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REMARKS ON EKELAND’S VARIATIONAL PRINCIPLE FOR
POLYNOMIAL FUNCTIONS

NGUYEN THI THAO

ABSTRACT. In this paper, we provide a method to determine points v € R™
which satisfy Ekeland’s variational principle, and also to choose Palais-Smale
minimizing sequences that satisfy the second order condition for polynomial
functions bounded from below on R"™.

1. INTRODUCTION

Let V' be a complete metric space, and f : V — RU {+oo} be a lower semi-
continuous function, # 4oo, bounded from below. In weak form, Ekeland’s
variational principle [3] says that for any e > 0, there is some point v € V' such
that

f(v) <inf f+e,

f(z) > f(v) —ed(v,2), VzeV.

Let f be a C2-function that is bounded from below on a Hilbert space H. It is
well-known that Ekeland’s variational principle yields minimizing sequences {vy}
(i.e., f(vg) — iII}f f) that are also Palais-Smale sequences (i.e., f'(vi) — 0) ([3]).

Less known is the smooth variational principle of Borwein and Preiss [1] which
yields the existence of Palais-Smale minimizing sequences for f that also verify
the following second order condition:

li}ﬁn inf(f"(vg)w,w) >0 forallw € H.

Unfortunately, it is not shown how to choose points v (which satisfy Ekeland’s
variational principle) and Palais-Smale minimizing sequences {v;} (which satisfy
the second order condition). The object of this paper is to provide a method to
determine such points v and also to choose such sequences {v;} for polynomial
functions bounded from below on R”. We will show that these points can be
chosen in the so called tangency curve, and in some cases, in the polar curve.
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2. THE TANGENCY CURVE

In this section, we briefly recall the notion of the tangency curve. For details,
the reader may consult [5] (see also [4]).
Let f: R"™ — R be a polynomial function. Put

of of
X :={(z,a) eR" xR" :rank | 9z; oy, <1}
xl_al xn—an

We shall denote by X(f) the set of critical points of f. Put
L(a,f):={x e R": 2 £ X(f) and (z,a) € X}.

Lemma 2.1 ([5]). With the previous notations,

(i) I'(a, f) is a nonempty, unbounded and semi-algebraic set;
(ii) There exists a proper algebraic set 2 C R™ such that I'(a, f) is a one-
dimensional submanifold of R™ for each a € R™\{2.

Definition 2.2. If dimT'(a, f) = 1, we call it the tangency curve of f with respect
to a € R™.

Let T'(a, f) be a tangency curve of f. For large r > 0, the intersection of
I'(a, f) with the complement of the closed ball B, of radius r centered at the
origin has a fixed number of connected components. The germ at infinity of such
a connected component will be called a half-branch at infinity of I'(a, f). Let
I'1,...,Is be the half branches at infinity of I'(a, f). Then there exist ¢ > 0 and
Nash functions p; : (0,0) — R™ such that T'; is the germ of the curve = p;(7) as
7 — 0. We may also assume (taking o > 0 small enough if necessary) that
the function ||p;|| : (0,0) — R, 7 — |pi(7)||, is strictly decreasing and the
function f o p; : (0,0) — R, 7 — f[p(7)], is strictly monotone or constant.
Set t; := 11_)1110 flpi(T)] € RU{—o00, +00}.

Definition 2.3. Each value t;, i = 1,...,s, is called a tangency value of f with
respect to a € R".

Definition 2.4 ([7]). We say that a polynomial f satisfies the Malgrange con-
dition at the value tg if there are r > 1, § > 0, ¢ > 0 such that for every
z € f~1(Ds)\B,, we have

lzl[[lf' (@)l > e,
where Ds = {t e R: |t —tp| <0} and B, = {z € R" : ||z]| < r}.
Proposition 2.5 ([6]). Let I; be a half-branch at infinity of I'(a, f). Then

lim [lz[|f'(z)]| = 0.

zel;,||z||—o0

In particular, if t; is a tangency value of f and t; # +oo, then [ does not satisfy
the Malgrange condition at the value t;.
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3. POLYNOMIAL FUNCTIONS ON R"

Assume that I'(f) := I'(f,0) is a tangency curve and t; is the smallest
tangency value of f.

Proposition 3.1 ([5], [4]). A polynomial f : R™ — R is bounded from below if
and only if t1 > —oo.

From now on we assume that f is bounded from below and that f does not
attain the minimum value in R™. Then it is easily seen that t; = f* := 1&1}’ I

Moreover, we may assume that the half-branch I'; is contained in the set
{z € R": f(z) = min{f(y) : lyll = [lz]|,y € R"}}.

Lemma 3.2. Let f : R"™ — R be a polynomial function. Assume that f is
bounded from below and that f does not attain the minimum value in R™. Let I}
be parameterized by a Nash function p : (0,0) — R™. Then there is X : (0,0) — R
such that f'[p(T)] = MN7)p(7) for all T € (0,0) and X(7) < 0 for T sufficiently
small.

Proof. Set g(7) := f o p(7). We have

%9(7) = (f'lo(n)), p'(7)) = A(){p(7), (7).

Let
p(T) = at® + higher order terms in 7, with a # 0,
A(T) = br” + higher order terms in 7, with b # 0.

By assumption, we see that ¢ is strictly increasing in (0,0). Hence

2 g(r) = ballalPr7 4> 0,

It follows that baw > 0. Since ||p(7)|| — 400 as 7 — 0, & < 0. Thus b < 0 and
A(T) < 0 for 7 small enough. O

Theorem 3.3. Let f : R™ — R be a polynomial function. Assume that f is
bounded from below and that f does not attain the minimum value in R™. Then
for any € > 0, there is some v € I such that

fw) < [T+
f(z) > f(v) —ed(v,z) for all z € R™.
Let I'; be parameterized by p : (0,0) — R"™, where
p(7) = at® + higher order terms in 7, with a # 0.
We begin by proving the following.
Claim 3.4. For 1y € (0,0) small enough, there is some A > 1 such that
d(p(70), p(7)) < Allp(T)]l = llp(r0) )~ for all 7 € (0, 7).
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Proof. We have
(o) = alla7 Y + higher order terms in .

By the proof of Lemma 3.2, « < 0. Hence (||p(7)|])’ < 0 for all 7 < 79, with 7g
small enough. It implies that ||p(7)|| is strictly decreasing in (0, 7). Hence

lo(T)|l = [lp(70)|] >0 for all 7 € (0, 79).
Moreover, we have p/(7) = aar®"! + higher order terms in 7. Hence

12" ()| = |a||a||7®"! + higher order terms in 7

= —allal|7®* + higher order terms in 7  (since a < 0).

/
It implies that lim 7' ()l - = 1. Thus there is some A > 1 such that

=0 —([lp(7)])
I/ (DI < =A(llp(7)]))" for all 7 € (0, 70),

with 7y small enough. Therefore

70 70

d(p(70), (7)) S/ ' ()1t < —A/ (le@®I)'dt = A(lp(r)l = llo(ro)1)-

T T

This completes the proof of the claim. O

Proof of Theorem 3.3. We now choose 19 € (0,0) which satisfies Claim 3.4 and
the following conditions:

(a) A(1) <0 for all 7 € (0,79), where f'[p(7)] = A(7)p(7) (This follows from
Lemma 3.2);

) I.f eI < % for all 7 € (0,79) (This follows from Proposition 2.5);

(c) (p(t), 0 (t)) = ||la]Par?*L 4 ... < 0 for all T € (0,7), since a < 0;
(d) flp(m)] < n%inf, where r = ||p(0)| and B, = {z € R™ : ||z|| < r}, since

min f > 1 =ty = lim f1o(7)].

The proof of Theorem 3.3 will be divided into 3 steps.
Step 1. We prove that

Flp(T)] = flp(70)] = ed(p(r0), p(7))  for all 7 € (0,0).

In fact,

e If 7 € [19,0), since f o p is increasing in |1y, o), we have

flo(10)] = flp(1)] <0 < ed(p(0), p(7))-
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o If 7 € (0,70), we have
o)l = 7ol = [ 4f 0] 9 0
oy (1)
‘/T Al / Al up ool
~{pl0).0 (1))
/T I oo = by @)
- / Wﬁ (by (b) and (c))

IN

€

(t
= =5 [ ool = Sl = o) < Gelotro).pl)
< ed(p(m0), p(7))
Step 2. We show that
f(z) > flp(r0)] — ed(p(m0),2) for all z € R™"\B,.

In fact, assume that ||z|| = ||p(7)]| for some 7 € (0,0). Then f(z) > f[p(7)], and
hence

(since A > 1).

o If 7 € [19,0), since f o p is increasing in [y, o), we have

flo(0)] — f(2) < flp(m0)] — flp(7)] <0 < ed(p(70), p(T)).

o If 7 € (0,79), we have
Flpro)) = £(2) < flo(ro)] = flo(7)
< gd@(m) p(r)) (by Step 1)
A(llo)ll = (o))}~ (by Claim 3.4)
eIzl = llo(m)l) < ellz = p(mo)l| = ed(p(r0), 2)).

<=

AD>|

Step 3. We claim that
f(2) = flp(m0)] — ed(p(70),2) for all z € B,.
In fact, by (d), for all z € B, we have f(z) > f[p(70)]. It follows that

flp(r0)] = f(2) <0 < ed(p(70), 2).
Take v := p(719), the proof of Theorem 3.3 is complete. O

Theorem 3.5. Let f : R™ — R be a polynomial function. Assume that f is
bounded from below and that f does not attain the minimum value in R™. Then

(i) lim  f(z) = [,

wel, ] —o0

(i) lm f (@)=

@€l ] —o0

(iii) lim  (f"(x)w,w) >0 for all w € R™.

wel, ] —oo
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Proof. (i) The first assertion follows from the fact that ¢; = f*.
(ii) The second assertion follows immediately from Proposition 2.5.
(iii) Let 'y be parameterized by p : (0,0) — R™, where

p(T) = at® + higher order terms in 7, with a # 0.

Then there is A : (0,0) — R™ such that f'[p(7)] = A(7)p(7). We first prove the
following claims.

Claim 3.6. For 7 sufficiently small, p'(T) does not belong to Tyr )Sﬁ (1)”

Proof. We have

{p(7), ¢ (1)) = alla|?r?*7" + .
Since a 75 0 and o < 0, we have (p(7),p'(7)) # 0. This implies that p'(7) ¢
Tor )S”p( )i for 7 small enough. O

Claim 3.7. For 7 small enough, we have

(@) (f"lp(T)]p'(r), /(1)) >0,
(b) <f//[p( )] (T) > ( )< /( ) >f07’ all h €T, (T)Sﬁ (71.)”7

(©) {#"Ip(m)lhs ) = A)IAIP for all h € Ty Siich.

Proof. Let 9 € (0 ,a)
(a) Set g(7) := (f'[p(7)], p'(70)). We have

g(r) = {"lp(")]p' (7). (r0)).
Moreover, g(7) = A(7){p(7), p'(70)). Hence

() = X(m){p(1), p'(10)) + N7)(p(7), ¢ (10))-
Therefore, (f"[o(70)]¢ (7o), p'(70)) = N (70)(p(70), #'(70)) + A(70) I (70)[|*. Let
A(7) = br7 + higher order terms in 7, with b # 0.
Then

(f"[p(r0))F (10), ' (10)) = llal*ba(y + a)rg 272 4 -

Since || f'[p(T)]| = IX)lIp(7)I] = blllal| 77+ - and (ii), v +a > 0. Moreover,
it follows from Lemma 3.2 that a < 0 and b < 0. Thus ||a|/?ba(y + a) > 0.
Therefore,

(f"lp(10)1p'(10), ¢’ (10)) > 0 for 79 small enough.

(b) For every h € T, )S’”@p(i y» et k(1) := (f'[p(T)],h)). We have

k() = (f"lp(r)lp (1), ).
Moreover, k(1) = X(7)(p(7), h). Hence
K (1) = X (m){p(r), h) + A7) (1), h).
Therefore

("[p(r0)]¢ (10), ) = X (10)(p(70), ) + A(70){p (70), h) = A(70){p (70), h).
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(¢) Assume that '(0) = h € Tp(Tg)SﬁLp_( e where s +— r(s) € Sﬁlp(l - We have
(for)(s)=(flr(s)],r"(s)),

(for)'(s) = (f"Ir()]r'(s),r"(s)) + (f'[r(s)].7"(5))-
Hence

(for)"(0) = (f'[r(0)]r'(0),7'(0)) + (f'[r(0)],7"(0))

= (f"[p(10)]h h) + A(70)(p(70), 7" (0)).
Moreover, since ||7(s)||? = ||p(10)|I?, (|7(s)]|?) = 2(r(s),7'(s )> = 0. Hence
(Ir()I2)" = 217" ()| + 2(r(s), 7" (s)) =

Thus ||7/(0)|> + (r(0),7”(0)) = 0, and so {p(m9),7"(0)) = —Hth. Therefore
(" [p(r0)]h, by = (f 0)"(0) + Al7o) |||

Since the restriction of f to S’”lp(i ) attains its minimum value at p(7g9) = r(0),
we have (f or)”(0) > 0. Hence

(" [p(70)]h, h) = A7o) |||,
The proof of Claim 3.7 is complete. O

Proof of (iii): Let w € R™. It follows from Claim 3.6 that for 7 small enough, we
can write

w =u(r)p/(7) + v(7)h(T),

where h(r) € T (T)Sﬁp(i )i and ||h(7)]| = 1. It is easily seen that

_7< (7—) V(T) = ||W—UulT /7' an
—u(mp ,(T) i = ||lw —u(r)p (7
We see that
(1 lp(m)w,w) = u(r)*(f'[p(r)]o' (1), (7)) + 2u(r)o()(f"[o(T)]' (), h(7))
+u(r)*(f"[p(T)]h(7), h(7))

> (1) [2u(m)v(r){p' (1), (7)) +v(7)?]  (by Claim 3.7).
Set

by o PO =) D) () <,o'<f>,h<f>>h<f>
TIO = RO () — (7). A1)

N

It is clear that ||k(7)|| = ||h(7)]| =1 and (k(7), (7)) = 0. Hence
w = u(7)k(r) +0(7)h(T),
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U(T) B : 1 77/(7'),
where (o' ()12 - (p'(1),h(7))?)>
ofr) = —— LMDy 13y,
(' (P12 = (e (7), h(7))2) 2

Now we see that

(f"p(M)w, w) =

2 /7h U B /7h ~ o~ - /7h ~ 2\
A[ (', hyu 1< (o', ) lu+v>+( (o', h) ﬂﬂ) _
(1% = (o', 1)2) 2 (1l 112 = (e 1)) (e'l1> = (o' h)?)

Since ||w|| = (@(7)? + 5(7’)2)% and, by Lemma 3.2, A\ < 0, we can continue this
inequality and get {f”[p(7)]w,w) > A||w|?A4, where

2{p’, h)| (o', 1) (o', 1) 2
A= - S+ 1)+ ( r+1)

('l12 = (o, 1)2) 2 (o112 = (! 1y?) 2 (/11> = (o', 1)?) 2
Since ||h]| = 1, h(T) = e + higher order terms in 7, with some constant vector
e € R"\{0}. Hence
<p/7 h>2 _ o? (CL, e>27.2(a—1) +-
[T = {0 2~ Q> — {a e &

We see that (a,e) = 0, since (p,h) = (a,e)7® + --- = 0. It follows that

! h 2
lim s 1) = 0. Moreover, since f'[p(7)] = A(7)p(7) and lir%\|p(7)\| =

0 [[0/]12 = (o', )?
+o00, (ii) shows that lin%] A(7) = 0. Therefore

lim (f"[p(7)Jw,w) > 0.

7—0

O

Remark 3.8. If f is a C2-function that is bounded from below on a Hilbert space
H, in [1], Borwein and Preiss obtained a little weaker result. Namely, instead
of (iii) of Theorem 3.5, they proved that liininf(f"(vk)w,m >0 for all w € H.

Moreover, it is not shown how to choose the sequence {vy}.

Corollary 3.9. Let f : R — R be a polynomial function. Assume that f
is bounded from below and that f does not attain the minimum value in R™.
Let pi(x), ..., pun(z) be eigenvalues of f"(x). Then lim  pi(z) > 0 for

{EGF17||£E||—>OO
all i = 1,...,n, where, as before, I is the half-branch of the tangency curve,
corresponding to the smallest tangency value t1.

4. POLYNOMIAL FUNCTIONS ON RR2

We will receive in this section a result sharper than Theorem 3.5 for poly-
nomials of two variables. We first recall some notions from [2].



REMARKS ON EKELAND’S VARIATIONAL PRINCIPLE 239

Definition 4.1. A value tg € R is called a typical value at infinity of a given
polynomial f if there are » > 1, § > 0 such that the restriction function

f:f ' (Ds)\B, — D5 :={t cR: |t —to| <&}

is a C*°-trivial fibration, where B, = {z € R" : ||z|| < r}. Otherwise, it is called
an atypical value at infinity of f.

Let f:R? — R be a polynomial function. Assume that f is monic of positive
degree m in y. Then, no half-branch of f,~ 1(0) is asymptotic to a vertical line. Let
C be a half-branch of f,° 1(0). Then there exists a Nash function g : (M, +00) — R
such that C is the germ at infinity of the curve (z = t,y = g(t)) (resp., (v =
—t,y = ¢(t))) and we say that C' is a right half-branch (resp., a left half-branch).
We also say that f changes sign along C'if f,(t, g(t) +¢)fy(t,g(t) —€) < 0 (resp.,
fy(=t,g(t) +¢) fy(—t,g(t) —e) < 0) with € > 0 small enough.

If M > 0 is large enough, there are Nash functions g; < ... < g, : (M, +00) —
Rand hy < ... < hg: (M,+00) — R such that the right half-branches C1,...,C,
(resp., the left half-branches Dy, ..., D,) of Iy 1(0) along which f, changes sign
are the germs at infinity of the curves (z = t,y = g;(t)) for i = 1,...,p (resp.,
(x =—t,y=h;(t)) for j =1,...,¢). In this way, we put an order C; < --- < C),
(resp., D1 < --- < Dp).

Definition 4.2 ([2]). Let C; < --- < C}, be the right half-branches at infinity
of f 1(0) along which f, changes sign. A sequence of consecutive half-branches
Cr < --- < (] is said to be a right critical cluster belonging to A € R if there is
a symbol = in {7, \, =} such that:

(i) for every i = k,...,l, one has f >¢, A,

(ii) f >c,_, A does not hold (or k = 1),

(iii) f =¢, ., A does not hold (or I = p).

The left critical clusters are defined in the same way.

Theorem 4.3 ([2]). The real number X\ is an atypical value at infinity of f if and
only if there exists a critical cluster belonging to A consisting of an odd number
of half-branches of fy_l(O) along which f, changes sign.

Assume that the polynomial function f is bounded from below and that f does
not attain the minimum value in R?. Then f* := inzf f is an atypical value at
R

infinity of f. By Theorem 4.3, there is a critical cluster C < --- < Cj belonging
to f* consisting of an odd number of half-branches of f,° 1(0) along which f,
changes sign. Notice that every connected component of f~!(f* 4 ¢) is vanishing
at infinity as € tends to 0 with € > 0. Hence, every point of the half-branch C}
is a local minimum point of the restriction of f to some vertical line.

Theorem 4.4. Let f : R2 — R be a polynomial function. Assume that f is
bounded from below and that f does not attain the minimum value in R%. Let
Cp < --- < Cj be a critical cluster belonging to f* consisting of an odd number of
half-branches of fy_l(O) along which f, changes sign. Then for any € > 0, there
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1s some v € C}, such that
fv) < f*+e,
f(2) > f(v) —ed(v,2) for all z € R%

Proof. The proof goes essentially in the same lines as in the proof of Theorem
3.3. O

Theorem 4.5. Let f : R2 — R be a polynomial function. Assume that f is
bounded from below and that f does not attain the minimum value in R%. Let
Cp < --- < Cj be a critical cluster belonging to f* consisting of an odd number of
half-branches of fy_l(O) along which f, changes sign. Then

(i) lim  f(z) = f7

Ieck,||$||—>00

i) lim  f(z)] =0,

xeck7||1‘||—’00
(iii) For x € Cy, ||z|| large enough, we have (f"(z)w,w) >0 for all w € R2.
Proof. (i) This assertion is clear.
(ii) Let Cy be parameterized by p: (M, +00) — R% t — p(t), where
p(t) = (x =t,y = at™ + lower order terms in t).

We first observe that o < 1. Indeed, by contradiction, assume that a # 0 and
a > 1. Since

F@,y) =y™ + frnoa(@)y™ 4+ o,

£y 0 ) = mam-14n=e

Since m > 0 and a # 0, we have f’ o p(t) # 0, which is a contradiction.
We now prove (ii): Since fz’/[p(t)] =0,f'[p(t)] = (fL[p(¥)],0). Hence

d ! / /
1 (fon)t) = (). pt)) = flp(t)]-
By assumption, we can write
(f o p)(t) = f* + bt’ + lower order terms in t,with b # 0 and § < 0.

Therefore

+ lower order terms in t.

d _
L T = [£2lp@®)]] = |=-(f o p)(B)] = [bB7 +---].
Since # — 1 < 0, we have %in(l) Ilf )]l = 0.
(iii) Let {e1 = (1,0),e2 = (0,1)} C R2. We first prove the following two claims.

Claim 4.6. For every t € (M,+00), two vectors p'(t) and ey are linearly inde-
pendent.

Proof. This claim follows immediately from the fact that (p/(t),e;) = 1 and
<€1, €2> =0. O

Claim 4.7. For t sufficiently large, we have
(a) (f"[p(®)]p' (1), p'(t)) > 0,
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(b) (F"p(t)]p' (1), e2) =0,
(©) (f"p(r)]e, e2) > 0.

2
Proof. Let ty € (M, 400
(t

)-
(a) Set h(t) := (f'[p(t)], ¢ (to)). We have

W(t) = (f"lp®)]p' (), o' (to))-

jt(f o p)(t) = bt~ + .- . Hence

W (t)=bB(B — 1P+

Moreover, h(t) = fi[p(t)] =

Therefore

(" lp(to)]p (o), (t0)) = bB(B — )ty >+ .
By assumption, we see that fop is strictly decreasing in (M, +00). Hence i( fo

p)(t) = bBtP~1+... <0, and so b3 < 0. Since § < 0, we have b > 0 and ﬂ—(lit< 0.
Thus
(f"[p(to)]p (to), p'(to)) > 0  for to large enough.
(b) Set k(t) := (f'[p(t)], €2). We have
K(t) = (f"lp()]p (), e2).
Moreover, since grad f[p(t)] = (fL[p(t)],0), k(t) = 0. Therefore
(f"[p(7)]p (), e2) = K'(t) = 0.

(c) Let s — r(s) = p(tg) + sea. We have r/(s) = ea. Hence
(for)(s) = (fIr(s)],r'(s)) = (f'lr(s)], e2),
(for)'(s) = (f"[r(s)]r'(s),e2) = (f"[r(s)]ea, e2).
Thus
(f or)"(0) = (f"[p(to)]e2, e2)-
Since f or attains some local minimum value at s = 0, (f or)”(0) > 0. Therefore

(f"[p(to)]e2, e2) > 0. 0

Proof of (iii): Let w € R%. By Claim 4.6, we can write w = u(t)p'(t) + v(t)ez
Then {f*[p(H]w, w) =

w(t)(f" ()0 (1), ' (1)) + 2u(t)o (&) (" [p(1)]' (1), e2) + v(t)*(f"[p(1)]e2, €2).
By Claim 4.7, we have (f”[p(t)|w,w) > 0 for ¢ sufficiently large. O

Corollary 4.8. Let f : R? — R be a polynomial function. Assume that f is
bounded from below and that f does not attain the minimum value in R%. Let
Cp < -+ < be a critical cluster belonging to f* consisting of an odd number
of half-branches of fy_l(O) along which f, changes sign, and let pi(z), pa(x) be
eigenvalues of f"(x). Then for x € Cy and ||z|| sufficiently large, we have u(x) >
0 and pa(z) > 0.

Proof. The corollary follows immediately from Claim 4.7. O
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5. REMARKS
We recall here some notions from [4].

Definition 5.1 ([4]). Let f : R™ — R be a polynomial function. A value yy € R
is called a local infimum value of f if the following two conditions hold

e there exist some § > 0, r > 0 such that
[z = r and |f(z) — yo| <& = f(z) = yo.

e there exists a sequence z¥ — oo such that f(z¥) — yp.
Additionally, if § > 0 and r > 0 can be chosen such that

[z]] = 7 and [f(z) — yo| <8 = f(x) > yo,
then yq is called an isolated infimum value of f.

Remark 5.2. There is at most only one local infimum value of f. The problem
of characterization of the local (or, isolated) infimum value of f is solved in [4].

Remark 5.3. 1. It is easily seen that if f is bounded from below and f does not
attain the minimum value then f has the isolated infimum value.

2. The results obtained still hold if we replace “f is bounded from below and f
does not attain the minimum value” with “f has the isolated infimum value” and
“ft = %élnf f7 with “the isolated infimum value”.
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