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ON STABILITY OF PROPERTIES OF GENERAL RELATIONAL

SYSTEMS UNDER POWERS

NITIMA CHAISANSUK AND SORASAK LEERATANAVALEE*

Abstract. In the paper, we study powers of general relational systems. We
solve the problem of finding sufficient conditions under which some properties
of relational systems are preserved by powers of these systems. The properties
considered are defined with respect to a decomposition of the corresponding
index set and they are a common generalization of certain properties of binary
and ternary relational systems. We also associate new relational systems with
given ones and then study their powers.

1. Preliminaries

Let n be a positive integer. Let A,H be nonempty sets and let AH be the set
of all mappings from H into A. A sequence in A is any mapping from H into
A, denoted by (ah | h ∈ H). If H = {1, . . . , n}, we write (a1, . . . , an) instead of
(ah | h ∈ H). We usually identify the set of all mappings from {1, . . . , n} into A
with the cartesian power An = A× . . .×A︸ ︷︷ ︸

n−terms

. By a relation R in the general sense

we mean a set of mappings R ⊆ AH . The pair (A,R) is called a relational system
of type H. The sets A and H are called the carrier set and the index set of R,
respectively. In case of H = {1, . . . , n}, R ⊆ AH is called an n-ary relation on A
and (A,R) is called an n-ary relational system.

Let A = (A,R), B = (B,S) be n-ary relational systems. A mapping f : B →
A is called a homomorphism of B into A provided that if (x1, . . . , xn) ∈ S then
(f(x1), . . . , f(xn)) ∈ R. We denote by Hom(B,A) the set of all homomorphisms
of B into A. If f : B → A is a bijection and both f : B → A and f−1 : A → B
are homomorphisms, then f is called an isomorphism of B into A. We will write
B ∼= A if there exists an isomorphism of B into A.

An n-ary relational system A = (A,R) is said to be

(i) reflexive provided that (x1, . . . , xn) ∈ R whenever x1 = · · · = xn ∈ A.
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(ii) diagonal provided that, whenever (xji ) is an n × n-matrix over A, from

(x1i , . . . , x
n
i ) ∈ R for each i = 1, . . . , n and (xj1, . . . , x

j
n) ∈ R for each

j = 1, . . . , n it follows that (x11, . . . , x
n
n) ∈ R.

Let A = (A,R) and B = (B,S) be n-ary relational systems. The power of
A and B is the n-ary relational system AB = (Hom(B,A), r) where for any
f1, . . . , fn ∈ Hom(B,A), (f1, . . . , fn) ∈ r if and only if (x1, . . . , xn) ∈ S implies
(f1(x1), . . . , fn(xn)) ∈ R whenever x1, . . . , xn ∈ B.

In [6] J. Šlapal investigated some relations and studied their properties such
as the following.

Let H be a set with card H ≥ 2. A b-decomposition of H is a pair ({Ki}3i=1, σ)
where {Ki}3i=1 is a sequence of three sets satisfying

(i)
3⋃
i=1

Ki = H,

(ii) Ki ∩Kj = ∅ for all i, j ∈ {1, 2, 3}, i 6= j,
(iii) 0 < card K1 = card K2 and σ : K1 → K2 is a bijection.

Let H be a set with card H ≥ 3. Let m ∈ N be such that there exists a
cardinal number p with p · m = card H. A tm-decomposition of H is a pair
({Ki}mi=1, {σi}

m−1
i=1 ) where {Ki}mi=1 is a sequence of m sets satisfying

(i)
m⋃
i=1

Ki = H,

(ii) Ki ∩Kj = ∅ for all i, j ∈ {1, . . . ,m}, i 6= j,

(iii) card Ki = p for each i ∈ {1, . . . ,m} and {σi}m−1i=1 is a sequence of
bijections σi : Ki → Ki+1 for i = 1, . . . ,m− 1.

For any map f : H → A and any subset K ⊆ H, we denote by f |K the
restriction of f to K.

Let A, H be sets and let K = ({Ki}3i=1, σ) be a b-decomposition of H. If
R,S ⊆ AH , then we define relations

(i) EK ⊆ AH , called the diagonal with regard to K by:

f ∈ EK ⇐⇒ f |K1 = f |K2 ◦ σ;

(ii) R−1K ⊆ AH , called the inversion of R with regard to K by:

f ∈ R−1K ⇐⇒ ∃g ∈ R : f |K1 = g|K2 ◦ σ, f |K2 = g|K1 ◦ σ−1, f |K3 = g|K3 ;

(iii) (RS)K ⊆ AH , called the composition of R and S with regard to K by:

f ∈ (RS)K ⇐⇒ ∃g ∈ R, h ∈ S : g|K2 = h|K1 ◦ σ−1, g|K3 = h|K3 ,

f |K1 = g|K1 , f |K2∪K3 = h|K2∪K3 .

Let R ⊆ AH , and let K = ({K}mi=1, {σi}
m−1
i=1 ) be a tm-decomposition of H.

Then we define a relation 1RK ⊆ AH by:

f ∈ 1RK ⇐⇒ ∃g ∈ R : f |Ki = g|Ki+1 ◦ σi for i = 1, . . . ,m− 1,

f |Km = g|K1 ◦ σ−11 ◦ σ
−1
2 ◦ · · · ◦ σ

−1
m−1.
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Definition 1.1. Let R ⊆ AH with card H ≥ 2 and let K = ({Ki}3i=1, σ) be a
b-decomposition of H. Then R is called

(i) reflexive (irreflexive) with regard to K if EK ⊆ R (R ∩ EK = ∅),
(ii) symmetric (asymmetric, antisymmetric) with regard to K if R−1K ⊆ R (R∩

R−1K = ∅, R ∩R−1K ⊆ EK),
(iii) transitive (atransitive) with regard to K if R2

K ⊆ R (R∩RnK = ∅ for every
n ∈ N, n ≥ 2).

Definition 1.2. Let R ⊆ AH with card H ≥ 3 and let K = ({K}mi=1, {σi}
m−1
i=1 )

be a tm-decomposition of H. Then R is called cyclic (acyclic) with regard to K
if 1RK ⊆ R (R ∩ 1RK = ∅).

Let A = (A,R) be a relational system. If R has any one of the properties with
regard to K defined above, we say that A has the same property.

Proposition 1.3. [6] Let R, Ŕ ⊆ AH , and let K = ({Ki}3i=1, σ) be a b-decomposi-
tion of H. Then the following statements hold.

(i) If R, Ŕ are reflexive (irreflexive, symmetric) with regard to K, then R ∪
Ŕ, R ∩ Ŕ and R−1K have the same property.

(ii) If R, Ŕ are transitive (asymmetric, antisymmetric, atransitive) with re-

gard to K, then R ∩ Ŕ and R−1K have the same property.

Proposition 1.4. [6] Let R, Ŕ ⊆ AH , and let K = ({Ki}mi=1, {σi}
m−1
i=1 ) be a

tm-decomposition of H. Then the following statements hold.

(i) If R, Ŕ are cyclic with regard to K, then R ∪ Ŕ, R ∩ Ŕ and 1RK have the
same property.

(ii) If R, Ŕ are acyclic with regard to K, then R ∩ Ŕ and 1RK have the same
property.

Let R ⊆ GH , and let K = ({Ki}3i=1, σ) be a b-decomposition of H. Let
X = {xk; k ∈ K3} be a family of elements of G. Then we define a relation
RX,K ⊆ GH−K3 by

f ∈ RX,K ⇐⇒ ∃g ∈ R : f(k) = g(k) for each k ∈ K1 ∪K2 and,

g(k) = xk for each k ∈ K3.

RX,K is called the X-projection of R with regard to K.
We denote the b-decomposition of H −K3 given by K̃ = ({Ki}3i=1, σ), where

K̃i = Ki for i = 1, 2, and K3 = ∅.

Proposition 1.5. [6] Let R ⊆ GH , and let K = ({Ki}3i=1, σ) be a b-decomposition
of H. If R has any one of the properties with regard to K introduced in Definitions
1.1 and 1.2, then RX,K has the same property with regard to K̃ for each family
X = {xk; k ∈ K3} of elements of G.
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2. Main Results

Lemma 2.1. Let A = (A,R),B = (B,S) be n-ary relational systems of type
H with card H = n, n ≥ 2, K = ({Ki}3i=1, σ) be a b-decomposition of H, and
let fi ∈ Hom(B,A) for i = 1, . . . , n then (f1, . . . , fn) ∈ EK if and only if
(f1(x), . . . , fn(x)) ∈ EK for each x ∈ B.

Proof. Suppose |K1| = |K2| = l, |K3| = m. Let ϕ = (f1, . . . , fn) where fi ∈
Hom(B,A) for i = 1, . . . , n.

(=⇒) Let ϕ ∈ EK. So ϕ ∈ (Hom(B,A))H and ϕ|K1 = ϕ|K2 ◦ σ. Therefore
ϕ|K1(i) = ϕ|K2 ◦ σ(i) for each i ∈ {1, . . . , l}. Thus we have

(2.1) fi = fσ(i) for each i = 1, . . . , l.

Let x ∈ B and fx = (f1(x), . . . , fn(x)) ∈ AH . By (2.1), we have fi(x) = fσ(i)(x)
for each i = 1, . . . , l. Thus fx|K1(i) = fx|K2 ◦ σ(i) for each i ∈ {1, . . . , l}, so we
get fx|K1 = fx|K2 ◦ σ. We can see that fx = (f1(x), . . . , fn(x)) ∈ EK.

(⇐=) Assume (f1(x), . . . , fn(x)) ∈ EK for each x ∈ B where fi ∈ Hom(B,A)
for i = 1, . . . , n. Let x ∈ B and fx = (f1(x), . . . , fn(x)) . By the assumption, we
have fx = (f1(x), . . . , fn(x)) ∈ EK. Then fx|K1 = fx|K2 ◦ σ. This implies that

(2.2) fi(x) = fσ(i)(x) for each i = 1, . . . , l.

Suppose ϕ 6∈ EK. Then ϕ|K1 6= ϕ|K2 ◦ σ, so there exists j ∈ {1, . . . , l}
such that ϕ|K1(j) 6= ϕ|K2 ◦ σ(j). This yields fj 6= fσ(j). Therefore fj(x) 6=
fσ(j)(x) for some x ∈ B, which contradicts (2.2). Thus ϕ ∈ EK. �

Lemma 2.2. Let A = (A,R),B = (B,S) be n-ary relational systems of type
H with card H = n, n ≥ 2, K = ({Ki}3i=1, σ) be a b-decomposition of H. Let

AB = (Hom(B,A), r) and let B be reflexive. Then the following statements
hold.

(i) If (f1, . . . , fn) ∈ r−1K , then (f1(x), . . . , fn(x)) ∈ R−1K for each x ∈ B where
fi ∈ Hom(B,A) for i = 1, . . . , n .

(ii) If (f1, . . . , fn) ∈ rkK, then (f1(x), . . . , fn(x)) ∈ RkK for each x ∈ B where
fi ∈ Hom(B,A) for i = 1, . . . , n, k ∈ N, k ≥ 1.

Proof. Suppose |K1| = |K2| = l, |K3| = m.
(i) Let ϕ ∈ r−1K . Then ϕ ∈ (Hom(B,A))H and there exists a mapping ψ ∈ r

such that ϕ|K1 = ψ|K2◦σ, ϕ|K2 = ψ|K1◦σ−1, ϕ|K3 = ψ|K3 . Thus ϕ|K1(i) = ψ|K2◦
σ(i), ϕ|K2(l+ i) = ψ|K1 ◦σ−1(l+ i) for each i ∈ {1, . . . , l} and ϕ|K3(j) = ψ|K3(j)
for each j ∈ {2l + 1, . . . , n}. Let ϕ = (f1, . . . , fn) and ψ = (g1, . . . , gn) where
fi, gi ∈ Hom(B,A) for i = 1, . . . , n. Then we have

(2.3) fi = gσ(i) and fl+i = gσ−1(l+i) for each i = 1, . . . , l,

and we also have

(2.4) fj = gj for each j = 2l + 1, . . . , n.

Let x ∈ B and fx = (f1(x), . . . , fn(x)), gx = (g1(x), . . . , gn(x)) ∈ AH . By (2.3)
and (2.4), we have fi(x) = gσ(i)(x) and fl+i(x) = gσ−1(l+i)(x) for each i = 1, . . . , l,
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and fj = gj for each j = 2l+ 1, . . . , n. Thus fx|K1(i) = gx|K2 ◦σ(i) and fx|K2(l+
i) = gx|K1 ◦ σ−1(l + i) for each i ∈ {1, . . . , l}, and fx|K3(j) = gx|K3(j) for each
j ∈ {2l+ 1, . . . , n}. Hence fx|K1 = gx|K2 ◦σ, fx|K2 = gx|K1 ◦σ−1, fx|K3 = gx|K3 .
As ψ ∈ r and B is reflexive, we get gx ∈ R . This implies that fx ∈ R−1K .

(ii) By the definition of AB, the statement holds for k = 1. Suppose the

statement holds for k = p, p ∈ N, p ≥ 1. Let ϕ = (f1, . . . , fn) ∈ rp+1
K where

fi ∈ Hom(B,A) for i = 1, . . . , n. Then there exist mappings ψ ∈ rpK, χ ∈ r
such that ϕ|K1 = ψ|K1 , ϕ |K2∪K3= χ|K2∪K3 , ψ|K2 = χ|K1 ◦ σ−1, ψ|K3 = χ|K3 .
Let ψ = (g1, . . . , gn) and χ = (h1, . . . , hn) where gi, hi ∈ Hom(B,A) for i =
1, . . . , n. Then ϕ|K1(i) = ψ|K1(i), ψ|K2(l + i) = χ|K1 ◦ σ−1(l + i) for each i =
1, . . . , l, ϕ|K2∪K3(j) = χ|K2∪K3(j) for each j = l+1, . . . , n, and ψ|K3(q) = χ|K3(q)
for each q = 2l + 1, . . . , n. Therefore we have

(2.5) fi = gi and gl+i = hσ−1(l+i) for each i = 1, . . . , l,

(2.6) fj = hj for each j = l + 1, . . . , n,

(2.7) gq = hq for each q = 2l + 1, . . . , n.

Let x ∈ B and

fx = (f1(x), . . . , fn(x)), gx = (g1(x), . . . , gn(x)), hx = (h1(x), . . . , hn(x)) ∈ AH .

By (2.5), (2.6) and (2.7), we have

fi(x) = gi(x) and gl+i = hσ−1(l+i)(x) for each i = 1, . . . , l,

fj(x) = hj(x) for each j = l + 1, . . . , n,

gq(x) = hq(x) for each q = 2l + 1, . . . , n.

Thus fx|K1(i) = gx|K1(i), gx|K2(l+ i) = hx|K1 ◦σ−1(l+ i) for each i = 1, . . . , l,
fx|K2∪K3(j) = hx|K2∪K3(j) for each j = l+ 1, . . . , n, and gx|K3(q) = hx|K3(q) for
each q = 2l + 1, . . . , n. Hence fx|K1 = gx|K1 , gx|K2 = hx|K1 ◦ σ−1, fx|K2∪K3 =
hx|K2∪K3 and gx|K3 = hx|K3 . By the assumption for k = p, B is reflexive and
ψ ∈ rpK, we see that (g1(x), . . . , gn(x)) ∈ RpK. Because B is reflexive and χ ∈ r,
(h1(x), . . . , hn(x)) ∈ R. This implies that fx = (f1(x), . . . , fn(x)) ∈ Rp+1

K . Hence

(f1(x), . . . , fn(x)) ∈ RkK for each x ∈ B where fi ∈ Hom(B,A) for i = 1, . . . , n,

k ∈ N, k ≥ 1 if (f1, . . . , fn) ∈ rkK. �

Theorem 2.3. Let A = (A,R),B = (B,S) be n-ary relational systems of type
H with card H = n, n ≥ 2 and let K = ({Ki}3i=1, σ) be a b-decomposition of H.
Then the following statements hold.

(i) If A is both diagonal and reflexive with regard to K, then AB is reflexive
with regard to K.

(ii) If B is reflexive and A is irreflexive with regard to K, then AB is irreflex-
ive with regard to K.
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Proof. Suppose AB = (Hom(B,A), r).
(i) Assume ϕ = (f1, . . . , fn) ∈ EK where fi ∈ Hom(B,A). Let (x1, . . . , xn) ∈ S

where xi ∈ B for i = 1, . . . , n. By Lemma 2.1, we have (f1(xi), . . . , fn(xi)) ∈ EK
for each i = 1, . . . , n. Since A is reflexive with regard to K, we also have

(2.8) (f1(xi), . . . , fn(xi)) ∈ R for each i = 1, . . . , n.

As fi is a homomorphism, we have

(2.9) (fi(x1), . . . , fi(xn)) ∈ R for each i = 1, . . . , n.

Because A is diagonal, we have (f1(x1), . . . , fn(xn)) ∈ R, and then ϕ ∈ r. Hence
AB is reflexive with regard to K.

(ii) Assume ϕ = (f1, . . . , fn) ∈ r ∩ EK where fi ∈ Hom(B,A). Since ϕ ∈ EK
and Lemma 2.1, we have

(2.10) (f1(x), . . . , fn(x)) ∈ EK for each x ∈ B.
As ϕ ∈ r and B is reflexive, we have

(2.11) (f1(x), . . . , fn(x)) ∈ R for each x ∈ B.
From (2.10) and (2.11), we have (f1(x), . . . , fn(x)) ∈ R ∩ EK for each x ∈ B,
which contradicts the assumption that A is irreflexive with regard to K. Hence
AB is irreflexive with regard to K. �

Theorem 2.4. Let A = (A,R),B = (B,S) be n-ary relational systems of type
H with card H = n, n ≥ 2 and let K = ({Ki}3i=1, σ) be a b-decomposition of H.
If B is reflexive then the following statements hold.

(i) If A is both diagonal and symmetric (transitive) with regard to K, then
AB is symmetric (transitive) with regard to K.

(ii) If A is asymmetric (atransitive) with regard to K, then AB is asymmetric
(atransitive) with regard to K.

(iii) If A is antisymmetric with regard to K, then AB is antisymmetric with
regard to K.

Proof. Since B is reflexive, A is diagonal and symmetric (transitive) with regard
to K by using Lemma 2.2, so we can prove in the same manner of Theorem 2.3(i)
that AB is symmetric (transitive) with regard to K. The proof of (ii) is similar
to that of Theorem 2.3(ii) by using Lemma 2.2.

(iii) Let ϕ = (f1, . . . , fn) where fi ∈ Hom(B,A) for i = 1, . . . , n and ϕ ∈
r ∩ r−1K . By using the same argument as that used in the proof of Theorem

2.3(ii), we have (f1(x), . . . , fn(x)) ∈ R ∩ R−1K . Since A is antisymmetric with
regard to K, we get (f1(x), . . . , fn(x)) ∈ EK for each x ∈ B. By Lemma 2.1, we
can see that ϕ ∈ EK. Hence AB is antisymmetric with regard to K. �

Lemma 2.5. Let A = (A,R),B = (B,S) be n-ary relational systems of type H
with card H = n, n ≥ 3 and let K = ({Ki}mi=1, {σi}

m−1
i=1 ) be a tm-decomposition of

H. Let AB = (Hom(B,A), r), and let B be reflexive. If (f1, . . . , fn) ∈ 1rK, then
(f1(x), . . . , fn(x)) ∈1 RK for each x ∈ B where fi ∈ Hom(B,A) for i = 1, . . . , n.
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Proof. Assume |K1| = |K2| = · · · = |Km| = l.
Let ϕ = (f1, . . . , fn) ∈ 1rK where fi ∈ Hom(B,A) for i = 1, . . . , n. Then

ϕ ∈ (Hom(B,A))H , and there exists a mapping ψ ∈ r such that ϕ|Ki = ψ|Ki+1◦σi
for i = 1, . . . ,m − 1, and ϕ|Km = ψ|K1 ◦ σ−11 ◦ σ−12 ◦ . . . ◦ σ−1m−1. Therefore we
have ϕ|Ki((i − 1)l + j) = ψ|Ki+1 ◦ σi((i − 1)l + j) and ϕ|Kn((m − 1)l + j) =

ψ|K1 ◦σ−11 ◦σ
−1
2 ◦ · · ·◦σ

−1
m−1((m−1)l+j) for i = 1, . . . ,m−1, and for j = 1, . . . , l,

i.e. for each j = 1, . . . , l, we get

ϕ|K1(j) = ψ|K2 ◦ σ1(j),
ϕ|K2(l + j) = ψ|K3 ◦ σ2(l + j),

. . .

ϕ|Km−1((m− 2)l + j) = ψ|Km ◦ σm−1((m− 2)l + j),

and ϕ|Km((m− 1)l + j) = ψ|K1 ◦ σ−11 ◦ σ
−1
2 ◦ · · · ◦ σ

−1
m−1((m− 1)l + j).

Let ψ = (g1, . . . , gn) where gi ∈ Hom(B,A) for i = 1, . . . , n. So we see that
f((i−1)l+j) = gσi((i−1)l+j) and f((m−1)l+j) = gσ−1

1 ◦σ
−1
2 ◦···◦σ

−1
m−1((m−1)l+j)

for i =

1, . . . ,m− 1 and for j = 1, . . . , l. Therefore we have

fj = gσ1(j),

fl+j = gσ2(l+j),

. . .

f(m−2)l+j = gσm−1((m−2)l+j),

and f(m−1)l+j = gσ−1
1 ◦σ

−1
2 ◦···◦σ

−1
m−1((m−1)l+j)

.

Let x ∈ B. Then we have f((i−1)l+j)(x) = gσi((i−1)l+j)(x) and

f((m−1)l+j)(x) = gσ−1
1 ◦σ

−1
2 ◦···◦σ

−1
m−1((m−1)l+j)

(x)

for i = 1, . . . ,m− 1 and for j = 1, . . . , l. Suppose

fx = (f1(x), . . . , fn(x)), gx = (g1(x), . . . , gn(x)).

Then we have f((i−1)l+j)(x) = gσi((i−1)l+j)(x) and

f((m−1)l+j)(x) = gσ−1
1 ◦σ

−1
2 ◦···◦σ

−1
m−1((m−1)l+j)

(x)

for i = 1, . . . ,m− 1 and for j = 1, . . . , l. Therefore we have

fx|Ki((i− 1)l + j) = gx|Ki+1 ◦ σi((i− 1)l + j)

and fx|Km((m − 1)l + j) = gx|K1 ◦ σ−11 ◦ σ−12 ◦ · · · ◦ σ−1m−1((m − 1)l + j) for
i = 1, . . . ,m−1 and for j = 1, . . . , l. Thus fx|Ki = gx|Ki+1 ◦σi for i = 1, . . . ,m−1,

and fx|Km = gx|K1 ◦ σ−11 ◦ σ
−1
2 ◦ · · · ◦ σ

−1
m−1. So we see that fx ∈ 1RK. �

Theorem 2.6. Let A = (A,R),B = (B,S) be n-ary relational systems of type
H with card H = n, n ≥ 3 and let K = ({Ki}mi=1, {σi}

m−1
i=1 ) be a tm-decomposition

of H. If B is reflexive then the following statements hold.

(i) If A is both diagonal and cyclic with regard to K, then AB is cyclic with
regard to K.
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(ii) If A is acyclic with regard to K , then AB is acyclic with regard to K.

Proof. Since B is reflexive, A is diagonal and cyclic with regard to K by using
Lemma 2.5, so we can prove, similarly to Theorem 2.3(i), that AB is cyclic with
regard to K. The proof of (ii) is similar to that of Theorem 2.3(ii) by using
Lemma 2.5, we conclude (ii). �

Let A = (A,R), Á = (A, Ŕ) be n-ary relational systems of type H with the
same carrier set. Then we set

A ∩ Á = (A,R ∩ Ŕ),

A ∪ Á = (A,R ∪ Ŕ).

If card H = n, n ≥ 2 and K = ({Ki}3i=1, σ) be a b-decomposition of H then we
set

A−1K = (A,R−1K ).

�

Lemma 2.7. Let A = (A,R), Á = (A, Ŕ) be n-ary relational systems of type H
with card H = n, n ≥ 2, K = ({Ki}3i=1, σ) be a b-decomposition of H. If A and

Á is diagonal then

(i) an n-ary relational system of type H A ∩ Á has the same property,
(ii) an n-ary relational system of type H A−1K has the same property.

Proof. Suppose |K1| = |K2| = l, |K3| = m.

(i) Let (x1i , . . . , x
n
i ) ∈ R ∩ Ŕ and (xi1, . . . , x

i
n) ∈ R ∩ Ŕ where xji ∈ A for

i, j = 1, . . . , n. Because (x1i , . . . , x
n
i ), (xi1, . . . , x

i
n) ∈ R and A is diagonal, we see

that (x11, . . . , x
n
n) ∈ R. Similarly, for (x1i , . . . , x

n
i ) ∈ Ŕ and (xi1, . . . , x

i
n) ∈ Ŕ,

because Á is diagonal, we get (x11, . . . , x
n
n) ∈ Ŕ. Therefore (x11, . . . , x

n
n) ∈ R ∩ Ŕ.

Thus A ∩ Á is diagonal.

(ii) Let ri = (x1i , . . . , x
n
i ) ∈ R−1K and ci = (xi1, . . . , x

i
n) ∈ R−1K where xji ∈ A

for i, j = 1, . . . , n. Since ri ∈ R−1K , there exists a mapping ŕi ∈ R such that
ri|K1 = ŕi|K2 ◦ σ, ri|K2 = ŕi|K1 ◦ σ−1, ri|K3 = ŕi|K3 for i = 1, . . . , n. Then
ri|K1 ◦ σ−1 = ŕi|K2 , ri|K2 ◦ σ = ŕi|K1 , ri|K3 = ŕi|K3 for i = 1, . . . , n. So we have
for each i = 1, . . . , n,

ŕi = (x
σ(1)
i , . . . , x

σ(l)
i , x

σ−1(l+1)
i , . . . , x

σ−1(2l)
i , x2l+1

i , . . . , xni ).(2.12)

And we also have for each i = 1, . . . , l,

ŕσ(i) = (x
σ(1)
σ(i) , . . . , x

σ(l)
σ(i), x

σ−1(l+1)
σ(i) , . . . , x

σ−1(2l)
σ(i) , x2l+1

σ(i) , . . . , x
n
σ(i)) ∈ R,(2.13)

ŕσ−1(l+i) =(x
σ(1)
σ−1(l+i)

, . . . , x
σ(l)
σ−1(l+i)

, x
σ−1(l+1)
σ−1(l+i)

, . . . , x
σ−1(2l)
σ−1(l+i)

, x2l+1
σ−1(l+i)

,

. . . , xnσ−1(l+i)) ∈ R.

Similarly, for ci = (xi1, . . . , x
i
n) ∈ R−1K , we have ći ∈ R so that for each i = 1, . . . , n,

ći = (xiσ(1), . . . , x
i
σ(l), x

i
σ−1(l+1), . . . , x

i
σ−1(2l), x

i
2l+1, . . . , x

i
n).(2.14)
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And we also have for each i = 1, . . . , l,

ćσ(i) = (x
σ(i)
σ(1), . . . , x

σ(i)
σ(l), x

σ(i)
σ−1(l+1)

, . . . , x
σ(i)
σ−1(2l)

, x
σ(i)
2l+1, . . . , x

σ(i)
n ) ∈ R,(2.15)

ćσ−1(l+i) =(x
σ−1(l+i)
σ(1) , . . . , x

σ−1(l+i)
σ(l) , x

σ−1(l+i)
σ−1(l+1)

, . . . , x
σ−1(l+i)
σ−1(2l)

, x
σ−1(l+i)
2l+1 ,

. . . , xσ
−1(l+i)
n ) ∈ R.

Since A is diagonal, we see that

(x
σ(1)
σ(1), . . . , x

σ(l)
σ(l), x

σ−1(l+1)
σ−1(l+1)

, . . . , x
σ−1(2l)
σ−1(2l)

, x2l+1
2l+1, . . . , x

n
n) ∈ R.

Let

g = (x
σ(1)
σ(1), . . . , x

σ(l)
σ(l), x

σ−1(l+1)
σ−1(l+1)

, . . . , x
σ−1(2l)
σ−1(2l)

, x2l+1
2l+1, . . . , x

n
n)

and f = (x11, . . . , x
n
n). Then we have g|K1 = f |K2 ◦ σ, g|K2 = f |K1 ◦ σ−1, so

f |K1 = g|K2 ◦ σ, f |K2 = g|K1 ◦ σ−1, f |K3 = g|K3 . Hence f ∈ R−1K , this implies

that A−1K is diagonal. �

Theorem 2.8. Let A = (A,R), Á = (A, Ŕ),B = (B,S) be n-ary relational
systems of type H with card H = n, n ≥ 2, and let K = ({Ki}3i=1, σ) be a b-
decomposition of H. Then the following statements hold.

(i) If A, Á are diagonal and reflexive with regard to K, then (A ∩ Á)B and
(A−1K )B have the same property.

(ii) If A, Á are irreflexive with regard to K, then (A ∪ Á)B, (A ∩ Á)B and
(A−1K )B have the same property.

(iii) If B is reflexive, A, Á are diagonal and symmetric (transitive) with regard

to K, then (A ∩ Á)B and (A−1K )B have the same property.

(iv) If B is reflexive, and A, Á are asymmetric (antisymmetric, atransitive)

with regard to K, then (A ∩ Á)B and (A−1K )B have the same property.

Proof. The assertions (i)-(iv) follow from Proposition 1.3, Theorem 2.3, Theorem
2.4 and Lemma 2.7 . �

Let A = (A,R) be an n-ary relational system of type H with card H = n, n ≥ 3
and let K = ({Ki}mi=1, {σi}

m−1
i=1 ) be a tm-decomposition of H. Then we set

1AK = (A, 1RK).

Lemma 2.9. Let A = (A,R),B = (B,S) be n-ary relational systems of type H
with card H = n, n ≥ 3 and let K = ({Ki}mi=1, {σi}

m−1
i=1 ) be a tm-decomposition of

H. If A is diagonal then 1AK has the same property.

Proof. Assume |K1| = |K2| = |K3| = · · · = |Km| = l. Let ri = (x1i , . . . , x
n
i ) ∈ 1RK

and ci = (xi1, . . . , x
i
n) ∈ 1RK where xji ∈ A for i, j = 1, . . . , n. Since ri ∈ 1RK,

there exists a mapping ŕi ∈ R such that for each i = 1, . . . , n, we get ri|Kj =

ŕi|Kj+1 ◦ σj for j = 1, . . . ,m − 1, and ri|Km = ŕi|K1 ◦ σ−11 ◦ σ−12 ◦ · · · ◦ σ−1m−1.
Then for each i = 1, . . . , n we have ŕi|K1 = ri|Km ◦ σm−1 ◦ σm−2 ◦ · · · ◦ σ1 and
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ŕi|Kj+1 = ri|Kjσ
−1
j for j = 1, . . . ,m − 1. Put σm−1 ◦ σm−2 ◦ · · · ◦ σ1 = α and

m− 1 = k. So for each i = 1, . . . , n, we have

ŕi = (x
α(1)
i , . . . , x

α(l)
i , x

σ−1
1 (l+1)
i , . . . , x

σ−1
1 (2l)
i , x

σ−1
2 (2l+1)
i , . . . , x

σ−1
2 (3l)
i

, . . . , x
σ−1
k (kl+1)
i , . . . , x

σ−1
k (n)
i ).

Then we have for each i = 1, . . . , l,

ŕα(i) = (x
α(1)
α(i) , . . . , x

α(l)
α(i), x

σ−1
1 (l+1)

α(i) , . . . , x
σ−1
1 (2l)

α(i) , x
σ−1
2 (2l+1)

α(i) , . . . , x
σ−1
2 (3l)

α(i)

, . . . , x
σ−1
k (kl+1)

α(i) , . . . , x
σ−1
k (n)

α(i) ) ∈ R,(2.16)

and for each j = 1, . . . , k,

ŕσ−1
j (jl+i) = (x

α(1)

σ−1
j (jl+i)

, . . . , x
α(l)

σ−1
j (jl+i)

, x
σ−1
1 (l+1)

σ−1
j (jl+i)

, . . . , x
σ−1
1 (2l)

σ−1
j (jl+i)

, x
σ−1
2 (2l+1)

σ−1
j (jl+i)

,

. . . , x
σ−1
2 (3l)

σ−1
j (jl+i)

, . . . , x
σ−1
k (kl+1)

σ−1
j (jl+i)

, . . . , x
σ−1
k (n)

σ−1
j (jl+i)

) ∈ R.(2.17)

Similarly, for ci = (xi1, . . . , x
i
n) ∈ 1RK, so we have ći ∈ R such that for each

i = 1, . . . , n

ći = (xiα(1) , . . . , xiα(l), x
i
σ−1
1 (l+1)

, . . . , xi
σ−1
1 (2l)

, xi
σ−1
2 (2l+1)

, . . . , xi
σ−1
2 (3l)

, . . . , xi
σ−1
k (kl+1)

, . . . , xi
σ−1
k (n)

).

Therefore we have for each i = 1, . . . , l,

ćα(i) = (x
α(i)
α(1) , . . . , x

α(i)
α(l), x

α(i)

σ−1
1 (l+1)

, . . . , x
α(i)

σ−1
1 (2l)

, x
α(i)

σ−1
2 (2l+1)

, . . . , x
α(i)

σ−1
2 (3l)

, . . . , x
α(i)

σ−1
k (kl+1)

, . . . , x
α(i)

σ−1
k (n)

) ∈ R,(2.18)

and for each j = 1, . . . , k,

ćσ−1
j (jl+i) = (x

σ−1
j (jl+i)

α(j) , . . . , x
σ−1
j (jl+i)

α(l) , x
σ−1
j (jl+i)

σ−1
1 (l+1)

, . . . , x
σ−1
j (jl+i)

σ−1
1 (2l)

, x
σ−1
j (jl+i)

σ−1
2 (2l+1)

, . . . ,

x
σ−1
j (jl+i)

σ−1
2 (3l)

, . . . , x
σ−1
j (jl+i)

σ−1
k (kl+1)

, . . . , x
σ−1
j (jl+i)

σ−1
k (n)

) ∈ R,(2.19)

Because A is diagonal, we see that

(x
α(1)
α(1), . . . , x

α(l)
α(l), x

σ−1
1 (l+1)

σ−1
1 (l+1)

, . . . , x
σ−1
1 (2l)

σ−1
1 (2l)

, x
σ−1
2 (2l+1)

σ−1
2 (2l+1)

, . . . ,

x
σ−1
2 (3l)

σ−1
2 (3l)

, . . . , x
σ−1
k (kl+1)

σ−1
k (kl+1)

, . . . , x
σ−1
k (n)

σ−1
k (n)

) ∈ R.

Let g = (x
α(1)
α(1), . . . , x

α(l)
α(l), x

σ−1
1 (l+1)

σ−1
1 (l+1)

, . . . , x
σ−1
1 (2l)

σ−1
1 (2l)

, . . . , x
σ−1
k (kl+1)

σ−1
k (kl+1)

, . . . , x
σ−1
k (n)

σ−1
k (n)

) and

f = (x11, . . . , x
n
n). Then we have g|K1 = f |Km ◦ σm−1 ◦ σm−2 ◦ · · · ◦ σ1 and

g|Kj+1 = f |Kjσ
−1
j , so we get f |Kj = g|Kj+1 ◦ σj for j = 1, . . . ,m − 1, and

f |Km = g|K1 ◦ σ−11 ◦ σ
−1
2 ◦ · · · ◦ σ

−1
m−1. Thus f ∈ 1RK, which yields that 1AK is

diagonal. �
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Theorem 2.10. Let A = (A,R), Á = (A, Ŕ),B = (B,S) be n-ary relational
systems of type H with card H = n, n ≥ 3, and let K = ({Ki}mi=1, {σi}

m−1
i ) be a

tm-decomposition of H. If B is reflexive then the following statements hold.

(i) If A, Á are both diagonal and cyclic with regard to K, then (A ∩ Á)B

and (1AK)B have the same property.

(ii) If A, Á are acyclic with regard to K, then (A ∩ Á)B and (1AK)B have
the same property.

Proof. The assertions (i)-(ii) follow from Proposition 1.4, Theorem 2.6 and Lemma
2.9. �

Let A = (A,R) be an n-ary relational system of type H with card H = n, n ≥ 2
and K = ({Ki}3i=1, σ) be a b-decomposition of H. Then we set

AX,K = (A,RX,K).

Lemma 2.11. Let A = (A,R), Á = (A, Ŕ) be n-ary relational systems of type
H with card H = n, n ≥ 2, K = ({Ki}3i=1, σ) be a b-decomposition of H, if A is
diagonal then AX,K has the same property.

Proof. Suppose |K1| = |K2| = l, |K3| = m. Let ri = (x1i , . . . , x
2l
i ) ∈ RX,K and

ci = (xi1, . . . , x
i
2l) ∈ RX,K where xji ∈ A for i, j = 1, . . . , n. Since ri ∈ RX,K, there

exists a mapping ŕi ∈ R such that ŕi(k) = ri(k) for each k ∈ K1 ∪K2 and ŕi =
xki for each k ∈ K3. Thus we get

ŕi = (x1i , . . . , x
2l
i , x

2l+1
i , . . . , xni ) for each i = 1, . . . , n.(2.20)

Similarly, as ci ∈ RX,K, there exists a mapping

ći = (xi1, . . . , x
i
2l, x

i
2l+1, . . . , x

i
n) ∈ R for each i = 1, . . . , n.(2.21)

Because A is diagonal, we have

(x11, . . . , x
2l
2l, x

2l+1
2l+1, . . . , x

n
n) ∈ R.

Let g = (x11, . . . , x
2l
2l, x

2l+1
2l+1, . . . , x

n
n). Then there exists a mapping f = (x11, . . . , x

2l
2l)

such that f(k) = g(k) for each k ∈ K1 ∪K2 and g(k) = xkk for each k ∈ K3, this
implies that f ∈ RX,K. Hence AX,K is diagonal. �

Theorem 2.12. Let A = (A,R),B = (B,S) be n-ary relational systems of type
H with card H = n, n ≥ 2, K = ({Ki}3i=1, σ) be a b-decomposition of H and let
AX,K = (A,RX,K). Then the following statements hold.

(i) If A is diagonal and reflexive with regard to K, then (AX,K)B is reflexive

with regard to K̃.
(ii) If A is irreflexive with regard to K, then (AX,K)B is irreflexive with

regard to K̃.
(iii) If B is reflexive, A is diagonal and symmetric (transitive) with regard to

K, then (AX,K)B is symmetric (transitive) with regard to K̃.
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(iv) If B is reflexive and A is asymmetric (antisymmetric, atransitive) with
regard to K, then (AX,K)B is asymmetric (antisymmetric, atransitive)

with regard to K̃.

Proof. The assertions (i)-(iv) follow from Proposition 1.5, Theorem 2.3, Theorem
2.4 and Lemma 2.11. �
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[8] J. Šlapal, On Relations, Czech. Math. J. 39(114) (1989), 199-214.
[9] J. Šlapal, On the direct power of relational system, Math. Slovaca 39 (1989), 251-255.

Department of Mathematics, Faculty of Science, Chiang Mai University
Chiang Mai 50200, Thailand
E-mail address: nitimachaisansuk@gmail.com

Materials Science Research Center, Faculty of Science, Chiang Mai University
Chiang Mai 50200, Thailand
E-mail address: scislrtt@chiangmai.ac.th


