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ON HARNACK’S INEQUALITY FOR NON-UNIFORMLY
P-LAPLACIAN EQUATIONS

DUONG MINH DUC, HO SI TUNG LAM, NGUYEN QUANG THANG,
AND DINH CAO DUY THIEN VU

Dedicated to Tran Duc Van on the occasion of his siztieth birthday

ABSTRACT. We prove the Harnack inequality for non-uniformly p-Laplacian
equations.

1. INTRODUCTION

Let Q be a domain in R™ (n > 2), p > 1, t and s positive real numbers, A and
1 positive measurable functions on €2, a a measurable function on €2 such that

(1.1) % + % < %
(1.2) M e LHQ), u e L)
(1.3) ANz) <a(x) < p(x) Ve

We study the Harnack inequality for the elliptic equation
(1.4) —div (a(x)|VulP~2Vu) = 0.

We need the following notations

1 1
t ¢ 5
A(zo,R) = <]Z (%) dm) (][ ,uSd:L"> vV Br C (,
Bpr Br

where Bpg is an Euclidean ball B(xg, R),
A(R) = A(0, R)

HQ) = {ue W(Q) : / (1 + | DulP)dz < o0},
Q
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HWH:/QWWV+MDM5M Vu € H(Q),
QO
Ho(Q) = {u € WyP() : / w|DulPdx < oo},
Q

Jullz, = [ wlDuPds u € Ho(e).
Q
We remark here that (H(Q),|.||x), (Ho(2),].||m,) are normed spaces and
Hy(Q) C H(Q).

Definition 1.1. A function u € H(?) is called a weak solution (resp. subsolu-
tion, suppersolution) of (1.4) if

(1.5) / a(x)|VulP~2VuVe dz = 0 (resp. < 0,> 0) V@ € Hp(R2),¢ > 0.
Q

Our main results are the following theorems.

Theorem 1.2. Assume that (1.1), (1.2), and (1.3) are satisfied. Let u be a non-
negative weak subsolution of equation (1.4) in the ball B(xo, 16R) C R™. We have
the estimates

1
p 1 1 _n
(1.6) sup u < C1(A(zo,4R)) " ~57 R™ 7 (v, 2R, u)
B(SL‘(),R)
for any v > @

Theorem 1.3. Assume that (1.1), (1.2), and (1.3) are satisfied. Let u be a non-
negative weak supersolution of equation (1.4) in the ball B(xg,16R) C R™. Then

— 1)t*
forany0<’y<u,
p

1

SIS
@ |

>+1

o~ |

(1.7) R 7¢(v,2R,u) < Cyugexp | CugA(16R) t*(

inf wu,
B(zo,R)

p 1 p
where — =1+ - — —.
t* +t n

Theorems 1.2 and 1.3 directly yield the following theorems.

Theorem 1.4. Let u be a non-negative weak supersolution of equation (1.4) in
the ball B(xg,16R) C R™ with conditions (1.1), (1.2), and (1.3). Then

(1.8) sup u < exp (CA(zg,16R)*) inf w,
B(zo,R) B(zo,R)

where C' and o depend on p,n,t,s.
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Theorem 1.5 (Harnack inequality). Let u be a non-negative weak solution of
equation (1.4) in Q C R™ with conditions (1.1), (1.2), (1.3), and Qo CC Q. Then
(1.9) supu < C'infu,

Qo Qo

where C' depends on p,n,t, s, u, \, €2, Q.

Remark 1.6. The Harnack inequality for uniformly p-Laplace equations has
been studied in [1-5,11-13,17]. Many problems on regularity of solutions to par-
tial differential equations lead to study the Harnack inequality for nonuniformly
elliptic equations (see [6-8,10,14-16]). In the paper [14], Trudinger established
the Harnack inequality in the case that p = 2, A™! € L! and p?A\~! € L*. In the
present paper, we only need A™' € L* and pu € L°.

2. PROOF OF THEOREM 1.2

We shall denote positive constants depending only on p, ¢, s, n, and v by Cf,
Csy, .... To prove the theorem we need the following lemmas.

Lemma 2.1. Suppose that either u is a function in Hy(B) or u is a function in

1
H(B) satisfying / udx = 0, where B is a ball in R™. Then if 1 + i > E, u s
n

B
in L¥ (B) and we have the estimate

1
1 ) < Ol s /B AVul?dz,

1
where tg* =1+ i p and C is a constant depending on n, p, t.
n

P r nr

Proof. Put r = T Then we have: r < p, —— =1, t* =
1 p—r

n—r
t
Applying Sobolev embedding theorem and Hoélder’s inequality, we have

p—r

- z E
</ ut*dx) < C’"/ |Vu|"de < C" </ )\\Vu]p> (/ (A‘l)P—de)
B B B B

which implies the lemma. O

Lemma 2.2. Assume that (1.1), (1.2), and (1.3) are satisfied. Let u be a non-
negative weak subsolution of equation (1.4) in the ball B(xo,4R) C R™. We have
the estimate

—_

n

) R 6(7,2R, u)

SRS
0 |

1
t

(2.1) sup u < CQ(A(IEO,LJ:R))’Y(
B(xo,R)

ps
s—1°

for any ~v >
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Proof. We may assume, without loss of generality, that o = 0, R = 1 and
u>e>0.

For 8> 1 and 0 < N < oo, we introduce the functions

u? u(z) <N,
— N _
Flu)@) = FE(w)(@) = § gns-tyz)— (3— )N®  u(z) > N.

P B+p—1
A @ u(w) < N,
G =@ =4 """
p P 1 p-1
p%j_\[p_ 1 +pPN P (u(z)—N) u(x) >N
Then
pu’~ () u(z) < N,
Fl(u)(z) =
SNB-1 u(z) > N
7 E( ) (z)
GPu P (x u(x) < N,
c@=4" "
BPN P u(z) > N
We have
, B+p—1
: pB? L
(2.2) ]\}gnooG]ﬁV(u)(x) p 1 P Ve,
1 p-1
(2.3) A}linoo(Gg(u))/(x) = [Py P Vaoe,
1 p-1
(2.4) G'(u)(z) < Bru P () Vaoe,
(2.5) 0 < F(u)(z) < u(z)F (u)(z) Vaoeq,
(2.6) 0 < G(u)(z) < u(z)G (u)(x) Ve,
1
(2.7) G (u)(z) = (F'(u)(z))? Ve

It is easy to see that p(x) = nPF(u) € Hy(f2) and it can be used as a test
function for (1.5) for any 7 in C}(By), n > 0. We have

/ o) |Vl F' (u)dz + / o(@)|VulP 2V u(prP "V F (u))dz =
B4 B4
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:/ a(2)|VulP"2Vu (0P F'(u)Vu + ppP ' VnF(u)) do
By

= / a(x)|Vu|P~2VuV (P F(u))dz < 0.
By

This implies

e8) [ a@VurrFds < [ a@)] T Gl Fuds
By By
1/ z)|VulPnP F' (u )dx—i—Cg/ a(z)|VnPuP F' (u)dz.
2
By By
Therefore,
(2.9) / NVulPr? F (u)dz < Cy / W[ VPu? F (u)dz.
By By
We get
(2.10) / NV () PrPds = / AVuPP G (u)dz < Cy / VP uP G (u)da
By (1.3), (2.6) we have
(2.11) / A Vn|PGP (u)dz S/ w| VP (uG' (u))Pdz.
B4 B4
Combining (2.10) and (2.11), we have
(2.12) / NV (0@ Pz < Cs / VP (uG (u) P da.
By By

For any 0 < 7/ < r < 2r' < 4, choose n € C}(By4) such that 0 < n < 1,
n(z) =1 for any = € B,s, n(x) =0 for any x € R™\ B,, and |Vn(z)| <
,

any ¢ € R".
By Lemma 2.1 and Holder inequality, we get

1
213) WG s, < CollFluxsy NIVGG))Pds
By

1
< Crll3luwy [ HITIPC ()P da
By

; for
—7r

s—1

1 ps_ ’
< 07\|X\|Lt(34)\|ﬂ\|Ls(B4) (/ (VnuG'(u))81d$)
By
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< CsA(4) (/

By

204

s—1

_ps_
(VnuG’)Sldx)

Thus by (2.4)

(2 14) ”Gﬁ ( )”Lt*(B < CSA(4)( . (/ uG) s 1dx)
B,
s—1
1 p+p=1 ps s
< Celd) (r ilpr/)p (/Br (BPu P )Sp 1d$>

Letting NV tend to infinity and applying Fatou’s lemma, we obtain

pﬁp B+p—1 A4 4P 1 B+p—1 ﬂd s—1
p . < R — 4 P s—1 s
T e, < C <>(r_r,)p</érﬁ wop )Tda)s

1
*6+p_1,r’,u) < [CgA(Zl)(ﬂ—i—/p— 1)1’} 6+p—1¢<(5+p—1)3,r’u>’
p (r—r")P s—1

where ¢(¢, p,u) = |lull La(s,)-

R

s
N tod=t* 1+ —
oW Pt ps +2m s—1

-1
t*w for any positive integer m.

p
1 1
Since Z—l—; <2 and Bmt1+p—1=0(Bm+p—1), we have § > 1, lim,, 0 O

-1
= 00, W = v and by (2.15)

¢ <(ﬂm+l +p_ 1)3’1’u>
s—1

< Qb <(ﬁm+1 r= 1)87’rm+17u> = ¢ <(ﬁm —IS_ZiI 1)857rm+17u>

s—1
p

(Tm - Tm-i-l)p
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1 pm—+p pm p
< [CoA(4)] 6™ (Bo+p—1) 2™ (Bo+p—1) §0™(Bo+p—1) (Bo+p — 1)57”(ﬁ0+p—1)

IN
—~
$
=
—
[N
~—
SN—
B
Il
(=)
~d
w?“
bl
Il
<)
=9
B
<
B
Il
(=)
=9
—
&
_l_
S
|
[a—
S~—
B
Il
(=)

IA
&2
[\)

|

,T‘O,’LL).

(Bo+p—1)s
s—1

s ii 71_ s 1 71_ s 1 71_ s t(s—1) 1°°
s—14=gk| 5—11_% B 8—11—% Cls—1t(s—1)—ps

—1
t* t*(s —1) — 1 1 — 1
[ s } _ =) ops_ p_y_ Ll po-r) 1 p. p
—
1

=~ and 19 = 2 we have ¢( ,T0, u) = (7, 2,u)

st* s t* s nr s r n

This implies

1 1 s "1 1
ﬁ0+p—1,§5_k_7(8—1)z5_k_ e_1_14
and

-1
sup v = lim ¢((5m+1 tp )s
rEB1 m—oo s—1

9 17 u)
(2.16)

38
T

gCloA(AL)'Y( ~51) o(7,2,u). -

Proof of Theorem 1.2. We may assume, without loss of generality, that zg = 0,
R=1and u > e > 0. By Lemma 2.2, u is bounded in B4. Let 3 be a positive
real number and use ¢ = nPu” as a test function in (1.5). As in (2.8) we have

/ a(a:)]Vu\pnpuﬁ_lﬁda:g/ a(z)|VulP =Y |V P~ uP da
B4 B4

1 1
< —/ a(x)|VulPrPuP 1 dx + 011/ a(:n)|V77|puﬁ+p_1—_1dx.
2 6P
By By
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This implies that
B4p—1
/ AMViinu P

By

< 2p_1/ A VnPuPtP=tde +
By

p
dx

(B+p—1)p2r—!
P’

(B+p—1p2rt

/ A VulPrPuf~tdz
By

/ A VulPrPul~tdz
By

< 2p_1/ w|VnPuP P de 4
B pp
4

C — 1)por—1
< 217—1/ ,U|V77|pu6+p_1dl‘ + 11 (8 +ﬁ1;pp ) / ,U|V77|pu6+p_1dl‘
By By

1\
< Ci2 <(ﬁ++l) + 1> / | VnlPu’ P dz.
By

Arguing as in (2.14) and (2.15), we get

i

prp-1\ " P
nu P dx)t*
B

_ B+p—1Y\ s—1
< C13A(4) <w + 1) / (\Vn]u 5 > dz
p B,

and

(2.17) 0] (t*%,r’,u)

(B+p—1)s
s—1

<

&

,T,U),

1
[((5 +p—1)° n 1) CuA(4) | -1
7 =y

for any 0 <’ <r < 2r' < 4.

—1
Let § and rp, be as in the proof of Lemma 2.2, and Gy +p — 1 = (s )’

s
(Bm+1+p—1)s :t*ﬁm +p-—1

for any positive integer m. We have lim,,, ..o B

s—1 P
= oo and
qb ((ﬁm+1 +p_ 1)871’u>
s—1
< ¢ <(ﬁm+1 +p— 1)S,Tm+1,u> _ ¢(t*w,rm+l,u)
s—1 p
1
(Bm +p—1)P 1 Bntp—1 (B +p—1)s
< (o=t e ) e



HARNACK'’S INEQUALITY FOR NON-UNIFORMLY p-LAPLACIAN EQUATIONS 207

1 pm+p p mp
< [CraA(4)] 9™ (Bot+p=1) 26™ (o+p—1) (%) 6™ (Bot+p—1) §0™ (Bo+p—1)
0
Bm + p— I)s
)
m pk-l—p m
Bo+p—115FGrD ¥ wEiD ., (Bo+p—1)s
< |26C———— A(4)r=0 O VTP (S g, ).
Bo s—1
< [25014057} h=0 A(4) G=1Bo+p=1) §(~, 2, u).
0
Therefore, we have
1
,Y(B_l_l)
sup u < C15(A(4)) "\ s 1/ d(7,2,u). O

rEB1

3. PROOF OF THEOREM 1.3

We prove the theorem by two following lemmas. In these lemmas we assume
all conditions in the theorem are satisfied, and zo =0, R=1and u > ¢ > 0.

Lemma 3.1. Under the hypothesis of Theorem 1.3 we have

L +1

wP_1 1
(3.1) exp(—CasA(SR)" (=57 )exp(|B4|_1/ log udz) Sigfu.
2

By
Proof. For any positive real number s we put
W (Bs) = {v € WyP(Bs) N L®(B,) : v > 0, Dv € L®(B,),supp(v) CC By}

Let  be in W (Bg). Using ¢ = nu~®~1 as test functions in (1.5), we obtain

p—2
/ a(x)|V(log E)’p—2V(IOg E)Vnda; _ _/ a(z) Vu Vandw
u u u U
Bg Be
- Vi Vu

Bg

(3.2) = —/ a(z)|VulP 2 VuV( pn_l)d:p <0 Vk>O0.

u

Bg

Since W (Bg) is dense in Hy(Bg), we get

(3.3) / a(x)|V(log §)|p_2V(log S)Vndm <0 Vk>0,Vne Hy(Bs).
Bg
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k k
Hence log is a subsolution of (1.4) in Bg. Thus (log — ) also is a subsolution
of (1.4) in Bs. By Lemma 2.2, we have

“t) o174, 10 1),

SIS
t/sl»—t
H~|>—‘

k k (B
(3.4) sup log — < sup (log — )+ < ClG(A(S))t (
z€ By U zE€B>

P
Let n be in W (Bg). Using ¢ = % as test functions in (1.5) we get
u

-1

/ a(@)[Vul(p — n"uPdu < / a@)| Vul2vuvy p (1) do

Bg B8
1
< —/ a(x)|VulP(p — 1)nPu=Pdx + 017/ a(x)|VnPdz.
2
Bg BS
Therefore,

)\\V(log(ﬁ))]pnpda::/ AMVulPnPu=Pdx
u
8 Bg

/ x)|VulPnPu=Pdx < 018/ a(x)|VnlPdx
Bs Bg

< 018/ p|VnlPdz.
Bs

S

IA

A

For any 0 < 7' < r < 2r' < 8, choosing n € C}(Bg) with the following
properties: 0 < n <1, n(xz) =1 for all z in By, n(xz) = 0 for all z in R™\ Bg, and
|Vn| < 2, we have

k p
(3.5) /B 4 AV (log(D)[Pda < Cro /B s

1
By choosing k = exp(m/ log udzx), we get
4
By

ko) | k
6o ([ neeI" | <Cullien [ NTVGos()Pd
B4 B4
Combining (3.4), (3.5) and (3.6), we have
1

_1 I\ 1
P

sup log k §C’21(A(8))t*(
€ B> U B6

33

38

)+1

|

W |
|

o~ |

<Co(A®)"
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Hence
1
. = i )
(3.7) (igf u)” <exp(Cas(A(8)) \n st — |B4|™ / log udz),
2 By
which implies the lemma. O

Lemma 3.2. Under the hypothesis of Theorem 1.3 we have

1
p_1 17!
n_s_t)

(38)  6(7,1,1) < Cayexp(CasA(8)"( Jexp(| B! / log udz).

By

Proof. Let 3 be a real number > 1 and 7 be a nonnegative function in C}(Bs).
Put

(3.9) w = (log )",
(3.10) o) = P @)+ (1)),
It is easy to see that ¢ € Hy(Bsg), and
\Y%
Vo =P w4 () 4 (g = (- (P + ()

Taking ¢ as a test function for (1.5) and using the inequality fw®~! <

p—1 5 2 3
— + (—— we hav
5 (w ( 1/3) ), we have

/

| aapvur (-0 + (259 - )
8

< [ a@IVul Tl a0 <wﬁ T <iﬁ>ﬁ) dr.

Bs p-1
Hence
Pl (L2 g
a(@)[VulPnPu™? (w” + (—=8)")dx
2 p—1
Bs
2
< [ a@)|VulP [Vl prrtum @D (w4 (——8)7)da.
p—1
Bg
Moreover,

S

@) Vol V] pr oD w4 (-5 8))da

8
a(z)|VulP~H V| ppP i P Dl de
Bg
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P Y
+ /B AT T G
(»—1)?
4(p+1)

(p—1)?
4p+1)

<

/ a(a;)]Vu‘PnPu—Pwﬁ—lda: + Cag / a(w)lvn‘P(,w)ﬁ-i-p—ldx
Bs Bg

[ e@ivuppar (218 s+ Cor [ ) Vil 0 da

By Bg b=

These inequalities imply

pyp,—p |P=1 5 p—1( 20 ’ (p— 1w’ (p-1)* [ 28 ’
/ﬁ?nvm77u [ RN (p—l)__ Ap+1) _4@+i)<p—1)]dx

) B8
<Cun [ a@)ValP (@) e+ Cor [ ala)] Tl <_5> ar.
p—1
B8 Bg

Therefore,

/ )\\Vu]pnpu_pﬂwﬁ_ldxg/ a(z)|Vu|PrPu~? fuw’Ldx
Bg BS

Sczs/

B
a(x)|VnlP <w6+f”_1 + <Lﬂ> > dx
p—1
Bg

92 B
Sczs/ pl VP [ w4 <—5> d.
Bg p=1
B+p-—

1 1
Put g = . We have pg—p+1 = 3> 1, |Vu[Pu Ppuw 1 = ‘qu‘plep
q

and

/ A () Pda < 271 / AVt PrPdz + / AV Purde
Bg Bg Bg

P 2 2_9 pq—p+1
<O / vl (wr (M) P
pqg+1—p Be p—1

+2p_1/ p| VnPwPide
Bg
2 2_9 pq—p+1
< Gy o7 / AP (wpq . <M> i
p—1
Bg
Arguing as in (2.13), we get
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2pg + 2 —2p

=L prr)) T da]
p_

(o) dz)P*" < Cao ¢ A(Bs)[ (| VP (wP + (
/Bs 30 8 /‘B8
s sl 2pq+2—-2p ,_ R
< CatA®)[( [(IVnPwP?)s=Tdz) s +( [(|VnlP (== )PP )s=Tdz) s ].
s fremsz,

For any 0 < 7/ < r < 21’ < 8, choose n € C}(Bs) such that 0 < n < 1, n(z)

4
=1 for any z in B/, n(z) = 0 for any = in R" \ B,, and |Vn| < - Since ¢
r—r
> 1, we have

([t ani =i i

B, B,
C32A(8)gP 2 pq 1 2pq+ 2 — 2 =S
— pas s=1 — s—1 s=1 =
< 7(?‘2—(7*’))3 |pa [(/ ws=ldzx) s + (/ <7pq;-_ 1 p) dx) s |pa
B, B,
p L pgs  s—1 _ pg—p+1 s—1 1
S [C32A(8/)q ]pq [(/ ws—ldl‘) s 4+ w |Br| s ]pq
(r—r"P B p—1
p L pgs  s—l
< [C32A(8/)q ]pq (/ ws—1 dg;) pgs —2pq
(r—r")P B p—1
Therefore,
Coah(8)g ) 7
8)qP \ ra Pqs 2pq
) * / < 32 .
(3.11) qﬁ(qt,r,w)_( (r—r’)p> <¢(s—1’r’w)+p—1>
Put 6 — t*s -1 q = 1’ Gm+1 = qu — 6m+17 Ty = 2(1 =+ im) for

ps ps 2

1 1
any positive integer m. Since n +-< B, we have § > 1, 3,, > 0 and
s n

C3oA8)¢" | —L— pgmirs g
A(Gm1t” s Tmy1, w) < (ﬁ Pam1 (o( srrfri T, W) + pin?)
m m
CoA®) i1y 2pGm+1
= (——————— ) Pdm+1 t*
((rm - rm+1)p) (A(gmt™; rim, w) + p— )

m 1 m
< T (CoaA®)FPE 2R BT (o(t*, 4, w) + —— 3 gy1)
=0 p—1;>

or

L 2p M1

(312)  Glgmnt’ rniw) < Cos(AS)POD (6(1" 4,w) + ~ T30 0).
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Let z be in [t*, 00), there exists an integer m > 0 such that ¢,,,t* < z < ¢ 41t™.
We have

o-1 o—1
#(2,2,w) < |Ba| t ¢(qms1t™, 2,w) < |Ba| & d(qme1t™, rms1, w)

1
(3.13) < Cuq (M(S)) 70D ({7, 4,w) + 2)..
Applying Fatou’s lemma, we obtain

k _ k .
/ ezwdxgligninf/ (Z;U)Zdajzligninf (z)/ w'dx
B % B, =0 Y is0 B,
—1 .
< liminf Z ( A(A(8))PO—1) (p(t*, 4, w) + 1))

k—o0 ;=

< liminf Z ( (A(S))m)iﬁ(qﬁ(zﬁ*, 4,w)" +i%).

k—oo ;2

_ 1
Choose z = (4e)~1(C34(A(8))P(0=1))~L Applying Stirling’s formula (see [9],
p.52), (3.5) and (3.6), we have

(3.14) [#(z,2, %)]Z :/ e“dr < hm 1an 1 (qﬁ(t* 4,w)" + ")
By '

— Cas0(t"4w) Cs6 < eC37A(8) Cs.

Let 8 € (1—p,0) and n € C}(By). Using ¢ = nPu” as a test function in (1.5),
and arguing as in (2.17) we have

SBEp-1 B+p—1F CyA(4) 2= (B+p—1)s
(t Tﬂ”a“) < KR +1)(T_T/)p]5+p 1¢(T,T,U)-
Denote 6* = e (s— ),ﬂo ——p+1 (ﬂm-i-p 1) = Z(ﬁmﬂ‘i‘p—l)
Lo 1.1 p (ﬁm+p—1) (Bo+p—1)P
and rm—(2—2—m) S1nce¥+g<ﬁand( Gl ) < ( o ), we
have §* <1 and 0 > (,, > 1 —p and
(b(wﬂam’u) <
p
C38A(4) (ﬂm +p - 1);0 (5771 +p - 1)
=P 1Bl pertp et e
CssA(4) (B +p—1)° T (B +p— Dt
B

L *
< [C9 A (4)2P™] Brtp=1 go( (Bt ‘Z)p — 1)t

7Tm+17u)-
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This implies

((ﬁo +p— 1)t* 70, u) < ﬁ [ngA(4)2pk]m¢( (ﬁm—l—l +p— 1)t*

k=0 p

¢

s Tm415 U)

m L — 1t
< 11 [ A@) 2mya Pt 228 )
k=0 p
Let z € [t*,00), there exists a nonnegative integer N such that §*V*ly < 2z
1 —1
< 0*Ny. Since N < w and
log
% 1 - % 1 B 1 11—Vt
i Bkt+p—1 [ Z6%Bo+p—-1) (Bo+p—1)6N 1-05*
p— T
(Bo+p—1)2(1—0")
we get
log z—log vy t* — 1)
o L) <[Caoh (2 e s (N I DT )
p
log z—log vy t* 1-6%)

<[Cy9 A(4) 27 logd* ]pz(1-5)

BZ‘ z0* ¢(Z,2,U)
t*
log z—logy | pz(1—5%)
(3.15) < |Cyo A(4) 27 logd” B(z,2,u).

Combining (3.14) and (3.15), we get

log z—log ~y t*

1
b(7, 1, %) < [ChoA(4) 9P log 6* |p=(1-0%) [60371\(8) + CO36).
logz 1 z® .. .
Si — < - and pe < C(a) for any positive real numbers z and «, we obtain

<Cn

CYSERY 1
<Cigle e ADCOO Y < Oy explCira(s) T,

which automatically implies (3.8). O
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