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ATTRACTORS FOR NON-AUTONOMOUS SEMILINEAR
PARABOLIC EQUATIONS WITH DELAYS

CUNG THE ANH AND LE VAN HIEU

ABSTRACT. We study the asymptotic behavior of solutions to a class of re-
tarded non-autonomous semilinear parabolic equations with nonlinearities of
polynomial type, general delays and time-dependent external forces. The ex-
istence of weak solutions for the equations is proved by using the Galerkin
method. We then prove the existence of a pullback attractor without restric-
tion on the growth order of polynomial type nonlinearity and on exponential
growth of the external force. When the time-dependent external force is a
translation bounded function, the existence of a uniform attractor is proved.
Finally, we give a relationship between the pullback attractor and the uniform
attractor.

1. INTRODUCTION

The understanding of the asymptotic behavior of dynamical systems is one
of the most important problems of modern mathematical physics and biology.
One way to treat this problem for a system having some dissipativity properties
is to analysis the existence and structure of its attractor. The existence of the
attractor has been derived for a large class of PDEs without delays and ODEs
with delays (see e.g. [3, 12, 14, 23] and the references therein). However, to
the best of our knowledge, little seems to be known about the existence of the
attractor for PDEs with delays in the non-autonomous case.

PDEs with delays are often considered in the model such as maturation time
for population dynamics in mathematical biology and other fields. Such equations
are naturally more difficult since they are infinite dimensional both in time and
space variables. We refer to the monograph [24] for a theory of PDEs with delays.
Recently, the long-time behavior of PDEs with delays, including the stability of
solutions and the existence of attractors, has attracted the attention of many
researchers (see e.g. [1, 2, 4-10, 13, 15-16, 19-22]).
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In this paper we study the long-time behavior for the following non-autonomous
equation:

%u(t,m) + Au(t,z) + f(u(t,z)) = F(us)(x) + g(t,z), x € Q, t > 7,

(1.1) u(r,z) =u’(z), zeQ,
u(t+0,x) =¢0,x), 0 € (—r0), .

Here Q is a bounded domain in RY, and other symbols satisfy the following
conditions, c.f. [15, 22]:

(H1) The initial data u® € L?(2) and ¢ € L?(—r,0; L*(Q)) are given;

(H2) A is a densely-defined self-adjoint positive linear operator with domain
D(A) C L*(Q) and with compact resolvent (for example, —A with the
homogeneous Dirichlet condition);

(H3) f:R — Risa C! function such that

(1.2) Cilul’ = Co < f(u)u < Colul’ + Co, p > 2,
(1.3) f'(u) > —C3 forall u € R,

where Cy, C1,Cy and ('3 are positive constants;

(H4) F: L?*(—7,0; L%(Q)) — L?(Q) is locally Lipschitz continuous for the initial
data, i.e., for any M > 0, there exists Ly > 0 such that for u,v €
L2(—r,0; L*(Q)) satisfying (u(0),u), (v(0),v) € B(0, M), the closed ball
in L2(Q) x L?(—r,0; L*(Q)) centered at 0 with radius M, one has

1/2
(1L4)  IF() = F@) < Lear ([6(0) = 0O + = o2z ) -

and there exist ki, ks, k3 > 0, such that for all & € L?(—r,0;L3(%)),
n € L?(2), one has

0
(1.5) [(F (), m] < kallnll* + k‘z/_ 1E@)17d0 + ks;

hereafter we denote by (-, -) and ||.|| the inner product and norm in L?(Q);
(H5) The external force g € L? (R; L%(Q)) satisfies

loc

0 0 s
| e lglas < +ooand [ [ engty)|Pays <+,

— 0o
where c is a fixed positive constant.

Let us give some comments about the conditions of g in the paper. The
assumption (H5) is used to prove the existence of a weak solution to problem
(1.1) and of a pullback attractor for the process associated to Problem (1.1).
When proving the existence of a uniform attractor, we need a stronger condition
(H5bis) (see Sect. 4) of g, that is, g is translation bounded in L? (R;L?(Q)).

loc

This assumption ensures that the symbol space ¥ = H,,(g), the closure of the set
{g(s +)|s € R} in L>"(R; L%(Q)) with the weak topology, is weakly compact,

loc
and this enables us to use the abstract theorem of Lu et al. in [18] to prove the

existence and structure of the uniform attractor.
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Given T > Tt and u: (t—r,T) — L?*(), as in [14], for each ¢ € [r, T] we denote
by wu; the function defined on (—r,0) by the relation u.(8) = u(t + 6), for all
0 € (—r,0). In this paper, we first construct the process associated to (1.1) in the
space L2(Q) x L%(—r,0; L%(Q2)), so the pair (u(t),u;) € L*(Q) x L%(—r,0; L2(Q2))
presents the state of the system. Then we investigate the long-time behavior of
the process by showing the existence of a pullback /uniform attractor. It is noticed
that the obtained results improve and extend some existing ones in [1, 15, 22].

Since A : D(A) — L?(R) is a densely-defined self-adjoint positive linear oper-
ator with domain D(A) C L?(Q) and with compact resolvent, A has a discrete
spectrum that only contains positive eigenvalues {\;}7° ; satisfying

O< A< A<...., N> ask— oo,

and the corresponding eigenfunctions {ej}7°, compose an orthonormal basis of
the Hilbert space L?(f2) such that
(ej,ek): ik and Aek:/\kek, k:1,2,...

Hence we can define the fractional power spaces and operators as

X*=D(A%) ={u= chek €eH: Zci)\ia < oo},
k=1 k=1

oo o0
A%y = ch)\%ek, where u = chek.
k=1 k=1

It is known (see e.g. [12]) that if @ > [ then the space D(A®) is compactly
embedded into D(A®). In particular,

D(A?) < L*(Q) < D(A™2),

where the injections are dense and compact.
Note that by the Riesz Representation Theorem, we have

0
(1.6)  [FEI = 1FE)lop = Sup [(F(€),m)] < k1 + kz/ 1EO)112d0 + ks,
nl|= -r

which implies that F is a bounded map from L?(—r,0; L?(Q)) to L?(2).
Now we introduce some notations which will be used in this paper:
H = 12(9),
V= D(A%) with the associated product (u,v)y = <A%U,A%’U>H,
V= D(A_%) is the dual space of V,
L% = L*(-r,0;H), L?, = L*(—r,0; V) are Hilbert spaces with the norms

0
Jullyy = [ llu(s) Beds,

-

. M%I = H x L%{, M‘Q, =V x L%/ are Hilbert spaces with the norms

1w, )32, = lullk + el 72 ,
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o W =L*r,T;V)NLP(7,T; LP(Q)), W* = L*(7, T; V') + L¥ (7, T; LP (2)),
where p’ is the conjugate of p.

The paper is organized as follows. In Section 2 we recall some results about
pullback attractors and uniform attractors which will be used in the paper. In
Section 3, we prove the existence of a pullback attractor in M?{ for the process
associated to Problem (1.1) when the external force has an exponential growth.
The existence of a uniform attractor in M% for the family of processes associated
to Problem (1.1) is discussed in Section 4 when the external force is a translation
bounded function. In the last section, we give a relationship between the pullback
attractor and the uniform attractor.

It is noticed that the restriction p > 2 in (1.2) is made for the coherence of the
presentation only; some comments about results in the case p = 2 are given in
Remarks 3.1 and 4.1.

2. PRELIMINARIES

For the convenience of readers, in this section we recall some results about
pullback attractors and uniform attractors which will be used in the paper.

2.1. Pullback attractors. Let X be a complete metric space and Bx(a,r) be
the ball in X centered at a with radius r. A process on X is a two parameters
process U(t,7) : X — X satisfying the following properties:

U(t,r)U(r,7)=U(t,7) for all t >r >,
U(r,7) =1d for all T € R.

We usually use the Hausdorff semi-distance distx(.,.) defined by
distx (A, B) := sup inf d(a,b) for A, B C X.
acAbEB

Definition 2.1. [9, Definition 2]. Let U(¢,7) be a process in the complete metric
space X. A family of compact sets {A(t)}+cr is said to be a pullback attractor
in X for U(t, ) if, for every 7 € R, it satisfies

(1) U(t,7)A(r) = A(t) for all t > 7 (invariance), and
(2) liin distx (U(t,t —s)D, . A(t)) = 0 for all bounded subsets D of X.

The pullback attracting property (2) considers the state of the system at time
t when the initial time ¢ — s goes to —oo.

Definition 2.2. [9, Definition 4]. A family of sets {B(t) }+er is said to be pullback
absorbing in X with respect to the process U(t,7) if for any bounded subset B
of X and any ¢t € R, there exists 7(¢, B) < t such that U(t,7)B C B(t) for all
T < 7(t, B).

The following theorem shows the sufficient conditions for the existence of a
pullback attractor in X.
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Theorem 2.3. [9, Theorem 5]. Let U(t, ) be a continuous two-parameter process
on X. If there ezists a family of compact pullback absorbing sets {B(t) }ier in X
with respect to the process U(t, T), then there exists a pullback attractor {A(t) }er
in X, and A(t) C B(t) for all t € R. Furthermore,

At)= [ Ap(t), where Ap(t)= (| |J U(t,t —s)D.

DCcX neN s>n
bounded

2.2. Uniform attractors. Consider a family of processes {U,(t,7) | o € £} on
a Banach space E depending on a parameter o € 3. The parameter o, chosen as
the collection of all time-dependent coefficients of the equation, is said to be the
symbol of the process {U,(t,7)} and the set ¥ is said to be the symbol space.
By B(E) we denote the collection of the bounded sets of E.

Definition 2.4. [11, Chapter 4, Definition 3.3]. A set By C E is said to be
uniformly (w.r.t. o € ) absorbing for the family of processes {U,(t,7) | o € ¥},
if for any 7 € R and any B € B(FE) there exists tg = to(7, B) > 7 such that

J Us(t,7)B C By,

ceEX
for all t > tg. A family of processes possessing a compact uniformly absorbing
set is called uniformly compact.

Definition 2.5. [11, Chapter 4, Definition 3.5]. A closed set Ay, C F is said to be
a uniform (w.r.t. o € X)) attractor of the family of processes {U,(t,7) | o € X}, if
it is uniformly (w.r.t. o € X) attracting (attracting property) and it is contained
in any closed uniformly (w.r.t. o € 3) attracting set A" of the family of processes
{Us(t,7) | 0 € £} : Ay, C A’ (minimality property).

The kernel K, of a process {U,(t,7)} consists of all bounded complete trajec-
tories of the process {U,(t,7)}:

Ko ={u(.) | Us(t, 7)u(r) = u(t), dist(u(t), u(0)) < Cy,Vt > 7,7 € R}.
The set Ky(s) = {u(s) : u(.) € K5} is said to be the kernel section at time
t=s,s €R.
The following result, a direct consequence of Theorem 2.5 in [18], gives a

sufficient conditions on the existence and structure of the uniform attractor for
a family of (weakly continuous) processes.

Theorem 2.6. Let Y be a weakly compact set and the family of processes {U,(t, T)
| o € ¥} is (B x 3, E)-weakly continuous. If {U,(t,7) | o € X} has a uniformly
(w.r.t. o € ¥) compact absorbing set By, then it possesses a uniform compact
attractor Ay, in E. Moreover,

Ay = U Ks(s) Vs € R,
o€eX

where Ky (s) is the kernel section att = s of the kernel Ky of the process {Uy(t,T)}
with symbol o € 3.
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A set Y is said to be uniformly (w.r.t. 7 € R) attracting for a process {U (¢, 7)}
if
supdistx (U(t + 7,7)B,Y) — 0 as t — +00
TER

for any bounded set B. In particular, a closed set Ag is said to be a uniform
(w.r.t. 7 € R) attractor for {U(¢,7)}, if it is contained in any closed uniformly
attracting set. Given a symbol oy, let X = {og(- + h)|h € R} be a subset of
some Banach space. If the process {Uy,,(t,7)} satisfies the following translation
identity:

(2.1) Uso(t +h, 7+ h) = Uppyo, (t,7), VE>T,7€R K >0,

then obviously, the uniformly (w.r.t. 7 € R) attracting property of {Uy,(t,7)} is
equivalent to the uniformly (w.r.t. o € ¥g) attracting property of {U,(t,7)},0 €
Y. It is easy to see that the uniform (w.r.t. 7 € R) attractor Ay of {Uy, (¢, 7)}
coincides with the uniform (w.r.t. o € ) attractor Ay, of the family of processes
{Us(t,7) | 0 € Xo}.

3. EXISTENCE OF A PULLBACK ATTRACTOR

Definition 3.1. A function u is called a weak solution of Problem (1.1) on the

interval (7,7) if u € L2(t —n, T; H)NW 9u e W*, u(r) =u®, u(rt 4+ 0) = v(0)

T ot
for 6 € (—r,0), and

T u 1 1 T
[ (G abuabi + 1)t = [ (P01 + (o)
for all test functions ¢ € W.

Repeating the arguments used in the autonomous case [1], we get the following.

Theorem 3.2. Under conditions (H1) — (H5), for any 7 € R, T > 7 given,
Problem (1.1) has a unique weak solution w on (1,T) which satisfies

u(t) € C([r,T); H).
Moreover, the solution is defined over the interval [T,00).

Due to the result of Theorem 3.2, we can define the process U (¢, 7) : M% — M
associated to Problem (1.1) as follows.

Ut,m)(u’,0) = (u(t; 7, (u’,0)) w57, (u°, ) for (u°,9) € Mj, t >,

where u(t) = u(t;7,u’, ¢) is the unique weak solution of Problem (1.1) with
initial datum (u®, ¢) € M%.

Lemma 3.3. Under assumptions (H1)—(H?5), the operator U(.,.) is a continuous
process on MIQ{
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Proof. The composition properties for the process U(., .) follows from the unique-
ness of solutions to Problem (1.1).

To prove the continuity of U(t,7), let us consider two initial data (u?,),
(v0,¢) € M% and their corresponding solutions u(.), v(.). Then w = u — v
satisfies

881: + Aw + f(u) — f(v) = F(uy) — F(vy) in W* for a.e. t € [1,00).

Multiplying this equation by w and integrating over €2, we obtain

;CZ\IW(t)|!2+\|w(t)H%/+/Q[f(U(t))—f(v(t))}[U(t)—v(t)]dyﬁ = (F(u) =F(vp), w(t)).

Using condition (1.3), we have

/ [f (u(®)) = fo®)][ut) — v(t)]de = —C3 / [u(t) —v(®)*dz = —Cs|w(t)|.

Q Q

By the Cauchy inequality, we get

(F(ur)=F(ve), w(t)) < [[F(u)=F(vp)]][w(®)]] < 41\1”F(Ut)—F(Ut)HQ"‘)\l||w(t)H2-

Using condition (1.4) and noting that A1 |lw(t)[|? < ||w(t)||?,, we get

Li
(F () = F(wr). w(t)) < 32 ([[ue(0) = v (0)[* + lue = el ) + (o) 5

L
= o (el + iz, ) + el

where u¢(0) — v£(0) = u(t) — v(t) = w(t). Hence
d 2 L%’,M 2 2 2
gl O < 52 ()P + el ) + 205 |w(o)]

0
= Gyl + Cs / Jwe(s)|ds.

T

Integrating this inequality from 7 to ¢, we obtain

t t 0
lw(®)]2 — w()]? < Cs / w(s)|%ds + Cs / / (s + 6)|2deds
t 0 t
§C’4/ Hw(s)”2d5—|—C’5/ / \|w(s)|\2dsd9

T

t
g(c4+05r)/ \w(s)y2ds+c5r/ w(s)|2ds.

=T

The Gronwall lemma implies that

lw®IP < (nwmn? +oor | ||w(s>|2ds> CHONET) e [T
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We rewrite the last inequality as
(3.1) () = o(&) 2 < (lu® = o) + Corllip — w12, ) eCr+EsnE=),

Note that if t > 7 + r, then we obtain from (3.1) that
0
Jus = vl = [ llu(e-+6) ~ (e + 6) P

0
</ sup ||lu(t + s) — v(t + s)||?d0

—r s€[—r,0]
<1 (Ju® = )2 + Carllp — 2, ) eCrrCanii=,

Next, if 7 <t <7+ r, we deduce immediately that

0
Jue = vl = [ e+ 6) — (e -+ 0) s

T T+r
< [ )~ vPas+ [ o) — otsyiPas
T—T T
< (’I“HUO o U0||2 + (057“2 + 1)”()0 _ ¢H%2 ) e(C4+CsT)(t—T)‘
H
Thus, we have for all ¢t > 7,
e = w12 < (rllu® = 02+ (Cor? + Dl — w2y ) elCr+Erne=)

which joints with (3.1) imply the continuity of U(t, 7). O

Lemma 3.4. Let u € LP(Q2), p > 2. Then for any & > 0, there exists a positive
constant C(&,p) > 0 such that

(3.2) 1l iy > Ellullzz@) — CE p)-
Proof. Using Young’s inequality, we have

2 P -2 p
el = [ eluba< [ (2up)t + 22267 ) as

—2 p
P= 2510
D

2
= ];”UHIZP(Q) +

2 2 »_
Since p > 2, — < 1. Putting C'(§,p) = 4 §P€2 19|, we get (3.2). O
p

p
Lemma 3.5. Under assumptions (H1) — (Hb5), the solution u of (1.1) satisfies
(3.3)

t

lu()I? < e [ul? + 2kare= ]| 7, + Mo + G_Ct/ elg(s)|*ds,
H

—0o0

where My is a positive constant independent of t, T.
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Proof. From (1.1), in view of (1.5), (1.2) and the Cauchy inequality, we have

d
@I + 22 [u@®)l* + 2C1 [u@®) [ 75q)

0
(34) < 2C0|Q + 2k3 + (2k1 + 1)||u(®) ] + 2k2/ lue(0)[17d0 + llg ().

-

Now for any £ > 0, by Lemma 3.4, there exists a number C(&,p) > 0 such that
201 |u(t)|[5 ) = Ellu®)® = C(€, p)-

Therefore,

d 0
prlll O < 2k +1 =20 = u(t)]® + 2k2/ lue(0)]17d6 + || g(6)|* + M,

-r

where My = C(p, &) + 2Co|2| + 2k3. We have
d

S u)?) = ce @) + e )

< (2k1 + 14 c—2X\ — e u(t)|* + Mie
0
+%a/ e (B)]%d0 + g ()%

Integrating from 7 to t (¢t > 7), we have

t
M
u®)” - I < @0+ 14 e- 200 -8 [ uls)|Pds+ L

t 0 t
+2k2// ecsl\us(9)|]2d9ds+/ eCSHg(s)HZdS.
Notice that

t r0 t 0
/ / (e |Jus(0)[|*d6) ds < e / / e ||u(s + 0)||>dbds
T -r TO —;
< ecr/ / e“*||u(s)||*dsdf

t
(3.5) ) P /ewmwm%a

T

thus,

u(®)]? <eT||u’|® + 2k27“60(7“)|!s0\\i;{
t
+ (2k1 + 1+ ¢ + 2kore™ — 2)\; — 5)/ e“*||u(s)||*ds

M t
+1ect+/ e[| g(s)||%ds.
& —00

Now we choose ¢ large enough such that 2k; + 1 + ¢ + 2kore® — 2A1 — £ < 0 to
obtain (3.3). O
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As a consequence of Lemma 3.5, we obtain the following result.

Lemma 3.6. Assume that (H1)—(Hb5) hold. Then there exists a family {Bg(t)}+cr
of bounded pullback absorbing sets in MIQ{ for the process U(t,T) associated to
Problem (1.1).

Proof. One can see that, there exists 7 = 7(¢,u", ¢) such that, for all 7 < 7, the
following inequality holds:

t
C_C(t_T)HUOHQ+2k27"€_6(t_7—_r>||§0”%% < e—ct/ ecs”g(S)HQdS.

—0oQ
Therefore, by Lemma 3.5, we have
t

Ju(t)]? < 26~ / e%*|lg(s)12ds + My < +oo,

—00
for all t > 7. Now, taking t > 7 4 r, we have for 6 € (—r,0),

t+60
lu(t + 0)[2 < 26(t+) / e“*|lg(s)|%ds + My

—00

t
< et / ¢ lg(s)|2ds + Mo.

—0o0

It follows that

0 t
/ l|us(6)]>d6 < 2T€CT€_Ct/ e®|lg(s)|*ds + Mor.

—r —00
Hence, it is obvious that

0
U, 1)@, D)3z, = Nu®)]? +/ e (0)||*d6

t
<2(1+ recr)e_Ct/ ecng(s)||2ds +(1+7r)My = R%{(t).

—0o0
Then, for any bounded set D C MIQJ, one easily deduces that

U(t,7)D C By (t) = By (0, R (1)),

for all 7 < 7(¢, D) — r. Thus U(t,7) has a family of bounded pullback absorbing
sets in MIQ{ 0
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Lemma 3.7. Assume that (H1)— (H5) hold. Then the solution of (1.1) satisfies
lu@)]” + [[u@®)|F + Q/Qf(u(t))dﬂf
< M20< (1 +(t—7)+ t_lT> e w2

+<1+(t—7')+t_1T>e =2,
(e )+ (1 ) e [ et
# (1 _T) <[ g dyds)

for all t > 7, where F(u fo &)d¢ is the primitive of f.
Proof. Multiplying (1. 1) by u(t) + @(t) then integrating over 2, we get

)+
(Sl + 2ol + [ Foo)ie) + 1ol + [ oo

= (F(ug), u(t)) + (F(ug), a(t)) + {g(t), a(t)) + (g(t), u(t)) — [a(t)]>.
We have

1 A
@)% = Slu®IF + - lu@)]

From condition (1.2), there exist M3, M4 > 0 such that

(3.6) Ms(JulP —1) < F(u) < My(|JulP + 1),
and using (1.2) once again, we have
/f t)dx >/.7-" ))dz — (Co + C1)|9).

Using condition (1.5), we get

(Plun) u(®) = 2P, (o)

S PR ETATE I /0 lu(t + 0)|2d0 + k
<N 1161{:% 2| 3

A1 4k ko
< o + 55 [ e g an 4 5

4k kg
A

Similarly,
1 0
(Pl i) < o)+ 2kka [ e+ 0)[Pdb -+ 2hs

Using the Cauchy inequality, we get

o {g(0), i) < 3o + 5 (o)
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1 A1 1 1
e (g(t),u(t)) < /\Tllg(t)IIQ + lelb(?f)ll2 < )\Tllg(t)llz + ZHU(t)HQv-
Put
W(t) = [lu(®)|* + [[u®)F + Q/Qf(U(t))dm,
M1 O
Y= 9 ’ 27 M4 )
8k1k
Ms = 2(Co + C1)|9 + 11 54 dkyks,
k1k
Mg = Sk1ks + 4k ko,
1
2
M;=1+ —
7 + )\17
from the above estimates we get
d 0
(0 +P(t) < Ms + Ma/ [ue(0)[1°d6 + Mz|g(t)])*.
Hence
d
o7 ((t — T)eCt\Il(t)) <[T+(e=y)(t— T)]eCt\lf(t) + Ms(t — T)BCt

0
+ Me(t — ) / e [|ue(0)|2d0 + Mz (t — )e[|g(1)]*.

-7

Integrating from 7 to t and using (3.5), we get

(¢ = )W) < (U (e =)= [ e s + 220 e

t
+ Mg(t — 7)re” / e |lu(s)||?ds + Mg(t — 7)re“ ) ||p||2,
H

T

(3.7)

Mt - 7) / e lg(s) %ds.

.
Now, we will derive some estimates on th e |lu(s)||*ds and f: e (s)ds. Mul-
tiplying (3.3) by e, we get

t
e Nu®)? < eTu|? + 2kare T |lfFy + Mae +/ e“llg(s)llds.

—00

and integrating from 7 to ¢, we obtain

t
M
/ e |[u(s)|Pds < (¢ = ) ([[u”|]2 + 2hareollFy, ) + —2e
T

(38) [ [ e atwipays
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Using (3.4) and the fact that Aq[|u(t)||* < |lu(t)||3,, we have

d
SO + @) + 201 ()%, 0
0
< 20| + 2k [u(®)|]? + 2ko /

T

1
[ue(0)]12d0 + 2ks + — |9 ()]
A1

Thus,
& (et ?) + e (@I} + 261 @)y )
dt v ! Lr ()
0
1
< 2(Gol0 + ka)e” + (c+ 2h)e [l + 2k | u0)|Pdb -+ g0

Integrating from 7 to t, we have

t
@) = el + [ e (lu@)R + 20 u(s) ) d

T

t 1 t
¢ ||u(s)|Pds + 2kare D ol|7, + / |lg(s)]*ds,
H )\1 —00

< Mge® + (Mg — 1)/

T

2(Co|2 + k)

where Mg = , Mg = ¢+ 2k + 2kore® + 1.

c
Using (3.8), we have

t
e (1P + ()} + 201 [us) ) ds

< e ||[ul||? + Mge + 2korerTT) ”SOH%%

1 [t t
+r / e lg(s)[°ds + My / || u(s) s

Mo M,
< [1 + Mg(t _ 7_)] (€CTHu0H2 + 2]@‘2?”@0(7‘-&-7')”(p”%%l> + <M8 + 2 9) e

1 t os t S .
o / e lg(s)2ds + My / / e lg(y) | 2dyds.

Since
lu()I* + u(®)} + 2C1[u() ], ) = YE(t) — 2C1]Q,
we have
t

/ e“W(s)ds

14 My(t — Mg MyMg +2C1 Q2
< + My( 7) (QCTHUOHQ+2k2r€c(T+T)H§0H%2)+ (8+ 24Vlg 1] |>eCt

Y i v cy

(3.9)

;L / g(s)|2d +M9/t [ e latwiava
_— e S S _— (& S.
’7/\1 —00 g Y —00 J —o0 I 4
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Combine (3.8) and (3.9) with (3.7), we get

@—Tﬁmﬂﬂﬁ[i+ﬂﬁff_7@—f%+(Mdgﬁﬂ+ﬂgw">@—ﬂﬂ

02 + [2]{:27“ N 2kar(c+ My — v) + Mgry
Y Y

x e“T|u

(t—r)
2kor(Mgyre™ + Mo(c — 7)) o(r+r
+ (t—7)?| eHn) HSOHL2

Y
" 201‘9’ + c¢Mg + My Mgy
cy
n (2C1[Q 4+ eMs + My My)(c — ) + v(M5 + My Mgre™)
oy

s (52 vam)u-n) [ etaras
[7 ( A +M67“€>t—7’]/ | elotw Py

1 +M9+C—
vt —1) ¥

[ M M
11 + My, —|—M13(t . 7_):| e—c(t—T—r)HSOHi%{ + |:t _14

(t - 7)} et

+

Thus,

() < [ 74 Mo(t — 7)} e~et=)]|u0)|2

_|_

|t—7

[ Mg —ct ! cs 2
F| panefet [eg(s) s
L —00

[ M18 —ct ! B cy 2
+ |5+ Mg e e lg(y)|*dyds.
L —o0 J —00

This completes the proof. U

|

Lemma 3.8. Assume that (H1)— (Hb5) hold. Then the process U(t,T) associated
to (1.1) has a family of pullback absorbing sets {By (t)}ter in the space MZ.

Proof. Let

t t s
RwrﬂMmQ+ed/ wM@Ww+e“/ / wme@w)

< + 00,
then from Lemma 3.7, there exists 7+ = 7(¢,u’, ¢) < t such that
(3.10) lu(®)I¥ < Ra(1),
(3.11) lur(O)If} < e Ra(t),
(3.12) lue(O) 1 + 2Msl[u(t) 17, ) < 2M5]Q + e Ra(2),
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forall 7 <7 —r and 0 € (—r,0). So, we have

0
U, 7) (W, )3 = lu®)l +/ lue(B)I[3-d6 < (1+re™)Ra(t) = Ri (1)

Then, for any bounded set D C M‘Q/, one easily deduces that
U(t,7)D C By(t) = BM‘Q/ (0, Ry (t)),
for all 7 < 7(¢, D) — r. This completes the proof. O

Theorem 3.9. Under assumptions (H1) — (H5), the process U(t,T) associated
to (1.1) has a pullback attractor A = {A(t)}er in the space M%.

Proof. Due to the result of Lemma 3.3, U(t,7) is a continuous process on M.
Therefore, by Theorem 2.3, we need to prove that there exists a family of compact
pullback absorbing sets in M%. From Lemma 3.7, U(t, 7) has a family of pullback
absorbing sets {By (t)} in MZ. Let

Bty= | Ut7)By(1).

T7<7(t,By)—r

It is easy to see that {B(t)} is a pullback absorbing in M% for U(t, 7). We now
show that B(t) is precompact in MIQ_I Let IT; and Il are canonical projectors on
MZ, ie. I : (u% @) — u® and Iy : (u®,¢) — ¢. One observes that II;B(t) is
bounded in V' and then it is precompact in H. It remains to prove that IIaB(t)
is precompact in L%I.

Let {up}2°, C IIxB(t). For a given t > 7 + r, (3.12) ensures that u"(t + 6),
8 € (—r,0) belongs to a bounded set in V N LP(Q2). It follows that u™ belongs to
a bounded set in L?(t —r,¢; V N LP()).

By rewriting the equation in (1.1) as

w'(t) = F(ug) + g(t) = Au™(t) = f(u" (1)),
we obtain that u™ belongs to a bounded set in
L2t —r t; V') + L7 (t — r, t; L7 (Q)) € LP (t — r, t; V! + LP ().
Using the Aubin-Lions lemma [17], we conclude that u" belongs to a compact set

in L2(t — r,t; L*(Q2)), or equivalently, {u; € IIoB(t)} is precompact in L%. The
proof is complete. O

Remark 3.10. In the case p = 2, i.e., f(u) = du (d > 0) as in [15], since we no
longer have Lemma 3.1, the conditions of the external force g should be changed
as follows:

0 0 s
| lgtsPds < rocand [ [ jgty)|Payds < 4o

—0o0
where A\; > 0 is the first eigenvalue of the operator A. Using the above arguments,

one can show that if g satisfies the above conditions and A\ + d > ki + kor, then
there exists a pullback attractor in the space M for the process U (t, 7).
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4. EXISTENCE OF A UNIFORM ATTRACTOR

In this section, instead of (H5), we assume that the external force g satisfies

e (Hb5bis) g is a translation bounded function in L? (R;H), that is, g €
L? (R; H) such that

loc
2 2 rH 2
91 = oy = sup [ late)lPds < +oc.
Denote by L?(R; H) the space of all translation bounded functions and by H,(g)
the closure of the set {g(s+-) | s € R} in L2 " (R; H) with the weak topology.

It is well-known [11, 18] that H,(g) is Weakly compact, and if gg € Hy(g) then
go € L3(R; H) and Hgg”%2 < HgHi2 Therefore, for any gg € Hy(9),
b b

¢ t
[ el = [ et go(s) s
00 t—k
=3 [ e )
t—k—1

k =k 2
e / lgo(s)%ds
t—k—1

> 1
—ck
SHgoH%g E e = 1_€_C|!gollig
k=0

VAN
M8\
a

2

It is evident that (H5bis) implies (H5), so we can use all the results obtained in
Section 3.

Consider the corresponding family of equations:

d
(1) { Seult) + Au(t) + £ (u(t)) = Flw) + go(t),

u(r) =u’, u(r+0)=¢p(0), 0 (-r0).
Assume conditions (H2)—(H4) hold. Then for any gy € Hy(g) and (u°, p) € M3,
7 € R are given, Theorem 3.2 implies that there exists a unique weak solution
u(.) = u(;7, (u®, ¢), go) of Problem (4.1).

We thus can define a process Uy, (., .) : M%I — MJ%I in the product space as

Ugo (t, ) (1, 0) = (u(t; 7, (u”, 0), go)s w7 (u”, ), 90)),  V(u®, ) € Mfy, t >,
and the corresponding family of processes as {Ugo( D)1 g0 € Huw(g)}

Lemma 4.1. Assume that (H1) — (H4) and (H5bis) hold. Then the family of
processes {Ug (,.) | g0 € Huw(g)} is (M% x Huy(g), MZ)-continuous.

proof The proof follows the same lines in the proof of Lemma 4.4 in [15], so it
is omitted here.
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Lemma 4.2. Assume that (H1) — (H4) and (H5bis) hold. Then there ex-
ists a bounded uniformly absorbing set By in M%I for the family of processes

{Ugo('v )| g0 € Hu(g)}

Proof. By Lemma 3.5, we have

¢
w(®)||? < e D02 + 2kore T 10]|25 + My + e e“||lgo(s)||>ds
¥ L%,

—0o0

(i el 1

Denote p1 = pi1(g) = 2Ma + T
#=7(D) > 7 such that for all t > 7 + 7, (u’,p) € D, go € Hw(g), we have

Hg”ig Given D € B(M%), there exists

(4.2) lu@®)I* < p1(9),
(43 HWM%Z/iM@+®WM§rm@)
Hence, it is obvious that
U0 (8, 7) ()32, = NI + el 72, < (1+7)p1(9) = phi(9)-

This means that the closed ball By = Bz (0, pr(g)) forms a uniformly absorbing
set for the mappings {Ug,(.,.) | 90 € Hw(9)}- O

Lemma 4.3. Under the assumptions of Lemma 4.2, there exists a bounded uni-
formly absorbing set By in MZ for the family of processes {Uy, (., .) | go € Huw(g)}-

Proof. Let u(t) = Uy, (t,7)(u’, ). We will prove that

HunM/f )z < p2 = pa(g),

for all t > 7 + r 4+ 1 by using the uniform Gronwall lemma.
First, multiplying the first equation in (4.1) by u(t), we get

M®W+2ﬁ0m M +2 [ o) )

1 1.
< S lla(t DI + 2k kalludl| 75 + 2kiks + *Hgo( t)|* + §||U(t)H2,

and therefore

d
@0 g (IR +2 [ Fut)an) < abbluly, + 0k + la]P
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From Equation (4.1), using (1.5), (1.2) and the Cauchy inequality, we get

d
SO + )} + 20 u(t) 2, 0
0
< 2C0|Q + 2ky[[u(t)]? + 2k /

T

1
e (6)]1%d6 + 2k + 71|\90(t)“2

1
< 2Gol + Zhapr + 2harpn + 2k + llgo ()]

Integrating from ¢ to t + 1 (with ¢ > 7 + ), we have

t+1
fute+ D = P+ [ (ol + 57 [ Fus)as ) as
t 4 JQ
1
< 2(Co + C1)[Q + 2k1p1 + 2korp1 + 2k3 + /\THQOH%g
1
< 2(Co + C1) [ + 2k1p1 + 2karpr + 2k3 + )\THgH%i'

Since we can take My > (', it follows that

]\(Z tt+1 (HU(S)H%/+2/£;]C(U(S))CZIE> ds

1
< 2(Co + C1)IQI + 2hnpr + 2karpr + 2hs + 597z + lu(t)

1
< 2(Co + C)[Qf + (14 2k + 2kar)py + 2ks + 9l
1

Putting
Lo
My | 2(Co + C)|Qf + (1 + 2k1 + 2kor)p1 + 2k3 + )\THQHLg
Iy =
Vv Cl )
we have
t+1
(4.5) / <Hu(s)||2v + 2/ f(u(s))dx) ds < I.
t Q

Therefore, we have
(4.6)

t+1
/ <4k1k2HutH%%{ + 4k1]€3 + Hgo(S)HQ) ds S 4/<:1k27"p1 + 4k1k3 + Hg”%g = Ih.
t
Now, from (4.4)-(4.6), we can apply the uniform Gronwall inequality to obtain

()% + 2/9.7—'(u(t))dx Iyt Dy =ps, forallt>7+r+1,
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Using (3.6), we obtain
(@) + 2V [u(®) ) < 2+ 2M5]2.
()]} + 2M3|ur(O)7p 0 < P2+ 2M5|9Q,
JunlZs < rpo + 200l

forallt > 7+ 2r+1and 0 € (—r,0). We arrive at the conclusion that, for any
bounded set D C M‘Q/7 we have

Ugo (,7)D € By = Bygz (0,/(1+ 7)oz + 2032

for t large enough and for all go € H(g). Thus, {Uy,(t,7) | go € H(g)} has the
uniform absorbing set Bs in M‘% O

Theorem 4.4. Assume that (H1) — (H4) and (H5bis) hold. Then there exists a
uniform attractor Ay in M3, for the family of processes {Ugy(.,.) | go € Huw(g)}.
Moreover, Ay y) is compact in M?I, and

Ao = U Kgls) VseR,
go€Hw(9)

where Kg, is the kernel of the process Uy, (t, T).

Proof. Let us consider the set By. This is a bounded uniformly (w.r.t. go €
Huw(g)) absorbing set for {Ug,(.,.) | go € Huw(g)}-

As in the proof of Theorem 3.9, we can show that B is precompact in M.

Since B is relatively compact in M?_I, hence B, where the closure is taken
in M%, is a compact uniformly (w.r.t. go € Hy(g)) absorbing set in M% for
{Ugo(-5-) | 90 € Huw(g)}. By Theorem 2.6, this ensures the existence and structure
of the uniform attractor Ay, (4) for the family of processes {Uy, (., .) | g0 € Hw(g)}
as stated. (]

Remark 4.5. In the case f(u) = du (d > 0) as in [15], using the above arguments
one can show that if Ay +d > ki + kor, then there exists a uniform attractor in the
space M% for the family of processes {Uy, (.,.) | go € Hw(g)}. Thus, in particular,
this result improves the recent one in [15]. It is noticed that our approach is
different from the one used in [15], and we only require that g is translation
bounded, while in [15] the authors assumed that g is translation compact.

5. A RELATIONSHIP BETWEEN THE PULLBACK ATTRACTOR AND THE UNIFORM
ATTRACTOR

In this section we assume that the external force g is a translation bounded
function. It is proved in Theorem 3.9 that for any go € H(g), the process
Ugy (t, 7) has a pullback attractor Ay, = {Ag,(t) : t € R}. Moreover, we have
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Theorem 5.1. Under conditions (H1) — (H4) and (H5bis), for any go € Hw(g),
the process {Uq,(t,7)} has a pullback attractor Ag, = {Ag(t) : t € R}, and

Ago(8) = Kyq(5), U Agy(s) = AHw(g), Vs € R,
go€Hw(9)

where Ay, (g) 5 the uniform attractor of Problem (1.1), Ky, is the kernel of the
process Ug, (t,T).

Proof. Since .,Zlgo is pullback attracting, and Ay, (s) is compact, we have
Kgo(s) C Agy(s) for any s € R.

On the other hand, by the definition of Ky, (s) and the invariance of .»Zlgo, we have
Ago(s) C Kyy(s) for any s € R.

So, we have

(5.1) Ago(s) =Kgy(s) for any s € R.

Next, by (5.1) and Theorem 4.4,

A= U Kas)= |J Agls), VseR.
90€Hw(g) 90EHw (g)

The proof is complete. O

ACKNOWLEDGEMENTS

The authors would like to thank the referee for helpful comments and sugges-
tions which improved the presentation of the paper.

REFERENCES

[1] C. T. Anh, L. V. Hieu and T. T. Loan, Global attractors for a class of semilinear parabolic
equations with delays, Int. J. Evol. Equ. 5 (2010), 1-18.

[2] C. T. Anh and D. T. Quyet, g-Navier-Stokes equations with infinite delays, Vietnam. J.
Math. 40 (2012), 57-78.

[3] A. V. Babin and M. Vishik, Attractors of Evolutionary Equations, Amsterdam, North-
Holland, 1992.

[4] T. Caraballo, Nonlinear partial differential equations: Existence and stability, J. Math.
Anal. Appl. 262 (2001), 87-111.

[5] T. Caraballo, M. J. Garrido-Atienza, B. Schmalfus and J. Valero, Global attractor for a
non-autonomous integro-differential equation in materials with memory, Nonlinear Anal.
73 (2010), 183-201.

[6] T. Caraballo, A. M. Mdarquez-Durédn and J. Real, Asymptotic behaviour of the three-
dimensional a-Navier-Stokes model with delays, J. Math. Anal. Appl. 340 (2008), 410-423.

[7] T. Caraballo and J. Real, Navier-Stokes equations with delays, Proc. R. Soc. London Ser.
A 457 (2001), 2441-2454.

[8] T. Caraballo and J. Real, Asymptotic behaviour of Navier-Stokes equations with delays,
Proc. R. Soc. London Ser. A 459 (2003), 3181-3194.

[9] T. Caraballo and J. Real, Attractors for 2D-Navier-Stokes models with delays, J. Differen-
tial Equations 205 (2004), 271-297.

[10] T. Caraballo, J. Real and L. Shaikhet, Method of Lyapunov functionals construction in
stability of delay evolution equations, J. Math. Anal. Appl. 334 (2007), 1130-1145.



[11]
12
[13)
[14]
[15]
[16]
[17]
18]
[19]
[20]

21]

22]

23]

24]

SEMILINEAR PARABOLIC EQUATIONS WITH DELAYS 377

V. V. Chepyzhov and M. 1. Vishik, Attractors for Equations of Methematical Physics, AMS,
2002.

I. D. Chueshov, Introduction to the Theory of Infinite-Dimensional Dissipative Systems,
Acta, Kharkiv 2002.

W. E. Fitzgibbon, Semilinear functional differential equations in Banach space, J. Differ-
ential Equations 29 (1978), 1-14.

J. K. Hale and S. M. Verduyn Lunel, Introduction to Theory of Functional Differential
Equations, Springer, 1993.

J. Li and J. Huang, Uniform attractors for non-autonomous parabolic equations with delays,
Nonlinear Anal. 71 (2009), 2194-2209.

X. Li and Z. Li, The asymptotic behavior of the strong solutions for a non-autonomous
non-local PDE model with delay, Nonlinear Anal. 72 (2010), 3681-3694.

J. -L. Lions, Quelques Methodes de Resolution des Problémes aux Limites Non Lineaires,
Dunod, Paris (1969).

S. S. Lu, H. Q. Wu and C. K. Zhong, Attractors for nonautonomous 2D Navier-Stokes
equations with normal external force, Discrete Contin. Dyn. Syst. 23 (2005), 701-719.

A. V. Rezounenko, Partial differential equations with discrete and distributed state-
dependent delays, J. Math. Anal. Appl. 326(2) (2007), 1031-1045.

A. V. Rezounenko, On a class of PDEs with nonlinear distributed in space and time state-
dependent delay term, Math. Methods Appl. Sci. 31 (2008), 1569-1585.

A. V. Rezounenko, Differential equations with discrete state-dependent delay: Uniqueness
and well-posedness in the space of continuous functions, Nonlinear Anal. 70 (2009), 3978-
3986.

A. V. Rezounenko and J. Wu, A non-local PDE model for population dynamics with state-
selective delay: Local theory and global attractors, J. Comput. Appl. Math. 190 (2006),
99-113.

R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics, 2nd edition,
Springer-Verlag, 1997.

J. Wu, Theory and Applications of Partial Functional Differential Equations, Springer,
1996.

DEPARTMENT OF MATHEMATICS, HANOI NATIONAL UNIVERSITY OF EDUCATION
136 XuaAN THUY, CAU GIAY, HANOI, VIETNAM
E-mail address: anhctmath@hnue.edu.vn

THE ACADEMY OF JOURNALISM AND COMMUNICATION
36 XuAN THUY, CAU GIAY, HANOI, VIETNAM
E-mail address: hieulv@ajc.edu.vn



