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LYAPUNOV EXPONENTS AND CENTRAL EXPONENTS OF
LINEAR ITO STOCHATIC DIFFERENTIAL EQUATIONS

NGUYEN DINH CONG AND NGUYEN THI THUY QUYNH

ABSTRACT. We study Lyapunov, central and auxiliary exponents of linear Ito
stochastic equations. We show that the central exponents are nonrandom like
Lyapunov exponents, the nonrandomness of which was proved in [8]. We prove
that under a nondegeneracy condition the central exponents O of a linear Ito
stochastic differential equation coincide with its auxiliary exponents 7, and,
moreover, all the first exponents coincide: ©1 = A1 = Q1 = ;.

1. INTRODUCTION

We consider a linear n-dimensional Ito stochastic differential equation
(1.1) dX () = Fo() X (t)dt + > Frp(t) X (t)dW},
k=1

X (to) = 2o,
where Fi(t) = (f2,
tions bounded by a constant K, z is a non-random initial value, W} (j €
{1,2,...,m}) are independent 1-dimensional standard Wiener processes on a prob-
ability space (2, F,P). It is known that, with the above assumption, the Cauchy
problem of (1.1) has unique solution (see Khasminskii [11, Theorem 3.2 page 79]).
The linear Ito stochastic differential equation (1.1) generates a two-parameter
stochastic flow @, ;(w) of linear operators of R (see Kunita [13, page 116 and
Theorem 4.5.1 page 155]). The solution of (1.1) satisfying initial value condition
X (to) = xo, is a stochastic process given by the formula X (¢) = @4, +(w)xo. Note
that fixing an w € €2 the two-parameter flow ®;, +(w) is an analogue of the Cauchy
operator of a linear system of differential equations.

). .. (k€{0,1,2,..,m}) are continuous matrix-valued func-
nxn

We denote by G, the Grassmannian manifold of all r-dimentional subspaces in
R™. For a linear subspace U of R", we denote by U, the subset of all nonvanishing
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vectors of U. For any nondegenerate n X n matrix X, let us denote by X* the
transposed matrix of X and by di(X) > do(X) > ... > d,(X) the singular
numbers of X, i.e. they are the positive square roots of the eigenvalues of the
matrix X*X. Clearly, for any k € {1,2,...,n} we have

X X
w0 — i s XL 1Kl
UEGn_i1zev, |zl VeG) TEVx (B4

Definition 1.1. The random variables A\g(w), Qi (w), Op(w) (k € {1,2,...,n})
defined by

(1.2) Mg(w) := min maxlimsup - lnH<I>0,t(w):EH,
UEG,,L k+1 zelU t——+o0

-1
1.3) O(w) := sup sup limsup—: lnHCP H )
(1.3) Ou(w) VEngeﬂ§+ m—>+o£) Z ZHT’T |c1><m+1):r( WV

Y

(1.4) Qp(w) = Ueclzlsz+1TI£Rf+ %Hiilig— Z In H‘I%T i+1)T )‘%JT(W)U

where ®|g denotes the restriction of the operator ® on S, are respectively called
Lyapunov exponents and central exponents of the equation (1.1).

It will be shown in the proof of Theorem 2.6 that for any V € G and T' € R

—1
l;zniilig m— Z In Hq>(i+l)T’iT(w) “1’0,(1'+1>T(W)VH

2m—1

-1
=lim SUP Z In HCI) i+1) TZT “Po @+ @)V H

m——too 2mT

and

1 2m—1

1
2mT — lnH<1>(i+l)T’iT(w)‘q’o,(iﬂ)T(W)VH

m—1

1

< T ; In H D (i 11)21i27 (W) ‘¢O,(i+1)2T(W)V H -

Therefore, formula (1.3) is equivalent to the following formula which can serve as
a definition of O (w) as well

m—1

1 —1
(15)  Opw) = nggk fp‘iﬁi ﬂnli‘ég mT Z In H(I)(i-i-l)T,iT(w)|‘1>0,(¢+1)T(W)VH '

By the same argument, we have the followmg equivalent definition of Q(w)

m>mw%£%gmm;ZW%mwmww
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Definition 1.2. The random variables 7;(w) defined by

m—1
1

1.7 w) := limsup lim sup — Indg |P;r w)|, keil,2,...,n},

(1.7) y(w) im sup lim sup 777, ;:0: k[Pt (i41)7 (W))] { }

are called auziliary exponents of the equation (1.1).
The function v, (7T") defined by

(1.8)
1 m—1
’Yk(T) = lrlanii—liIc:)) ﬁ ; Elnd; [(I)iT,(i-i-l)T(w)]y ke {1, 2, ,Tl} T e R+,

where E€(w) denotes the expectation of a random variable £(w), are called auz-
iliary functions of the equation (1.1).

The above definitions of Lyapunov exponents, central exponents and auxil-
iary exponents for the stochastic differential equations have been introduced by
Millionshchikov (see [14, 15]). Millionshchikov considered equation @ = [B(t) +
C(t,w)]u, where B(t) is a bounded continuous matrix-valued function and C(t,w)
is a piecewise-constant random matrix-valued process with independent values.
Using Kolmogorov one-zero law Millionshchikov proved that Lyapunov exponents
of such an equation do not depend on w. Note that the equations Millionshchikov
considered can be solved pathwisely, without the need of the Ito calculus. For
the linear Ito stochastic differential equation

m
(1.9) dX(t) = Fo() X (t)dt + 0 Y F X (t)dWy,

k=1
where Fy, (k € {1,2,...,m}) are constant matrix and Fy(t) is continuous matrix-
valued function bounded by a constant K, N. D. Cong [7] noticed that Lyapunov
exponents, central exponents, auxiliary exponents do not depend on w. He gave
in [8] a proof of independence of Lyapunov exponents of (1.1) (which is an equa-
tion of a more general type than (1.9)) on w, i.e. the Lyapunov exponents are
nonrandom.

For deriving the main results of the paper presented in Section 3 we will need
the following nondegeneracy condition of the random part of the equation (1.1):
There are positive numbers j1, o such that for any x,y € R™ and t € R

(1.10) pll2l® lyl1? < (D, 2)y,y) < o |2l [y,
where <y1, y2> denotes the scalar product of two vectors y1,y2 € R”,
m n
Dlt,) = (d0,2)),.., wih ds(t.0) = Y- (D Fa0ult)ova ).
k=1 “rl=1

The central exponents of deterministic linear differential equations were ini-
tially introduced to give lower and upper estimates for Lyapunov exponents and
are different from Lyapunov exponents in general, as shown by Example 13.5.1
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in Bylov et al. [3, page 187]. Beside giving estimates for Lyapunov exponents,
the central exponents also serve as qualitative and quantitive characteristics of
the equations under considerations. The auxiliary exponents 7y are interesting
from computational point of view: for their computation we do not have to follow
trajectories of solutions on the whole time axis, but only compute the Cauchy
matrix on each compact time interval.

In this paper, under the nondegeneracy condition specified above we will show
that the central exponents O of the linear Ito stochastic differential equation
(1.1) coincide with its auxiliary exponents v, and, moreover, the first exponents
coincide: ©®1 = A\; = 21 = =1. The observation on equality of exponents was made
by one of the authors in 1993 (see [7]) for the case of equations (1.9). However,
the proof given there is incomplete since the technique of changing from series
of random variables forming a Markov chain to a series of independent random
variables is not completely verified. Here in this paper, we overcome this problem
for the case of © and the first exponents by using another technique, namely, we
use the law of large numbers and inequalities provided by Rosenblatt-Roth [17]
for a series of random variables depending on a Markov chain. Moreover, we are
able to prove the results for a more general equation (1.1).

The paper is organized as follows. In Section 2, we prove some properties of
central and auxiliary exponents of (1.1). Namely, using standard techniques in
the theory of Lyapunov exponents, we show that central exponents are nonran-
dom and make upper and lower estimates for Lyapunov exponents; the auxiliary
exponents are also nonrandom, and the biggest auxiliary exponent ~y; is larger
than the biggest central exponent €21, the least auxiliary exponent -, equals the
least central exponent ©,. Section 3 presents the main result of the paper with
assumption of the nondegeneracy condition, O = v and ©1 = Ay = Q1 = ;.

2. PROPERTIES OF CENTRAL AND AUXILIARY EXPONENTS

Theorem 2.1. For any k € {1,2,...,n} the exponent vyi(w) is nonrandom and
Ye(w) = 1iTH1 sup (7).

— 400

Proof. First of all, we will prove the random variables £ In H<I>,~T,(,~+1)T(w)H have

second moments, bounded by a constant independent of ' > 1 and i € {0, 1,2,...}.

For any N € N, put n(w) = +In ||®g y(w)]|. Since

[P0 N (W) < [[Px—1.n (@) - - [®r2(w)] [[®o,1 ()],
and || A]| > ||A—1’1|| for any inverse matrix A then

([T : > 1
e 0@ = T@10@)] - @1 (@]~ H%MH H<1>—1 (W)H'

[®o,n(w)
N—1,N
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Therefore,
N-1 N-1
=3 mn[ork @) < ll@on @) £ 37 (@i @)
=0

i=0
It follows that for any w € €2, we have

1 1 N-1 1 N-1
v M @on@)l] < [ 3 mferh @[+ |5 X mlen@l |
=0 =0

N-1 N-1
Put () = 3 & 07, = & T @i @) then

(2.1) Enf(w) < 2[Bni (w) + Enz(w)].
Using Minkowski’s Inequality for p = 2 (see Shiryaev [18, page 194]), we have

N-1

1 1
S PR I’ < K1,

[NIES

(2.2) (Elm(@)P)

where the constant K7 is independent of V.
Similarly, by considering the backward Ito differential equation we get

(Blm(@)P)? < Ka,

where the constant K5 is independent of N.
It follows from (2.1) that

En?(w) < K3 = 2(K? 4+ K2)

where the constant K3 is independent of N. Now, it is easily seen that, for any
s € RT,N € N the variable j = 3 In ||®; s n(w)]|| has second moment bounded
by a constant independent of s, N.

In case H(w) = 7 In|®, 17 (w)|, for arbitrary s € RT, T € R*,T > 1, we put

N = [T, the integer part of T, and get

”(pS,S-i-T(W)” < H(I)S,S-i-l(w)” e ”(I)s-‘rN—l,s—i-N(W)” |’(I)S+N78+T(W)H .

By the same arguments as for deriving (2.2), we get

=

L /N - .
<7 ( T B @) 1+ 2] I oo )] 1)

1=0

<M < 2K;.

(Eli(w)?)

and
1 .
(Blf2(w)]?)? < 2Ky,
where the constant K; and K are independent of s,7". So

Eij(w)? < K3 = 4(K? + K2).
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To summarize, we have shown that there exists a positive constant My indepen-
dent of 7> 1 and 7 € {0,1,2,...} such that

1 2
E<T TS| ) < M.

Similarly, we can find a constant My > 0 independent of "> 1 and i € {0,1,2,...}
such that

1
E(T In (| @ 1y7r (W) )2 < M.
Fix a k € {1,2,...,n}. Since
0 < dn[®i7,(i4-1y7(W)] < di[@ir (4 1y (W)] < d1 [Py (i41)7 (W)],
we have
1 2 1 2 1 2
(F M di[®ir ipr@)])” < (FI0 [P arnr@)]])” + (F 0 [[@arnmr (@)]])
Consequently,
1
E(T In dk[q)iT,(i+l)T(w)])2 < My + Ms.

Hence, 7 Indg[®;7 +1)r(w)] (i € {0,1,2,...}) is a sequence of independent ran-
dom variables having second moments bounded by M; + Ms. By virtue of the
Kolmogorov strong law of large numbers (see Shiryaev [18, Theorem 2, page
389]), the following equality holds with probability 1

. 1 =
ml—lg-loo ( Z In dk il (i+1)T o m— ; E lndk T, H—l)T( )]) = 0.
Consequently,
m—1 m—1

1 1
lim sup — Z In dk i, (i+1)7 (W )] = lim sup Z E lndk (I%T G+ (W )]

m—-4o0 mT m—-4o0 mT

hence,

Yk (w) = lim sup 75, (7).
T—+o0

The theorem is proved. O

Theorem 2.2. For any k € {1,2,...,n} the central exponent Or(w) of (1.1) does
not depend on w € ).

Proof. Denote by {.7:?;} >s>p the filtration of o-algebras generated by the Wiener

processes (WL, W2, ..., W) >u>s (see e.g. Arnold [1, pages 91-92]). Clearly, the
®g¢(w) is adapted to the filtration {F§}, . . From the formula (1.5), it follows
that the random variable O (w) is measurable with respect to the limit o-algebra
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Foo = tligl Ft =\ F.. We note that for any fixed k € {1,2,....,n} and
— 400 >0

N e N,

m—
-1
O (w) = sup suplimsu H@ i (w _ H
(w) Veng>Ii m_>+£m ; i+ 1)TAT (W) @4 11y (@)

—1
‘ <I>(i+1)T,iT(w)|<1>0,(i+1)T(w)V H

Mz

= sup sup limsup — (

VeG, T>1 m—+oo mT =0

—1
+ H‘I)(i+1)T,z'T(W)|q>07(i+1)T(w)vH >
i=N+1
N -1
Since N is a fixed number, ) In “(I)(i+1)T7iT(w)|<I>o (i+1)T(W)VH is a random vari-
able with finite second mom_ent hence, the limit

-1
lim Zln Hq>(7,+l TZT |<I)o (T W)V H =0

m—-+oo m

exists and the equality holds with probablhty 1. Therefore,

—1
O(w) = sup sup limsup — In||®, W _ H
(w) = Vegﬂﬁ m_>+£m _%;rl D) (W) By 11y )V

m—1

1
= sup sup limsup — In||®, (W
Vegk T>Ii m—>+olc:>) mT Z (2+1)T,ZT( )|¢NT,(i+1)T(W) (CI>O,NT (w)V)

-1

i=N+1
m—1 1
< sup suplimsup — Z In (| ®iq1yrir(w)] ~H =:r(w).
VGGk T>1 m—+oco T mT = N+1 NT,(i+1)T

On the other hand, by the definition of r(w) just given above, for any € > 0 and
w € €, there exists V7 € G}, such that

-1

1
— € < suplimsup — lan)i (w
( ) T>Ii m—>+o£) mT _%:_1_1 (41T, T( )

Let Vi € Gy, denote the subspace CID(;}VT(w)Vl. We have ®O7NT(w)‘72 = ‘71, hence,

l‘I’NT,(i+1)T(W)‘71

-1

1
r(w) — € < sup limsup o Z In H(I)(i+1)T,iT(w)

|¢ i (w)CI> ~L2
m NT,(i+1)T O,NT
T>1 m——+oo i=N+1

-1

1
= sup lim sup — lanI) ) (W -
T>Ii m—>+£ mT ; %;_1 (H'l)T’ZT( )I‘i’(),(i+1)T(w)V2

-1

1
a ?Flili lrznli}ég mT <Z . HCI) )T (W I‘i’o (41T (W@)V2
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m—1 -1
+ Z In H<I>(i+1)T,iT(W)|q>07(i+1)T(w)\72 >
i=N+1

m—1

1 -1
< sup sup limsup — 1HH<1>. Aw _ H
VGCIT‘)k T>I; m—>+o£) mT Z (2+1)T71T( )lq’o,(zﬂ)T(W)V

= Op(w).
Since € > 0 is arbitrary so we have r(w) < ©(w). Thus, for any fixed N we have

Or(w) =r(w) € .7-"(N+1)T $0 O (w) is measurable with respect to the f(Noil)

tllgloo FN-H = \/t>(N+1) ]-?NH)T. Hence, O (w) is measurable with respect
to the tail o-algebra ﬂ FHoo (V41T By the zero-or-one law (see Shiryaev [18, page
381]) the random varlable Ok (w) is degenerate, i.e. nonrandom. (]

Theorem 2.3. For any k € {1,2,...,n} the central exponents Qi(w) of (1.1)
does not depend on w € 2.

Proof. We note that for any fixed k£ € {1,2,...,n} and N € N,

Qp(w) = inf  inf limsup — Z In H<1>1T i+1)T (W)|<I>O,iT(w)UH

UEGp—ti1 T>1 m—too mT

= inf  inf thUP—<Zln H‘I%T )T (w)l‘I)o,z‘T(W)UH

UEGn k1 T>1 m——+oo mT

+ Z In H(I)iT,(i-‘rl W)@ i (w H>

i=N+1
Using an argument similar to that of the proof of Theorem 2 2, we can show that

(N+1)T>

Qk(w) is measurable with respect to the tail o-algebra ﬂ Fie hence, is
N=

degenerate, i.e. nonrandom. O

Now, since the Lyapunov, central and auxiliary exponents are independent of
w, we will drop w in their notations.

Theorem 2.4. For any k € {1,2,...,n} the central exponent Qy, of (1.1) is larger
or equal to the Lyapunov exponent \.

Proof. Fixing an w € (), for any € > 0, by the definition of €, there exists an
U € G} —k+1 such that

inf lim sup — 1nH<I> H < Qp + e
T>1 m_>+£ mT Z ()T |q’° i (W K

For any vector x € U and T > 1, we have
[@0,m7 (W) = || ®(m_1)T,mr (@) © o (m—-1)r(W)z||
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< |y @l ]| - [0 mryr(@)z] < -

< [Pzt @)agir ]| - 1@or @loll o]

Therefore,

. 1 . 1 m—1
limsup —— In [ @0, (w)a]| < lmsup — 3 1n|@ir, 1y @)l i 0 |
1=0

m——+00 m——+00

By Theorem 3.4 of N. D. Cong [8], for any h € RT, we have

1
Ap(w) = min  maxlimsup — In || Pg mn(w)z]| .
UEGn,k+1 xelU M—»eJrNoo mh
m

Therefore,

1
A < inf li — In||®
k< Inf maxlim sup o In [ €0y (w)e|

. ‘ 1 m—1
< e i S el <50

Since € > 0 is arbitrary, we derive A\p < Q. O

Theorem 2.5. For any k € {1,2,...,n} the central exponent Oy of (1.1) is
smaller or equal to the Lyapunov exponent \j.

Proof. Fixing an w € €, for any ¢ > 0, by the definition of Oy, there exists an
V € G}, such that

m—1

1
I — Y1 Hq>. . _ H
o1 metot mT ; B || @inmir (g e @V

1
> 0O —e€.

By the definition of Ay and Theorem 3.4 of N. D. Cong [8], there exists an
U € G,,_g41 such that for any h € Rt

1
Ap = li —In||® .
k= maxlimsup - In @0, mn(w)z]|
Since U, V are linear subspaces in R", the dimension of U is n — k + 1 and the
dimension of V is k, the dimension of the subspace U NV is larger or equal to 1.
Take an 29 € UNV \ {0} we have

. 1 e B
;I;I; lnlznii}igﬁ ; n H(I)(H'l)T’iT(w)l‘i’o,(i+1)T(w)V H
1 o
< sup lim sup — 1 120 @)zoll
T>1 m—-+oo mT HxOH
1 o
< sup max lim sup —1HM
T>12€Ux m—too MT' ]|
= .
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Therefore, O — e < A for every € > 0, hence, O < . O

Theorem 2.6. For any k € {1,2,....n} the central exponent Oy of (1.1) is
smaller or equal to the auxiliary exponent ~y.

Proof. First of all, as claimed in the Introduction, we will show that for definition
of O(w) the formula (1.3) is equivalent to the formula (1.5). For V; € G, T €
Rt we Q,meN we set

-1

m—1
1
g(T,m, V1) = T E 1nH‘I)(i+1)T,iT(W)|c1>0,(i+1)T(w)v1
=0

Then
1 2m—1 1
g(T,2m, V1) = T Z 1HH<I>(2+1 747 (W) @4 (1417 (@)a
1 2m—1ln nf | @0, (1417 (w)z]]
omT 2€Vi* H(I)OZT(W)ZH
m—1
1 @0, 2i+1)r(w)2|| (| @0, 2i+2)7 (W)ZH>
— 1 f 1 f
2 T,._()(“zé“vl* [Roar @zl st [[@o e (@)2]
< 1 m_lln inf | @0, 2641y ()2, " (| @0, 2i2yr(w)2||
2mT = zeVix  [|Pogir(w)z| (| @0, 2i41)r(w)2||
m—1

. |[®o,iveyr(W)2]]
= In inf
2mT = zevix | ®o,2i7(w)z]|

m—1

= 9(2T7m7 Vl)

~omT

—— Y In H<I>(i+1)2T,i2T(w)|<I>o,(i+1)2T(°")V1
i=0

Thus, for all V1 € G, T € RT,w € Q,m € N, we have

(2.3) g(T,2m, V1) < g(2T,m, V7).

Now we will prove that for any fixed V; € Gy, T € RT the following equality
(2.4) lim sup g(7T', 2m, V1) = limsup g(7,m, V1)

m——+00 m—-+00

holds with probability 1. Note that

m+1

1 -1
TQ(T7 m+ 17 Vl) - g(T7 m, Vl) = W In H®(m+1)T7mT(w)|(boy(m+1)T(w)Vl

)

and
-1

——ln H(I)mT (m+1)T H < T ln H®(m+l)T mT ICI>0 (m+1)T( w)Vi

1
(2.5) < WIH | @t (maryr (@) -
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Put
B = {we Q| inrw)| =iT+n% "}, je{0,1,2..},
B = {weQ|®;iyrrw)| =T +n% "}, je{0,1,2..},
+00 00
B = |J @\ (B;uBy)).
i=1 j=i

By Lemma 3.3 of N. D. Cong [8] we have P(B) = 1. Let w € B be arbitrary, then
there exists M(w) > 0 such that for all m > M (w) the following inequalities hold

1 In(mT + n2ekT)
(2.6) Wln H<I>mT,(m+1)T(W) H < mT )

1 In(mT + n2ekT)
SR =

From (2.5), (2.6) and (2.7), it follows that

1
hm(ﬁiﬂmm+Lm—ﬂﬂWW0:0

m— 400 m
with probability 1, in particular,

241
ggjjiw@m+1m)(1%m0_a

Therefore, since lim 251 = 1, with probability 1, we have

PSS
limsup g(7,20 + 1,V;) = limsup ¢(T, 2, V1),
l—+00 l—+00
from which (2.4) follows.
By (2.3) and (2.4), for all V; € Gy, T € RT with probability 1, we have
limsup g(7,m, V1) < limsup g(27',m, V1).
m— 400 m— 400
From this, it follows that the formula (1.3) is equivalent to the formula (1.5).
Moreover, this inequality also implies that

sup lim sup g(7', m, V;) = lim sup lim sup g(T", m, V7).
T>1 m—+o0 T—+oco m—+400

Therefore, taking into account Theorem 2.2, we have

m—1

1 —1
O = sup sup limsup — lnH@ , (W _ H
b Vegk T>Ii m—>+o£) mT Z (H_l)T’ZT( )léo’(”l)T(w)V

= sup sup limsup g(T,m, V)
VeGr T>1 m—+oo

= sup limsuplimsup g(T,m, V)
VEG), T—+oo m—+400

m—1

1 -1
= sup hmsuphmsup— In HCI) . (W _ H
VEG), T—+oo m——oo T Z (H_l)T’ZT( )IQO,(1+1)T(W)V
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m—1
D1 (i w)z
= sup hmsuphmsup— Z In inf H ZT’(ZH)T( ) H
VEG), T—+oo m—+oo M 2€®g,ir(w) Ve 2]l
1 m—1
<lim sup lim sup — Z In dk a7 (i+1)T (W )]
T—+4o00 m—-+oo 1M —0
=limsup 1 (T) = Y.
T—4o00
The theorem is proved. U

Theorem 2.7. For the equation (1.1) we always have

m=>% and vy, = O,.

Proof. Note that

@i iryrW@)] = || @1y w)
dn[@ir,ipyr @) = || @i rnyr@) |

Since the space G,, has only one point R", using (1.3) and the argument in the
proof of Theorem 2.6, we get

)

m—1

0, = sup hmsup— Zlnd Qi1 i1y (W)]

TeR+ m—-+oo T
m—1

1
= limsuplim SUp — Z I dp [®i7 (i41)7(w)] = Tn-

T—+oo m—+oo 1

Using an argument similar to that of the proof of O in Theorem 2.6, we can
prove for any subspace U € G, _j11,

e = UeélskaA 71}51 lrlnnlilg) W Z In H@ZT 1T (w)|‘1>0,iT(W)UH
- f  liminflimsup — 3 1 H‘DZ Z H
pedtt | dminf ;n;il;gm Z [ )] P
So
0 = ;I;fll,ggilg—zln\\%mm W)

= liminflimsup — Z In || @7 (i 1)r (@)

T—+400 m—-+oco M

m—1

1
lim sup lim sup — Z In H(I)zT (i+1)T 7(w )H

T—+oo0 m—+oo M

IN
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m—1

1
= hmsuphmsup—zhldl D7 i+ 1)1 (W)]

T—+oo0 m—+oo M i—0
= -
The theorem is proved. O

3. LYAPUNOV EXPONENTS OF NONDEGENERATE STOCHASTIC DIFFERENTIAL
EQUATIONS COINCIDE WITH CENTRAL EXPONENTS

In the whole of this section, we will assume the nondegeneracy condition (1.10)
for the equation (1.1).

Proposition 3.1. For any €>0 one can find 0 < § = 6(e) < 1 such that for any
VeGy andUeG,_ (ke€{1,2,...,n —1}) and any T €R" the set of we, for

which R
[CI)TJ-H(W)V] NU(4(e)) # {0}

has P-measure < €, where ﬁ(g) denotes the cone consisting of vetors in R™ which
make an angle < o with the subspace U.

Proof. The proof of this proposition is completely similar to the proof of the
Lemma 2 in N. D. Cong [5] and Theorem in N. D. Cong [7]. O

Theorem 3.2. There exists a positive constant ¢ such that for anye € (0,1), T >
1 and k € {1,2,--- ,n} the following inequality holds

1.6
(3.1) Or > (T) + T ln% — 2¢1 Ve,

where 6 = 6(¢) is determined according to Proposition 3.1.

Proof. Let e € (0,1) and fix k € {1,2,...,n}. Determine § = d(¢) from € according
to Proposition 3.1. Fix an arbitrary 7" > 1 and an arbitrary k-dimentional linear
subspace V of R™. Let i € {0,1,2,...}, for brevity in expression, let ®; denotes
the matrix ®;7,(j4.1)r(w). Denote by {f1, ..., fk; fe+1, -+, fn} such the eigenvectors,
corresponding to the eigenvalues

di(®;) 2 - 2 di(®i) 2 (D) 2 -+ 2 d7 (@)
of the matrix ®;®;, that they depend measurably on w and form an orthonormal
basis of R™ (for the existence of such a measurable orthonormal basis see, e.g.,
Arnold [1, pages 196-197]). Furthermore, we denote by Uﬁ; ¥ the linear subspace

spanned by the last n — k eigenvectors { fy+1, ..., fn} of ®f®;. We introduce some
notations

C; = {weQ:[our(w)V]NU " [o(e)] £ {0} },
ni(w) = %111 1@ 1y (@)]|

o1 [ @0,y @)y
i(w) = inf = In ’
Glw) yeVi T | @0, (w)y|
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We have shown in the proof of Theorem 2.1 that for the equation (1.1) the random
variables 7;(w) have second moments, bounded by a constant independent of
T>1landie€{0,1,2,...}. Let x;(w) denote the indicator function of the set C;.
By Proposition 3.1 and the Markov property of the solutions of the systems (1.1)
we have

]P)(CZ) S €, E(Xl(w)) S €.

By the definitions of C; and y;, if xi(w) = 0, then any vector of ®g ;7 (w)V is
separated from U} ¥ by an angle bigger than d(e), hence,

, 1 ||z
(W) = inf — In
C( ) Zeq)(),iT(W)V* T HZ”
> inf 1 In (dk(CI)-) sin Z(z U-"_k))
- Zeq)(),iT(W)V* T ! ’ b

1 .
2? In (dk(CI)i) sin [5(6)])
1 1 o(€)
ET In dk [q)iT,(i-i-l)T(w)] + T In T
If xi(w) =1 then

o1 @y (@)2]| 1 1
(w) > - ’ > 1 — —ni(w).
Glw) 2 Inf 7 In [El > =g I [0 e @) = ()
Consequently,
1 1 d(e

6() 2 [1 =6 (7 I @) + 7 0 %50 ) ~xnte)

1 1 o(e)

> 7 In dy [Pir (117 (W)] + T =

- Xi(w)% In di [ @7, (1) (w)] — Xi(w)ni(w).

It is easily seen that, the random variables = In dj [<I>,-T,(,-+1)T(w)], (i(w) have
second moments bounded by a constant independent of ' > 1, i € {0,1,2,...}
and € € (0,1). Thererefore, there exists a positive constant ¢; > 0 which is
independent of T'> 1, i € {0,1,2,...} and € € (0,1) such that

1
2

1
1 1 2
E Xi(w)f In di [ @i, (i41)r ()] ‘ < T (EX?(W)> (E Indy, [<1>iT,(i+1)T(w)]>

<c (/ X?(w)dp>% = cllP’<{w | xi(w) = 1})%

Q
<c1 Ve,
and
Blxi(@mw)| < [Ex2w)]? [Bidw)]? < o Ve
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Consequently,

1 1 0(e

(32) ECZ(w) > TE In dk [q)iT,(i—l—l)T(w)] + T In % - 261 \/E
Now we use results by Rosenblatt-Roth [17] to prove that the sequence of random
variables (;(w), i = 1,2,..., satisfies the strong law of large numbers. This is a
crucial argument in the proof of this theorem. Note that the random variables
(i(w),i=1,2,..., are not independent.

To this end, we define a Markov chain in the state space Gy, X Gl(n,R) with the
Borel o-algebra using the fundamental matrix of the equation (1.1) as follows:

Our Markov chain starts (at time 7 = 0) from the state (V,I) € Gi x Gl(n,R).
From the state (V1,Y1) € Gi x Gl(n,R) at time 7 = T it goes to the state
(V2,Y2) € G x Gl(n, R) next time 7 = (i +1)T by the rule Vo = @7 (;11)7(w) V1,
Yo = @)1 (i42)7(W)-

Note that the second coordinate of our chain is a sequence of independent
random variables, and the first coordinate is a Markov chain on the compact
state space G generated by the solutions of the equation (1.1). The transition
probability of our Markov chain is the product of transition probabilities on
two coordinates because the second coordinate is independent on the present
and past of the first coordinate. Denote by p the Riemannian volume on the
compact space Gy, and P;(Vy, By), where Vi € Gy, is a point and B; C Gj is a
measurable subset of Gy, the transition probability of the Markov chain of the
first coordinate of our chain at the time moment 7 = ¢I". This Markov chain on
(), has density satisfying a parabolic partial equation which is determined by the
equation (1.1) (see Khasminskii [11, page 96]). Since Gy is a compact manifold
and our nondegeneracy condition (1.10) is uniform with respect to time, we can
find positive constants K3, Ky > 0 (see Aronson [2, page 891]) such that for any
i=1,2,..., any V] € G} and any measurable subset B C G, we have

(3.3) Ksp(B) < P;(Vi, B) < Kyp(B),

where the constants K3, K4 depend only on n, T, i1, o and the Lipschitz constant
K of the equation (1.1). From this, it follows that for any ¢ = 1,2, ..., any pair
of points Vi, Vs € G and any measurable subset B C GG, we have

|P,(Vi, B) — P,(Va, B)| < Kg%
Therefore,
(3.4) sup |Pi(Va, B) — Pi(Va, B)| < —1__,
K3+ Ky

where the sup is taken over the collections of all points V1,Vo € G and all
measurable set B C Gj. Since the transition probability of our Markov chain on
the product space Gy x Gl(n,R) is the product of two transition probabilities on
its coordinates, it is easily seen that, the ergodic coefficient «; of the transition
function P; of our Markov chain (see Dobrushin [9] and Rosenblatt-Roth [17] for
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definition of ergodic coefficient and its properties) satisfies for any i = 1,2,...
the inequality

K3
3.5 i =a(P) > ——.
(8:5) o =olb) 2 T
Thus, for any m € {1,2,3,...} we have
K
(m) ._ : S 3
“ ) OSIiI%lrg—laz T K3+ Ky -0

Let us come back to the random variables (;(w) introduced above. We can con-
sider them as random variables defined on our Markov chain as follows:

(o) = (VB = in [P (2)]]
CZ(WZ)—Cz(qu)z)—Zle‘f Tl el

We know that (; has second moments bounded by a constant ¢y independent of
T>1andie€{0,1,2,..}, hence,

0 < DG < E|G]? < e,

where DE(w) denotes the variance of the random variable £(w). This implies that

+00 “+oo
Zn_2DCn < e Zn‘z < 400.

Therefore, according to Rosenblatt-Roth [17, Theorem 2, page 567] the sequence
Co, (1, Co, ... satisfies the strong law of large numbers, so we have with probability
1 the equalities

-1
sy Z i [@srar @l oo |

=lim sup — Z Gi(w

m—+4oo 1N

m—1

=limsup — Z E¢(w

m—-+oo N

-1

=limsup —; Z Eln H(I)(i—i-l)T,iT(w)|<I>0 (i+1)T(w)VH .
m—-4o0 mT ’

Using the definition of the central exponent Oy, we get

1 -1
O = sup sup limsup — lnH<I>- o (w ~H
" Veg T>I; m—>+o£) Z (i+1)77 ( )|<I>0,(i+1)T(W)V

-1
s L S ]



LYAPUNOV EXPONENTS AND CENTRAL EXPONENTS 51

m—1 m—1
1 1
=limsup — i(w) = limsup — E(G(w
mnsup - ch( ) =timsup =3 B(G()
) 1 1 0(e)
Zlﬂi‘iﬁ% Z: ( E In di[®ir,i41y7(w)] + T In — 24 \/E>
— 1 d(€)
_lyhn_lj_lég—zEln dk[q)zT(H-l) (w )]—i— T 1117 — 2c1 e
Consequently, with probability 1, we have
1 0
(3.6) Or > v(T) + T In % — 2¢1 e
The theorem is proved. O

Theorem 3.3. Assume the condition (1.10), then for any k € {1,2,...,n}, we
have

Yk = O.

Proof. Fix k € {1,2,...,n}. Taking into account Theorem 2.6, it suffices to prove

that ©p > ;. Due to Theorem 2.1, we only need to prove Oy > lim sup v (7).
T—+o0

To do this, we will show that for any ¢ > 0, there exists Tg(l) > 1 such that, for
any T > Tél),

(T) < O + 0.
By Theorem 3.2, for any € € (0,1) and 7" > 1, we have

1
%(TH—T In ? — 2c1 Ve < O,

where § = d(€) is specified as in Proposition 3.1. Fix an arbitrary 0 < e <

Since lim % In &26) = 0, for any o > 0 there exists Té )

T—+o0

2
16 16c2”
> 1 such that for any

T > Té2) we have

o 1 .4(e o
P STy <y
which implies, for any 1" > TQ(2),
1 0
’yk(T) — g — 261\/E < 'Vk(T) + T In % - 261\/E < ®k

2

Thus, taking into account the choice 0 < ¢ < min {1, % }, we have that for any
1

o > 0, there exists T, = max {Tg(l),Tg(z)} such that for any 7' > T,
() <O+ 24+20-L <O, +0.
2 401

Since p > 0 is arbitrary, we obtain lim supyx(7") < Oy. O
T—+o0
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Theorem 3.4. Assume the condition (1.10) holds. Then the following equalitities

hold

@1:)\1291:’71.

Proof. By Theorem 2.7, Theorem 2.4 and Theorem 2.5, we have

v1 > > A\ > 0.

Due to assumption of the condition (1.10), Theorem 3.3 implies that

@1:)\1291:’71.

The theorem is proved. O
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