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FOURIER AND HERZ ALGEBRAS OF
A COMPACT TENSOR HYPERGROUP

MASSOUD AMINI AND ALI REZA MEDGHALCHI

ABSTRACT. We study the basic properties of the Fourier and Herz spaces
A(K) and A,(K) of a compact hypergroup K and associate them with sub-
spaces of the Cartesian product of matrix algebras on the dual hypergroup.
When K is a tensor hypergroup we show that A(K) is a regular Banach al-
gebra whose spectrum is K. We also compute some of the corresponding
multiplier algebras.

1. INTRODUCTION

Fourier algebra of a locally compact group is defined in 60’s by Pier Eymard
[Ey] and since then, it plays a crucial role in harmonic analysis of topological
groups [HR],[Pi]. Fourier algebra is a generalization of the algebra of all Fourier
transforms of absolutely integrable functions on a locally compact abelian group.
In the non-abelian case, positive definite functions are used to define this alge-
bra. Positive definite functions are introduced and studied much earlier (see for
instance [Go)).

Topological hypergroups are generalizations of topological groups, motivated
by Physical applications [BK]. The harmonic analysis of these structures (and
in particular, positive definite functions on them) is widely studied [BH], [Lal],
[La2], [Vo]. These functions show a pathological behavior on hypergroups. In
contrast with the group case [Ey], the product of positive definite functions on
a topological hypergroup need not be positive definite. Hence, for hypergroups
(even in the compact case) we only have a Fourier space [Vr]. Indeed, there
is a finite hypergroup with three elements on which the Banach algebra norm
condition fails even for characters [Vr].

The hypergroups with property (P) are defined as the class of hypergroups for
which the product of two positive definite functions is again positive definite (see
for instance [Vo]). If this is the case, there is an equivalent norm which makes
the Fourier space a Banach algebra [AM].
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The authors introduced and studied the (n-)tensor hypergroups in [AM] and
showed that hypergroups with property (P) are exactly 2-tensor hypergroups.
The Fourier space of tensor hypergroups are Banach algebras and share some of
important properties of group Fourier algebras.

In this paper, we further study Fourier algebras of compact tensor hypergroups
and show that they are natural, regular Banach function algebras. We also cal-
culate the linear conjugate of these algebras. Similar results are obtained for the
Herz algebra of a compact hypergroup. Finally, multipliers of function algebras
on a compact hypergroup are studied along the lines of [HR] and in particular,
the conjugate spaces of Fourier and Herz algebras of a compact hypergroup is
calculated as a multiplier algebra.

2. FOURIER AND HERZ SPACES

Let K be a compact hypergroup and K denote the set of equivalence classes
of all continuous irreducible representations of K. For m € K, let {{7 }f;l be an
orthonormal basis for the corresponding (finite dimensional) Hilbert space H
and put

mij(x) = (r(2)&, &) (1 <4,5 <dy).
Define the conjugation operator D, on H, by

ds dr
D> itf) = g,
=1 1=1

and put 7 = Dy D. Let Trig,(K) = span{m; j : 1 <4,j < d,} and Trig(K) =
span{m; j : T € f(, 1<i,j <d:}. Then dimTrig,(K) = d> and there is k, > d,
such that

/ ﬂ-i,ja-ﬁsdm = k;léw,o(si,r(sj,s (7T,O' S f() [Vr, 26]
K

1 .
Also {kZm;;:m€ K,1<i,j <d,} is an orthonormal basis of L?(K) and
Trig(K) = @,z Trig=(K) [Vr, 2.7].

In particular, Trig(K) is norm dense in both C(K) and L?(K) [Vr, 2.13, 2.9].
For each f € L?(K) we have the Fourier series expansion

dx
F=00" kelfimij)miy

reK HJj=1
where the series converges in L?-norm.
Consider the x-algebra

E(K) = ] B(Hx)
neK

with coordinatewise operations. For f = (f;) €€ (K ) and 1 < p < oo put

1
1£lp = (D Exllf=lB) 7, 1flloo = sub e gll frlloo,
WGK
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where the right hand side norms are operator norms as in [HR, D.37, 36(e)].
Define £,(K), Ex(K), and &(K) as in [HR, 28.24]. These are Banach spaces
with isometric involution [HR, 28.25], [BH]. Also £(K) is a C*-algebra [HR,
28.26]. For each p € M(K), define ji € Ex(K) by fi(n) = 7(u), then pu — fiis a
norm-decreasing *-isomorphism of M(K) into £ (K). Similarly one can define
a norm-decreasing *-isomorphism f — f of L'(K) onto a dense subalgebra of
Eo(K) [Vr, 3.2, 3.3]. Also there is an isometric isomorphism g — § of L2(K) onto

& (K). Each g € L?(K) has a Fourier expansion

dr
9= > kelg(m)&F, &) mij,
rek 1i=1
where the series converges in L2norm [Vr, 3.4].
For p € M(K) and 7 € K, we set ar = 7(p)*, and write

R Z krtr(a,m).

rekK
If 4 = fdm, where f € L'(K), then we write

f= Z kptr(azm).
reK

If moreover ) » krllaz|[1 < oo, we write f € A(K) and put

1£lla =" kel F ()l

reK

A(K) is a Banach space with respect to this norm, and f +— f is an iso-
metric isomorphism of A(K) onto £ (K). Also for each f € A(K) with f ~

> nek kxtr(azm) we have

flz) = Z krtr(azm(z)),
neK

m-a.e. [Vr, 4.2]. If moreover f is positive definite, we have

fe)=|flla:= Z kwtr(f(ﬂ))a
TEK

where the series converges absolutely [Vr, 4.4]. If we denote the set of all
continuous positive definite functions on K by P(K), then f € P(K) if and
only if f € A(K) and each operator f(w) is positive definite [Vr, 4.6] and
A(K) =span(P(K)) = L*(K) x L*(K) [Vr, 4.8, 4.9].

A(K) is a regular Banach algebra with convolution product and if K is a tensor
hypergroup (a hypergroup with property (P)) then A(K) is also a Banach algebra
with pointwise product (under an equivalent norm) [AM].

For each m € K , let M, denote the algebra of all complex d, x d, matrices with
norm ||T']| = kz||T|l1, where the norm on the right hand side is the trace class



266 MASSOUD AMINI AND ALI REZA MEDGHALCHI

norm ||T||; = trace(T*T)%. Consider the map j : A(K)®A(K) — A(K x K)
defined by norm-decreasing injective maps jr, : M;®M, — My, Then j is
injective (but not an isometry). We are guessing that if {k; : 7 € K} is bounded
above, then j is surjective (compare with [Jo, 2.4]).

Next consider the convolution product v : A(K)®A(K) — A(K) and the
quotient map ¢ : A(K)®A(K) — A(K)®A(K)/ker(y) and put A,(K) = Im(y)
endowed with the norm

[ (E)ly = lla(P)| (F € A(K)QA(K)),
where the right hand side is in the quotient norm.

Lemma 2.1. For each f € L'(K),
(i) f € Ay(K) if and only if znef{ k;‘(:\lf(ﬂ)“l < 00.
() F £ € A4(K), [l = X eie RRIF@) A A
(iil) If ¢ : K — U__xg My and ¢(7) € My, foreachm € K and ) __» B2\ f (7)1
< 00, then there is f € Ay(K) such that f = ¢.
Proof. Consider the product map 7y, : M;QM, — M, and let ¢, : My&M, —
M@ M, /ker(v,) be the corresponding quotient map, then v, = %lr o ¢y, for some

surjective isometry v, : My®M, /ker(v;) — My, with respect to the trace class
norm on My [Jo, 2.5]. Now A,(K) = Im(y) = ®Im(v,) and the result follows

from [Jo, 2.3] and the fact that A(K) = & (K) = @D.ci Mr, where the sum is
the ¢'-direct sum of Banach spaces. O

Lemma 2.2. Fach norm-closed, translation and conjugation invariant subspace
I of L*(K) is a two-sided ideal with respect to convolution.

Proof. For each f,g,¢ € L*(K),

|t gjodm = [ gF <oram  fre6:2D],

K K
If ¢ € I then for each f € andz € K, . f € I and so fx¢(z) = [y o fpdm = 0.
Hence [}.(f * g)¢dm =0, and so fxge (I*)t =T=1. O

Proposition 2.3. If K is a tensor hypergroup (a hypergroup with property (P))
then A(K) and A,(K) are Banach algebras with pointwise product (under an
equivalent norm,).

Proof. The first assertion is proved in [AM]. It is known that A, (K) is a regular
Banach algebra with convolution product [Vr]. A minimal two-sided ideal of
A, (K) is of the form

Jr={f €Ay (K): f(p) =0 (p#m)}.
For each f € A,(K) we have
f = Z JE(T")IM

WGK
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where I is the identity matrix in M,. Consider ¢ : K — U eiMr defined by
¢r(p) = Ix0rp. Then by Lemma 2.1 (iii), there is fr € A, (K) such that fr = 0r.

Then f, € J, and
F=3 00 = At
TeK TeK

where A\, = k7%||f(7r)\|1/||f||,y and f. = AN, f(7) fr, if Ax # 0 and f. = 0, other-
wise. Hence f;r € J —m and f is a limit of convex combinations of elements of
J’s. Therefore we only need to show that for each m,p € K, f € J, and g € Jps
we have || fglly < Ifll4lglly. Let vap : Jr ® J, — L(K) be the convolution prod-
uct and I = Im(vyx,). Then dim] < k?rkﬁ and I is clearly conjugation closed (i.e.
f €I, whenever f € I). Also [ is translation invariant, since ,(f xg) = (+f) * g
and (. f)(p) = p(@)f(p), for each 2 € K, p € K, and f,g € L*(K). There-
fore, by Lemma 2.2, I is a finite dimensional two-sided ideal of A, (K), and so

I = ®,¢c5J,, for some finite subset S of K. Also zoes k:g = dim] < kikﬁ
Therefore

I£glly =D k2NI(F9) (@)1 < kakp > Koll(f9) (o)1

geS oes

= kol foll < kakllf gl = K211 (w13 (o)1 = £115 gl
O

Theorem 2.4. If K is a tensor hypergroup, the spectrum of the commutative
Banach algebra A(K) is K. In particular, A(K) is a natural, reqular Banach
function algebra.

Proof. Using notations of [Dal, let € K and S be a closed subset of K and put
J(S) ={f € A(K) :supp(f) NS =2} I(S) = {f € A(K) : f(5) € {0} },
and put J, = J({z}) and M, = I({z}). We follow the idea of [Da, Thm. 4.5.31].
Let 0 # f € M, and choose 0 < € < [|f]loo- Put fo(z) = f(x *a), for a,z € K

and
W={aeK:|fa—fl2<e}
This is a compact neighborhood of e € K. Choose K; C K so that

| 1t DPdm(e) <<
K\K1
and put V3 = (K\K1) U {0} and V = W N W N Vq, and define
o) = FO)xv (F58), u= ﬁxv (t € K),
and h = (f —g) *u € A(K), then
hx) = /K (F(5) = F(Oxv (@ )i * t)dm ()
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that is A € J,. On the other hand,

gl = Pxy (& * t)dmi(t / (@ % D2dm(t) <

|f
Next, [Julls = —1— and
m(V)

Hf—fmuéz/ () — Fxa(t)2dm(t)

< [ / 7(0) = F@ 4 p)ldm(y))*dm (1)
Jo

=5 [ 1) = s g)Pam(ppam

o=

1
d
I ALRILOE
hence
1f = hllz < |If = f*alla + llgll2llall2
1
<e(l+ -).
m(V)2
Therefore J, is dense in M, and the result follows from [Da, 4.1.32]. O

For 1 <p < o0, let l + l = 1 and consider the vector space

Ap(K) ={h € Co(K): h= ka*gk,kaLp,ngLq Zl!fk”p 19kllg < oo}
k=1 k=1

with norm
o0 o
hlla, = mEO> I fallpllgello : =" fr* g}
k=1 k=1
Note that if h = 77, fr * gk, then the sum converges uniformly on K and
1Plloe < [P 4,-
Lemma 2.5. A,(K) is a Banach space and Banach L'(K)-module.

Proof. Let {hy,} be a Cauchy sequence in A,, then h, — h in Cy(K). Choose a
subsequence such that Zj 1Py — Pnglla, < ooand put by, —hy, = f]g*gi
with Zk ||f1g||p‘|§i”q < ||hnj+1 - h‘njHAp + 2—]” then h = hy, + Zj(hnj+1 - hnj) =
b, + Zj Zkfg *gi € Ap. Next let f € L' and h € A,. For € > 0, write
ho= 730 frxge with 320 [ fellpllgrlly < IRlla, +e. Since [[h=3"F_; fuxgrllec — 0,
we get || fxh =320 ) f* fi* grlloo — 0,80 fxh=3702, f* fi gy Also

DS Fllpllgella < DD fklplgelle < 1FI R, +€),
k k

hence fxh € Ay and || f * hl|a, < [[fl1]lh]|a,- U
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Proposition 2.6. We have the isometric isomorphisms Ai(K) ~ Co(K) and
As(K) ~ A(K).

Proof. By definition, A;(K) C Co(K) and ||hllec < [|h]|a,, for each h € Aj.
Conversely, since Cy(K) is a Banach left L'-module and L'(K) has a bounded
approximate identity [GM], it follows from Cohen Factorization Theorem [HR,
32.22] that for each h € Cy(K) and § > 0, there are f € L}(K) and g € Co(K)
with || f]l1 <1, [[g — hllec < 0, and h = f x g. Hence h € A;(K) and ||hl|a, <

[£111llglloe < llglloe < [[lloo + 6.
Next let h € Ay(K) and € > 0. Write h =Y 72 fr * gr with >, || fell2llgxll2 <

Ihlla; + €. Then ||fi x gella < [Ifell2llgll2 and so {377y fx * gr} is a Cauchy
sequence in A(K) which converges to h (since ||.||oc < ||.]la). Hence h € A(K)
and

o o
4 < I fe* grlla < Ifellzllgrllz < 1R)a, + <.

k=1 k=1
Hence ||h|la < ||h]|a, and Ax(K) C A(K). Conversely, if h € A(K) then h €
As(K) and

1h]la, < mt{[|fllzllgll2 : f.g € L*, b = f* g} = ||hll.a,
Hence A(K) C As(K). O

For f,g: K — C define

L(f)(z,y) = flx*7), f@g(x,y) = f(x)g9(y) (z,y € K).
Define I'y : L*(K)®L?*(K) — A(K) by

ruw@waéﬁu»ywwm@><¢eL%Kﬁw%K»

Then
I'(f ©g)(e /fw*y dm(y) = f * §(x),

for each € K and f,g € L?>(K). On the other hand,

T(f % 3)(@,y) = f * gz + ) = / /f 3 £)dm(u)d (8, * 5)(t)

=//fMMWM)5*5 = [ f@sita s pyima)
/f /f g(u* x)dm(u)

:/f(:p*u)gg /f:E*u (@ * g)dm(u)
/fa:*u g(y x u)dm(u /fu z)gu(y)dm(u),
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in particular,

L(f*g)(h®k)(z,y) (hfu)(x)(kgy)(y)dm(u)

(hfy) @ (kgu)(z,y)dm(u),

-
).

for each f,g,h,k € L?>(K). Hence I'(f * §)(h ® k) € L*(K)®L?*(K)) with
ITCf * @) (h @ k)l < [Ifll2llgllzl1ll2]l%]l2-
Next let ¢ € L*(K)®L?(K), and, given € > 0, find a presentation ¢ = > o0 | h, ®
kp with "7 [|hnll2lknll2 < ||@]ly+¢€. Then ¢ = > 07 T'(f % §)hy, ® ky, converges
in L2(K)®L*(K) and ¢ = I'(f x g)¢ and |[¢[ly < [|fll2llgllgll2(l ¢l + €). Hence
ITCf *9)olly < [[fll2llgll2llélly. Summing up
Proposition 2.7. A(K) ~ (L*(K)®L*(K))/ker(I'1), as Banach spaces.
Next let
M(L*(K)) ={T € B(L*(K)) : T(f = g) = Tf * g}
and let PM(K) be the smallest ultra-weakly closed subspace of M (L?(K)) con-
taining all operators Ly : L?(K) — L?(K) defined by L(g) = f*g for f € L'(K)
and g € L?(K).

Lemma 2.8. To each F € A(K)* there corresponds a unique F' € PM(K) with

/

(F(9), /) ={f*9,F).
The mapping 0 : (A(K)*,w*) — (PM(K),u-weak), F — F is an isometric
isomorphism.

Proof. We follow the argument of [Pi,10.B]. Given f,g € L*(K), let 0,(f) =
(f *g,F), then

[(f =g, ) < IFIIS * glla < IF N fl2llgll2,
s0 0, € L*(K)* ~ L*(K) with [|6,]| < [|[F||lgll2, and F" € B(L*(K)) is defined by
F'(g) = 0, and ||F'|| < ||F||. On the other hand, for the absolutely convergent
series u = Y > | fn * g we have

n=1 n=1

Hence |F(u)| < [|F"[| 2202 | fall2llgnllz and so [F(u)] < [[F'|[[|u]l 4, for each u &
A(K). Hence |F|| < ||[F'||. To show that 6 is surjective, let us first note that
each € M(K) defines

Fyw) = [ udn (w e A(F))
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and for f,g € L*(K),
Foo)- ) = Fulf ) = [ 1 i@)auta)
~ [ | 1@ yampinte) e.55.4
KJK

—/ﬂw/mmwwwmm>
K K
— (Lug. ) [Je,d.2]

Hence F /; = L,. In particular, range of 6 includes all convolution operators Ly,
with f € L'(K). Now the corresponding set of functionals consisting of F 'r, with
f € LY(K) separates the points of A(K) and is dense in A(K)*, so the map is
onto. O

Note that A(K)* is the double conjugate of the hypergroup C*-algebra C*(K)
and so it inherits the von Neumann algebra structure of C*(K)**. By the above
proposition, PM(K) could be considered as a von Neumann algebra. Also I'y :
L*(K)®L*(K) — L*(K) * L*>(K) is an isometry, and so A(K) = L?(K) » L*(K),
as already shown in [Vr].

3. MULTIPLIERS OF FOURIER AND HERZ SPACES

Let A and B be subsets of £(K). An element f € £(K) is called an (A, B)-
multiplier if fA C B [HR, 35.1]. For B C M(K), we have B C £(K) and an
(A, B)-multiplier is simply called an (A, B)-multiplier. The set of all multipliers
in both cases is denoted by M (A, B). Same abbreviation is used when B is a
subset of function spaces such as LP(K) or Cy(K). To relate the new spaces
& (K) to A(K) and A, (K) defined in the previous section, we refer the reader
to [HR, 28.32(v), 34.5-7) and [Vr, 4.2, 4.11)].

Lemma 3.1. Let 1 <p §Aoo,f € M(.A, B), and T : A — B be defined as follows

(i) For A,B any of E,(K) or &(K), T(g) = fg, for g € A,

(ii) For A any of E,(K) or &(K) and B and of LP(K), C(K) or M(K),
T(g9)=fg forge A, )

(ili) For B any of E,(K) or &(K) and A and of LP(K), C(K) or M(K),
T(9) = fg, for g € A,

(iv) For A,B any of LP(K), C(K) or M(K), T(g9) = fg, for g € A, then T
s bounded.

Proof. In all cases the result follows from the closed graph theorem as in [HR,
35.2]. First note that T is well-defined in (i), (ii) by definition, and in (ii), (iv) by
the uniqueness of the Fourier-Stieltjes transform. When A = &,(K) or &(K),
then A C E,(K), and for each f € A, ||flloo < |Ifll4, and when A = LP(K),
C(K) or M(K), then A C M(K) and for each f € A, ||flloo < [[fllar(x) < [1f]]A-

Writing ||f||A for || f[l.a, we get ||hlloc < [[A]| 4, for each h € A. Hence A could
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be regarded as a subspace of Ex(K). The same observations hold for B. This
shows that it is enough to consider only the case A,B C £, (K) with complete
norms ||.||4 and ||.||s, satisfying || f]lcc < || f|l.4 for each f € A, and the same for
B; and T : A — B, defined by T'(g) = fg, where g € A and f € M (A, B). Then
T is clearly linear and if g € A, h € B, and {¢"} C A is a sequence such that
lg" = glla — 0 and ||T'(g") — hl|z — 0, then

1f9" = hllec < [fg" = hlls — 0,
hence ||f — mg2 — hz|loo — 0. On the other hand,
1fxgx = frgrlloo < Ifg" = flloo < I fllscllg™ = glla — 0,
for each 7 € K. Hence fg = h, and T has a closed graph in A x B. O

Corollary 3.2. If A, B and their conjugate spaces are any of C(K), EO(K), or

A

M(K), LP(K),E)(K) (1 <p < o0), then M(A,B*) = M (B, A*).
Lemma 3.3. If pe€ M(K), 1 <p<oo and
sup{ll+ hlly + h € (), hlly < 1} < o0,
then dp = gdm, for some g € LP(K).
Proof. Same as [HR, 35.11] with ¢ = kX O
Proposition 3.4. For 1 < p < oo, M(L'(K),LP(K)) = LP(K)".

Proof. We clearly have (LP)"C M (L', LP). The reverse inclusion follows from the
above lemma as in [HR, 35.12]. O

Theorem 3.5. M(L'(K),E(K))) = M(E(K)), L®(K)) = E1(K).

Proof. Tt is clear that & C M (Ey, L™®). Also M(L', &) = M(L',&F) = M(Ey, L™)*.
Let E € M(L',£)), then f — Ef is a bounded (by k) linear map from L' into &.
By the above proposition, E = § for some g € L?. Let {h,} be an approximate
identity for L' as in [Vr] and ® C K be finite. Then

~

limag(o)ha(o) = g(o) (o€ @)

and so for large «,

Z kol Eollr = Z kollg(o)ll < Z ka”g(a)ila(a)ul +1

oed ced ced
<||Ehalli +1 < Elhali +1 =k + 1.
Hence |[E|; <k+1and E € &. O

The following lemma is proved similar by to [HR, 35.16(e)].
Lemma 3.6. Let F € £(K) and define

Ly(h) =Y kotr(F,h(0)) (h € Trig(K)).
UER
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This is a bounded linear functional on Trig(K) and each bounded linear functional
on Trig(K) has this form. Also if Tp : Trig(K) — Trig(K) is defined by
Tr(h) = Fh, then the following are equivalent.

(i) There is k > 0 such that |Lp(h)| < k||h||4,, for each h € Trig(K),

(ii) There is k> 0 such that || Tr(h)|p, < k|lh|lp, for each h € Trig(K).

Proof. First note that h(e) = >, ¢ kotr(h(c)), for h € Trig(K). Hence

= Z kotr(Tr(h)(0)) = Tr(h)(e).

ceK

Now if (ii) holds, then Tr extends to a linear operator T : LP(K) — LP(K) with
|\ Tr(f)llp < E||fllp, for each f € LP(K). Since Trig(K) * Trig(K) = Trig(K),
we have Trig(K) C A,(K), and given € > 0, each h € Trig(K) could be written
as h =32 fi*gi, such that >, || fillpllgilly < [|]|a, +€, where %4—% = 1. Hence

Tr(h) =2, Tr(fi) * g, and

[Lr(h)| = [Tr(h)(e)| = |ZTF fi) * gi(e)]

[eS)
Z 1Tr(fi)llpllgilly < ZkaszngHq
=1

Hh”Ap + ke,

and (i) follows.
Conversely, if (i) holds and h € T'rig(K), then for each g € C(K), hxg € A,(K)
and ||h * glla, < ||2llp|lgllg, where % + % = 1. Hence

I/KTF(h)édml = |Tr(h) * g(e)| = [Tr(h * g)(e)|
= |Lr(hxg)| <kl < k[h*glla, <Elhlpllgllq-
Changing g to g, we get

| /K Tr(h)gdm| < k|llpllglly

for each g € C(K). This implies that [|[Tr(h)||, < k| h||p, which is (ii). O

In the above lemma, if F' € M(LP,LP), then Tr (respectively, Lr) extends
to a bounded linear operator (respectively, functional) on LP (respectively, A)
with ||lp|| = ||Tr|| and F +— Lp is a surjective linear isometry from M (LP, L) to
(A,)*. Indeed, given L € (A,)* and o € K, let {€7,... ;€5 } be an orthonormal
basis of H, and put ff, = L(uf;), where uj, are coefficient functions of o for
1 < k,j <dys. Consider Fy = [fjk]d,xd, € B(Hs), then (Trh)(o) = F,h(0)
and Fh € (LP), and so F € M(LP,L?) and L = Lp. Hence we have proved the
following result.
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Proposition 3.7. With the above notations,
(i) M(LP,LP) = A,
(ii) M (L% L?) = M(&,89) = Ay = A* = PM = &,
(iil) M(L', LY) = A = C* = M.
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