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WEAK LAWS OF LARGE NUMBERS FOR DOUBLE ARRAYS
OF RANDOM ELEMENTS IN BANACH SPACES

LE VAN DUNG

ABSTRACT. In this paper, we establish the weak laws of large numbers with
or without random indices for double arrays of random elements in Banach
spaces. Our results are more general and stronger than some well-known ones.

1. INTRODUCTION

Consider a double array {Vy,,;m > 1,n > 1} of random elements defined
on a probability space (€2, F, P) taking values in a real separable Banach space
X with norm || - ||. Let {un;n > 1} and {v,;n > 1} be sequences of positive
integers, let {T,,;n > 1} and {7,;n > 1} be sequences of positive integer-valued
random variables and let {ap,;m > 1,n > 1} and {byn;m > 1,n > 1} be
arrays of positive numbers with a,,, T oo and by, T oo as max{m,n} — oo.
In the current work, weak laws of large numbers will be established for double

ko1
amb || 32 37 (Vij—cmnis) || and for double arrays with random

arrays max
1<k<um,1<I<vy, i=13j=1
T Tn
indices a;,l, >0 S (Vij — Cmnij), Where Cipij is a conditional expectation.
i=1j=1

Limit theorems for weighted sums (with or without random indices) for random
variables (real-valued or Banach space-valued) are studied by many authors. The
reader may refer to Wei and Taylor [15], Ordénez Cabrera [7, 8], Adler et al. [1].
Recently, S. H. Sung et al. [14] obtained the weak law of large numbers with
random indices for array of random elements, N. V. Quang and L. H. Son [11]
established the weak laws of large numbers for sequences of Banach space valued
random elements, N. V. Quang and N. N. Huy [12] established the weak laws
of large numbers for adapted double arrays of random variables. In this paper,
we establish weak laws of large numbers for double arrays of random elements in
martingale type p Banach spaces.
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2. PRELIMINARIES

For a,b € R, min {a, b} and max {a, b} will be denoted, respectively, by a A b,
a V b. Throughout this paper, the symbol C will denote a generic constant
(0 < C < o0) which is not necessarily the same one in each appearance.

Technical definitions relevant to the current work will be discussed in this
section. Scalora [13] introduced the idea of the conditional expectation of a
random element in a Banach space. For a random element V and sub o-algebra
G of F, the conditional expectation E(V|G) is defined analogously to that in the
random variable case and enjoys similar properties.

A real separable Banach space X is said to be martingale type p (1 < p < 2) if
there exists a finite positive constant C' such that for all martingales {S,;;n > 1}
with values in X,

o0
sup E[|SullP < C Y B[Sy — Sn1|”.
nzl n=1
It can be shown using classical methods from martingale theory that if X is of

martingale type p, then for all 1 < r < oo there exists a finite constant C' such
that

oo b
Esup ||S,[|" < CE ZHSn_Sn—lup :
n>1 n—1
Clearly every real separable Banach space is of martingale type 1 and the real
line (the same as any Hilbert space) is of martingale type 2.

It follows from the Hoffmann-J¢rgensen and Pisier [4] characterization of Rade-
macher type p Banach spaces that if a Banach space is of martingale type p, then it
is of Rademacher type p. But the notion of martingale type p is only superficially
similar to that of Rademacher type p and has a geometric characterization in
terms of smoothness. For proofs and more details, the reader may refer to Pisier
[9, 10].

The following lemma is needed to prove Lemma 2.2.

Lemma 2.1. If { Xy, Fi;1 > 1}, k=1,2,...,m are nonnegative submartingales,
then {maxi<p<m X, Fi;1 > 1} is a nonnegative submartingale.
Proof. For L > 1> 1,

F X |F) > E( X |F) > X,
(é}%xm 5 z)_lg}%xm (Xkrl z)_lg}%xm Kl

O

Let Fji; be the o-field generated by the family of random elements {V;;;i <
korj <1}, Fiq = {0;Q}. We have the following lemma.

Lemma 2.2. Let 0 < p < 2. Let {Vi;;1 <i <m,1 < j < n} be a collection
of mn random elements in a real separable Banach space. When 1 < p < 2
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we assume further that the underlying Banach space is of martingale type p and
E(Vij|Fij) =0 for all1 <i<m,1 < j <n. Then
k l p m n
(2.1) B omax 1> > Vil <CD > BVl
1<i<n |[1=1 j=1 i=1 j=1

where the constant C' is independent of m and n.

Proof. We easily obtain the conclusion (2.1) in the case of 0 < p < 1.

ko1
Now we consider the case of 1 < p < 2. In this case, we set Sy = > > Vij,
i=1j=1
Y = maxi<p<m ||Ski|. If 07 is a o-field generated by {V;;;1 <i<m,1<j <1}
then for each [ (1 <1 < n), oy C Fj 41 for all i > 1. It follows that E(V; 41]oy) =
E(E(V;14+1|Fi+1)lo1) = 0. Thus, we have

k
E(Ski+1l01) = E(Slor) + Y E(Virsalor) = S
i=1
It means that {Sk;,01;1 <1 < n} is a martingale. Hence, {||Ski|l,01;1 <1 < n}
is a nonnegative submartingale for each k = 1,2,...,m, it follows from Lemma

2.1 that {Y,,01;1 <1 < n} is a nonnegative submartingale. Applying Doob’s
inequality (see, e.g., Chow and Teicher [2, p. 255]), we obtain

p
(2.2) E ( max |]Skl|]p> =F <max le> < CE(Ymn)P.
1<k<m 1<i<n
1<i<n

On the other hand, since E(V;;|Fi;) = 0 we see that {Skn,Gr = Fry1,1;1 <k <
m} is a martingale. Thus

P _ P < [P
(2.3) E(Yon) Elg}gagxm [Sknll? < C; E ; Vs [P

!
We again have that for each k(1 <k <m), {> Vij,Gu = Fryr1;1 <1 < n}is
j=1

a martingale. Hence,

n l n
(24) B3 Vigll” < B max | Vigl? < C 3 Bl Vial”
j=1 - j=1 =1
Combining (2.2), (2.3) and (2.4) yields the conclusion (2.1). O

Random elements {V,,;m > 1,n > 1} are said to be stochastically dominated
by a random element V' if for some finite constant D

P{|Vipnl| > t} < DP{|DV|| >}, t>0,m>1,n> 1.
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3. THE MAIN RESULTS

In the following we let {V,,,;m > 1,n > 1} be an array of random elements
defined on a probability (2, F, P) and taking values in a real separable Banach
space X with norm ||-||, Fi; be a o-field generated by {Vi;;i < k or j <1}, F11 =
{0;Q}. Let {un;n > 1}, {vn;n > 1} be sequences of positive integers such that
limy, o0 Uy, = limy,— 00 v, = 00 and let {app;m > 1,n > 1}, {bpp;m > 1,n > 1}
be arrays of positive numbers with @, T oo and b, T 00 as m Vn — oo. For
any set A, let I(A) be the indicator function, i.e.

100 ={ it o g

Set Vinij = VigL(IVis | < bmn)-

mnij
Theorem 3.1. Let 0 < p < 2. When 1 < p < 2 we assume further that the
underlying Banach space is of martingale type p. If

Um Un

(3.1) > P{IVill > brun} — 0 as m Vi — oo
i=1 j=1
and
Um  Un
(32) Z Z EH mnij CmTLZ])Hp —0asmVn— o0,
™ i=1 j=1
then
k l P
(3.3)  nax @ Z Z — Cmnij)|| — 0 as m vV n — oo,
1<Ii<vn, =1 :
where cppi; =0 4f 0 < p <1 and cmpij = E(V,;W]\ j)ifl<p<2.
Proof. For an arbitrary ¢ > 0,
1 k l
P\ B e |2 25 )| > €
1<i<vp i=1 j=1
1 k l
!
<P max —— Z > (Vij = Viunig)|| > /2
1<i<vn =1 j=1

— 1 /
t+F o a Z E :(anzg Cmnij) >e/2
1<l<v:b mn i=1 ]:1

k1

1
=P { max — |3 % (VI ([[Vijll > bmn) || > £/2

1<k<um @
i<i<vp, " |li=1 j=1
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k l
+ P{ max E E mnij — Cmnij) || > €/2
1<k Sum A |4
I<i<vn =1 j=1

Um, Un 1

k l
SP U U(H‘/Un > bmn) +P max —— ZZ(VWIWW,] Cmmy) > 6/2

1<k<um Quup,

i=1j=1 1<i<vn =1 j=1
Um  Un 1 k l
< Z ZP(”VZJ” > bMN) + P 123357” @ Z (VT;lTLZ] cmm]) > 5/2
i=1 j=1 i<i<on i=1 j=1
Um  Un k l p
< Z Z P HVZJ H > bmn) m 12}23(”1 Z (Vr/nmj Cmm])
i=1 j=1 1<i<vn |[i=1 j=1
(by Markov’s inequality)
Um Un Um Un
SZZP(”W]” > bynn) + mnzg cmmj)”p
i=1 j=1 =1 j=1
(by Lemma 2.2)
—0asmVn— oo (by (3.1) and (3.2)).
The proof is complete. O

Corollary 3.2. Let 1 < p <2 and let X be a martingale type p Banach space. If

Um Un
ZZP{”VZ]” > bmn} — 0 asmVn— oo,
i=1 j=1
1 k1 b
(3'4) 1<H}32Li(m rmm, Z Z (Vr:mz]|~7:ij) — 0 asmVn— oo
1<i<wvn i=1 j=1
and
Um  Un
ZZEH mnij (Vr/rmz]|flj))‘|p —0asmVn— 0,
i=1 j=1
then
(3.5) 11%%%517” G ; Z Vz] —> 0 as mVn— oo.
un ] 1

Remark 3.3. If the condition (3.4) is replaced by the condition

Um Un

P
E E EV, mm] — 0asmVn— oo,
amn
=1 j=1
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then the conclusion (3.5) will be replaced by

Um Un

—ZZV” —>0asm\/n—>oo

a
mnoi—1 j=1

The following result is random indices version of Theorem 3.1.

Theorem 3.4. Let 0 < p < 2. When 1 < p < 2, we assume further that the
underlying Banach space is of martingale type p. Suppose that {T,,;n > 1} and
{Tn;n > 1} are sequences of positive integer-valued random variables such that

(3.6) nh—>nolo P{T,, > u,} = hm P{7, > v,} =0.
If
Um Un
(3.7) > P{IVill > bn} — 0 as mAn — oo
i=1 j=1
and
Um Un
(38) Z Z EH mnij Cmm‘ij —0asmAn— o0,
Qinn i=1 j=1
then
Tm Tn
—ZZ i — Cmnij) L0 as mAn — oo,
Amn 5= 1j=1

where ¢ppij =0 if 0 <p <1 and cpnij = E(V,),..:|Fij) if 1 <p < 2.

mnij

Proof. For arbitrary € > 0,

P —HZZ ij — Cmnij | > e

Tm Tn

nlljl

Tm Tn

+ P —” ZZ mnij Cmm'j)” > 5/2

=1 j=1

Tm Tn

=P —HZZ (Vig L([Vig | > bmn) || > €/2

=1 j=1

Tm Tn

+ P HZZ mnij Cmmj)” > 6/2

=1 j=1
:Amn + an-



WEAK LAWS OF LARGE NUMBERS FOR DOUBLE ARRAYS 393

For A, we have

Tm Tn

Amn <P —H ZZ VUI HVZJH > bmn)|| > €/2 m(Tm < up) m(Tn < n)

=1 j=1
+ P{T,, > um} + P{7n > v,}

Um Un

< P UVl > bwn) p + P{Ton > um} + P{70 > vn}
im1j=1

< ZZP(HVZJH > byn) + P{Tym > upm} + P{1, > v,} — 0as mAn — oo,
i=1 j=1
by (3.6) and (3.7).

Next, for B,,, we have

Tm Tn

By < P —H ZZ mnij — Cniz) || > €/2 m(Tm < Up) m(Tn < n)

Amn,
=1 j=1
+ P{T}, > up} + P{7, > v,}
< P{— max ZZ mnij Cmnij) > 6/2

a 1<k<um
MR e, ||i=1 =1

+ P{Ty, > upm} + P{1n > vn}.

By (3.6), in order to prove that B, — 0 as m A n — oo, we need to show that

k1
P — 1513%57” Z:Z: mnij — Cmmig)|| > €/2 p — 0asmAn — oo,
Note that in the case of 1 < p <2, we have E(V,,;; — E(V,,,,,;;1Fij)|Fij) = 0 for

allm > 1,n > 1,1 < i < up, 1 <j < v, Applying Markov’s inequality and
Lemma 2.2 we obtain

k1

1 /
P<{ max — E E (me] Cmnij)|| > €/2
1<k<um Qpn |4 ¢
1<i<vn i=1 j=1

op kool | P
< max Z Z e
— p mnij mnuj
e (B2 | &5
Um Un
ZZEH mnij — Cmnij) [P — 0asmAn — oo (by (3.8)),
€pamn =1 j—1

which completes the proof. O
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Theorem 3.5. Let 0 < p < 2. When 1 < p < 2 we assume further that the
underlying Banach space is of martingale type p. Let {kpyn;m > 1,n > 1} be an
array of positive integers such that kp,, — oo as mV n — oo and

k
(3.9) — 0 asmVn— oo.

p
Amn

Suppose that there exists a positive nondecreasing function g on [0,00) satisfying

(3.10) lim g(a Z g’(1/4) <

a—0

and
o "R G+ 1) — 6°()
(3.11) sup  — Z : < o0.
m>1,n>1 Gmn ) i
If
Um Un

(3.12) sup sup > S aP{[[Vy| > g(a) < oo,

Kmn
a>0m>1,n>1 mn [ Z 1j=1

and

U, Un

(313) lm sup 3> aP{|Vyl > gla)} =0,

A= m>1,n>1 kmn

=1 j=1
then
k 1
P
(3.14) max Z Z — Cmnij)|| — 0 as mV n — oo.
1<k<um amn ‘
1<iZun =1 j=1

Moreover, let {Ty;n > 1} and {T;n > 1} be sequences of positive integer-valued
random variables satisfying (3.6), then

(3.15) —ZZ i cmm])—>0 as mAn — 0o,

where Crmi; =0 if 0 < p < 1; cmnij = E(Vii L(||Vij || < 9(kmn)|Fij) if 1 < p < 2.

Proof. By (3.13), take a = ky,,, and by, = g(kmyn) we immediately have (3.1).

Now we need to verify the condition (3.2) with by, = g(kmp). Since g is a
nondecreasing function, it follows that
Um  Un

Z Z EH mnij Cmnij Hp

mnil] 1

U, Un

<C— Z Z EH mnij ||p by Cp- lnequahty)

mnil]l
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_C—ZZEHVUI Vi1
Amn = 1 =1
Um Un kmn
D)|P + C— ZZZEHV”I (I—=1) < [|Vizll < g)|IP
@inn i=1 j=1 1=2

By (3.9), (3.10) and (3.12), we have

U, Up OO

M = = ZZZEHVWI (1/(T+1)) < [[Vill < g@/D)]P
MR G—1 j=11=1

U, Up OO

<3S PP/ + D) < Vil < g1/}

a
MR G—1 j=1 =1

< z"iz (Z ((6"(1/ = 1)) = /D)PLIVE | > 9(1/D)]

=2

< o z’”:z (Z[@m/(z 1)~ PPV > g(l/zm)

i=1 j=1 \I=2
< S P/ 1) - (1)
mn 7
< s { IPIETLLA >g<1/z>}}
m>1,n> mni 1 =1

< B ( 0+ 34 1/z>sup sup {mniiafﬂ{m]>g< >}}

(1
mn a>0 m>1,n>1 i=1 j=1

—0asmVn— .

For N,,,, we have

Um  Un Kkmn

ZZZg )P{g(l = 1) < |Vis ]| < g()}

21]112

Um Un

< (1) (ZZP{vum >})
o>y ( S @+ 1) - PPV > g<1>}>
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Um Un

kmn
=9’ M| ¢ ZZP{HVUH >g(1)}
mn i=1 j=1
1L RS @ ) — D) (RRS
b 3 ) oS PV > o))
mne=1 i=1 j=1
k Um  Un
< P12 | sup  su aP{||Vii|| >
=9 ( )a%n a>%)m>1 5>1 kmn ;]z:l {H ]H g( )}
b R (04D — g (0) [ 1 QA
LSS : o YU (LA B0
me—q m"z‘ 1j=1
Because of (3.9) and (3.12) we have
kmn A
—— | sup sup ZZCLP{HV”H>9( )} | — 0asmVn— .

amn \ a>0 m>1,n>1 kmni =

On the other hand, it follows by (3.11), (3.13) and the Toeplitz lemma (see, e.g.,
Loeve, 1977, p. 250) that

kemn —1 u v.
kmn S (gp(l + 1) — gp(l)) T
o 2 z o 2 2PV > 50} | 00 v o

Thus, the expression Ny, — 0 as m Vn — oc.
Applying Theorems 3.1 and 3.4 we obtain the conclusions (3.14) and (3.15)
respectively. O

Remark 3.6. Note that condition (3.11) can be difficult to check. It is analogous
to Proposition 1 of D. H. Hong et al. [5], a sufficient condition for (3.11) is given
as follows:

(3.16) 9Fmn) _ di o) _ “pm”).

Amn Emn

Corollary 3.7. Let 0 <7 <p < 2. When 1 < p <2 we assume further that the
underlying Banach space is of martingale type p. Suppose that {Vym;m > 1,n >
1} is stochastically dominated by a random element V. If

lim aP{||V|]" > a} =0,

then

1 kol
max ————— g E —c —>0a3m\/n—>oo
1<hSm (mn)l/r zy mnz])

1<i<n =1 j=1

where cppi; = 0if 0 < p <1 and cimpij = E(Vi L(||Vi;||” < mn)|Fij) if 1 < p < 2.
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Proof. Let g(t) = tY/", u, = v, = n, kyp = mn and @y = (mn)'/7. Then

conditions (3.9), (3.10), (3.12) and (3.13) are clearly satisfied. On the other
kmn p_

hand, by the inequality 1772 < C.kﬁml, it follows that (3.16) holds. Thus,
=1

condition (3.11) holds. O

The following corollary is stronger than the sufficient condition of Feller’s weak
law of large numbers (see, e.g., [3], Section VIL.7.).

Corollary 3.8. Let 0 < r < 2. Suppose that {X,;n > 1} is a sequence of random
variables which is stochastically dominated by a random variable X. If

lim aP{|X|" > a} =0,
a—0o0

then

1
1 P
7 max | (X — E(XGI(X1" < n)|F5)| = 0 asn — oo,
i | 2

where Fj = o(X;;1 <i < j).
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