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STABILITY OF FUNCTIONAL EQUATIONS OF SEVERAL
VARIABLES WHICH ARE ADDITIVE OR QUADRATIC IN
EACH VARIABLES IN FRECHET SPACES

MADJID ESHAGHI GORDJI, ALI EBADIAN, AND RASOUL AGHALARY

ABSTRACT. In this paper, we establish the Hyers—Ulam—Rassias stability of
the system of functional equations
f(xh T2y eeey Tip—1, A + b7 Lipt1yeeey z”71) = f(xh T2y ooy Tip—15 Ay Tipt-1y eney .’En)

+f($C17$27 "'7$i’7‘717b7 Tip41, "'7$n)7

fzi, o, oy xj—1,a + b, 5 41, ooy Tn) + f(T1, T2, ooy Tjo—1,0 — by Tj 41, ooy Tn)

=2f(T1,@2, oy Tj—1, Ay Tj 41y ooy Tn) + 2 (T1, T2y ooy Tj —1, 0, Tj 41, ooy Tnr)
in Fréchet spaces, where 1 < i1 < 2 < ... < i < n, 1 < j1 < jJo < .. <
jn,k,{l,Q,..,n} = {il,iz,...,’ik}U{jl,jz,...,jn,k}.

1. INTRODUCTION

A topological vector space X is a Fréchet space if it satisfies the following three
properties:

a) it is complete as a uniform space,

b) it is locally convex,

c) its topology can be induced by a translation invariant metric, i.e. a metric
d: X x X — R such that d(x,y) = d(x + a,y + a) for all a,z,y in X. This
means that a subset U of X is open if and only if for every u in U there exists
an ¢ > 0 such that {v : d(u,v) < e} is a subset of U. Note that there is no
natural notion of distance between two points of a Fréchet space: many different
translation-invariant metrics may induce the same topology.

The vector space C*°([0,1]) of all infinitely often differentiable functions f :
[0,1] — R becomes a Fréchet space with the seminorms || f||x = sup{|f* ()] :
x € [0,1]} for every integer k > 0. Here, f*) denotes the k-th derivative of f,
and f© = f.

Fréchet spaces are studied because even though their topological structure is
more complicated due to the lack of a norm, many important results in functional
analysis, like the open mapping theorem and the Banach-Steinhaus theorem, still
hold.
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The stability problem of functional equations originated from a question of
Ulam [17] in 1940, concerning the stability of group homomorphisms. Let (G, .)
be a group and let (Ga,*) be a metric group with the metric d(.,.). Given € >
0, does there exist a § > 0, such that if a mapping h : G — G4 satisfies
the inequality d(h(z.y),h(x) * h(y)) < ¢ for all x,y € Gj, then there exists
a homomorphism H : Gi — G2 with d(h(z), H(x)) < € for all x € G17 In
other words, under what condition does there exist a homomorphism near an
approximate homomorphism? The concept of stability for functional equations
arises when we replace the functional equation by an inequality which acts as a
perturbation of the equation. In 1941, D. H. Hyers [10] gave a first affirmative
answer to the question of Ulam for Banach spaces. Let f : E — E’ be a mapping
between Banach spaces such that

If(x+y) - fl) - fyll <o

for all x,y € E, and for some ¢ > 0. Then there exists a unique additive mapping
T : E — E’ such that
If(z) = T(z)]| <0
for all z € E. This phenomenon of stability is called the Hyers—Ulam stability.
In 1978, Th. M. Rassias [15] proved the following theorem.

Theorem 1.1. Let f : E — E’ be a mapping from a normed vector space E
into a Banach space E' subject to the inequality

1z +y) = f(2) = FWIl < e(ll=l” + [ly]]")

for all x,y € E, where € and p are constants with € > 0 and p < 1. Then there
exists a unique additive mapping T : E — E' such that

2¢
If(2) - T@Il < 5=

for all x € E. Also, if the function t — f(tx) from R into E’ is continuous in
real t for each fixed x € E, then T is linear.

][”

In 1991, Z. Gajda [7] answered the question for the case p > 1, which was
raised by Rassias. This new concept is known as Hyers—Ulam—Rassias stability
of functional equations (see also [6, 8, 12, 18] and [19]).

The functional equation

(1.1) flx+y)+ flxz—y) =2f(x) +2f(y),

is related to symmetric bi-additive function [1, 2, 3, 6, 11, 12, 13]. It is natural
that this equation is called a quadratic functional equation. In particular, every
solution of the quadratic equation (1.1) is said to be a quadratic function. It is
well known that a function f between real vector spaces is quadratic if and only
if there exits a unique symmetric bi-additive function B such that f(x) = B(z, x)
for all x (see [1, 13]). The bi-additive function B is given by

(12) Bla,y) = 1(F(x +9) ~ fz ).
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A Hyers-Ulam-Rassias stability problem for the quadratic functional equation
(1.1) was proved by Skof for functions f : A — B, where A is a normed space
and B is a Banach space (see [4, 5, 9, 14, 16]).

Let n > landlet 1 < i1 < 90 < ... < i < n, 1 < j1 < joa < ... <
-k {1,2,..,n} = {iy,i9,...,ix} U {1,752, -, Jn-k}. Let G,Y be an additive
group and a Fréchet space, respectively. In this paper we investigate the Hyers—
Ulam—Rassias stability of the system of functional equations
(1.3)

flz1, 2o,y @ip—1,a + b, T4, 41y ey Ty) = (X1, T2, ety T 1, Ay T 1y ey T

+f(.%'1, L2y ey Ljp—1, b, Ljpd1y ooy :L'n),

f($17 L2,y Tjs—1,0 + b7 Ljs+1s -0 ZL‘n) + f(xlv L2y ey Tjo—1,0 — b7 Lje+1y - ZL‘n)

= 2f(l‘1, Ty ey Tjg—15 Ay Tjg41-mes l'n) + 2f(l‘1, T2, .oy Tj—1, b, Tjgt+1y e :L‘n)
where f is a mapping from G into Y.

Let n > 2,k > 1. It is easy to see that the function f:R"™ — R defined by

k n
f($17$27"'axn) = (Z xj) + ( Z $12)7
=1 i=k+1

is additive on variables x1, x3, ..., £} and is quadratic on variables xx11, Tgt2, ..., Tn.
It follows that f satisfies (1.3). As another example, let A be a normed algebra.
Let k> 1,n = 2k. Define g : A — A by

gla,ag,...ap) = HalHzag|]a3H2a4...|]a2k_1Hza%.

It is easy to see that g is additive on even variables and is quadratic on odd
variables. Then g satisfies (1.3).

2. MAIN THEOREM

In this section, we investigate the generalized Hyers—Ulam—Rassias stability
problem of system of functional equations (1.3).
Throughout this section, G and Y will be an additive group and a real Fréchet
space with metric d, respectively. Let n > 1 and let 1 < i1 < i < ... < i <
n, 1 <y <jo< .o <gnoi{1,2,..,n} = {21,12,,’%} U {Jj1,525 s Jn—k }- Let
f:G"™ =Y be a mapping then we define Aif, Dy : G - R by
chr (‘Tla L2ewey Lj—1, A, b7 Ljpdlyeeey xn) = d(f(xla L2y eeey Lj—1,0 + b7 Ljpaglyeeey xn)
7f(x17 Ly eeey Lijp—1y Ay Lijpg-1y +evy xn) + f(xla L2y eeey Ljp—1, b7 Ljpaglyeeey .Z'n))

A?ﬁ (T1,22.., Tjy—1,0,b, 25,41, ..., xn) = d(f(x1,22, ... Tj,—1, 0+ b, T 41, ..., %p)
+ f(ﬂfl,!l?g, cy Ljs—1,0 — b7 Ljs+1, "'axn)v 2f(331,3§‘2, vy Ljs—15 Ay Ljg+1, ;:L‘n)
+ 2f($17 L2500y Tjs—1, b, Ljs41y w0 l'n))

for all z1,xa,...,2n,a,b € G. Let ¢,¢ : G"! — [0,00) be mappings. Then for

every u € N, zq,...,x, € G, we define

¢ir(u7 (x17$2"'7xn)) = ¢(w1,w2, ---,wn+1),
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where
2%z, 1< Up;
w — 2u_1337«, 7 = Zr;
i 2“-133‘7”—17 1= 1m + 1,7” c {r,r + 1, ey k‘},
2u$i—17 Z:]s+1 >'L7«+1,
and define
1/}]'5 (U, (.Z'l, z3..., xn)) = 'lp(Zl, 292, .eny Zn-i—l)
where
2u_1xi7 1 S ,757

2lx; 1, i=jy+ 1,8 e{s+1,s+2,....n—k};
2y, i=j+ 1
Uy 4, i=dp + 1> jo+ 1.

2 =

Theorem 2.1. Let ¢,v : G"! — [0,00) be mappings satisfying

(2k4n—k)u < 0

(2 1) i ¢i7‘ (U, (33‘1,:172, cey ZL'n)) + TzZ)Js (u7 ($17 T2y -eey l'n))
u=0

for all x1,x9,...,x, € G, and
(2 2) lim 1[)(2“33‘1, 2“33‘2, O 2u$n+1) + @(2“3)1, 2u33‘2, cen 2u$n+1)
for all x1,z9,...,2n, xpnt1 € G. Suppose f: G" — Y is a mapping such that
(2.3)

D;"T(gjb L2eeey Lip—1, A,y b, Lip 4155 ZL‘n) < ¢($17 L2500y Lip—1, Qs b, Lipt1y o0 ZL‘n),
(2.4)

Aif (T1, T2y 1, Ay 0y T 41y ey T) < P(XT1, T2y ooy Ty 15 Ay by T 415 ey Ty
for all x1,x9,....;xn,a,b € Gyr € {1,2,....k},s € {1,2,....,n — k}. Then there
exists a unique mapping T : G —'Y satisfying (1.3) and

=0

(2.5)
00 1 k 27“—1
d(f(z1, 22, .. xn), T(z1, T2, ..., Ty)) SZ (2kan—kyu [Z ok b3, (u, (1, T2..., Tp))
u=0 r=1
n—k 48—1
+ Z 2—k¢js(u7 (;1717;1:2...,3%))]
s=1

for all x1,z9,...,2, € G.
Proof. Replacing b by a in (2.3) we get

(2.6)

d(f(xh L2y eeey Ljp—1, 2CL, Lijpdly ey xn)72f(x17 Ly eeey Lj—1y Ay L1y +evy xn))

§¢(x17 L2y ooy Lp—15 Ay Ty 1y +e0s xn)
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Replacing b by a in (2.4) we obtain

(2.7)
d(f(x1, 22,0y j,—1,20, T, 41, ooy T ) AF (T1, T2, o0, Tjo—1,Q, Tj 41,5 ooy Tny))

S ¢(3317 L2y eeey xjs—la a, xjs+17 ceey xn)
It follows from (2.6) that

(2.8)
d(f(fl?l, L2y eey Tig—1, 2xi17xi1+17 <oy Lig—1, 2"1;2'27"1;2'2-{-17 v Ly —1, 2xikax’ik+l7 cey xn)a
2kf(xl7 X2, ey xn))

k
§ : k—r
< 2 ¢((x17x27-'-7xi1—172xi17xi1+17'-'7xi2—172xi27xi2+17"’7
r=1

xi’,«—17 23;2}- 9 ‘T’ir--i-la secy xn))

k
= Z 2k—r¢ir(17 (a;l, T2, ..., xn))
r=1

By (2.5), we have the relation

d(f(xlvx% s Ty =15 28515 Ty 415 ooy Tho—15 28y Lot 15 -y Ljpy_o—1, 285, 4,
n—k
T, tls e Tn )y 4 f(xl,:ng,...,:z:n))

n—k
§ : s—1
S 4 w(xl,xg,...,xjs_1,2a;js,xjs+1,...,xjs+1_1,2a;js+1,

(2.9) —1

Tjop141 -+ Tj_ =15 285,45 Tjpy_g+15 -+ Tn)

n—k
= Z 4s_l¢js(17 ($17 L2 -y xn))
s=1

Now, combine (2.8) and (2.9) by use of the triangle inequality to get

d(f(2x1,2x9, ..., 2xy), 2k4"_kf(:171, X9y ey Tpy))
<d(f(2x1,2x0, ..., 200, 4" K F (@1, @0, oy iy 1, 284, iy 1y e Tig— 1
2Ly, Tig 1y s Tifg—1, 2Ty s Tig 15 -+, L))
+ d(4"F f (@1, 2oy oy Tiy -1, 24, Ty 1y oy Tig— 1

k gn—k
233‘2‘2,$i2+1, g eeey :Eik_l, 2$Z’k,ﬂj‘ik+1, ceny :L‘n), 2 4 f(ﬂj‘l, Ly eeey :L‘n))

k n—k
< 25T (L (w1, w2, s n) + > AT (1 (21, 29, 0 ).
r=1 s=1
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Hence, we have

1

d(mf(2$1,23§‘2,...,2ﬂj‘n),f(33‘1,33‘2,...,:L‘n))
(2'10) k or—1 n— k4s n+k—1
§Z2—k¢ir(17(x17$27“‘7xn) + Z ¢]s( (33‘1,33‘2,...,!En))
r=1 s=1

for all zy,x9,...,z, € G. Now, proceed in this way to prove by induction on m
that

1
d(mf@mml,?mxg, w0y 2™y, f(x1, 20, .0y 2))
m—1 1 or— 1
(211) S Z (2k4n—k)u[z 2k ¢Zr (U+1 (-Z'l,f]}'Q,...’ ))

u=0 r=1

n—k gs—n+k-1
+ 3 T (a1, (2, @y e 2)].

s=1

In order to show that the functions

1

Wf@mxl, 2%, ..., 2 1y)

Tm(flfl,flfQ, 71'71) =

form a convergent sequence, we use Cauchy convergence criterion. Indeed, replace
x; by 2lz;(1 < i < n) in (2.11) and divide the result by (2¥4"%)! where [ is an
arbitrary positive integer, we find that

1
d(Wf(Qm—Hxlv 2m+l$2, CEE) 2m+l$n)7 f(:Ela L2y ey xn))
m—+l—1 1 or— 1
S Z (2k4n—k>“[z 9k (blr( (‘T17x27"-7xn)
u=l r=1
—k 4s—n+k—l
+Z 2k sz(”) (5171751727--'»1%))]-
s=1

It follows from (2.1) that {T),(z1,z2,...,2,)} is a Cauchy sequence in Y. On
the other hand, Y is complete. Then T'(xy, 2, ..., x,) = lim,, T, (21, 2, ..., Tp)
exists for all z1,x2, ...,z € G. It follows from (2.2) and (2.3) that

ir
sz (X1, X9ty Tip—1, Ay by T 41y eeey Tiy)

) 1
= hnIv,n WD?( x1,2Mwe...,2Mx; 1,2™a, 20,2 1, .., 2 Xy)
1
< hm o 02", 2" e, 2y, 1, 2Ma, 270, 2, 4, 2 ) = 0

(2k4n k)
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for all r € {1,2,..., k}. Similarly, by (2.2) and (2.4), we have

J
ATS (l‘l, €L2..., Tj.—1,0a, b, Ljot1y ey :En)
1

= lim WA}S(Q’”% M., 2™ 1, 2™ a, 2D, 2™ 1, e, 2™ )
1
< hgv,n WTX)(QmJEl, 2m$2, ceey 2m117js_1, Qma, Zmb, 2ml‘js+1, ceey Qmﬂj‘n) =0

for all s € {1,2,...,n — k}. This means that T satisfies (1.3). It remains to show
that 7' is unique. Suppose that there exists another mapping 7" : G™ — Y which
satisfies (1.3) and (2.5). Since

(k4R (21, o, oy ) = T(2™ 1, 2™ s, ..., 2™y,
(k4= (g1 o, ) = TV (2™, 2™y, .., 2™ )
for all m € N, z1, x9, ..., z, € G, we conclude that

d(T(z1, 22, .oy ), T (21, T2, ..., )

1
:Wd(T(Qmajl, 2o,y 2™ ay), T (2™ 21, 2™ w0, .., 2" 2y))
1
:md(T@mxl, 2Mxg, ., 2y, f(2Mx1,2M ey, ..., 2 xy,))
1
+ Wd(f@mxl, 29, o 2" ay), T (21, 2™ 2s, ..., 2" 2y))
L2 1 o gmom
- (2k4n—k>m Z (2k4n—k)u [Z 2k ¢ir (u + 1’ (2 21 L2 x”))
u=0 r=1
n—k ;s—1
+> i (1, (27, 2., 27 )
s=1

By letting m — oo in this inequality, it follows that
T(x1,22, .., Tn) = T' (21,22, ... Tn)
for all 1, x3, ..., z, € G, which gives the conclusion. O

Theorem 2.2. Let X be a vector space and Y be a Banach space. Suppose that
@, X™ — [0,00) are mappings satisfying

io: (blr(u + 17 ($1,$2, 7xn)) + sz(u + 17 (I‘l,l’g, 7xn))

<
s (2k4n—k)u o0
for all ©1,z9,...,x, € X, and
I 1,[)(2“33‘1, %o, ..., 2u$n+1) + @(2“3)1, 2%xg, ..., 2u$n+1) .
im =0

") (2k4n—k)u
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for all x1,z9,...;xn, xny1 € X. Suppose f: X™ — Y is a mapping such that

|f(x1, @,y i1y @+ by @1y ey @) — (T, 2y ey T — 15 Ay Ty 1y ovey T
— f(x1, @2, ey Tip—1, b, T 1y ooy ) ||
< AT, T2y eeey Tip—1, Qy by T 1y ooy Tiy)
| f(z1, 22, .., xj—1,a + b, Tj 41, .., Tn) + f(21, 22, 00y Tj—1,0 — b, Tj 41, ., Tp)
—2f(z1,22, o0, Tjy—1, A, Tjyg 1, -y Tn) — 20 (X1, T25 ooy Tjo—1, 0, Tj 41, o, Tn) |
<P(1,22, 00y Tjy—1,0, 0, Tj 41, ..., Tny)
for all x1,x2,...,2p,a,b € X. Then there exists a unique mapping T': X" — Y

satisfying (1.8) and

|f(x1, 22, ...;xn) — T(x1, 22, ... ) ||

> 1 k 27’—1
< Z (2k4n—k)u [Z ok ¢Zr(u +1, (331,2172...,35”))
u=0 r=1
n—k 45—1
+ Z ok sz(u +1, (xl,xg...,xn))
s=1

for all x1,z9,...;xy, € X.

Proof. 1t follows from Theorem 2.1 by putting d(a,b) = ||la—b| foralla,b € Y. O

Now we have the following example as an application of the main theorem.
Example 2.3. Let f: R?> — R be a mapping which satisfies:
|fla+b,22) — fla,22) = f(b,z2)| < (la] + [b] + |22]),

|f(z1,a+b) + f(z1,a = b) = 2f(21,a) — 2f (21,b)] < (Ja] + [b] + |21])
for all a,b, z1, x2 € R. Then there exists a unique mapping 7' : R — R such that
Ty:R =R, z+— T(x,y) is additive for all y e R, 7% : R = R, y — T'(z,y) is
quadratic for all z € R, and that

7@ 9) ~ ()| < Glal + 2ly)

for all z,y € R.

3. APPLICATIONS

We use the main theorem of the paper to investigate the Hyers—Ulam—Rassias
stability and Hyers—Ulam stability of system of functional equations (1.3). More-
over, we give an example to show that the conditions of our theorem are necessary.

First, we are going to establish the Hyers—Ulam—Rassias stability problem for
system of functional equations (1.3).
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Theorem 3.1. Let € > 0,p < k+ 2" %, and let X,Y be a normed space and a
Banach space, respectively. If f : X™ — Y is a mapping such that

HlaX{Hf($1,l‘2, s T 1,0+ b, T 1y ey Tp) — (T, T2y ooy T — 15 Ay Ty 1y oeey Ty
— f(@1,22, s Tip 1, b, iy 15 s ) || 1 f (2, 0, s gy a + 0,20 @)

/ / / / / / / /
+ f(@, 2y, @) gy d =2 s my) = 2f (21, @0, 1,0 T g e )

_2f($1,:172,...,l’js_l,b/,l‘js+1,...,l’n)H}
n n
<e(min{(O_ llzi|P) + lal” + 1017, O llilP) + lla’[IP + [1¥']P})
i=1 i=1

for all a,b,a’ b, x1, 2], x9,2h, ...,z xl, € X, then there exists a unique mapping
T: X" =Y satisfying (1.3) and

€ 14273
lf(x1, 2, ..;xn) — T(x1, 22, ..y xp)|| < T 2p_4( 5

3
P 2ylIP
=l + SlyIP)
for all x1,z9, ...,y € X.
Proof. Tt follows from Corollary 2.2 by putting

P21, 29, s tn) = (21,22, 0, @) = 22[P + l22l]” + o+ [l [P

for all x1,x3,...,x, € X. O

For the case k = 1,n = 2 and p = 3, using an idea from the examples of S.
Czwerwik [5] and Z. Gajda [7], we have the following counterexample.

Example 3.2. Let ¢ : R x R — R be defined by

2
_J zy® for |z |yl < 1
¢z,y) = { 1 otherwise.

Consider the function f: R x R — R by the formula
flz,y) =Y 872"z, 2"y).
n=0

It is clear that f is continuous and bounded by % on R x R. We prove that

3 x 8
7

(3.1) | f(z1 4+ 22, 9) — f(21,y) — flz2,y)] < (lwa? + |22 + yf),

‘f(y7$1 + $2) + f(y7$1 - $2) - 2f(y,x1) - Qf(y7$2)‘
(3.2) 6 X 83
<
-7

(Jz1® + |zaf® + yI*),
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for all z,y € R. To see this, if |21]> + |z2|® + |y|* = 0 or |21]> + |z2|® + |y|* > L,
then

=, 3x8&
|[f(@1+@2,9) = flw1,9) = fla2 )] 387" < =—(laal* + [l + |yf*),
n=0

‘f(yvxl +‘T2) +f(y,$1 —$2) - 2f(y7x1) - 2f(y,a:2)‘ < 628_n

n=0

<6><82

(lz1® + |22* + [y).

Now suppose that 0 < |z1[® + [z2]> + |y[* < . Then there exists a non-negative
integer k such that

1
(3.3) D) < a1 P + o + [y < Qk+1

Therefore
28y |, 287 |, 28 Yy, 28 2y + @ol, 28 |y £ 0| € (—1, ).
Hence
2™z |, 2™ 22|, 2™ Y|, 2 221 £ w2, 2™ |21 £ 2] € (—1,1)
for all m = 0,1, ...,k — 1. From the definition of f and (3.3), we have

o0 3
[Flor+2,0) = Far9) = laz)] <3387 < (ol +laaf + ol

n=~k

|f(y, 21+ 22) + [y, 21 — 22) — 2f (y, 1) — 2f (y, 22)| < 628_"
n=~k

6 x 83
<

(Jz1* + |zaf® + y[*).

Therefore f satisfies (3.1) and (3.2). Let @ : R x R — R be an additive-quadratic
function such that

|/ (2,9) = Q(z,y)| < B(|lxf +[yl*)
for all x,y € R, where [ is a positive constant. Then it is easy to show that there
exists a constant ¢ € R such that Q(z,y) = cxy®* for all rational numbers z,y. So
we have

(3-4) [f(@,9)] < (B +le) (|2 + [yl)
for all rational numbers x,y. Let m be a positive integer with m > 2(5 + |c|). If
r is a rational number in (0,2'~™), then 2"z € (0,1) for all n = 0,1,...,m — 1.

So .
fla, ) > ) 872", 2"x) = ma® > 2(8 + |¢|)2®
n=0
which contradicts (3.4).

By Theorem 3.1, we solve the following Hyers—Ulam stability problem for sys-
tem of functional equations (1.3).
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Theorem 3.3. Let € > 0,n > 2, and let X,Y be a normed space and a Banach
space, respectively. If f: X" — Y is a mapping such that
max{”f(xl,mg, ey Tip— 1,0+ b, T 1y ey X)) — (T, ey T 15 Ay T 1y ey Ty
— f(@1, 20, s Tip 1, b0, i 15 s ), 1 f (2, 0, s g0 + 020 2
F— b’,m;SH, e @) = 2f (X1, T2, ey Tjy—1, @ Tt 1y ey Tp)

- 2f(3§‘1,$2, vy Ljo—1, b/7$js+17 axn)H} <e

+ f(x/hmé? '"7x3'3—17 a

or all a,b,a’, b, x1, 2y, 19,2, ..., 20,2}, € X, then there exists a unique additive-
for all a,b,a’,V/ : 5 1€ X, then th st ' dditi
quadratic mapping T : X" — 'Y satisfying (1.3) and

15¢ ., 212
1f (@1, 225y ) = T(@1, 32,5 0y )| < (m)(m)

for all x,y € X.
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