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FURTHER RESULTS ON CONVEX FUNCTIONS AND
SEPARABLE SEQUENCES WITH APPLICATIONS

M. ADIL KHAN, M. NIEZGODA AND J. PECARIC

ABSTRACT. In this paper, generalizations are given for some recent results
of Niezgoda [M. Niezgoda, Remarks on convex functions and separable se-
quences, Discrete Math. 308 (2008) 1765-1773]. As applications, two mean
value theorems are derived. Gram type inequality is proved. Exponential con-
vexity for differences of power means is shown. Monotonicity of Cauchy type
means is shown.

1. PRELIMINARIES AND SUMMARY

We start with some notation and definitions, quoted from [7, 8].
Throughout this paper, inner product on R" is defined by

(1) (a,b) = Zakbkpk for a = (a1,...,a,) and b = (by,...,by),

k=1
where p1, ..., p, are positive numbers. We assume that e = {eq, ..., ey} is a basis
in R", and d = {d,...,dy,} is the dual basis of e, that is (e;, d;) = d;; (Kronecker
delta).

We say that a vector v € R" is e-positive if (e;,v) >0 for alli =1,...,n.

We denote J = {1,...,n}. Let J; and J» be two sets of indices such that
JiUJy =J. Let v e R" and u € R. A vector z € R" is said to be p, v-separable
on J; and J (with respect to the basis e), if

(2) (€i,z —pv) >0 fori e Jy, and (ej,z —pv) <0 for j € Jy
(see [7]). If v is e-positive, then z is u,v-separable on J; and Jy w.r.t. e if and
only if

(3) max () 2) < p < min {ei, Z>.
i€tz (ej,v) €1 (ej,v)

A vector z € R" is said to be v-separable on J; and Jo (w.r.t. e), if z is u, v-
separable on J; and Jy for some u. By (3), z is v-separable on J; and J; w.r.t. e
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if and only if

< min {ei, 2)
i€Ji (€, )

(4) (6]'7Z>

max

rovided v is e-positive).
T e, o) (p p )

We say that a function ¢ : I C R — R preserves v-separability on J; and Jo
w.r.t. e, if (p(21),p(22),...,9(2n)) is v-separable on J; and Jo w.r.t. e for each
z = (z1,22,...,2n) € I" such that z is v-separable on J; and Jo w.r.t. e.

It is worth emphasising that depending on the choice of vector v and basis
e, the class of separable vectors in R" embraces, among others, monotone vec-
tors, monotone in mean vectors, star-shaped vectors and convex vectors (see the
discussions after each of Corollaries 2.4-2.7).

A vector y € R" is said to be majorised by x € R" (in symbol, y < z), if the
sum of m largest entries of y does not exceed the sum of m largest entries of x
for all m = 1,2,...,n with equality for m =n [6, p. 7]. It is well known that

y <z if and only if Zf(yk) < Zf(mk)

k=1 k=1
for all continuous convex functions f : I C R — R such that xp,yx € I, k =
1,...,n [6, p. 108].
In [8] the following majorisation type theorem has been proved (cf. [4, 5]).

Theorem 1.1. (See [8, Theorem 2.2]). Let f: I — R be a convex function on
an open interval I C R. Assume @ € Of, where Of is the subdifferential of f.

Let x = (x1,...,2pn), Yy = (Yy1,---,Yn) and p = (p1,...,Pn), where z;,y; € I,
pi >0 forieJ=A{1,...,n}, and let w,v € R" with (w,v) > 0.
If there exist index sets J1 and Jo with J; U Jo = J such that
(i) y is v-separable on Jy and Jy w.r.t. e,
(il) = —y is A\, w-separable on Jy and Jo w.r.t. d, where A = (x —y,v)/{w,v),

)
(ili) (z —y,v) =0, or (x —y,v)(z,w) =0, where z = (o(y1), ..., 2(Yn)),
(iv) ¢ preserves v-separability on Jy and Jy w.r.t. e,

then
(5) > oef(ur) <D prf ().
k=1 k=1

Remark 1.2. Theorem 1.1 remains valid for arbitrary interval I C R whenever
f and ¢ are continuous on I (e.g., f € C*(I)).

Remark 1.3. It is not hard to check that the quadratic function f(t) := #2,
t € I, satisfies condition (iv). So, it follows from Theorem 1.1 that

n n
(6) > prvi < prri,
k=1 k=1

provided z,y, p, w, v satisfy the above conditions (i)-(ii) and (iii) for z = 2y.
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Remark 1.4. For some bases e and d and vectors w and v in R" (see Corol-
laries 2.4 and 2.5), condition (iv) is satisfied automatically, since ¢ € Jf is
nondecreasing by the convexity of f. In such cases, (iv) can be dropped from
Theorem 1.1.

In this paper, we give some extensions of Theorem 1.1 (see Theorem 2.1 and
Corollaries 2.4, 2.5, 2.6 and 2.7). As applications, we derive some mean value
theorems (see Theorems 3.1 and 3.2). This allows to introduce a class of Cauchy
type means (see Section 3). In Section 4, we derive a Gram type inequality and
prove exponential convexity for differences of power means. Finally, we prove
monotonicity of Cauchy type means (see Section 5).

2. REFINEMENTS FOR TWICE DIFFERENTIABLE FUNCTIONS

We now give a refinement of Theorem 1.1 for twice differentiable functions (not
necessarily convex) (cf. [4]).

Theorem 2.1. Let f: I CR — R be a twice differentiable function on an open
interval I. Assume that there exist constants v,T' € R with the property that

(7) y< f't)<T foralltel.
Let x = (z1,...,2n), Yy = (Y1,---,Yn) and p = (p1,...,pn), where x;,y; € 1,
pi >0 forieJ={1,...,n}, and let w,v € R" with (w,v) > 0.
If there exist index sets J1 and Jo with J1 U Jo = J such that
(i) y is v-separable on Ji and Jy w.r.t. e,
(ii) = —y is A\, w-separable on J; and Jo w.r.t. d, where A\ = (x —y,v)/{w,v),
(iii") (z —y,v) =0, or (x — y,v){z,w) >0 for
(8) z=(py(1), -, y(ym)) and z=(or(y1),.-.,er(yn)),

where

(9) py(t) == f'(t) =t and @r(t) :=Tt—f'(t), tel,
(iv’) ¢y and @r preserve v-separability on J; and Jo w.r.t. e,
then

(10) *’YZPI@' ) <Zpkf ) Zpkf Uk) Zpk

Proof. Similarly as in the proof of [4, Proposition 1], it is sufficient to apply
Theorem 1.1 and (5) to the convex functions f,(t) := f(t) — 37t? and fp(t) :=
T2 — f(t), tel. O

Remark 2.2. Theorem 2.1 remains valid for an arbitrary interval I whenever f
and f’ are defined and continuous on I.

Remark 2.3. For some bases e and d and vectors w and v (see Corollaries 2.4
and 2.5), condition (iv’) holds automatically, since the functions ¢, and ¢r are
nondecreasing by (7).
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In the rest of this section, we demonstrate special cases of Theorem 2.1 for
various vectors w and v and bases e and d in R". This leads to generalizations
of [8, Corollaries 2.3, 2.6, 2.10, 2.11].

Corollary 2.4. Under the assumptions of Theorem 2.1, let w = v = (1,...,1)
and let e = d be the basis in R™ (orthonormal w.r.t. inner product (1)) given by

1
11 e; =d; = 0,...,0 ,1,0,...,0), i=1,...,n.
(11) i =d; \/ﬁ( -0 )
1 — 1 times
Denote
1 & n
(12) A= {z—yv)/{w,v) =5 > (xk — yr)pr,  where Py =3 py.

If there exist index sets J1 and Jo with J1 U Jo = J such that

(i) y is v-separable on Jyi and Jy w.r.t. e, i.e.,
(13) yi <y forie Jyand j € Jo,
(ii) = — y is A\, w-separable on J1 and Jo w.r.t. d =e, i.e.,
(14) xj—y; <A<z —y foricJyandj € Jo,
(iii’) (x —y,v) =0, or (x — y,v)(z,v) > 0 where z and ., and pr are defined

by (8)-(9),
then (10) holds.

Proof. 1t is sufficient to show that condition (iv’) in Theorem 2.1 is fulfilled.
Since fy(t) := f(t) — 4%, t € I, is a convex function (see (7)), p(t) = fL(t) is

a nondecreasing function. If a = (ay, ..., a,) is a v-separable vector on J; and Jo

w.r.t. e, then a; < a; for i € J; and j € Jy (see (4), (1) and (11)). Consequently,

o~(aj) < ¢ (a;) forie Jyand j € Jo.

Therefore the vector (¢4(a1),...,¢y(an)) is v-separable on J; and Jo w.r.t. e.
Thus ¢, preserves v-separability on J; and Js.

In a similar way it can be proved that ¢r preserves v-separability on J; and
Jo w.r.t. e.

In summary, condition (iv’) is satisfied, as required. O

Observe that conditions (13)-(14) are satisfied for

Ji=A{1,2,...,m}and Jo={m+1,...,n}
for some m € J, if both y and x — y are monotonic nonincreasing vectors, i.e.,
Y1 > ...2 Yy, and T1—Y1 > ... > Ty — Yn.

Corollary 2.5. Under the assumptions of Theorem 2.1, let w = v = (1,...,1)
and let X be as in (12). Suppose that e is the basis in R" consisting of the vectors
1 1
(15) ee=(0,...,0 ,— —,0,...,0), i=1,...,n—1, and
—— Di DPitl
1 — 1 times
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1
(16) en=1(0,...,0,—).
Let d be the dual basis of e, that is
(17) di=(1,...,1,0,...,0), i=1,...,n.
——

1 times
If there exist index sets J1 and Jo with J1 U Jo = J such that
(i) y is v-separable on Jy and Jo w.r.t. e, i.e., there exists p € R satisfying

(18) Yi —Yji+1 S0<y; —yit1 forie€Jy and j € Jp

with the convention yn41 = W,
(il)  —y is A\, w-separable on J; and Jy w.r.t. d, i.e.,

j i
1 . .
(19) Pkaﬂk—yk kSASB;(xk—yk)pk forie Jy and j € Jo,
l
where P, Z pr forl=1,2,.
(iii’") (z —y,v > 0_ r{r — y,v><z,v> > 0 where z and ¢, and r are defined

by (8)-(9),
then (10) holds.

Proof. Tt is not hard to check that condition (iv’) of Theorem 2.1 is met (see the
proof of Corollary 2.4). Now, Corollary 2.5 follows from Theorem 2.1. U

If y is monotonic nondecreasing, i.e., y1 < y2 < ... < yn, and x—y is monotonic
nondecreasing in P-mean [11, p. 318], i.e

l H—l
1

then conditions (18)—(19) are satisfied for
Ji={n}and Jo ={1,2,...,n—1}.
Moreover, (20) can be replaced by

l n

1
(zr — i)k < Pﬂ;(fﬂk_yk)pk, [=1,2,...,n—1.

1
P k=1

Corollary 2.6. Under the assumptions of Theorem 2.1, let w =v = (1,2,...,n)
and let e = d be the basis in R" given by (11). Denote

n

1 — n
(21)  A=(z—yv)/(wv) == (xx —ye)kpr, where P, =Y k’ps.

If there exist index sets J1 and Jo with J1 U Jo = J such that
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(i) y is v-separable on Jy and Jy w.r.t. e, i.e.,

(22) Y < forie Jy and j € Jo,
J
(il) z —y is A, w—sepamble on J1 and Jo w.r.t. d=e, i.e.,
(23) LW A< BTV forie gy and €y,
j i
(iii’) (@ —y,v) =0, or (x —y,v)(z,v) > 0 where z and v~ and @r are defined
by (8)-(9),

(iv’) @y and @r preserve v-separability on Jy and Jo w.r.t. e, i.e., (22) implies

(24) (pv(,yj) < 807(.%) and SOF(.yj) < @F@i) forie Jy and j € Jo,
J ¢ J ¢

then (10) holds.
Proof. Apply Theorem 2.1. O

A vector y = (y1,...,yn) € R" is said to be star-shaped [11, p. 318], if
(25) w< i forl=1,2,...,n—1.
A function ¢ : I — R, t € I, where I C Ry, is said to be star-shaped, if the
function ¢t — # is nondecreasing.

It has been proved in [8] that if ¢ : I € Ry — Ry is a differentiable nonde-
creasing convex and star-shaped function on an open interval I, then ¢ preserves
star-shapeness of vectors, i.e., (25) implies

o) o elr)
l [+1
If y and o — y are star-shaped vectors, and ¢, and ¢r preserve star-shaped
vectors, then conditions (22)-(24) are satisfied for the index sets

Ji={m+1,....,n} and Jo={1,2,...,m}

(26) =1,2,...,n—1.

for some m.

Corollary 2.7. Under the assumptions of Theorem 2.1, let w =v = (1,2,...,n)
and let X be as in (21). Assume that e and d are the bases in R" defined by

(15)-(17).

If there exist index sets J1 and Jo with J1 U Jo = J such that

(i) y is v-separable on Jy and Jy w.r.t. e, i.e., there exists u € R satisfying

(27) Yj+r1 —Yj = U 2> Yir1 — Yy fori€Jy and j € Jo
with the convention yn+1 = u(n + 1),
(ii) = —y is A\, w-separable on Jy and Jy w.r.t. d, i.e.,
j i
1 . .

> (- pme <A < =3 (@ —ype fori €y andje
J k=1 v k=1

(28)

o) =

where P, = Zk:pk, I=1,....n
k=1
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(iii’) (@ —y,v) =0, or (x —y,v)(z,v) > 0 where z and v~ and @r are defined

by (8)-(9),
(iv’) @y and pr preserve v-separability on Jy and Jo w.r.t. e, i.e., (27) implies
that there exist v, p € R satisfying

(29) Oy (Yjs1) — oy (yj) 2 v > 0y (Yis1) — oy (ys) forie Jiy and j € Jo,

(30) er(yj+1) —er(y;) = p = er(yiv1) —or(y) fori€ Ji and j € J
with the convention ¢~(Ynt1) = v(n + 1) and or(yny1) = p(n+ 1),
then (10) holds.

Proof. Use Theorem 2.1. O
A vector y = (y1,...,yn) is said to be convez [11, p. 318], if

(31) Yo=Y <Ys—y2 < ... <Yn — Yn—1.
Equivalently, (31) says that
(32) mg@igﬂﬂrmu:z”qn—L

In consequence, a function ¢ : I — R preserves convex vectors if (32) implies

(33) e(y) < Pyi-1) —; Y1) forl=2,...,n—1.

For instance, if ¢ is nondecreasing and convex, then (33) is met.
Conditions (27)-(30) are fulfilled for the index sets
Ji=A{1,2,....,m}and Jo={m+1,...,n}

for some m depending on A, whenever ¢, and ¢r are nondecreasing convex
functions with ¢~(0) = 0 and ¢r(0) = 0, and = — y is monotonic nonincreasing

in P-mean, i.e.,

1 R
=Y @k — )Pk = =— D _(@e —y)pe for1=1,2,...,n—1,
b3 Py o
and, in addition, y = (y1,...,yn) is a decreasing convex vector such that y; <

n(y2 —y1) (eg,y=—(n+1,n+2,...,2n)).

3. MEAN VALUE THEOREMS
We are now in a position to give a mean value theorem.

Theorem 3.1. Let f € C%(I), where I is a closed interval in R, and let v =
(1,...y2n), Yy = (Y1,---,Yn) and p = (p1,...,pn), where x;,y; € I, p; > 0 for
iedJ={1,...,n}, and w,v € R" with (w,v) > 0.

Suppose that z,y,p,w,v satisfy conditions (i)- (iii) from Theorem 1.1, where
z = 2y and conditions (iii’)- (w’) from Theorem 2.1, where v := 1?61}1 f7(t) and

I':= "(t).
max f*(t)
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Then there exists € € I such that

(34) Zpk f(zr)] = f”2(£) > ok (v — 7).

k=1
Proof. By Theorem 2.1 and Remark 2.2, we conclude that (10) holds. If

n
Zpk (z¢ —wi) =0
k=1

then (10) gives

Zpk ()] = 0.

Taking any number £ in I we obtam (34).
Let us consider the case when

> ok (2 —u7) #0.
k=1

Applying Remark 1.3 gives

Zpk P i) > 0.

Now by Theorem 2.1 we have

1 n n 1 n
57 D ok (2 —wR) <D ok [flae) — fluw)] < a > ok (2f —
k=1 k=1 k=1
In consequence, we obtain

< 22k 2 [f(2r) — Flyw)]
T Xk (2 - wR)

Making use of the fact that for each p € [y,T] there exists £ € I such that
f"(§) = p, we get (34). O
Theorem 3.2. Let f,g € C%(I), where I is a closed interval in R, and let
T = (-le--->$n); Yy = (ylv"‘7yn) a’ndp = (pl)"'7pn)f where Ti,Yi € I7 pi > 0
fori e J={1,....,n}, and w,v € R" with (w,v) > 0, (x —y,v) = 0 and
2 (2 — o) #0.

Suppose that x,y, p,w,v satisfy conditions (i)- (ii) from Theorem 2.1 for some
index sets Jy and Jy (J1 U Jy = J), and all nondecreasing functions defined on I
preserve v-separability on J1 and Jo w.r.t. e.

Then there exists & € I such that

f"&) _ Yhor e [f(ye) — f )]
9"(&)  Yor—1pkl9(yk) — glzk)]’

provided that the demominators are non-zero.

<T.

(35)
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Proof. Define
h:= clf — C2g,
where

(36) =Y prlo(ur) —g(er)] and co:=Y " pi[f(yk) — fla)].
k=1 k=1

Clearly, h € C2(I).
Observe that the assumptions of Theorem 2.1 are fulfilled for the function h
in place of f. Using (34) we obtain
- IEGRS 9 2
(37) > ok [hlye) = h(zy)] = 5 > ok (i — 77)
k=1 k=1

for some & € I. It is easy to verify that Y ,_, px [R(yx) — h(xk)] = 0. Therefore
(37) reduces to

(38) 0= (Cl]; ) _ 6292(§)> Zpk (vi — 1)
k=1
which gives
PG
a g"(&)
Combining this with (36) implies (35). O

Corollary 3.3. Under the assumptions of Theorem 3.2, set f(x) = x* and g(z) =
ab, forb#a#0,1, with I CR'}.
Then there exists € € I such that
. b(b—1)>"7_ pr (Y& — ¢
a(a —1) 3p_y v (v, — 2})
Proof. Apply Theorem 3.2. O

Remark 3.4. Since the function &€ — €27 b # a # 0,1, is invertible, then from
(39) we have

1

n a __ G @b
b(b—1)> 01 vk (Y xk)} gm]?X{l’k?yk}

ala —1) 34 vk (y7 — 2})

with I = [mkin{:vk, yk},mgx{xkyyk}]-

(40) min{zy, ye} < {

In fact, similar result can also be given for (35). Namely, suppose that i% has
the inverse function. Then from (35) we have

(" TS o [ () — faw)]
4D £_<g”> <ZZ:1pk[g(yk)—g(wk)]>'

So, the expression on the right hand side of (41) is a mean (see Section 5).
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4. EXPONENTIAL CONVEXITY AND GRAM’S INEQUALITY

In this section we develop some ideas given in [3].
A continuous function h : (a,b) — R is said to be ezponentially conver if

n
Z aiajh(a:i + a?j) >0
ij=1
forall n € N and oy € R, i = 1,...,n, and z;,x; such that z; + z; € (a,b),
,5=1,...,n.
Equivalently, a continuous function A : (a,b) — R is exponentially convex if
and only if
n
Ti+ T
(42) > oiah(= 5 1y>0

ij=1

for all o € R and z;,z; € (a,b) , i =1,...,n (see [3]).
It is known (see [3]) that each exponentially convex positive function h :
(a,b) = (0,00) is log-convex:

(43) h%@) < h(z)h(z;) for @i, z; € (a,b).
Let us define the function
S(:ijl) ) s # 07 17
(44) ps(u) = —logu, s=0; for u > 0.
ulogu, s=1
It is easily seen that dg;";é“) = w2 for u > 0, that is the function u +— @g(u) is

convex on (0, 00).

Remind that e and d are dual bases in R"™ with respect to the inner product
given by (1).
Theorem 4.1. Let x = (z1,...,%n), Yy = (Y1,---,Yn) € " with I C Ry, p =
(p1,---,pn) € RY and v,w € R" with (v,w) >0 and (x —y,v) = 0. Assume that
x,y,p,w,v satisfy the conditions (i)- (ii) of Theorem 1.1 for some index sets Jy
and Jo (J1 U J2 = J), and that all nondecreasing functions defined on I preserve

v-separability on Ji and Jy w.r.t. e.
Denote

(45) Uy =Ty (z,y:p) i= Y pi[ps(an) — @s(ur)] fors €R.
k=1

Then the following two statements hold.
(i) The matriz

|:Fsi+5j:| for si,s; € R
ij=1,...n

2

18 positive semi-definite.
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In consequence, the following Gram’s inequality holds

>0 forsi,s;eR, m=1,...,n.

(46) det |:F 5i+5j:|
2 lij=1,.,m
n
(i1) If the function s — T's is continuous (e.g., if v = (1,...,1) and > pxxr =
k=1

n
> pryk) then it is exponentially convex.
k=1

Proof. (Based on the proof of [3, Theorem 3].)
(i) Setting

(47) f(u) = Z ;s (u) for u >0,

ij=1

S;i+S; .
where o;,a; € R and s;; = =5, we derive

2
s g o
C{(ZU) _ Z aiajusif2 - (Z Oéﬂ“l) >0 foru>0.
U
; i=1

t,j=1

So, f is a convex function on (0,00). Thus the derivative % is nondecreasing. In

consequence, it preserves v-separability on J; and Jy w.r.t. e. Using Theorem 1.1
and Remark 1.2 for f, we obtain

(48) > oef(xr) = pef (ur)-
k=1 k=1

Now from (45), (47) and (48) we get that

Z ooyl = Zpk[f(l‘k) — f(yx)] > 0.
k=1

1,j=1

Therefore the matrix [Fsij]ijzl ,, 18 positive semi-definite, as required.
Clearly, (46) is a consequence of the semi-definiteness of the matrix.

(ii) Assume the function s — I' is continuous. By the proved positive semi-

definiteness of the matrix [I‘ si+sj:| we obtain
2 Jij=1,.n

n

E O[Z'Oéjrsi+5j Z O
S 2
t,j=1

for all o; € R and s;,s; € R. This implies exponential convexity of the function
s+ T's (see (42)). O
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5. CAUCHY TYPE MEANS
n
Let 2,y,p € R} and w,v € R" with (v,w) >0, (x —y,v) =0 and kz;lpk(m% -
y,%) # 0 as in Theorem 4.1. We give the following definition.
O\
a—b
(49) M, = (Fa> for a,b € R such that a # b,
b
where Iy is defined by (45) (see also (44)). By Remark 3.4 these expressions are
means. For example,

" { b(b—1) S5y pr (v — )
@ a(a — 1) Zzzl Dk (yz - JJZ)

Moreover, by limit we also have

1

a—b
} for a # b, a,b # 0, 1.

>k Pr (Ui — ] Cala—1)
> k1 Pk [log® yr, — log® xy ] N 1) 7

" ok (2 log yk — 21 % — 1
Mya — exp (Zk1pkz [y log yr, — xf log ] a ) for a 40,1,

M =
00 P ( 23 11 Pk [log yi — log xy]

> k1 Pk [yk log® yr, — xp log® ] .
23 p1 Pk [k log yi — . log ay] '

Ml,l = exp(

Theorem 5.1. Under the assumptions of Theorem 4.1, let the function s — I
be continuous and positive. Then the following inequality is valid.

(50) M,y < Myy forr,t,a,be R such that r < a andt <b.
Proof. Since the function s — @'y is continuous, it is exponential convex by
Theorem 4.1. Consequently, I's is log-convex (see (43)). So, we have
logI'y — log ', < logI'y —logI'y
t—r - b—a
(see [9, p. 2]). That is,

forr#Atand a #b

AN IS
(51) log | =— <log | = for r #t and a # b.
FT Fb
From (51) and (49) we get (50) for r # t and a # b. For r =t or a = b, we have
the limiting case. U
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