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ON THE RATIONAL RECURSIVE SEQUENCE
A + aoxn + 1TH—0o

B + Bomn + Blmn—ﬂ'

LTntl =

E. M. E. ZAYED AND M. A. EL-MONEAM

ABSTRACT. The main objective of this paper is to study the boundedness, the
periodicity, the convergence and the global stability of the positive solutions
of the difference equation

A+ aoTn + 01Tn—0
B+ Boxn + B1Tn—r
where the coefficients A, B, o, a1, 80,61 € (0,00) and o,7 € N. The ini-
tial conditions z_,...,x—1, o are arbitrary positive real numbers and w =
max{7, c}. Some numerical examples are presented.

Tng1 = ., n=0,1,2,..

1. INTRODUCTION

Our goal in this paper is to investigate the boundedness, the periodicity, the
convergence and the global stability of the positive solutions of the difference
equation

A+ apry + 012y —o
B + Boxn + fr17n—r

where the coefficients A, B, ag, a1, 5o, 51 € (0,00) and 0,7 € N. The initial con-
ditions x_,, ...,z_1,xo are arbitrary positive real numbers and w = max{7,o}.
The case where any of A, B, ag, a1, By, 41 is allowed to be zero gives different
special cases of the equation (1.1) which are studied by many authors, (see for
example ([1]-[16]). For the related work, see [17]-[40]. The study of these equa-
tions is challenging and rewarding and is still in its infancy. We believe that
the nonlinear rational difference equations are of importance in their own right.
Furthermore, the results about such equations offer prototypes for the study of
the global behavior of nonlinear difference equations. Note that the difference
equation (1.1) has been discussed in [24] when 0 =7 = 1.

(11) Tp+1 =

, n=20,1,2 ..

Definition 1. A difference equation of order (w + 1) is of the form

(1.2) Tnt1 = F(xp, Tn-1, ..y Tn—yw), n=0,1,2,..
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where F is a continuous function which maps some set J“*! into J and J is a set
of real numbers. An equilibrium point Z of this equation is a point that satisfies
the condition T = F (7,1, ....,T) . That is, the constant sequence {xy} - with
T, = for all n > —w is a solution of that equation.

Definition 2. Let = € (0,00) be an equilibrium point of the difference equation
(1.2). Then

(i) An equilibrium point Z of the difference equation (1.2) is called locally stable
if for every € > 0 there exists § > 0 such that, if x_,,...,z_1,29 € (0,00) with
lz_y — 2| + ... + |1 — Z| + |x0 — Z| < 0, then |z, —Z| < e for all n > —w.
(ii) An equilibrium point  of the difference equation (1.2) is called locally
asymptotically stable if it is locally stable and there exists v > 0 such that,
if x_y, .oy 21,20 € (0,00) with |z_, — Z| + ... + |21 — Z| + |xo — Z| < 7, then

lim z, = 7.

n—oo
(ili) An equilibrium point Z of the difference equation (1.2) is called a global
attractor if for every x_,,...,z_1,x¢ € (0,00) we have

lim z, = 7.

n—oo
(iv) An equilibrium point Z of the equation (1.2) is called globally asymptotically
stable if it is locally stable and a global attractor.

(v) An equilibrium point = of the difference equation (1.2) is called unstable if it
is not locally stable.

oo

Definition 3. We say that a sequence {z,} -
there exist positive constants m and M such that

is bounded and persisting if

m<x, <M forall n>-w.

Definition 4. A sequence {z,},. _ is said to be periodic with period p if x4, =
xy for all n > —w. A sequence {x,} - is said to be periodic with prime period

p if p is the smallest positive integer having this property.

Assume that a = ag+ a1, @ = ag—aq, b= Bo+ 1 and b = By — (1. Then the
equilibrium point z of the difference equation (1.1) is the solution of the equation

(1.3) I=(A+ai)/(B+b7).

Consequently, the positive equilibrium point = of the difference equation (1.1) is
given by

7= <(a—B) +\/@- By +4AE> /%,
Let F: (0,00) — (0,00) be a continuous function defined by

A+a0uo+a1u1
14 Fug,ur,u) = .
(1.4) (10, w1, u2) B + Bouo + Bruz
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Then the linearized equation associated with the difference equation (1.1) about
the positive equilibrium point Z takes the form

OF(,TF) — OFELT) ~ OF(.TT)

Yn+1 = Do n uy Yn—0o Tyn—T
(1.5) = 2Yn + G1Yn—o + AOYn—r,
where
(1.6) agzL@f, alzin, and aozilgi.
B+ bz B+ bx B+ bz
The characteristic equation of the linearized equation (1.5) is
(1.7) AL = oA 4+ a A7 4 g\

2. MAIN RESULTS

In this section, we establish some results which show that the positive equi-
librium point Z of the difference equation (1.1) is globally asymptotically stable
and every positive solution of the difference equation (1.1) is bounded and has
prime period two.

Theorem 1. ([17, 18] The linearized stability theorem) Suppose F' is a contin-
wously differentiable function defined on an open neighborhood of the equilibrium
. Then the following statements are true.

(1) If all roots of the characteristic equation (1.7) of the linearized equation (1.5)
have absolute value less than one, then the equilibrium point I is locally asymp-
totically stable.

(ii) If at least one root of equation (1.7) has absolute value greater than one, then
the equilibrium point X is unstable.

(iii) If all roots of equation (1.7) have absolute value greater than one, then the
equilibrium point T is a source.

Theorem 2. (see [4, 20]) Assume that a,b € R and k € N. Then

(2.1) la| + 10| < 1
1s a sufficient condition for the asymptotic stability of the difference equation
(2.2) Tp+1 +axy, +bx, =0, n=0,1,..

Remark 1. (see [10, 20]) Theorem 2 can be easily extended to a general linear
difference equation of the form

(2.3) Tnak + P1%Tnak-1+ o+ 02, =0, n=0,1,2,....

where p1,po,...,pr € R and k € {1,2,...}. Then the equation (2.2) is asymp-
totically stable provided that

k
(2.4) S pil < 1.
=1
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Theorem 3. Let {x,} - be a solution of the difference equation (1.1) such
that for some ng > 0,

(2.5) either x, > T for n>ny+w,

(2.6) or x, < T for mn>ny+uw,

where w = max{7,0}. Then {x,} converges to T as n — oc.

Proof. Assume that (2.5) holds. The case where (2.6) holds is similar and will be
omitted. Then for n > ng + w, where w = max{r, o}, we deduce that

Tn+1 = (A + apxy + alxn—a) / (B + Boxy, + ﬂlxn—T)

= (awrn-+ o) (14 P ) B+ + i)

QpTy + 1 Tp—¢g
(A+7a7)

[+ (A/a 7)] |
<B+3§) az(3+55>

With the aid of (1.3), the last inequality becomes

< (oTn + a17y—) = (Tn + 1Tn—0g)

Tnt1 < (ozp + 12n—0) / @,

and so

(2.7) Tt < olgzag}fu {zp—i} for n>ng+w.
Set

(2.8) Yn = max {zn_i} for n>no+w.
Then clearly

(2.9) Yn > Tpi1 > T for n>ng+w.
Next we claim that

(2.10) Yn+1 < Yn for n>ng+w.

Now, we have

Ynt1 = mmax {Zn41-i} = max {wn+1,0<rp<a3<_l {fEn—i}} <max{ZTni1, Yn} = Yn.

From (2.9) and (2.10), it follows that the sequence {y,} is convergent and that
(2.11) y= lim y, > 7.
n—oo
Furthermore, we get
Tyl < (A4 oz + 012p—g) / (B +b E) <(A+ayn)/ (B +b %) )
From this and by using (2.10), we obtain

Tnii < (A+a yn+i_1)/<B +Z§) <(A+a yn)/<B +5§) fori=1,..,w+1.
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Then
(2.12) Yororr = max {mnpi} < (A+apa)/ (BLDE).
and by letting n — oo, we obtain
(2.13) cAfay
B +b 7

Subtracting (1.3) from (2.13), we have the inequality

(2.14) (y — 7) (1 __a ~> <0.

(1 — B+b ) is positive. Consequently, we deduce

that y < z, and in view of (2.11) we obtain y = Z. Thus, the proof of Theorem
3 is complete. O

Theorem 4. Let {z,},- _ be a positive solution of the difference equation (1.1)
and let B > 1. Then there exist positive constants m and M such that

(2.15) m<z, <M, n=01,...

Proof. From the difference equation (1.1) we deduce for B > 1 that

(2.16) Tpa1 < ] B (vozp + 1Tp—0), m=0,1,...
Consider the linear difference equation
A 1
(2.17) 1= g5+ g (@oyn + 1Yn—0), n=0,1,...
with the initial conditions y; = z; > 0, ¢ = —w, ..., —1,0. It follows by induction
that
(2.18) Tn < Yn.

First of all, assume that B > a. Then we have A/ (B — a) is a particular solution
of the equation (2.17) and every solution of the homogeneous equation which is
associated with the equation (2.17) tends to zero as n — oo. Hence

i =5

From this and (2.18), it follows that the sequence {z,} is bounded from above
by a positive constant M, say. That is,
xn <M, n=0,1,..

Set

B A
B+bM

Then, we have

A + oy, + ¥1Tn—0o > A
X = = =m
"M B Bown + fran—r B +bM
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and consequently, we get
m<x, <M, n=01,..

which completes the proof of Theorem 4 when B > a. Secondly, consider the
case when B < a, it suffices to show that, {z,} is bounded from above by some
positive constant. Assume the contrary, that {z,} is unbounded, then there
exists a subsequence {xn]} such that

lim nj =00 and lim z14p,; = 00,
J—00 J—00

and
Tiyn, =max{r,: —w<n<1l+n;}, (j=0,1,2..).

From (2.16), we deduce that

Q0Ln, + Q1Tn,;—c > B‘Tl-‘rnj — A
Taking the limit as j — oo of both sides of the last inequality, we obtain
(2.19) lim (agn, + a12n,—5) = 00.

j—o0
It is easy to show that Tn; < Tign, and Tn;—o < Tltn, for all ¢ € N. Then, as
a = ag + a1, we have
(2.20) (ozoznnj + oq:nnj_o) < aT14n,-
From the inequality (2.20) and the difference equation (1.1), we obtain
(2.21) A+ (apin; + 1%, —5) [@ — B — (Boxn, + Sr12n,—r)] > 0.
From (2.19) and (2.21), it follows that
(2.22) Botn, + Pritn,» <7~ B.

Then, from (2.22) we deduce, for every 7 € N for which 5y and (3; are positive
constants, that the subsequences {:L'nj} and {:L'nj_T} are bounded which implies
that the sequence {aoa:n ; T oz, j_U} is bounded for all ¢ € N for which ag and
aq are positive constants. This contradicts (2.19) and the proof of Theorem 4 is
complete. O

Theorem 5. Assume that B > a holds. Then the positive equilibrium point T of
the difference equation (1.1) is globally asymptotically stable.

Proof. The linearized equation (1.5) can be written in the form

BoT — a0> ( aq > ( AT )
T\ Bt B+ bz B+ bz

As B > a, we get

ﬁO:E—Noio ‘ —a1-+' ﬁ1:17- §a+gi<1.
B+ bx B+ bx B+ bx B+bzx

Thus, by Theorems 1, 2, we deduce that the equilibrium point Z of the difference
equation (1.1) is locally asymptotically stable. It remains to prove that the

equilibrium point Z is a global attractor. To this end, set I = lim,_ . infx,
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and S = lim,_., sup x,, which by Theorem 4 exist and are positive numbers.
Then, from the difference equation (1.1), we see that

S<A+ffs and I>A+a[

8l —.
~ B4bI ~ B+bS

Hence,

A+ (a@a—B)I<bIS< A+ (a —B)S.
From which, it follows that I > S. Thus, we have I = S. The proof of Theorem
5 is now complete. O

Theorem 6. (i) If either o and T are even positive integers or o is a positive odd
integer and T is a positive even integer, then the difference equation (1.1) has no
positive solutions of prime period two.

(i) If either o and T are odd positive integers or o is a positive even integer and
T is a positive odd integer, then the mecessary and sufficient condition for the
difference equation (1.1) to have positive solutions of prime period two is that the
inequality

(2.23) 461 [ABL — ag (B+1)] < b(B+7a)?,
is valid, provided that B+a@ < 0 and b > 0.

Proof. Suppose that there exist positive distinct solutions of prime period two

of the difference equation (1.1), now, we discuss the following cases:

Case 1: o and T are even positive integers. In this case, z,, = ©,,_s = Z,_,. Then
there exists a positive period two solution {z,} such that

2o = P, k=-1,0,1,...

gop1 = Q, k=-1,0,1,..

and P # @. From the difference equation (1.1), we have
A+ (ot )@ A+ (gt P

PTB G YT Br (G P
Consequently, we obtain
(2.24) A+ (ag+01)Q = BP+ (fo+ A1) PQ,
and
(2.25) A+ (ap+a1) P=BQ+ (6o + 1) PQ.
By subtracting, we have
(2.26) (ao+a1+B) (P—Q)=0.

This implies P = Q. This is a contradiction. Thus, equation (1.1) has no prime
period two solution.
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Case 2: o is a positive odd integer and 7 is a positive even integer. In this case,
Tpi1 = Tp—o and x, = x,_,. From the difference equation (1.1), we have

:A—I—aoQ—l—a1P Q:A—I—aoP+a1Q
B+ (Bo+61)Q B+ (Bo+p1) P

Consequently, we obtain
(2.27) A+ @+ a1 P = BP + (6 + p1) PQ,
and
(2.28) A+ agP +1Q = BQ + (B + p1) PQ.
By subtracting, we have
(2.29) (xg—a1+B) (P—Q)=0.

This implies P = @. This is a contradiction. Thus, equation (1.1) has no prime
period two solution.

Case 3: o and 7 are odd positive integers. In this case, 41 = Th—o = Tn_r-
From the difference equation (1.1), we have

A+ apQ + a1 P 0
B+ foQ + 1P’
Consequently, we obtain

A+ apgQ + a1 P = BP + 5y PQ +61P2,

. A+ apP + aqQ

F= - B+ B P+ 3Q°

and
A+ aoP + a1Q = BQ + BoPQ + 51Q%.
By subtracting, we have

Bz
(2.30) PrQ=-21°
B
while, by adding we obtain
AB — B+a
(2.31) po = A - (B+a)
b

provided that B +a@ < 0 and b > 0. Assume that P and @ are two positive
distinct real roots of the quadratic equation

(2.32) t*~(P+Q)t+PQ=0.
Thus, we deduce that
N\ 2 _
(2.33) (—B+a> >4<Aﬁ1_(_)‘0(3+“)>.
B bB

From (2.33), we obtain
461 [ABy — a0 (B+1a)] < b(B+7)?,

and hence, the condition (2.23) is valid. Cor_lversely, suppose that the condition
(2.23) is valid, provided that B+a < 0 and b > 0. Then, we deduce immediately
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from (2.23) that the inequality (2.23) holds. From which, there exist two positive
distinct real numbers P and @ representing two positive roots of (2.32) such that

- (B+4a) 1
(2.34) P 2 : \/1—17
and

- (B+a) 1
(2.35) Q= T n ; /_Th
where 17 > 0 which is given by the formula

N\ 2 B
(2.36) T, = <M> 4 (Aﬂl ao (B +a)> '
B1 b6,

Now, we are going to prove that P and () are positive solutions of prime period
two of the difference equation (1.1). To this end, we assume that z_, = @ and
xg = P, where w = max{7,0}. Now, we are going to show that 1 = @ and
x9 = P. From the difference equation (1.1), we deduce that

. A+ apgP + auQ

- B+ 6P+ 3Q

By substituting (2.34)-(2.36) into (2.37), we obtain

A 14 VK] a0+ [1-VE ] [a- B ] vavE
(éf% + 1+ VK] Bo+ [1 = VK] B [E—%} + /K

(2.37) 1

(2.38) @ =

where

Ko—1- [451 [Ap1 — a0 (B +5)q '

b (B +a)?
From the condition (2.23), we deduce that K; > 0. Multiplying the denominator
and numerator of (2.38) by

(- )

+a)

we have '

it o] e [l -ats i) v
S ST

After some reduction, we deduce that

—(B+a g a
ry = (_%g§+¢ij=—%$a+%ﬁﬁ=Q

Similarly, we can show that
B A+ apgxy + 01T _(y-1) A+ ap@Q + a1 P o
B+ pox1+ ir_w-1) B+ 6@+ HP

Z2
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By using induction, we have
Tpn=0Q and xTppy1 =P for all n>—w.

Thus, the difference eqution (1.1) has positive solutions of prime period two.
Similarly, we can prove that if o is a positive even integer and 7 is a positive odd
integer, then the necessary and sufficient condition for the difference equation
(1.1) to have positive solutions of prime period two is that the condition (2.23)
is valid, provided that B+a < 0 and b > 0. Thus, the proof of Theorem 6 is now
complete. O

3. NUMERICAL EXAMPLES OF THE SOLUTIONS OF EQUATION (1.1)

To illustrate the results of this paper, we consider numerical examples which
represent different types of solutions to equation (1.1).

Example 1. Figure 1 shows that equation (1.1) has no prime period two solution
ifo=4,7=2,w=max{r,o} =4,z 4=1,2x_3=2,2_9=3,2_1 =4, 19 =5,
A =40, B=0.25 ag =3, a1 = 30, By = 15, 1 = 0.25.

plot of X(n+1)=(A+a*X(n)+b*X(n—4))/(B+c*X(n)+d*X(n-2))
3500 \ ‘ ‘ ‘

3000 b

2500 b

2000 b

1500 i

solution of X(n+1)

1000

n-iteration

100

40 + 3 30x,,—
FIGURE 1. <xn+1: + 9%n + SUPn—4 >

0.25 + 15z, + 0.25x,,—2

Example 2. Figure 2 shows that equation (1.1) has no prime period two solution
ifo=2, 7=l w=max{r,0} =2,z 9=1,2_1=2, 20 =3, A=40, B =0.25,
a0:3, a1:30, ﬁ0:15, ﬁ1:0.



ON THE RATIONAL RECURSIVE SEQUENCE... 83

plot of X(n+1)=(A+a*X(n)+b*X(n-2))/(B+c*X(n)+d*X(n-1))

w

w [$2]
T T
1

solution of X(n+1)

N
a1
T

15 - . m

1 L L L L
0 10 20 30 40 50

n-iteration

40 + 3 30x,,—
FIGURE 2. <xn+1: + 9%n + SU0n—2 >

0.25 + 152, + 0.25x,, 1

Example 3. Figure 3 shows that equation (1.1) has prime period two solution if
c=1,7=3, w=max{r,0} =3, x_3=35.2, x_9 =T71.8, x_1 = 35.2, 29 = 71.8,
A =40, B=0.25, ag =3, a; = 30, o = 15, 31 = 0.25.

Example 4. Figure 4 shows that the solution of equation (1.1) is global stability
ifo=3,7=2w=max{r,0} =3, z_3=1,2_9=2,2_1 =3, 20 =4, A =40,
B =100, ag = 3, a; = 30, By = 10, B; = 0.5.

The following example verifies the definitions 1-4 of Section 1:

Example 5. The following four special cases of equation (1.1):

1
(3.1) Tptl = —, n=20,1,2...
In
1
(3.2) Tpal = , n=20,1,2,...
Tn—1
1
(3.3) Tpyq = 20 n=0,1,2,...
Tn—1
L,
(3.4) Tpt1 = ) n=20,1,2...
Tp—1

are remarkable in the following sense:

. s . . = _ 1+v5
(i) The equilibrium points of equations (3.1)-(3.4) are = +1,41, 5,1
respectively.
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plot of X(n+1)=(A+a*X(n)+b*X(n—1))/(B+c*X(n)+d*X(n-3))
120 T T T T T

100

80

60

solution of X(n+1)

40}

20

0 5 10 15 20 25
n-iteration

Frevms 3. (o . — A0+ 30, 430z,
A\ T 025 £ 152, + 0.252, 3

(ii) Every positive solution of equations (3.1)-(3.4) is periodic with period

)
= 2,4,5,6 respectively.

(iii) Suppose zyp = a € (0,00) is an initial value of equation (3.1) and let

|zg — Z| = |xo F 1| = | F 1] < 6 where 6 > 0. Then, we get

~ n— 1
(3.5) 2 — 7| = |z F 1] = 1‘ _ U
n—1 |33n—1|
Consequently, we deduce from (3.5) that
1l 6
lz1 F1] = Lz 7 1] <=,
i) (%
1
lza F 1| = ler F1| <5
x1
1l 6
(3.6) wsr1) = 2FU_ 0
xI9 (%
and so on. From (3.6), we deduce that
(3.7) |zn, F1] < €e(d) for all n>0, €(5)>0.

From the inequality (3.7), we deduce the following properties:
(a) The equilibrium points & = +1 are locally stable.

(b) Since |zg — 7| < ¢ and from (3.7) we have lim,_, z, = +1 then = +1

are locally asymptotically stable.

30
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plot of X(n+1)=(A+a*X(n)+b*X(n—3))/(B+c*X(n)+d*X(n-2))

35

N
3

N

solution of X(n+1)

15

05 L I I I
0 20 40 60 80 100

n-iteration

40+ 3 30x,,—
FIGURE 4. <xn+1: + 9%n + Hn—3 >

100 + 10z, + 0.5z, —2

(c) Since zg = a € (0,00) and from (3.7), we have lim, o 2, = 1 then
T = +1 are global attractor.

(d) From (a) and (c), we deduce that z = +1 are globally asymptotically
stable.

(e) From (3.7), we have the inequality +1 — €(§) < =, < £1 + €(d). This
implies that the sequence {x,} 2, is bounded.

Similarly, we can investigate for the other equations (3.2)-(3.4) which are omit-
ted here.

Remark 2. Examples 1, 2 verify Theorem 6 (i) which show that equation (1.1)
has no prime period two solution, while Example 3 verifies Theorem 6 (ii) which
shows that equation (1.1) has prime period two solution. But Example 4 verifies
Theorem 5 which shows that the solution of equation (1.1) is globally asymptot-
ically stable.
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