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ON THE GENERALIZED CONVOLUTION FOR THE FOURIER
SINE AND THE KONTOROVICH-LEBEDEV TRANSFORMS

TRINH TUAN, NGUYEN XUAN THAO, NGUYEN VAN MAU

ABSTRACT. A generalized convolution for the Fourier sine transform and the
Kontorovich - Lebedev integral transform is introduced. Several properties
of this generalized convolution and its application to solve certain systems of
integral equations are considered.

1. INTRODUCTION

Convolutions and generalized convolutions for various integral transforms re-
ceived great attention from mathematicians in the last years. For recent surveys
and related works on the subject we refer the reader to [4 — 10,12,13]. In this
paper we introduce a generalized convolution for the Fourier sine transform and
the Kontorovich-Lebelev integral transform (see (3.1)). We study several prop-
erties of this new generalized convolution and apply them to solve some systems
of integral equations in closed form.

This paper is organized as follows. In Section 3 we introduce some function
spaces in which the introduced convolution (3.1) is meaningful, and then we
prove the factorization property for this convolution (3.2). Some relations of the
generalized convolution (3.1) with well-known ones are also proved. Algebraic
properties of this new convolution are demonstrated. For this purpose, in Section
2 we recall some well-known convolutions and their properties. In Section 4 we
apply the generalized convolution (3.1) to solve in closed form two systems of
integral equations, which seem to be difficult to solve by other techniques.

2. WELL-KNOWN CONVOLUTIONS

Let f,g € L1(R), the convolution for the Fourier integral transform is defined
by (see [11])

“+oo
(2.1) (3900 == [ swf@=iy. zeR
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We have
(2.2) E(f % 9)ly) = (Ffy)(F9)y), VyeR.

Here F' is the Fourier transform (see [3, 11])

(Ff)(y e "Ydx, x € R.

«z;/f

For f,g € L1(R4), we define the generalized convolution for the Fourier sine and
cosine transforms by [11]

23)  (fro)@) Vﬁ_/f (1 — ul) ~ (o +u))du, >0,

for which we have the factorization formula
(2.4) Es(Fx9)(y) = (F )W) (Feg)(y), Yy > 0.

Here F, F; respectively denote the Fourier cosine and the Fourier sine transforms

(see [3,11])
\/7/]” ) cos(zy)dx, (Fsf)(y \/7/]” )sin(zy)dz, y > 0.

We note that the generalized convolution for the Fourier sine and the Fourier
cosine transforms was introduced in 1951 by I.N. Sneddon [11]. Further, the
convolution of two functions f,g € Li(R+) with a weight function n(y) = siny
for the Fourier sine transform is defined by [4,6]

(2.5) (f;:zsg)( glx+t+1)+g(lx —t+1])sign(z —t+ 1)

zvz;/f

+g(lx+t— 1|)51gn(x +t—1)+g(Jlz — t — 1])sign(z — t — 1)]dt, x>0,

for which we have
(2.6) Fy(f FZ 9) () = n(y)(Fsy)(y)(Fsg)(y), Yy > 0.

The convolution for the Kontorovich-Lebedev transform of f,g € L,(R;) was
studied in [4, 14, 15]

(2.7) (f ;g)(z) = % / / exp [— %(95_: + 24 %)}f(u)g(v)dudv, x>0,

u T

for which the following factorization equality holds

(2.8) K(f x 9)(y) = (Kf)(y)(K9)(y), ¥y>0,
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here K is the modified Kontorovich-Lebedev transform [3, 15]

+oo
(29) ENW = = [ Ky f@)iz, >0,
0

with Kjy(x) being the Macdonald function (formula 1.98 [15], p. 14)

+o0o
Kiy(x) = / e~ 20 M cos yudu, y > 0, x> 0.
0

The generalized convolution for the Fourier cosine and the Fourier sine transforms
for f,g € Li1(R4) is introduced in [7]

+o0o
210) (f 30)@) = <= [ ) [sientu—o)g(lu —al) + g+ 2)]du, @ >0,
0

which satisfies the factorization identity
(2.11) F(f 3 9)(y) = (Fs )W) (Fsg)(y), Yy > 0.

In [9] we introduce the following two generalized convolutions with the weight
function v;(y) = y for the Kontorovich-Lebedev, Fourier sine and the Fourier

cosine transforms for f € Ly (R+, %) and g € Ly (R+)

“+00 +o00
1
(f%l g) (x) = — / / [S’th(l‘ + ,L))e—ucosh(x+v)+
0 0
(2.12) + sinh(z — v)e_“c“h(x_”)]f(u)g(v)dudv, x>0,
1 +00 400
(fﬂyz1 9)(z) = = / / [sinh(z + v)e~ueosh(ztv) _
0 0
(2.13) — sinh(z — v)e_“COSh(x_”)]f(u)g(v)dudv, x>0,

which respectively satisfy the factorization identities:

(2.14) Fy(f 7;51 9) (W) =nW(K )y (Feg)(y), Vy>0,
(2.15) Fo(f % 9)() = n@)(EHW)(Eg)y), ¥y > 0.

Here K denotes the Kontorovich-Lebedev transform (2.9).



306 TRINH TUAN, NGUYEN XUAN THAO AND NGUYEN VAN MAU

3. A NEW GENERALIZED CONVOLUTION FOR THE FOURIER SINE TRANSFORM
AND THE KONTOROVICH-LEBEDEV TRANSFORM

Denote by L (R+, \/%) and Lq(Ry) respectively the set of all functions f and
g defined on (0, 400) such that

—+o00

400
J?%”@Wx<ﬂmam»!mum$<ﬂn

Definition 1. The generalized convolution of two functions f and g for the
Fourier sine transform and the Kontorovich-Lebedev integral transform is defined
as follows

(3.1)
+00 400
(fxg)(x) = 732 / / %[e_ucom(m_”) —e_“COSh(””)]f(u)g(v)dudv, x> 0.
0 0

The following theorem gives a quite different result from [14] where in the
factorization equality only one integral transform is involved.

1
Theorem 3.1. Suppose that f € Ly <R+,\/—_3> and g € Ll(R+). Then the
x

generalized convolution (fxg)(x) belongs to Li(Ry) and satisfies the following
factorization property

(3-2) Fs(f+9)(y) = (K)(y)(Fs9)(y), Yy > 0.
Here, K denotes the Kontorovich - Lebedev transform (9).

Proof. Since coshx > 1, we have e %©h* L ¢=% for any = € R and any u > 0.
Hence

+00 +00
‘ / / % —ucosh(z—v) _e—ucosh(x-i-v)] f(u)g(v)dudv‘
400 400 ) o0 400 1
g//aﬂmmﬂuwm@m@+//ﬁ“mmmuwmwmw
0 0 O
+00 +00

1—u
e £ ()] lg(v)dudv.

o
o
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. 1 .
Furthermore, by hypothesis f(u) € Iy <R+, \/?» it follows that
e~
flu) e Ly (R+, 7) Therefore,
1 ' +001
‘(f*g)(x)‘ :F‘ / / E[ —ucosh(x—v) —ucosh(m—l—v)]f( ) ( )dudv
0 0
2 i +001
< [ [ e sl lsdu
0 0
“+oo +0o0
2 e
(33) == [ S l@lde [ gy < oo
0 0
This shows the existence of the generalized convolution (3.1).
—_ 2 T—v 2
Again, since cosh(z —v) > (z—v) , we have e~ucosh(z—=v) < e Be-

sides,

“+oo

/e s “)de—\[/ Vi d(\/g((a;—fu)>
- %/ e~ ds < \f/ _Sds_\/7 Yu, v > 0.
—v\/_

Hence, in view of the hypothesis f(u) € Ly <R+, > and g € Ly (R4.), we have

1
Vud

_l’_
8
+
8

e—ucosh(w—v) @ ‘g(q)) \dudvdx

8
+ o\
o\g

[ee) “+oo

(3.4) < /gviﬂm(v)ldudv /|f u/\g )|dv < 400.
0 0

O\-ﬁ- Ot~

Similarly,

—+o00

(3.5) /
0

+

00 400

/ e—ucosh(w-l-v)@ |g('u)|dudvdl‘ < +00.
0

o
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It follows from (3.1), (3.4) and (3.5) that

+00 +00 +00
/ | f*g ‘d$ — / / / —ucosh(:c—v)
(3.6) + e—uwshmv 11£ (@) lg(v)ldudvda < +oo.

Thus, (f * g)(z) belongs to L1(R4).
Now we prove the factorization property (3.2). We have
+0o0o +oo

(KHOF)w) = /= / —sin(yo) Ky (1) ()g(0)dude, > .
Using formula 1.98 in ([15], p. 14) we obtain
y)(Fsg)(y)
+oo +oo
\/ / —s1n (yv) f(u)g(v )[ / cos(ya) e_“cosmda} dudv
+oo +oo +00
=4/—= / { / [siny(a+ v) — siny(a — v)] e‘“cosmda}dudv.
0
Since,
+00 +oo
: —ucosha _ : —ucosh(t—v)
(3.8) /Slny(a—l—v) e do = /Sln(yt) e dt,
0 v
+00 +00
: _ —ucosha _ : —ucosh(t+v)
(3.9) /smy(a v) e do = /Sln(yt) e dt,
0 —v
we have
(3.10)
+00

/ [Sin y(a+v) —siny(a — v)] e ucoshajq
0
(3.11)
+o0 +oo

0
= / sin(yt) e~ o)t — / sin(yt) e~eosh () gp — / sin(yt) e~ueosh(t+o) gy

v 0

(3.12)
+oo

= / Sin(yt) [e_UCOSh(t_U) _ E_UCOSh(t""U)]dt'
0
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Using (3.7)-(3.12) we obtain

(Fs9)(y)

Ny
+oo +oo +o0o
7-‘—2\/7/ { /sin(yt) [e_ucosh(t—v) - e—ucosh(t-i-v)]dt}dudv
0

+o00 +o00

\/7 / - yt iz / %f(’li)g(’l)) [e—ucosh(t—v) _ e—ucoSh(t-i-v)]dudU}dt

0
—Fxf*w()

(K

Thus, the factorization equality (3.2) is proved. O

1
Proposition 3.1. For f(x) € Ly (R+, \/—_3) and g € Ly (R+), the generalized
x

convolution (16) can be represented in the form

(f*9)(x) W\/—/ —f(u Slgnvg(|v|) e cosh) ()] du, = > 0.

Here the convolution (- % -) is defined by formula (2.1).

. 1
Proof. Since f(u) € Ly <R+, —@), from (3.1) we have
1 +00 —i—oo1
= | ,—u.cosh(z—v) _ _—u.cosh(z+v)
(@ == [ [+ ‘ | F()g((ol)dude
0 0
ETN N r
== / Ef(u) / e—u.cosh(w—v)g(|v|)dv+ / e—ucosh(:c—t)g(| —t|)dt}du
0 0 0
U /
= — / Ef(u)_ / e—u.cosh(w—v) Signvg(|v|)dv—|— / e—u.cosh(m—v) Signvg(|v|)dv] du
0 —00
- +m
/ —f(u /e_“‘co“’h(x_”) Signvg(|v|)dv] du

77\/_ / —f(u Slgn vg(|v|) _“COSh”)(:E)]du.

The proof is complete. U
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Remark 3.2. Since signv - g(|v|) is an odd function and e~"°" s an even

function in v, using Proposition 1 we get the following indentity

1

NoE
x0)(r) = — ~flu v) * e ueosh) () du, x
(f*)(x) W%O/uf( ) (o) )(@)]du, x> 0,

where the convolution (- * -) is given by (2.3).

g

1+
V3

Proposition 3.2. For f,g € L, <R+, >, the generalized convolution

(3.1) is not commutative. Moreover,

+o0o
et =i [ ([ 1
0

T e—ucoshv) (x)du

1
\/?) and f,g S

Proof. From the hypothesis, it is clear that f,g € L; <R+,

Li(R4). Using the above remark we obtain

(fxg)(z) — (g*f)(x) =

—+00

+o00
:%[/%f(u)[(g(v)*e—“COSh”)(:v)}du— / 1g(u)[(f(v)Te‘u“’shv)(x)}du
0

1
0

\/i +Ool —ucoshv —ucoshv
-2 / ) (g0) o) @) — glu) (£(0) 5 M) ()]

= i\/_ / % e—ucoshv) (l‘) _ (g(u)f(v) >1k e—ucoshv) (:E)] du
= i\/_ / % g(u)f(v)) TE_UCOShv) (l‘)dl‘

_ V2 @) )], ucosho

=V 0/ u( o) o) T )Wu'

The proposition is proved. U

Proposition 3.3. The generalized convolution (3.1) is not associative and sat-
isfies the following equalities
n n 1
() Selg f ) =(fxg) f by where f € Li(Re, o). g.h € Li(Ry),

b) g ;:Z (f*h) = (f*g) ;? h, where f € I, <R+, \/Z_> g.h € Li(R,),
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1
). 9:h € Li(Ry),

() (frg)sh=frlgsh), where f € Li(Ry, =

@) felgr) = gu(f ). where fog € Ly(Re. ). he LR
(e) f*(g FZS (hzg k) = (f *g) I;IZS (hé:1 k), where f € L (RJ,_,\/?),
he (R ), gk € Li(R),
1
@ frlopgh) = (f = 9g(h 5 ), where [ o€ Li(Ry =),

g,h,k € Li(Ry) and the convolutions (J;IZ 9, (- * 9, (- % ), (%1 -) are respec-
tively defined by (2.5), (2.3), (2.10) and (2.12).

Proof. a) From the factorization property

Fs(f xg)(y) = (Kf)(y)(Fsg)(y), Yy >0,

we have

Ey(f+(g 1)) = (KN@)F(g * W)
(

*(9 *
Ny )n(y) Fsg)(y)(Fs )(y)
H)(

) (Fsg) (1) n(y) (Fsh)(y)
9)W)n(y)(Fsh)(y)

9) ;Z M (y), Yy > 0.

= (K
(K
F,
F,

(f
((f

This shows that . .
f*(g;sh) :(f*g)l;ksh'

The proofs of equalities (b), (c¢) and (d) are similar to that of (a).
e) From the factorization properties of the convolutions (3.2), (2.6) and (2.14)
for y > 0 we have

E(f (g # (¥ R) W) = (ENWE( § (1% 1))
= n(y)(K ) (Feg) () Fs(h ¥ k)(y)
= (W) F(f * )W) Fa(h s k)(y)

E((f*g) j () (w).

Thus,
n oM noom
Frlg g (hx k) =(fxg) i (hyk).
One can easily obtain part (e) in a similar way. O

Proposition 3.4. There does not exist the unit element for the generalized con-
volution (3.1).
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Proof. We prove that there does not exist the left unit element for the generalized

1
convolution (16). Suppose that there exists e € Ly <R+, —) such that

/3
(ex f)(x) = f(x), VfeLi(Ry)

From Theorem 3.1, we have

(Fsf)(y) = Fs(ex f)y) = (Ke)(y)(Fsf)(y), Vy>0.
Therefore
(Fof)(w)[1 = (Ke)(y)] =0.
This shows that
(Ke)(y) = 1.
Hence
(3.13) e(y) = K1), Vy>0.
Here K~1 denotes the inverse Kontorovich-Lebedev transform. From formula
9.7.4 in ([1], p. 199) the right hand side of (3.13) does not converge. Hence the

equality (3.13) does not hold. This contradiction means the unit element of the
generalized convolution (3.1) does not exist. The theorem is proved. O

4. APPLICATION TO SOLVING SYSTEMS OF INTEGRAL EQUATIONS

Not many systems of integral equations of the second kind can be solved in
closed form. The generalized convolution (3.1) introduced in this paper allows us
to get the solutions in closed form for two systems of integral equations.

a) Consider the system of integral equations

+o0o
fx)+ X\ / 01(z,u)g(u)du = h(x), x>0,
0
+o0o
(4.1) Mo / O, ) f($)dt + g(x) = k(z), >0,
0
Here
11
- = [,—ucosh(x—v) _ _—wucosh(z+v) .
01(z,u) gy / » E e e (v)du;
0
and

+oo
O (z,t) = % / qb(u)[sign(\m —t| - u)f(Hx —t|— uD +&(lx —t| +u)
0

—sign(z +t —u)&(Jz +t —ul) — &(z 4+t + v)] dy;

p € 14 (R+,\/%), k,,h, 6 € L1(Ry) are given; Ai, A2 are complex constants;
and f, g are unknown functions.
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Theorem 4.1. With the condition
(4.2) 1— MA2F,((p %) ;“5) (y) #0, Vy >0,

the system (3.13) has a unique solution in Ly(R+) which is represented by
(43)  f(z) =h(x) = M@= k) (@) + (hx q)(x) = M ((pxk) % q) (@),

(14)  gla) =k(x) ~ Xa(W 1 (€ B (&) + (k) @) — Do} (€3 ) 1 ) 2.
Here, q € L1(Ry) is defined by

MA2Fe((px1)) 35) (v)
T 1- MA2Fe((pxi)) % &) (y)’

and the convolutions (- * 9, x ), (- %) are defined respectively by (2.3), (2.10),
(3.1).

(ch)(y) Yy > 0,

Proof. System (4.1) can be rewritten in the form
f(@) + M g)(z) = h(z),
M (f (W 59) (@) +g(x) = k(z), =>0.

Using the factorization properties (2.4), (2.11), (3.2) we have

(Fsf)(y) + M (Ke) () (Fsg)(y) = (Fah)(y),
A2 (Fs ) (y) (Fs) () (Fs€) (y) + (Fsg)(y) = (Fak)(y).
To solve for (Fsf)(y) and (Fs(g)(y) from this system we note that

A 1 M (K@)(y)
>\2(Fs¢)(y)(Fs£)(y) 1

=1 — M F (%) (1) (Fs)(y) = 1 — MAaFe((p * 1) ;5) (y) #0, Vy >0,

then

1 X MAoF((¢ * ) *2‘5)(9)
AT TIC MAFe((p ) 5 ) (y)

In virtue of Wiener-Lévy’s theorem [2], from condition (28) there is a function
q(z) € Li(Ry4) such that

MA2Fe((p 1) 5 £)(y)

L= MdeF((p+9) £6) ()

= (Feq)(y).

Thus,
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Therefore

(Faf)) = ~A1 = [1+ (Faa)®)] [(Fh) @) — M Fa( 5 k) (9)]

)
A
= (Fsh)(y) — MFs(o * k) (y) + (Feq) (y) (Fsh)(y)
k)(y), Yy > 0.

- Al(FCQ)(y)FS((P *
It follows that
(Fsf)(y) = (Fsh)(y) = M Fs(p k) (y) + Fs(hrq)(y) — MFs((p k‘)TQ) (y), Yy > 0.

Hence

F) = hix) = M@ K)(@) + (b q)(@) = M (9 k) £0)(2) € La(Ry).

Similarly,
— 1 (Fsh)(y)| _ *
Do = | (R (EO) (P = FRE) b)) FE 5 )
= (Fsk)(y) = Ao Fs (¥4 (€5 1)) (9)-
Therefore

(Fag)y) = 520 = [+ (F)(®)] [(FR) () — MaFa(v 5 (€ 1)) ()]
= (Fk)(5) = NP (% (€ £ 1) (1) + (Feg) () (Fu) () — NFa) ) F (€5 1))
= (Fk)(y) = Mo Fs (95 (€5 1) (y) + Fs(k 1 @) (y) = M Fs (¥ (€5 1)) 5 9) (1), ¥y > 0.
Hence

g(x) = k(x) — X2 (T/Hf (€ % h))(z) + (k H q)(x) = X ((¥ H (€ % h)) TQ) (z) € L1(Ry).

One can easily verify that f and g given by (4.3), (4.4) satisfy the system (4.1).
The proof is complete. O

=%

b) Consider the system of integral equations

flz)+ XM / 01(z,u)g(u)du = k(x), x>0,

(4.5) A3 / 0s(x, v) f (v)dv + g(z) = k(z), o> 0.
0

Here
—+oco

1 1 —ucosh(x—v —ucosh(x+v
i) = g [ et o) p(u)ay
0
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and
—+00 +00

03(z,v) 7T2\/% / / Y(u){ [sinh(z + t)e —ucosh(@+t) 4 ginh(x — t)eueosh@= t)]

[s1gn(v —0)&(Jv —t]) + (v +t)] pdudt, > 0;
1 1 .
p € L1<R+,\/?>, NS L1<R+’E)’ h,k,§ € Li(R4) are given; Aj, Ay are

complex constants; and f, g are unknown functions.

Theorem 4.2. With the condition

(4.6) L= AeFe(v ¥ (9 6)(y) # 0, Vy >0,

the system (4.5) has the unique solution in L1(R4):

(A7) F@) = @)~ Mg = k)(a) + (h D)~ M ((9* k) 2 1) (@),

(18) g(e) = bx) ~ X0 ¥ (0 ) (@) + (kD) — Ma((0 % (b3 &) 1) (a).
Here, | € L1(Ry) is defined by

'y
1— M AF( j;l (e x€))(y)
where the convolutions (-*-), (»f), (%1 ), (:E -) and (;) are defined respectively

by (3.1), (2.3), (2.13) and (2.11).

Proof. System (4.5) can be rewritten in the following form
f(@) + M(p*g)(x) = h(z),
Yo (0% (1 £6) (@) +g(x) = K

Using the factorization properties (3.2), (2.14), (2.11) and (2.15) we get

(Fs )W) + M(K)(y)(Fsg)(y) = (Fsh)(y),
(49) A @ED)W)E(f 5 ) + (Fog)y) = (Fsk)(y), Yy > 0.

To solve for (Fsf)(y) and (Fsg)(y) from this system we note that

_ B MK ()
don@ (KW EO@) 1
)F

=121 (y) (K) (y) Fs (¢ * §) ()
=1 — Mo F( 1( §))(y) #0, Vy>0,

x), x>0.




316 TRINH TUAN, NGUYEN XUAN THAO AND NGUYEN VAN MAU

In virtue of Wiener-Lévy’s theorem [2], from condition (4.6) there is a unique
function I(z) € Ly (R4) such that

AMdeFe (v % (9#6))(v)

1 — (F)().
1—)\1>\2Fc(¢% (0+8))®) ’
Thus,
L= 1+ (R))

Solving the linear system (4.9) we obtain
(Fof)(y) = 1+ (Fl)(y)] [(Fsh)(y) — MFs(o % k) (y)]
= (Fsh)(y) — MFs(@ * k) (y) + (Fl) (Fsh)(y) — M(Fel)(y) Fs(@ * k) (y)
= (Fsh)(y) = MEFs(p k) (y) + Fs(h D) (y) — MFs((p k) * 1)(y), Yy >0,

and
(Fog)(y) = [1+ (FDW)] [(FR) ) = AeFo (% (3 ) v)]
= (Ek)(y) = MFo (% (h 5 ) (y) + (FD(ER) ()
—Xa(FD)F (% (h36) (W)
= (Fsk)(y) = AeFs (v % (h 1) (y) + Fu(h# 1)(y)
“NF (0% (h9) +1)(y), Vy>0
Hence

i
9(@) =k(x) = A2 (¥ % (h ) (@) + (kx D(@) = Mo ((¢ % (h5€)) #1) () € L(Ry).

One can easily verify that f and g given by (4.7), (4.8) satisfy the system (4.5).
The theorem is proved. (]
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