:5.

plot of X(n+1)=(A*X(n)+B*X(n-3))+((1+X(n)*X(n-3))/(p*X(n)+X(n-3)))
. . T . . . .

4.5

35

25

(A*X(n)+B*X(n=3))+((1+X(n)*X(n=3))/(p*X(n)+X(n-3)))

N

|
o

solution of X(n+1):

1 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

n-iteration
FIGURE 3. (241 = 0.52, + 0.252,_4 + %)

Example 4. Figure 4 shows that the solution of Eq. (1) is not stable if k =
3,x_3=2, x_9=3, x_1=4, zg=5, A=0.5, B=0.25, p=1.

x10° plot of X(n+1)=(A*X(n)+B*X(n-3))+((1+X(n)*X(n=3))/(p*X(n)+X(n-3)))
25 T T T T T T T

15 : 1

(A*X(n)+B*X(n-3))+((1+X(n)*X(n=3))/(p*X(n)+X(n-3)))

solution of X(n+1)
o
u
T
i

0 I I I I I I L I
0 20 40 60 80 100 120 140 160 180 200

n-iteration

FIGURE 4. (Zp41 = 0.52, 4 0.252,_4 4 —iinin=t)

Tn+Tn—4a
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