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ON STABILITY OF PROPERTIES OF GENERAL RELATIONAL
SYSTEMS UNDER POWERS

NITIMA CHAISANSUK AND SORASAK LEERATANAVALEE*

ABSTRACT. In the paper, we study powers of general relational systems. We
solve the problem of finding sufficient conditions under which some properties
of relational systems are preserved by powers of these systems. The properties
considered are defined with respect to a decomposition of the corresponding
index set and they are a common generalization of certain properties of binary
and ternary relational systems. We also associate new relational systems with
given ones and then study their powers.

1. PRELIMINARIES

Let n be a positive integer. Let A, H be nonempty sets and let A be the set
of all mappings from H into A. A sequence in A is any mapping from H into
A, denoted by (ap | h € H). If H = {1,...,n}, we write (ai,...,a,) instead of
(ap | h € H). We usually identify the set of all mappings from {1,...,n} into A
with the cartesian power A” = A x ... x A. By a relation R in the general sense

—_——

n—terms
we mean a set of mappings R C A”. The pair (A, R) is called a relational system
of type H. The sets A and H are called the carrier set and the index set of R,
respectively. In case of H = {1,...,n}, R C A is called an n-ary relation on A
and (A, R) is called an n-ary relational system.

Let A = (A, R), B = (B,S) be n-ary relational systems. A mapping f: B —
A is called a homomorphism of B into A provided that if (z1,...,x,) € S then
(f(x1),..., f(zn)) € R. We denote by Hom(B, A) the set of all homomorphisms
of Binto A. If f : B — A is a bijection and both f: B — Aand f~!: A - B
are homomorphisms, then f is called an isomorphism of B into A. We will write
B = A if there exists an isomorphism of B into A.

An n-ary relational system A = (A, R) is said to be

(i) reflexive provided that (x1,...,z,) € R whenever 1 = --- = z,, € A.
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(ii) diagonal provided that, whenever (z]
(z},...,2") € R for each i = 1,...,n and (z7,...,7}) € R for each
j=1,...,n it follows that (z1,...,2") € R.

Let A = (A,R) and B = (B, S) be n-ary relational systems. The power of
A and B is the n-ary relational system AB = (Hom(B, A),r) where for any
fiyooos fn € Hom(B,A), (f1,..., fn) € r if and only if (z1,...,2,) € S implies
(fi(z1),..., fu(zn)) € R whenever z,...,z, € B.

In [6] J. Slapal investigated some relations and studied their properties such
as the following.

Let H be a set with card H > 2. A b-decomposition of H is a pair ({K;};_;,0)

where {K;}3_, is a sequence of three sets satisfying

3
ONURE:E

=1
(i) KiNK; =0 foralli, je€{1,2,3},i+# 7,

(iii) 0 < card K1 = card Ko and o : K1 — K> is a bijection.

Let H be a set with card H > 3. Let m € N be such that there exists a
cardinal number p with p-m = card H. A t,-decomposition of H is a pair
(K}, {oi} 7" where {K;}™, is a sequence of m sets satisfying

m

(i) UKiZH,

=1

(ii) ZKiﬁKj:@for all i,7 € {1,...,m}, i # j,

(iii) card K; = p for each i € {1,...,m} and {o;}}"7" is a sequence of
bijections o; : K; — K;yq fori=1,...,m — 1.

For any map f : H — A and any subset K C H, we denote by f|x the

restriction of f to K.
Let A, H be sets and let K = ({K;}3_,,0) be a b-decomposition of H. If
R,S C A" then we define relations

(i) Ex C AM | called the diagonal with regard to K by:
feEK<:>f|K1:f|K2OU;
(ii) R,El C AH | called the inversion of R with regard to IC by:

) is an n X n-matrix over A, from

feERI = 3geR: flg, =glk, 00, [l =0lki 00", flis = gl
(iii) (RS)x € A, called the composition of R and S with regard to K by:
fe(RS)c+=3geR heS: glx, = hlkoo ', gli, = bl
f‘Kl - g|K17 f‘KQUKg == h‘KgUKg-

Let R C AH and let K = ({K},{0:}"7") be a t;,-decomposition of H.
Then we define a relation 'R C A" by:

fe 'Rk <=3g€eR: flk, = 9|k, ooifori=1,...,m—1,

flkw = glkyooylooy o ooyl
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Definition 1.1. Let R C A with card H > 2 and let K = ({K;}?_,,0) be a
b-decomposition of H. Then R is called

(i) reflexive (irreflexive) with regard to K if Ex C R (RN Ex = 0),
(ii) symmetric (asymmetric, antisymmetric) with regard to K if R,El C R(RN
Rc' =0, RN R C Ex),
(iii) transitive (atransitive) with regard to K if R2- C R (RNRE = ( for every
neNn>2).

Definition 1.2. Let R C A with card H > 3 and let K = ({K}™, {o:}"")
be a t,,-decomposition of H. Then R is called cyclic (acyclic) with regard to K
if 'R CR (RN 'R =10).

Let A = (A, R) be a relational system. If R has any one of the properties with
regard to K defined above, we say that A has the same property.

Proposition 1.3. [6] Let R, R C A" and let K = ({K;}3_,, 0) be a b-decomposi-
tion of H. Then the following statements hold.
(i) If R, R are reflexive (irreflexive, symmetric) with regard to KC, then RU
R, RN R and R,El have the same property.
(i) If R, R are transitive (asymmetric, antisymmetric, atransitive) with re-
gard to IC, then RN R and R,El have the same property.

Proposition 1.4. [6] Let R,R C AM, and let K = ({K;}7,, {o:}"7") be a
tm-decomposition of H. Then the following statements hold.

(i) If R, R are cyclic with regard to K, then RUR, RN R and 'Rx have the
same property.

(ii) If R, R are acyclic with regard to IC, then RN R and 'Ri have the same
property.

Let R C GH, and let K = ({K;}?_,,0) be a b-decomposition of H. Let
X = {ap;k € K3} be a family of elements of G. Then we define a relation
Rxx C GH-Ks by

fe€Rxx<<>3dgeR: f(k) = g(k)for each k € K; U K> and,
g(k) = x for each k € K.

Rx x is called the X -projection of R with regard to K.
We denote the b-decomposition of H — K3 given by K = ({K;}3_,,0), where
Ki = KZ for ¢ = 1,2, and K3 = (Z)

Proposition 1.5. [6] Let R C G| and let K = ({K;}}_,, o) be a b-decomposition
of H. If R has any one of the properties with regard to K introduced in Definitions

1.1 and 1.2, then Rx x has the same property with regard to K for each family
X = {ap; k € K3} of elements of G.
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2. MAIN RESULTS

Lemma 2.1. Let A = (A,R),B = (B,S) be n-ary relational systems of type
H with card H = n,n > 2, K = ({K;}}_,,0) be a b-decomposition of H, and
let fi € Hom(B,A) fori = 1,...,n then (f1,...,fn) € Ex if and only if
(fi(x),..., fu(x)) € Ex for each x € B.

Proof. Suppose |Ki| = |Ka| = [,|K3| = m. Let ¢ = (f1,..., fn) where f; €
Hom(B,A) fori=1,...,n.

(=) Let p € Ex. So ¢ € (Hom(B,A))" and ¢|x, = ¢|k, o 0. Therefore
0|k, (i) = ¢|lk, o o(i) for each i € {1,...,1}. Thus we have

(2.1) fi = fo@) foreachi=1,...,1.

Let # € Band f, = (fi(z),. .., fa(z)) € AT By (2.1), we have fi(z) = f,()(2)
for each i = 1,...,1. Thus f;|k, (i) = fz|K, 0 o(i) for each i € {1,...,1}, so we
get f:]c|K1 = fx|K2 oo. We can see that fac = (fl(x)a e afn(x)) € Ex.

(<) Assume (fi(x),..., fn(z)) € Ex for each x € B where f; € Hom(B, A)
fori=1,...,n. Let x € B and f, = (fi(x),..., fu(x)) . By the assumption, we
have f; = (fi(z),..., fu(x)) € Ex. Then f;|x, = fz|k, o 0. This implies that

(2.2) fi(z) = foq)(z) foreach i =1,... 1.

Suppose ¢ € Ex. Then ¢|g, # ¢|k, o 0, so there exists j € {1,...,l}

such that ¢|k,(j) # ¢lk, o 0(j). This yields f; # f,(;. Therefore f;(x) #
fo(j)(x) for some z € B, which contradicts (2.2). Thus ¢ € Ex. O

Lemma 2.2. Let A = (A,R),B = (B,S) be n-ary relational systems of type
H with card H = n,n > 2, K = ({K;}}_,,0) be a b-decomposition of H. Let
AB = (Hom(B,A),r) and let B be reflexive. Then the following statements
hold.
(i) If (f1,.--, fn) € r,El, then (f1(z),...
fi € Hom(B,A) fori=1,...,n .
(i) If (fi,-.., fn) € T, then (fi(2),..., fa(z)) € RE for each x € B where
fi € Hom(B,A) fori=1,...,n, ke Nk > 1.

Proof. Suppose |K1| = |Ka| =1, |K3| = m.

(i) Let ¢ € rc'. Then ¢ € (Hom(B,A))# and there exists a mapping 1 € r
such that 90|K1 = ¢|K200-7 90|K2 = ¢|K100-_17 90|K3 = ¢‘K3 Thus 410|K1 (Z) = '¢|K20
0(3), Plicy (L +1) = lxc, 001 (1+4) for each i € {1, ..., 1} and @l () = ], (7)
for each j € {2l +1,...,n}. Let ¢ = (f1,...,fn) and ¥ = (g1,...,9n) where
fiygi € Hom(B, A) for i = 1,...,n. Then we have

, fu(x)) € R for each © € B where

(2.3) fi = 9o(s) and fi4i = go—1(144) for each i =1,... 1,
and we also have
(2.4) fi=g;foreach j =204+1,...,n.

Let x € B and fx = (fl(-%'), ) fn(x»v 9z = (gl(x)v cet 7971(37)) < AH, By (2'3)
and (2.4), we have f;(z) = go(;)(7) and fi1(z) = go—1(44)(z) for eachi =1,...,1,



ON STABILITY OF PROPERTIES OF GENERAL RELATIONAL SYSTEMS 411

and f; = gj for each j =20+ 1,... ,n. Thus fz|k, (1) = 9|k, 00 (7) and fa|k, (I +
i) = gulr, 0 o711 +14) for each i € {1,...,1}, and fu|k,(j) = gz|K,(j) for each
je{2l+1,...,n}. Hence fi|lr, = gzlks 00, frlks = gulk, 007, fulks = 9ulKs-
As 1 € r and B is reflexive, we get g, € R . This implies that f, € R,El.

(ii) By the definition of AB, the statement holds for k¥ = 1. Suppose the
statement holds for k = p, p € N, p > 1. Let ¢ = (f1,...,fn) € 7“%“ where
fi € Hom(B,A) for i = 1,...,n. Then there exist mappings ¢ € ri., x € r
such that @’Iﬁ = "MKN 2 |K2UK3: X’KzUK3> w’Kz = X‘Kl © 0—7171”1(3 = X‘K3'
Let ¥ = (g1,...,9n) and x = (h1,...,hy,) where g;,h; € Hom(B,A) for i =
1,...,n. Then o|k, (i) = ¥|x, (i), Y|k, (I +1) = x|k, oo~ (I + i) for each i =

L., olrours () = XlKauk, (4) for each j = 141, ... n, and 9|k, (q) = X|k3(q)
for each ¢ =21+ 1,...,n. Therefore we have

(2.5) fi=gi and g = ho—144 foreach i =1,...,1,
(2.6) fj=hjforeach j =1014+1,...,n,
(2.7) gq=hg foreach ¢ =21+1,...,n.

Let x € B and

fo= (@), fa(@), g2 = (91(2), -, gn(@)), ha = (ha(x), ... ha(2)) € AT
By (2.5), (2.6) and (2.7), we have
file) = gi(z) and giys = hy-1(4p (@) for each i = 1,...,1,
fi(x) = hy(z) for each j =1 +1,...,n,
9q(x) = hy(x) for each g =20+ 1,...,n.

Thus fx’Kl(l) = gx’Kl(i)v gx’Kz(l+i) = hr|K1 oo'_l(l—l—i) for each i = L.. '7l7
falKours (J) = ha|Kour, (7) for each j =14+ 1,...,n, and g|k,(q) = ha|r,(q) for
each ¢ = 20 +1,...,n. Hence fx’Kl = gz|K17 gx|K2 = hx’Kl o 0_17 fx’KzUKg =
hzlk,uKs and x|k, = hz|k,. By the assumption for £ = p, B is reflexive and
Y € ri., we see that (g1(2),...,gn(x)) € RY.. Because B is reflexive and x € r,
(h1(x),...,hn(z)) € R. This implies that f; = (fi(x),..., fn(z)) € R?Ll. Hence
(fi(x),..., fa(x)) € RY. for each x € B where f; € Hom(B,A) fori =1,...,n,
keNk>1if (f1,...,[a) €1k O

Theorem 2.3. Let A = (A, R),B = (B, S) be n-ary relational systems of type
H with card H = n,n > 2 and let K = ({K;}3_,,0) be a b-decomposition of H.
Then the following statements hold.
(1) If A is both diagonal and reflexive with regard to KC, then AB is reflexive
with regard to IC.
(ii) If B is reflexive and A is irreflexive with regard to IC, then AB is irreflea-
we with regard to K.
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Proof. Suppose AB = (Hom (B, A),r).
(i) Assume ¢ = (f1,..., fn) € Ex where f; € Hom(B, A). Let (z1,...,2,) € S
where x; € B for i = 1,...,n. By Lemma 2.1, we have (fi(z;),..., fo(x;)) € Ex

for each ¢ = 1,...,n. Since A is reflexive with regard to K, we also have
(2.8) (fi(xi), ..., fu(x;)) € R for each i =1,...,n.

As f; is a homomorphism, we have

(2.9) (fi(z1),..., fi(xyn)) € R for each i =1,...,n.

Because A is diagonal, we have (f1(z1),..., fn(zn)) € R, and then ¢ € r. Hence
AB is reflexive with regard to K.

(ii) Assume ¢ = (f1,..., fn) € 7N Ex where f; € Hom(B,A). Since ¢ € Ex
and Lemma 2.1, we have

(2.10) (fi(z),..., fu(z)) € Ex for each x € B.
As ¢ € r and B is reflexive, we have
(2.11) (fi(z),..., fu(x)) € R for each x € B.

From (2.10) and (2.11), we have (fi(z),..., fa(x)) € RN Ex for each x € B,
which contradicts the assumption that A is irreflexive with regard to K. Hence
AB is irreflexive with regard to K. U

Theorem 2.4. Let A = (A, R),B = (B,S) be n-ary relational systems of type
H with card H =n,n > 2 and let K = ({K;}}_,,0) be a b-decomposition of H.
If B is reflexive then the following statements hold.
(i) If A s both diagonal and symmetric (transitive) with regard to K, then
AB is symmetric (transitive) with regard to K.
(i) If A is asymmetric (atransitive) with regard to K, then AB is asymmetric
(atransitive) with regard to K.
(iii) If A is antisymmetric with regard to K, then AB is antisymmetric with
regard to K.

Proof. Since B is reflexive, A is diagonal and symmetric (transitive) with regard
to K by using Lemma 2.2, so we can prove in the same manner of Theorem 2.3(i)
that AB is symmetric (transitive) with regard to K. The proof of (ii) is similar
to that of Theorem 2.3(ii) by using Lemma 2.2.

(iii) Let ¢ = (f1,..., fn) where f; € Hom(B,A) fori = 1,...,n and ¢ €
r N r,El. By using the same argument as that used in the proof of Theorem
2.3(ii), we have (fi(z),...,fa(z)) € RN R, Since A is antisymmetric with
regard to K, we get (fi(x),..., fn(z)) € Ex for each x € B. By Lemma 2.1, we
can see that ¢ € Ex. Hence AP is antisymmetric with regard to K. U

Lemma 2.5. Let A = (A, R),B = (B, S) be n-ary relational systems of type H
with card H =n,n >3 and let K = ({K;}71,{0:}"") be a ty,-decomposition of
H. Let AB = (Hom(B, A),r), and let B be reflexive. If (f1,..., fa) € ‘ri, then
(fi(x),..., fu(x)) € R for each x € B where fi € Hom(B,A) fori=1,...,n.
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Proof. Assume |Ki| = |Ko| =+ = |Ky| =1
Let o = (f1,...,fn) € 'rx where f; € Hom(B,A) for i = 1,...,n. Then

¢ € (Hom(B, A))H and there exists a mapping 1 € r such that ¢|x, = ¢|k,,,00;
1 1 1

fori =1,...,m—1, and ¢|k,, = |k, c0; 00y o...00, . Therefore we
have o[k, ((i = DI+ j) = Y|k, 0 0i((@ — 1)l +j) and ¢k, (m — 1)l +j) =
Y|, 007 ooy toroo b ((m—1)l+74) fori=1,...,m—1,and for j = 1,...,1,
i.e. foreach j =1,... 1, we get
ol (7)) = Yl 001()),
90|K2(l+j) = ¢’K3002(l+j)’
and ¢lx, ((m—1)I+j) = vl ooy ooy oo, ly((m—1)+)).

Let ¥ = (g1,...,9n) where g; € Hom(B,A) for i = 1,...,n. So we see that
Fa-vis) = Ioi-1i+s) A fan-1)i45) = Iorlooy oot (m-1)i4g) 10T 1 =

1,...,m—1and for j =1,...,l. Therefore we have
i = Y90.0)
fivi = Gou(rj)s
fm-214i = Gop_1((m=2)i+j)>
and  fo,_1y45 = 9o ooy tormoo L L (m—1)l+4)"

Let x € B. Then we have f((i_l)lﬂ-)(w) = gUi((i_l)l+j)<$) and

Fiom=1)149) (%) = 9o 1007 1000 ((m-y+5) ()

forte=1,...,m—1and for j =1,...,l. Suppose

Jo = (fl(x)’ EE) fn(x))v Gz = (gl(x)v e 7gn(x))'
Then we have f((;—1)11j)() = go;((i-1)1+5)(®) and

fm=1y145)(2) = gal—loo;lo-uog;{l((m—1)1+j)(x)

fori=1,...,m—1and for j =1,...,l. Therefore we have

Jalg, (0= DI+ j) = galkipy 0 0i((i = DI+ )

and folr, ((m = DI+ j) = galiy 0 07 0057 000,y ((m = 1)l + j) for
i=1,...,m—landforj=1,...,l. Thus f;|x, = gz|K, 00 fori=1,... . m—1,

and fz|k,, = 9z|K, oal_1 002_1 o oa;ll_l. So we see that f, € 'Ry. O

Theorem 2.6. Let A = (A, R),B = (B, S) be n-ary relational systems of type
H with card H =n,n >3 and let K = ({K; Y7, {0:}"7") be a ty,-decomposition
of H. If B is reflexive then the following statements hold.
(i) If A is both diagonal and cyclic with regard to IC, then AB s cyclic with
regard to K.
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(ii) If A is acyclic with regard to K , then AB is acyclic with regard to K.

Proof. Since B is reflexive, A is diagonal and cyclic with regard to X by using
Lemma 2.5, so we can prove, similarly to Theorem 2.3(i), that AB is cyclic with
regard to K. The proof of (ii) is similar to that of Theorem 2.3(ii) by using
Lemma 2.5, we conclude (ii). O
Let A = (A, R),A = (A, R) be n-ary relational systems of type H with the
same carrier set. Then we set
ANA = (4,RNR),
AUA = (4,RUR).
If card H = n,n > 2 and K = ({K;}3_,,0) be a b-decomposition of H then we
set
Al = (A R.
O

s

A= (A, R) be n-ary relational systems of type H
{K;}3_,,0) be a b-decomposition of H. If A and

Lemma 2.7. Let A = (A, R),
with card H =n,n > 2, K = (
A is diagonal then
(i) an n-ary relational system of type H AN A has the same property,
ii) an n-ary relational system of type H A" has the same property.
K

Proof. Suppose |K1| = |Ks| =1, |K3| = m. 4
(i) Let (z},...,2") € RN R and (z¢,...,21) € RN R where z/ € A for

i y g %

i,j =1,...,n. Because (z},...,21),(z%,...,2%) € R and A is diagonal, we see
that (zl,...,27) € R. Similarly, for (z},...,27) € R and (zi,...,2%) € R,

because A is diagonal, we get (z1,...,27) € R. Therefore (z!,...,2") € RN R.
Thus A N A is diagonal.

(ii) Let 7 = (x},...,2) € Rc' and ¢; = (a},...,2%) € R' where xf €A
for i,7 = 1,...,n. Since r; € R,El, there exists a mapping 7; € R such that
Tilk, = Tilk, © 0, Tilk, = Tilk, 0 07, Tilks = Filks for i = 1,...,n. Then
Ti’K1 OO'_1 = T/‘Z"KQ, Ti’Kg og = 7"i|K17 T’i‘Kg = 7@"](3 for 1 = 1,. Loy N So we have
foreachi=1,...,n,

, o(1 o(l o (141 o121 2l+1
(2.12) 7y = (xi( ),...,mi(),mi ( ),...,ml- ( ),a:i o,
And we also have for each 1 =1,...,1,
, o1 a(l) o 1(+1) o712 2141
(2.13) 7o) = (:L’U(Z.) s T L) e Ty Ty ,xﬁ(i)) € R,
‘ _ (o) o(l) ot (1+1) o7t@) 2141
To=1(1+i) _(xa*1(1+i)7 o Lo i)y Lot (4i) 0 Tom1(144) To1(144)

.. 711;‘271([—&-1')) S R.
Similarly, for ¢; = (x%,...,2%) € R,El, we have ¢; € Rso that foreachi =1,...,n,

(214) C/rL == (1‘;(1), e ,x(lj(l), xi,l(l_,'_l), e 71‘2_71(20, x221+1, PPN 7.%':1)
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And we also have for each 1 =1,...,1,
, . o (%) o(i) o(i) o(7) o(7) oli
(215)  éo4 = (9:0(1), gy Tt gy Lot a1y Lot ,xn( )) € R,
p o7+ o (1+4) o (144) o (1+4) o (144)
Co=1(1+i) —(%(1) s Toqy s Tem1qgy s Tomriayy s o1

a8 )y e R

Since A is diagonal, we see that

o(1) a(l) o7 t(+1) o1 (20) | 2141
(a:a(l), s L) T (1 1)s e Lt () T ,xn) € R.
Let ) )
_ (o) o) o7 (1+1) o2 | 2141
g= (560(1)7 o) Tyt 1)r 0 Ty T g1 xn)
and f = (JI%, . 7ZE2) Then we have g|K1 = f‘KQ ° 0, g|K2 = f‘Kl © 0_17 S0
flxy = 9lxy 00y flr, = 9|k, oo 1, flrs = glks- Hence f € R,El, this implies
that A,El is diagonal. O

Theorem 2.8. Let A = (A,R),A = (A, R),B = (B,S) be n-ary relational
systems of type H with card H = n,n > 2, and let K = ({K;}}_;,0) be a b-
decomposition of H. Then the following statements hold.
(i) If A, A are diagonal and reflexive with regard to K, then (AN A)B and
(A,EI)B have the same property.
(ii) If A, A are irreflezive with regard to K, then (AU A)B (AN A)B and
(A,El)B have the same property.
(i) If B is reflezive, A, A are diagonal and symmetric (transitive) with regard
to K, then (AN A)B and (AH)B have the same property.
(iv) If B is reflezive, and A, A are asymmetric (antisymmetric, atransitive)
with regard to K, then (AN A)B and (AH)B have the same property.

Proof. The assertions (i)-(iv) follow from Proposition 1.3, Theorem 2.3, Theorem
2.4 and Lemma 2.7 . g

Let A = (A, R) be an n-ary relational system of type H with card H = n,n > 3
and let IC = ({K;}7,, {0:}1"7") be a t,,-decomposition of H. Then we set
IA/C = (Aa IRIC)'
Lemma 2.9. Let A = (A, R),B = (B, S) be n-ary relational systems of type H

with card H =n,n >3 and let K = ({K;}1,{0:}"7) be a ty,-decomposition of
H. If A is diagonal then 'Ax has the same property.

Proof. Assume |Ky| = |Ks| = |K3| =+ = |K;y| = 1. Letr; = (z},...,27) € 'R
and ¢; = (2%,...,2%) € 'R where 2/ € Afori,j =1,...,n. Since r; € 'Ry,
there exists a mapping 7; € R such that for each ¢ = 1,... n, we get ri|K]. =
. : . -1 -1 -1

ri|Kj+1 ogjfor j =1,...,m—1, and r|g,, = 7|k, 00y 00y 0---00, " .

Then for each i = 1,...,n we have 7|k, = 7i|Kk,, © Om—10 Om—20---00; and
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, 1 .
Filk, o, = m\Kjaj forj =1,....m—1. Put 6,1 00;_20---007 = a and
m—1=k. So for each i =1,...,n, we have

.ol a(l) o7 t(+1) or1@2) oy t(20+1) o5 1 (30)
7 = (x; R AN eyt ;2 e X2
-1 -1
o, (kl+1) o, (n)
ey XF s x ).

Then we have for each i =1,...,1,

. e all) ort(+1) ort@) oy t(2l+1) o5 1(30)
Ta(i) = (xa(i) e T Tl Ty Tl s Tl
-1 -1
(2.16) xi’zi)(kHl), ol M) eR,
and for each j =1,... k,
, . a(1) a(l) o 4 o2l oy H(2i+1)
Fort i) = Eoriuaiy 0 Tort iy Tor ity Tort (i) Tor (i)
-1 -1 -1
(217) oy~ (31) o, (kl+1) o, (n) ) cR.

[ S R Ty 1
’ o; Ll ! o; Lji+i) ’ o L(ji44)

Similarly, for ¢; = (2%,...,2%) € 'Ry, so we have é; € R such that for each
1=1,....n

G = (Tam) »eees xz‘(l)’a;(szl(l-i-l)’ e "”Z;I(zzy%;l(mﬂ)’ o ’x;;l(:u)
geeey xogl(k‘l#»l)’.'.’x(f;l(n)).
Therefore we have for each i =1,...,1,
p 10} a(i) ) a(i) a(i) (i)
Cati) = (o) -+ Ta) Tty Torlany Yottty 0 oy 1@
a(i) (i)
(2.18) ey $J;1(kl+1)7...,x0;1(n)) € R,
and for each j =1,...,k,
) _ o1 (jl44) o Gl ot (i) o (Gl4i) oyt (jl+)
cﬂjl(jlﬂ') = Wagy) e Tay ’mal‘l(lﬂ) v ,9601_1(2l) ’xagl(zlﬂ)’ T
o (jl+i) o (jl+i) o5 (jl44)
J J J
(2.19) x0'2_1(3l) - ’xagl(kl-kl)’ ... ,azak_l(n) ) € R,

Because A is diagonal, we see that

a(1) all) o7 t(+1) o M2 oy t(2041)
(:Z:Oc(l)"'"xa(l)’ngl(l_i_l)""’ U;I(Ql)’ o_;l(zl_,’_l)”"’
-1 -1 -1
oy (31) o, (kl+1) o, (n)
T ooty T 1y xa,;l(n)) € R.

_ (o) a(l) oy (+1) oy} (21) oy (ki+1) op ()
Let g = (xa(l), Tl Ty Tt gy o (L) o‘,:,l(n)) and
f = («1,...,27). Then we have g|x, = flk,, © Om-10° Om_20---0 01 and
9K, = f\Kjaj_l, so we get flx, = glk,,, 00j for j = 1,...,m — 1, and

flx,, = 9lk, © 01_1 o 02_1 0---0 0;1_1. Thus f € 'Ry, which yields that 'Ag is
diagonal. O
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Theorem 2.10. Let A = (A,R),A = (A, R),B = (B,S) be n-ary relational
systems of type H with card H =n,n >3, and let K = ({K;}", {o:}"") be a
tm-decomposition of H. If B is reflexive then the following statements hold.
(i) If A, A are both diagonal and cyclic with regard to K, then (AN A)B
and (*Ax)B have the same property.
(ii) If A, A are acyclic with regard to K, then (AN A)B and (*Ax)B have
the same property.

Proof. The assertions (i)-(ii) follow from Proposition 1.4, Theorem 2.6 and Lemma
2.9. U

Let A = (A, R) be an n-ary relational system of type H with card H = n,n > 2
and K = ({K;}?_,,0) be a b-decomposition of H. Then we set

Axx = (A Rxx).

Lemma 2.11. Let A = (AjR),A = (A,R) be n-ary relational systems of type
H with card H =n,n > 2, K = ({K;}}_,,0) be a b-decomposition of H, if A is
diagonal then A x i has the same property.

I [at)

Proof. Suppose |K1| = |Ks| = I, |K3| = m. Let r; = (z},...,2%) € Rxx and
ci = (z%,... ,xél) € Ry where z] € Afori,j =1,...,n. Since r; € Ry i, there
exists a mapping 7; € R such that 7;(k) = r;(k) for each k € K1 U K9 and #; =
z¥ for each k € K3. Thus we get
(2.20) o= (x},. .. ,az?l, x?“‘l, ...,xp) foreachi=1,...,n.

Similarly, as ¢; € Rx i, there exists a mapping

(2.21) &= (ai, ..., ab,2bq,...,25) € Rforeachi=1,...,n.

Because A is diagonal, we have

(z1,.. ,m%é,zgiﬁ, ..., xr) €R.
Let g = (z1,... ,mgf, x%ﬁﬂ, ..., o). Then there exists a mapping f = (z1,. .. ,x%é)
such that f(k) = g(k) for each k € K1 U K and g(k) = 2¥ for each k € K3, this
implies that f € Rx x. Hence Ax i is diagonal. O

Theorem 2.12. Let A = (A, R),B = (B, S) be n-ary relational systems of type
H with card H =n,n > 2, K = ({K;}}_,,0) be a b-decomposition of H and let
Ax x = (A, Rx ). Then the following statements hold.
(i) If A is diagonal and reflexive with regard to K, then (Ax )B is reflezive
with regard to K.
(ii) If A is irreflezive with regard to K, then (Axx)® is irreflezive with
regard to K.
(iii) If B is reflexive, A is diagonal and symmetric (transitive) with regard to
I, then (Axx)B is symmetric (transitive) with regard to K.
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(iv) If B is reflexive and A is asymmetric (antisymmetric, atransitive) with
regard to K, then (Axx)B is asymmetric (antisymmetric, atransitive)
with regard to IC.

Proof. The assertions (i)-(iv) follow from Proposition 1.5, Theorem 2.3, Theorem
2.4 and Lemma 2.11. O
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