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ON THE RATIONAL RECURSIVE TWO SEQUENCES
Tntl = A@xp—k + bTp_/ (cxy, + 0dTy 1)

E. M. E. ZAYED AND M. A. EL-MONEAM

ABSTRACT. The main objective of this paper is to study some qualitative
behavior of the solutions of the two difference equations
Tnt1 = ATn—k + bTn—p/ (cTn + 0dxn—r), n=0,1,2,...,

where the initial conditions x_g,...,z_1,x¢ are arbitrary positive real num-
bers and the coefficients a, b, c and d are positive constants, while k is a positive
integer number and § = +1. Some numerical examples are given to illustrate
our results.

1. INTRODUCTION

The qualitative study of difference equations is a fertile research area and in-
creasingly attracts many mathematicians. This topic draws its importance from
the fact that many real life phenomena are modeled using difference equations.
Examples from economy, biology, etc. can be found in [2, 16,19, 28]. It is known
that nonlinear difference equations are capable of producing a complicated behav-
ior regardless its order. This can be easily seen from the family x,, 11 = g, (z5) ,
u > 0, n > 0. This behavior is ranging according to the value of pu, from the
existence of a bounded number of periodic solutions to chaos.

There has been a great interest in studying the global attractivity, the bound-
edness character and the periodicity nature of nonlinear difference equations. For
example, in the articles [9, 29-31] closely related global convergence results were
obtained which can be applied to nonlinear difference equations in proving that
every solution of these equations converges to a period two solution. For other
closely related results, see [3-5, 11, 14, 15] and the references cited therein. The
study of these equations is challenging and rewarding and is still in its infancy.
We believe that the nonlinear rational difference equations are of paramount
importance in their own right. Furthermore the results about such equations
offer prototypes for the development of the basic theory of the global behavior of
nonlinear difference equations.
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Our goal in this paper is to investigate some qualitative behavior of the solu-
tions of the two difference equations

by —i

(1.1) Tpi1=aTpp+———— n=0,1,2,...
CTy — dXp—k
and
b,
(1.2) Tpil = AT + —— 7k p—0,1,2,...,

CTy + dTp—_i
where the initial conditions x_g,..., x_1, ¢ are arbitrary positive real numbers and
the coefficients a, b, c and d are positive constants, while k£ is a positive integer
number. The case where any of a, ¢, d is allowed to be zero gives different special
cases of the two difference equations (1.1) and (1.2) which are studied by many
authors, (see for example [3, 9, 12, 14, 18, 31]). For the related work see [1, 2,
4,5, 7, 9-11, 13-15, 17, 19-30, 32-40]. Note that Eqs. (1.1) and (1.2) can be
considered as a generalization of that obtained in [8, 36].

Definition 1. A difference equation of order (k + 1) is of the form
(1.3) Tnt1 = F(xp, Tpn1, ..., Tpn-k), n=0,1,2,...,

where F is a continuous function which maps some set J¥*1 into J and J is a set
of real numbers. An equilibrium point Z of this equation is a point that satisfies
the condition Z = F'(Z,Z,...,Z). That is, the constant sequence {x,} - , with
Tp, =7 for all n > —k is a solution of that equation.

Definition 2. Let 7 € (0, 00) be an equilibrium point of the difference equation
(1.3). Then

(i) An equilibrium point = of the difference equation (1.3) is called locally
stable if for every € > 0 there exists 0 > 0 such that, if x_g,...,2_1, 29 € (0, 00)
with |z_p —Z| + ...+ |z_1 — Z| + |zo — | < 6, then |z, —Z| < ¢ for all n > —k.

(ii) An equilibrium point = of the difference equation (1.3) is called locally
asymptotically stable if it is locally stable and there exists v > 0 such that, if
Ty 1,20 € (0,00) with |[x_p —Z| + ...+ |x_1 — Z| + |xg — T| < 7, then

lim z, = .
n—oo

(iii) An equilibrium point Z of the difference equation (1.3) is called a global

attractor if for every z_g,...,z_1,zo € (0,00) we have
lim z, = 7.
n—oo

(iv) An equilibrium point Z of the equation (1.3) is called globally asymptoti-
cally stable if it is locally stable and a global attractor.

(v) An equilibrium point 7 of the difference equation (1.3) is called unstable if
it is not locally stable.

Definition 3. A sequence {z,,},- _, is said to be periodic with period p if x4, =
xy, for all n > —k. A sequence {z,} -, is said to be periodic with prime period
p if p is the smallest positive integer having this property.
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The linearized equation of the difference equation (1.3) about the equilibrium
point x is the linear difference equation

OF (%,%,...,%
(1.4) yn—l—lzz (& ' :E)yn—i-

Now assume that the characteristic equation associated with (1.4) is
(1.5) p(N) = poA" + AT 4 e A+ =0,
where p; = OF (z,Z,...,%) /0xn—_;.

Theorem 1. [19]. Assume that p; € R,i=1,2,..., and k € {0,1,2,...}. Then

k
(1.6) Z lpil <1
i=1

s a sufficient condition for the asymptotic stability of the difference equation
(1.7) Tnak + P1Tnak—1+ ... +ppxn =0, n=0,1,2,...

Theorem 2 (See [15, 19, 20] The linearized stability theorem). Suppose F' is
a continuously differentiable function defined on an open neighborhood of the
equilibrium T. Then the following statements are true.

(i) If all roots of the characteristic equation (1.5) of the linearized equation
(1.4) have absolute value less than one, then the equilibrium point T is locally
asymptotically stable.

(ii) If at least one root of equation (1.5) has absolute value greater than one,
then the equilibrium point I is unstable.

The following theorem will be useful for the proof of our main results in this
paper.

Theorem 3 (See [15, p. 18]). Let F : [a, b]*™! — [a, b] be a continuous function,
where k is a positive integer, and where [a,b] is an interval of real numbers and
consider the difference equation (1.3). Suppose that F satisfies the following
conditions:

(i) For each integer i with 1 < i < k + 1, the function F (z1, 22, ..., Zk+1) 1S
weakly monotonic in z; for fived 21,29, ...y Zi—1y Zit1y - - - Zht1-

(ii) If (m, M) is a solution of the system

m:F(ml,mg,...,mkH) and M:F(Ml,Mg,...,M]H_l),
then m = M, where for eachi=1,2,...,k+ 1, we set

m if F nondecreasing in z;,
m; =
M if F nonincreasing in z;,
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and
M if F nondecreasing in z;,

M; =
m if F nonincreasing in z;.
Then there exists exactly one equilibrium point T of the difference equation (1.3),
and every solution of (1.3) converges to T.

2. PERIODIC SOLUTIONS OF EQUATION (1.1)

Theorem 4. If k is an even positive integer and ¢ # d, then equation (1.1) has
no positive solutions of prime period two.

Proof. Assume that there exists distinctive positive solution

...,P.Q,P,Q,...

of prime period two of the difference equation (1.1).

If k is an even positive integer, then x,, = x,_k. It follows from equation (1.1)
that

b bP
(2.1) P:aQ—I—ﬁ and Q:aP—I-m,
provided that ¢ # d. Hence we deduce from (2.1) that (P — @) (a + 1) = 0.Thus
P = Q. This is a contradiction. Therefore, the proof of Theorem 4 is complete.
O

Theorem 5. If k is an odd positive integer and a # 1, then equation (1.1) has
no positive solutions of prime period two.

Proof. Assume that there exists distinctive positive solution

...,P.Q,P,Q,...

of prime period two of the difference equation (1.1).

If k£ is an odd positive integer, then x,,+1 = x,_. It follows from the difference
equation (1.1) that

P
P:aP—I_aQbﬁ and Q:aQ—I—%.
Consequently, we obtain
(2.2) cPQ — dP? = acPQ — adP? + bP,
and
(2.3) cPQ — dQ?* = acPQ — adQ? + bQ.

By adding (2.2) and (2.3) we deduce after some reduction that
2(1—a)(c+d) PQ = 0.

Since a # 1, then

(2.4) PQ =0.
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Since P, () are both positive, then we have a contradiction. Therefore, the proof
of Theorem 5 is now complete. O

3. THE STABILITY OF THE EQUILIBRIUM POINT OF EQUATION (1.1)

In this section we study the local stability character of the solutions of the
difference equation (1.1). The equilibrium points of the difference equation (1.1)
are given by the relation
(3.1) F—ai+ -2

cx — dx
If (a —1)(d —¢) > 0, then the only positive equilibrium point z of the difference
equation (1.1) is given by

- b
3.2 - s
2 T nE-9
Let F: (0,00)? — (0, 00) be a continuous function defined by
b’LLl

(3.3) F(’LL(], ’LL1) =aui + m,
provided that cug # dui. Therefore,

F F b
(3.4) OF (ug, uq) _ bcuy _ and OF (ug, uq) . cup N

dug (cup — duy) duy (cup — duy)

Then we see that

or(z,z)  cla—1) or(z,z) cla—1)
(3.5) Do (d—0 =po and s =a+ d—0) = p1,

provided that d # c¢. Then the linearized equation of the difference equation (1.1)
about 7 is

(3.6) Yn+1 — PO Yn — P1 Yn—k = 0.
Theorem 6. Assume that a # 1, d# c and
(3.7) lc —ac| + |lad — ¢| < |d — ],

Then the equilibrium point T of the difference equation (1.1) is locally asymptot-
ically stable.

Proof. From (3.5) we deduce for d # ¢ and a # 1 that

ol bl = |- =D o H=2
lc —ac|  |ad — |
(3.8) e VR

From (3.7) and (3.8), we deduce that
(3.9) lpol + |p1] < 1.
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It follows by Theorems 1, 2 that equation (1.1) is locally asymptotically stable.
Thus, the proof of Theorem 6 is complete. O

4. GLOBAL ATTRACTOR OF THE EQUILIBRIUM POINT OF EQUATION (1.1)

In this section we investigate the global attractivity character of the solutions
of the difference equation (1.1).

Theorem 7. The equilibrium point T of the difference equation (1.1) is a global
attractor if a # 1.

Proof. By using (3.4), we can see that the function F'(ug,u;) which is defined by
(3.3) is decreasing in uy and increasing in u;. Suppose that (m, M) is a solution
of the system

(4.1) m=F(M,m) and M = F(m,M).
Then we get
bm
— F(M,m) = _om
m (M, m) am—l—CM_dm,
and
bM

M=F M)=aM + ——.
(m, M) =a +cm—dM

Consequently, we have

1 1
4.2 = =(1-— .
(42) cM—dm  ecm—dM (1=a)/b
Since a # 1, we deduce from (4.2) that M = m. It follows by Theorem 3 that
is a global attractor of the difference equation (1.1). Thus, the proof of Theorem
7 is complete. O

5. PERIODIC SOLUTIONS OF EQUATION (1.2)

Theorem 8. If k is an even positive integer, then equation (1.2) has no positive
solutions of prime period two.

Proof. Assume that there exists distinctive positive solution

. PQ,PQ,...
of prime period two of the difference equation (1.2).

If k is an even positive integer, then x,, = x,,_. It follows from equation (1.2)
that

bQ bP
(5.1) Ctorag M =Pt
Consequently, we deduce from (5.1) that
(5.2) (P-Q)(a+1)=0.

Then, we have P = ). This is a contradiction. Hence, the proof of Theorem 8 is
complete. O
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Theorem 9. If k is an odd positive integer, then the neceessary and insufficient
condition for equation (1.2) to have positive solutions of prime period two is that

(5.3) ¢ > bd,
provided that 0 < a <1 and ¢ > d.

Proof. Assume that there exists distinctive positive solution

...,P.Q,P,Q,...

of prime period two of the difference equation (1.2).

If k£ is an odd positive integer, then x,, 11 = x,_. It follows from the difference
equation (1.2) that

P:aP—I_QQbW and Q:aQ—I—%.
Consequently, we have
(5.4) cPQ + dP? = acPQ — adP? + bP,
and
(5.5) cPQ + dQ?* = acPQ — adQ?* + bQ.
By subtracting (5.4) from (5.5), we deduce that
(5.6) P+Q= e
while, by adding (5.4) and (5.5), we have

b2

(5.7) PO = P e

where 0 < a < 1 and ¢ > d. Assume that P and () are two positive distinct real
roots of the quadratic equation

(5.8) 2 —(P+Q)t+ PQ =0.

Thus, we deduce that

(5.9) (Ly > wo
d(1—a) d(1—a)*(c—d)

From (5.9), we obtain the condition (5.3). Thus, the necessary condition is sat-
isfied. Conversely, suppose that the condition (5.3) is valid. Then, we deduce
immediately from (5.3) that the inequality (5.9) holds. Consequently, there exist
two positive distinct real numbers P and ) such that

b+ b—f
~ 2d(1—a) 2d(1—a)’

where 3 = /b2 — 4b2d/ (c —d). Thus, P and Q represent two positive distinct
real roots of the quadratic equation (5.8). Now, we are going to prove that P

(5.10) and Q=
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and () are not positive solutions of prime period two of the difference equation
(1.2). To this end, we assume that

rr=P, z_41=Q,..., xz_1=P, and 1x9=0Q.

We shall show that x; # P. To this end, we deduce from the difference equation
(1.2) that
bx_ bP
(5.11) 71 :azn_k—l—m =P+ b
Thus, we deduce from (5.10) and (5.11) that
cla—1)PQ+d(a—1)P*+bP
cQ +dP

b2_32 b 2 b
¢ ((1 o 1) |:4d2(1fa)2} +d (a o 1) |:2d(—1|—fa)} +b |:2d(—1|—€a)}
b— b
¢ |:2d(1fa)} +d |:2d(—1|—fa)}
Multiplying the denominator and numerator of (5.12) by 4d? (1 — a)? we get
2bd (b+ B) — ¢ (b* — %) —d (b + B)°

:El—P =

(5.12) =

n-F = 2dc(o—3) +d (bt D)
b2(d - ¢) + (c — d) [b2—%}
- 2d[c(b—B) +d b+ )]
—2b2
(5.13) = £ 0.

clb—p)+d(b+pB)
Thus 1 # P. This shows that equation (1.2) has no positive solutions of prime
period two. Hence the proof of Theorem 9 is now complete. O

From Theorem 9, we have the following result:

Theorem 10. If either a > 1 or ¢ < d and if both a > 1 and ¢ < d hold, then if
k is an odd positive integer, then the equation (1.2) has no positive solutions of
prime period two.

6. THE STABILITY OF THE EQUILIBRIUM POINT OF EQUATION (1.2)

In this section we study the local stability character of the solutions of the
difference equation (1.2). The equilibrium points of the difference equation (1.2)
are given by the relation

bz
cx +dx’

If 0 < a < 1, then the only positive equilibrium point Z of the difference equation
(1.2) is given by

(6.1) F=a7+

b

(6.2) e s
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Let F: (0,00)? — (0, 00) be a continuous function defined by

b’LLl
: F _ _vwm
(6 3) (’LL(], ul) auy + cug + dU1
Therefore,
F
(6.4) OF (ug, uq) _ bcuy . and OF (ug, uq) Cut beug .
dug (cug + duq) Ouy (cug + duq)

Then, we see that

(6.5) aF(:f,i):_c(l—a):po and or(z,z) c(l—a)

Do ctd) om T exa) P

Then, the linearized equation of the difference equation (1.2) about z is

(6.6) Yn+1 — PO Yn — P1 Yn—k = 0.
Theorem 11. Assume that 0 < a <1 and
(6.7) cl—a)+ad+c<cH+d.

Then the equilibrium point T of the difference equation (1.2) is locally asymptot-
ically stable.

Proof. From (6.5) we deduce for 0 < a < 1 that

| |_|_| | — _ M + |la + M

poripl = c+d c+d
c(l—a) ad+c

(6.8) ct+d ctd’

From (6.7) and (6.8), we have

(6.9) lpol + |p1] < 1.

It follows from Theorems 1, 2 that Z of equation (1.2) is locally asymptotically
stable. Hence, the proof of Theorem 11 is complete. O

7. GLOBAL ATTRACTOR OF THE EQUILIBRIUM POINT OF EQUATION (1.2)

In this section we investigate the global attractivity character of the solutions
of the difference equation (1.2).

Theorem 12. The equilibrium point T of the difference equation (1.2) is a global
attractor if 0 < a <1 and ¢ > d.

Proof. By using (6.4), we can see that the function F'(ug, u1) which is defined by
(6.3) is decreasing in uo and increasing in u;. Suppose that (m, M) is a solution
of the system

(7.1) m=F(M,m) and M = F(m,M).
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Then we get

bm
. = F(M — I —
(7.2) m (M, m) am+CM+dm,
and

bM
7.3 M=F M)=aM + ——.
(7.3) (m, M) =a +cm—|—dM

We deduce from (7.2) and (7.3) that

1 1
(74) cM—I—dm_cm—l—dM_(l_a)/b'

Since, 0 < a < 1, then the relation (7.4) gives (M — m) (¢ — d) = 0. Since, ¢ > d,
then M = m. It follows by Theorem 3 that Z is a global attractor of the difference
equation (2). Thus, the proof of Theorem 12 is complete. O

8. NUMERICAL EXAMPLES

For confirming the results of this paper, we consider numerical examples which
represent different types of solutions to equation (1.1) and (1.2).

Example 1. Figure 1 shows that equation (1.1) has no prime period two solution
k=22 0=12.1=220=3 a=>500b=5,c=10,d=30.

plot of X(n+1)= a*X(n-2)+(b*X(n-2)/(c*X(n)-d*X(n-2)))
1600 T T T T T T T

1400 4

1200 ml

1000 ml

800 - : nl

solution of X(n+1)

600 - ml

400 ml

200~ ml

0 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

n-iteration

OTp—2
FIGURE 1. = 500z,,_ —_
<$"+1 o 2+—10$n——30$n_2>



ON THE RATIONAL RECURSIVE TWO SEQUENCES... 365

Example 2. Figure 2 shows that Eq. (1.1) has no prime period two solution if
k=121 =1, 20 =2a=2000,b=>5, c =100, d = 300.

x 1057 plot of X(n+1)= a*X(n-1)+(b*X(n-1)/(c*X(n)-d*X(n-1)))
2 T T T T T T T

solution of X(n+1)
T
|

0.6 -
0.4 —
0.2 -
0 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
n-iteration
5% —1
FIGURE 2. ( 2,41 = 2000z, 1 + n
100zx,, — 300x,—1

Example 3. Figure 3 shows that the solution of equation (1.1) is global attractor
iftk=1,2_1=120=2,a=0.01, b=5, ¢c =100, d = 300.

plot of X(n+1)= a*X(n—1)+(b*X(n-1)/(c*X(n)-d*X(n-1)))

E

<

5

<

K]

% 0.5H

@

ofbln.
-05 : : :
0 50 100 150 200
n-iteration

FIGURE 3
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Example 4. Figure 4 shows that Eq. (1.2) has no prime period two solution if
k=22 9=1,2.1=2 20=3,a=05b=5,c=300,d= 1000.

plot of X(n+1)= a*X(n-2)+(b*X(n-2)/(c*X(n)+d*X(n-2)))

257

solution of X(n+1)
o

0.5F
, ‘ ‘ ‘
0 50 100 150 200
n—iteration
FIGURE 4. (2.1 = 0.5x,,_o + Dn—2
ST T T2 T G0, 10002, o

Example 5. Figure 5 shows that equation (1.2) has prime period two solution
ifk=1, 2, =0.036, 20 = 0.96, a = 0.5, b= 5, ¢ = 300, d = 10.

plot of X(n+1)= a*X(n-1)+(b*X(n-1)/(c*X(n)+d*X(n-1)))

I~ 4
)
T T T

o
)
T

solution of X(n+1)
o o o o
n w = (6]
T T T

1

i i i

20 30 40 50
n-iteration

o

o
o

9Tp—1
FIGURE 5. = 0.5x,,_
<$”+ L Tt S0, + 10:pn_1>
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plot of X(n+1)= a*X(n—1)+(b*X(n-1)/(c*X(n)+d*X(n-1)))
2 T T T

/E\ 1.2 ,
=3
S 1 4
c
S
é 0.8 q
0.6 - q
0.4r q
0.2 i
o ‘ ‘ ‘
0 50 100 150 200
n—iteration
9Tp—_1
FIGURE 6. | z01 = 0.52,,—1 +
nr " 3002, + 10002,,_1

Example 6. Figure 6 shows that the solution of Eq. (1.2) is global stability if
k=1,21=120=2a=05b=5,c=300,d=1000.

Note that Example 1 verifies Theorem 4 which shows that equation (1.1) has
no prime period two solution, while Example 2 verifies Theorem 5 which shows
that equation (1.1) has no prime period two solution. But Example 3 verifies
Theorem 7 which shows that if a # 1, then the solution of equation (1.1) is a
global attractor. Example 4 verifies Theorem 8 which shows that equation (1.2)
has no prime period two solution, while Example 5 verifies Theorem 9 which
shows that equation (1.2) has prime period two solution. But Example 6 verifies
Theorem 12 which shows that the solution of equation (1.2) is a global attractor.
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