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SOME PROPERTIES OF ORLICZ-LORENTZ SPACES

HA HUY BANG, NGUYEN VAN HOANG AND VU NHAT HUY

Dedicated to Tran Duc Van on the occasion of his sixztieth birthday

ABSTRACT. In this paper we study some fundamental properties of Orlicz-
Lorentz spaces defined on R such as finding their dual spaces, giving best
constants for the inequalities between the Orlicz norm and the Luxemburg
norm on Orlicz-Lorentz spaces and establishing the Kolmogorov inequality in
these spaces.

1. ORLICZ-LORENTZ SPACES

Orlicz-Lorentz spaces as a generalization of Orlicz spaces L, and Lorentz spaces
A, have been studied by many authors (we refer to [9, 10, 11, 12, 14, 18, 19] for
basic properties of Orlicz- Lorentz spaces as well to the references therein). In this
paper we study some fundamental properties of Orlicz-Lorentz spaces defined on
the real line Ang‘ We first find the dual spaces of Ang‘ Note that the dual spaces
of Orlicz-Lorentz spaces defined on (0,400) or (0,1) were studied in [11]. Next
we introduce the Orlicz norm on Ang which defined by using the ME*M space
and then we give a simple formula to calculate the Orlicz norm directly by ¢, w.
On Orlicz spaces, it is known that the Orlicz norm and the Luxemburg norm are
equivalent, and it will be shown that the corresponding norms on Orlicz-Lorentz
spaces are also equivalent. Moreover, we investigate best constants C, Cy for the
inequalities between the Orlicz norm and the Luxemburg norm on Orlicz-Lorentz
spaces and we notice that these results for the special case when A]ff’w becomes
Orlicz spaces will be published in [2]. The dual equality between the Orlicz norm
on Orlicz-Lorentz spaces and the norm on ME* w 1s also given. Finally, we prove
the Kolmogorov inequality in the Orlicz-Lorentz spaces.

Let us first recall some notations of Orlicz- Lorentz spaces:

Let (2, p) := (2, X, 1) be a measure space with the complete and o-finite measure
u, L°(i) be a space of all u-equivalent classes of Y-measurable functions on 2
with topology of the convergence in measure on u-finite sets.

A Banach space (E,||.|g) is called the Banach function space on (2, u) if it is
a subspace of L%(i1), and there exists a function h € E such that h > 0 a.e. on
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Qand if f € L%u), g € E and |f| < |g| a.e. on Q then f € E and we have
Il < |lglle. Moreover, if the unit ball B = {f € E: ||f|lg <1} is closed on
L%(p), then we say that E has the Fatou property. A Banach function space E
is said to be symmetric if for every f € L%(u) and g € E such that 1y = g, then
f € E and ||f||g = ||g||z, where for any h € L°(u), ps, denotes the distribution
of h, defined by

pn(t) = p{z € Q- |h(x)[ > t}), >0

Let E be a Banach function space on (Q, ). Then the Kothe dual space E'
of F is a Banach function space, which can be identified with the space of all
functionals possessing an integral representation, that is,

E={gel’w: |gly= suw / foldu < oo}
||f||E§1Q

Given ¢ : [0,00) — [0,00) an Orlicz function (i.e., it is a convex function, takes
value zero only at zero) and w : (0,00) — (0,00) a weight function (i.e., it is
[e.e]

a non-increasing function and locally integrable and [ wdz = o). The Orlicz -
0

Lorentz space Agw on (Q, i) is the set of all functions f(z) € LY(u) such that
[0 @i < oo
0

for some A > 0, where f* is the non-increasing rearrangement of f defined by

F@) =mfA > 00w\ <o,

with 2 > 0 (by convention, inf ) = c0).
It is easy to check that A&w is a symmetric Banach function space, with the
Fatou property, equipped with the Luxemburg norm

(e}

g, =i =00 [ (@ <1y
0
Note that: If w =1 then Agw is the Orlicz function space Lg; if o(t) =t then

Ag,w is the Lorentz function space ASl.

Recall that ¢ is an N-function if %E}(l) @(t)/t = 0 and tEIJPoo @(t)/t = +o0; the
Orlicz function ¢ satisfies Ag-condition (we write, ¢ € Ag) if there exists C' > 0
such that ¢(2t) < Ce(t) Vt > 0; the Orlicz function ¢ : [0, 4+00) — [0,400)
satisfies the Va-condition (we write, ¢ € Va) if there exists a number [ > 1 such
that p(z) < Lo(lz) Vo > 0. We easily have the following remarks:

Remark 1.1.
() 1 f(2) € B and 0 < fu 1 1f] then Tim | fully = /]

(i) If f(x), fu(x),n = 1,2, ... are measurable functions satisfying |f,| T |f| then
o 15
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(iii) If f(x), g(z) are measurable functions then
+o00
[isewian < [ 5@ @
Q 0

Remark 1.2. Let ¢ be an N-function. Then the three following conditions are
equivalent:

(i) ¢ € Va;

(ii) There exists 8 > 1 such that zy(z) > Bp(x) VYa > 0, where (x) is the left
derivative of ;

(iii) There are the numbers [ > 1 and §; > 0 such that ¢(lx) > (I+8;)e(x)Vz > 0.

Denote by ¢, the Young conjugate function of ¢, that is
p«(t) = sup{st — p(s)|s = 0}, t=>0.

Then we have the following result
Young’s inequality. Let ¢ be an N-function. Then

vy < p(r) +o(y) Yo,y >0

and it becomes the equality if and only if y € [¢(x),n(x)], where 1, n are the left
and the right derivatives of .

We define .
1) = [ e hutaras
for any f(z) € L°(u) and 0
Mg*,w = {f(x) e L) : I(%) < oo with some A\ > 0}.
In the space Mg* w We define a monotone and homogeneous functional
IFlaaz,, =infA > 00 1() <1,

Put

we call the weight function w regular if there is a constant K > 1 such that
S(2t) > KS(t) for any t > 0. It is easy to prove that w is regular if and only if
there exists C' > 0 such that tw(t) < S(t) < Ctw(t) for any ¢t > 0.

Let f(z),g(x) be two positive functions, we write f =< g if there exist C1,Co > 0
such that C f(x) < g(z) < Cof(z). Put I = (0,+00).

It was proved in [11] that

Theorem A. Let w be a weight function and ¢(t) =t or ¢ be an N-function.
Then the following assertions are true:

!

(i) If w is regular, then (A{D,w) = Mé*’w and ”‘”(Aé,w)’x”‘”Mé*,w;
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i

(i) If p € Ay and (A{D,w) Mé w» then w is regular.
Theorem A shows the relation between Orlicz-Lorentz spaces and M. 0. o that
is, the Kothe dual space of Orlicz-Lorentz space (A{D,w) is the MI _ with some

P ,w
conditions of ¢, w

2. MAIN RESULTS
We state the following theorem as an extension of Theorem A

Theorem 2.1. Let w be a weight function and p(t) =t or ¢ be an N-function.
Then the following assertions are true
(i) Ifw is regular, then (AL, ) = MR and -1l am )/V||.||M3}§ ;
p,w/ * W

Puw
(ii) If ¢ € Ag and (Agw)/ MR . then w is regular.

D7

To prove Theorem 2.1, we need the following lemmas.

Lemma 2.2. Let Q@ = R or I and f(x) be a measurable function. Then the
following are true

(i) f € Agw if and only if f* € A{DW

(i) f e Mg*,w if and only if f* € ML . and we have ||f]| 0

4,0* w? Pk W

(if) f € (A2,.) if and only if f* € (ALY, and we have | flla_y = £l s

Proof. (i) and (ii) is evident from their definitions. Let us prove (iii). Using (1)
and Remark 1.1, we have if f*(z) € (A{D’w)’, then f(x) € (A%w)/ and

1 laey < 17 las

Conversely, suppose that f(z) € (A%w)/, we have to prove f*(z) € (Aéw)/ and
1/l az _y < Ifllag_y- By Remark 1.1, we only prove for f(z) being a non-
o.w @,w

and we have || fllxo = Ilfllaz

= ||f*HM ;

,w

negative, simple function on Q. So f*(x) is a nonnegative simple function on I,
too. For any simple function g(z) € AI » satisfying ||g]| L, <1, there is a simple
function h(x) on Q such that h*(z) = g *(x) and

[ 5@l = / e
Q

Hence, h(z) € AQ and Hh”AQ <1, and then

/If Idw</f d:c_/|f z)ldz < [Iflag -

If g(z) is an arbitrary function in A » such that ||g]| ar,, <1, there is a sequence

{gn(x)} of nonnegative simple functlons on I such that gn( ) T lg(z)|. So gn(z) €
Aé,w and ||gn| AL, S 1. By the monotone convergence theorem, we have

/!f 2)\dz = hm/!f 2)n()ldz < £l pe -
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Hence, f*(z) € (AL )" and £l sz _y < IIfllag_y- The proof is complete. [
) ©»,w ©,w

Lemma 2.3. Let ¢ be an Orlicz function, w be a weight function and suppose
that (A]}E,w)l = ME*M. Then there is a constant K > 0 satisfying

/

lollarz, < Kllglns y Vola) € (AR,

* W

Proof. This lemma is proved similarly as in the proof of Lemma 2 in [11]. (|
Proof of Theorem 2.1. (i). By the regularity of w, we have (Aéw), =M  and

=M.,
27 Nar y = I llas

where C' is a constant (see Theorem 2 (i) [11]). It follows from Lemma 2.2

that f(z) € (AR ) < f*e (AL,) = M , < f(x) € ME . Therefore,

(AR, =ME . and

<4C 1l

* W

‘p*vw’
1 laz, .y = 15" ar Ly < 208 are, = 20 lasg,
1fllaz, , = ||f*||Mé*,w < 4C’||f*||(A{,,w)’ - 4O||f||(/\i‘§,w)"
i.e., ||||(AR v” ||M w'

By Theorem 2(ii) [11], we will prove that (A{MJ)/ = Mé*,w. From Young’s in-
equality we have Mi*,w C (A{DM)/, so we only have to prove (Aé,w)l C Mi*,w

Given f € (A, AL )/ there is a Sequence {fn} of nonnegative simple functions on I
such that f, T |f| Hence, f, € ( ) for all n € N and ||fn||(AI 07 Hf”(/\{w)"

We choose a sequence {h,} of Slmple functions on R such that h; = f; for
all n € N. Thus h,, € (A]R )" and ||hn| WEy = ||fn||(AI /. By assumption
(A]R ) = MR, we obtain h,, € M]R Lemma 2.2(ii) ylelds fo=hy € Mé*’
and ||anM1 = ||h*HM£ L= llhn HMR _- From Lemma 2.3, there is a constant
K > 0 such that
gz, < Kllglzy Vo€ (ML)

Hence

1fallaez, = Mhnllagz, , < Klballag y = Kllfallazy < Kl Fllar

So sup Hf;HMé < 00. Then it follows from f 1 f* that f* € Mé* »- Therefore,
n>1 e ’

fe Mé*,w. That is (A{O’ ) € ML . The proof is complete. O

Px,w”

Next, we study the norms on Orlicz-Lorentz spaces. We know that Agw is the
Banach space with the Luxemburg norm defined by

|Flaa, = inf{A >0 /gp(f*)(\x))w(a:)da: <1}

I
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On this space we define another norm called the Orlicz norm as follows

1) 1715e —sup{/ F@g@)ldn: Ngllus, < 1.

Note that if w = 1 then AQ
Luxemburg norm, the Orhcz norm on A&w become respectively the Luxemburg

w 1s the usual Orlicz function space Lg and the

norm, the Orlicz norm on Lg which can be seen in [19].
From the definition of the Orlicz norm, we have

Vi(z) € A2, g(x) € ML .

/ F@)g@)ldn < 115 _lollue.

sw

In the following theorem, we give a formula to compute the Orlicz norm.

Theorem 2.4. Let ¢ be an N-function and f(x) € Agw. Then

@) I£1ks,, = b0+ [ ok @)ole)dn) i k> o).

1

To obtain Theorem 2.4, the following result is important.

Lemma 2.5. Let ¢ be an Orlicz function, ¥ be the left derivative of v and the
function f(x) € AR satisfy

,w

(3) / 0 (Y(ko f*(2))w(z)dr =1

I
for some ko. Then we have
171 / £ @tk @)o(e)dn = (14 [ plinf*(@)w(a)do)
I

Proof. From (1) and (3), we have

@ Il —sup{/ F@g@)ldz s lglys <1}

,%(1 ' / plho () (2)dr)

1

- / 0tk sl + [ (o) ol

I

/ £ (@) (ko £ (2))w(@)de.
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We define g(z) = w(x)y(kof*(z)),z > 0. Then HQHM; , < 1. Therefore, it
follows from the definition of the Orlicz norm that ’

G)  Wlks, =y / f*(@)g(a)da = / £ (@ o £ (@) ).

From (4) and (5), the proof is complete. O
Proof of Theorem 2.4. For k > 0 and g(z) € ME* » satisfying HgHM(n;z L <1, we
have
9" (x)
* dx < 1.

et <

T
Thus

i@l < [ @y @i =[G @)
R I 1

I
<40+ [ ol @)w)n).
1

This inequality implies that

(© I£1ks,, < i+ [ (s @hwla)ds) : k> 0).
1

Next, we will prove the opposite inequality: Let us first suppose that v is a
continuous function. There exists a sequence {f,(z)} of nonnegative, simple
functions such that f,(x) 7 |f(x)| a.e. Hence, anH}\ww 7 Hf”ll\%m, and f(z) 1
f*(x). We have m({x € R: f,(z) # 0}) < oo for all n € N and ¢, is a continuous
function. So there is a sequence {k, } of positive numbers such that

/ (b f(@)))w()dz =1 ¥ €N,
I

Therefore, it follows from Lemma 2.5 that

(7) anan}\% = /cp(knf*(a;))w(x)dx +1 VneN.
I

Because {f(x)} is an increasing sequence of functions and {k,} is a decreasing

sequence, there exists the limit lim k, = k., and then from (7), we have
n—oo

bl s, =limint [ o f* @)ool +12 [ ot (@)la)de + 1.

1 I
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Therefore, k, > 0 and

1
I£1ks,, 2 ([ elsf* @)wlaldo + 1)
1

> inf{%(1+/go(k‘f*(:v))w(x)dx) k> 0},
I

From this and (6), we get

I£1ks,, =it {0+ [ (s @hla)de) : &> 0},
1

If v is not a continuous function, it is known that 1 is left continuous. For all
€ (0,1), we approximate v by a nondecreasing, continuous t; such that

p((1 —e)z) <pi(z) < p(x) Vo >0,

where ¢ is a convex function having 1¢; as the left derivative. It is easy to prove
that ¢ is an N-function, Aﬂi = AR _and

®1,w
o 1 1 1
=Sl < IMhe, < IFlke

Hence, due to the result proved for continuous functions , we have

191k, = 191ks, , = inf{0+ [ (ks @)ole)dn k> 0)

I
> inf{%(l +/¢((1 Ok (@) w(z)ds : k> 0}
I
=(1—¢) inf{%(l +/<,0(/<:f*(a;))w(m)dx . k> 0}.

1

Letting € — 0, we get

I£1ks,, 2 it 0+ [ (s @hwla)ds : k> 0).
1

Combining this equation with (6) we obtain

I£1ks,, =it 0+ [ (s @hwla)de : k> 0).
I

The proof is complete. U

We will show, in particular, that on Orlicz-Lorentz spaces the Orlicz norm and
the Luxemburg norm are equivalent , and satisfy the following inequalities

Iflas, < IFlhs, <2lfllaz, VS € AR,
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Moreover, we find the best constants for the inequalities between these norms.
Suppose that C; is the largest number and Cy is the smallest number such that

(®) Cillflag, < If 1 < Collfllz,, V7 € A%,

It is well known that the Orlicz norm has the Fatou property, that is, if 0 < f,, <
fe Agw, then ”f"HAilﬁ,w — ”fHAQ‘E,w whenever f, — f a.e. Hence, condition (8)
is equivalent to the following

(9) Cillflas,, < 1f1ks . < Collfllac,,

for all functions f(z) € A[gw which are nonnegative, simple and satisfying

”f”A§w = 1. From the above definition, we have 1 < C; < Cy < 2. Put

H(k) = sup (k) k) = inf (k)

>0 ©(t)’ t>0 ()
Clearly, the functions D(k), H(k) are increasing, D(k) < H(k) < k for any

0<k<1landk < D(k) < H(k) for any k > 1. From now on, we denote by f~!
the inverse function of f.

Theorem 2.6. Let ¢ be an Orlicz function. Then
(i) If ¢ is an N-function, we have

el g oy 1+ D(R)
(10) Cr = gg E(’D* ()™ (c) = ,?;f(; 5
(ii) We always have
.1+ H(k)
< -\
(11) C2 < Juf ==
and if ¢ is an N-function then
1
(12) sup = (0)p(¢) < Ca.
c>0 C

Proof. (i) We have

(13) Ig;% %(1 + D(k)) = inf 1 <1 + inf gp(k:m)) = inf l(1 + éEEM)

k>0 k x>0 p(x) k>0 k c
b o) FelkeHe) L1
= inf <t e = b2 (e (o).

If f(z) € A[gw is a simple function such that HfHAgl;‘; _ =1, then

/sﬁ(f*(x))w(a:)da: =1.

1
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Therefore, it follows from Theorem 2.4 that

HleAgw = inf{%(l + /cp(kf*(a:))w(x) dx): k> 0}
I

> inf{%(l + D(k:)/go(f*(m))w(:n) dz): k>0}> Ig;%l—i-TD(k‘)

1

Therefore, due to (9), we have

1+ D(k)
> _
(14) ¢ = nf —

t
For any ¢ > 0, we choose t > 0 such that [ w(z)dz = 1/c. We put f(z) = x (0, ().
0

By an immediate computation, we have

_ 1 1 el I
Ifllaz, = 10 and  [fllyz = ]ig%%(l +¢(k)e) = e (c).

Hence
[rile 1
1< W = Ego*_l(c)cp_l(c) Ve > 0.
AR,

This implies

1
1 < inf ¢! o).
(15) Cr < inf —o™ ()i ()

Combining (13), (14) and (15), we obtain (10).
(ii) Let f € Agw and || f[|}z < 1. Then it follows from Theorem 2.4 that
©,w

| =

I£1ks,, < 51+ [ olhs*@)o(e)da)

I

(1+ H(k) / o @) < HE g g

1

<

ol

which gives Cy < inf LHHE),
k>0

Similarly as above for C7, we get

1 _ _
Ca > sup —p~ ! (c)py ' (c),
c>0 C

if ¢ is an N-function. The proof is complete. O

Now we find the conditions so that C7 = 1.

Theorem 2.7. Let ¢ be an N-function. Then Cp > 1 if and only if ¢ € AsNVs.
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Proof. Necessity. Assume Cq > 1. We have to prove that ¢ € As N V. Indeed,
assume the contrary that ¢ ¢ Ay N Vs, Then ¢ ¢ Ay or ¢ ¢ V. From Theorem
2.6, we have
01 = inf Ll)(t)
t>0 t

If ¢ ¢ Ay, there exists a sequence of positive numbers {z,} such that ¢(x,) >
np(x,/2) Yn € N. Fix t € (0,1) and choose ng € N such that 1/2 > ¢". Then
for all n > ng we have ¢(x,) > np(x,/2) > np(t™z,). So, it follows from
e(t™xy,) > (D(t)"@(xy) that 1 > n(D(t))™ Vn > ng, and then D(t) = 0 for
all t € (0,1). Hence
it ) inf

te(0,1) t te(o 1)
Therefore, by C1 > 1 we have C; = 1.
If ¢ ¢ Vo, it follows from Remark 1.2 that for any ¢t > 1, for all 6 > 0 there exists
x > 0 such that

1
- =1.
t

o(tx) < (t+ 0)p(x).

Therefore,
t
D(t) = inf 28 <4y s
x>0 p(x)
Letting 6 — 0, we obtain D(t) =t V¢t > 1. So we have
14+ D(t 1
Cq < inf i ():inf +t:1.
i>1 t t>1 ¢

From this inequality and by C7 > 1, we get C7 = 1, which contradicts C; > 1.
So, ¢ € Ay N V4 has been proved.

Sufficiency.  Assume @ € Ag N Vg, we have to show C7 > 1. Indeed, since
v € Ay, D(1/2) > 0. Since ¢ € Vg, there exists § > 1 such that

()
o(z)

where 1 is the left derivative of ¢ (see (ii) in Remark 1.2). Therefore, for all ¢ > 1

we have
to
¢z (/é — Blnt Vx> 0.

>0 Vx>0,

This implies D(t) > t°. Hence

B
infLD(t) 2inf1+t > 1.
t>1 t t>1
Then it follows from
1+ D(t)

inf > inf (14+D(t)>1+D(1/2)>1
1>¥§1/2 t —1>?§1/2( +D() 21+ D{/2)
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and LD
inf ;(t) > 2,
1/2>t>0 t
that LD
01 = inf ;(t) > 1.
t>0 t
The proof is complete. O

We have the following result:
Lemma 2.8. Let ¢ be an Orlicz function with continuous left derivative ¢. Put
k
H(k) = sup i x), a = sup xw(az)j b = inf zyp(z)
z>0 P(T) z>0 ¢(T) z>0 ()
Then H has the left derivative and the right derivative at 1 and H;(l) = a,

’

H (1) =b.

Proof. For k > 1,2 > 0 we have

kx kx
In k) :/@dt < /—dt =alnk
p(z) (1)
Thus H(k) < k®. Hence
) H(k)—H(1) D
(16) hl?iilip — -1 < kll)nil+ T =@
Otherwise, let ¢ € (0,a). There exist zp > 0, > 0 such that
(@) >c¢ Yz € (xg,x0+9).
p(z)
For ke (1,1 + m‘s—o), we have (zg, kxo) C (0,20 + J), and then
i kxo kxo
n 2k0) _ / LIOFAS / Sdt = clnk.
¢(z0) o(t) t
o o
This implies that
k
¢(xo)
Hence
.. H(k) -1 . ke—1
B - =

Letting ¢ — a and using (16), we see that H has the right derivative at 1 and

H (1) = a. Next, we prove that H_(1) = b. Indeed, for k < 1 we have

In (40 Z/w(t‘)dtz/bdt:—blnk::—lnk:b Yz >0,
kx)
kx

o o(t) t

kx
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which gives H (k) < kY. Hence

.. 1 —H(k) . 1—k
1 1 f———2>1 =b.
(a7) el 1—k T eei- 1k
On the other hand, for d > b, there exists xg > 0 satisfying
zoy (o) <d,
e(x0)

and then there exists 6 > 0 such that

() <d Vzx € (xg—96,x0).

p(x)

For 1 — xio < k <1 we get (kzo,z0) C (xo — 6, 20), and then

o To
¢(7o) / Y(t) / d d
In = —Ldt < —dt = —Ink“.
@(kro) e(t) ¢
kxg kxo

It follows that

k )
HE) > 2E20) S pa e - ),

(o) 2o

Therefore,
, 1— H(k) . 1—k?

(18) hi?lsﬁp T % < kll)nil+ T % = d Vd>b.
Combining (17) and (18), we obtain that H has the left derivative at 1 and
H' (1) = b. The proof is complete. O

Theorem 2.9. Let ¢ be an Orlicz function and its left derivative 1 be continuous.
Then Cy = 2 if and only if

() ()
) SO O

Proof. Necessary. Assume that Co = 2, we have to show (19) . Indeed, put g(k) =
(1+ H(k))/k. Then ¢g(1) = 2 and due to Theorem 2.6, we get Cy < inf{g(k) :
kE > 0}. So, g(1)= min{g(k) : k> 0}. Since H has the left derivative and the
right derivative at 1, g also has these derivatives at 1. Moreover, it follows from
g(t) > g(1) ¥Vt >0 that g\ (1) > 0> g_(1). Thus

H.(1)>2>H_(1).

From this and using Lemma 2.8, we have (19).
Sufficiency. Assume that (19) is true, we need to prove Cy = 2. Indeed, for all
€ (0,1), by the continuity of v, there exists g > 0 such that

oY) (7o) _
olzo) @-ez+te).
Put

fz) = T0X(0,t) (z), g(x)= ¢($0)W($)X(0,t) (z),
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¢
where ¢ is chosen such that ¢(z¢) [ w(x)dz = 1 — e. Hence
0

[ st =1
R

= ) /sﬁ(wo)w(w)dw (2= —¢),2+e)(1—e))
0

Thus
2—3e</f x)dr <2 —e.

Using Young’s equality, we get

/ F(@)g(x)de = / o @@+ [ o C Do)

T
Then it follows from [; ¢(|f*(z)|)w(z)dz =1 — € that

/90*(9*($) Jw(x)dx < 1.

So, we obtain

I£lag <1, lgllz, <1 and [ flalglaldo > 2 3e

Hence
Y
Cy > > /f(:n)g(:z:)d:r > 2 — 3e.
1£1laz
R
Letting ¢ — 0 we get Cy > 2. So, Cy = 2. The proof is complete. O

Theorem 2.10. Let ¢ be an Orlicz function. For each g(z) € ME

o s We define

(20) HgHMRw—sup{/ F@g(@)ldz s fllas <1

Then we have the following dual equality

(21) Fllas.. —sup{/ @)l gl <1}
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Proof. From (20), we obtain the following inequality

/ F@)g@)lde < [ Fllaz ol

Therefore,

(22) IFllne. >sup{/ F@g@)ldr: gl <1}

Next, we prove the inverse inequality

(23) Fllxe, <sup{/ @yl gl <1}

We can assume that ”fHAi‘iw = 1.
If f(z) is a simple function, then for any ¢ > 0 we have

/90((1 +€) f*(z))w(z)dr > 1.

1

Put
(1 + ) f*(x))w(x)
T) = 0,00
) = T T+ OF @)yt )
T
(g9(x) 1s well-defined because ¥(f*(x)) is a simple function too, so we have
[ e(((1 + €)f*(z))w(z)dz < co). Using Young’s inequality, we have
1
oMz, _ = sun / h@g@lde : by, <1)

f¢( (1 + ) f*(x))h* (x)w () dx

I
1+If<,0* L+ e)f*(z))w(x)dz
S+ €)f*(z)h* (z)w(z)dz
! <1.

= | e(h*(2))w(x)dz + Ifso*(w((l +e)f*(2))w(z)dr —

1

IN




160 HA HUY BANG, NGUYEN VAN HOANG AND VU NHAT HUY

Thus we get
supf / F@h@lde: [kl <1)

[?ﬁ((l + &) f () [ (z)w(z)de

2 / Fl@)g (@)de = 77 -1+ 7 @)ela)ds
[ A1+ (@)la)ds + [ @u(((1 +0)f (@) (o)
T lte L+ [ (0((+ 9F @)le)de
> Tre Ve >0
Hence
supf / @@z Bl <1 > 1= fl.

Therefore, (23) is true for simple functions f(z) .

If f(x) is an arbitrary function, then approximating f(x) by a sequence of simple
functions we get (23). Combining (22) with (23), we have (21). The proof is
complete. O

3. THE KOLMOGOROV INEQUALITY IN ORLICZ-LORENTZ SPACE

The Landau-Kolmogorov inequality

(24) IF®5 < KR )£ 115

where 0 < k£ < n, is well known and has many interesting applications and gener-
alizations (see [1, 3, 4, 5, 6, 7, 20, 21, 22, 23]). Its study was initiated by Landau
[17] and Hadamard [8] (the case n = 2). For functions on the whole real line R,
Kolmogorov [15] succeeded in finding in explicit form the best possible constants
K(k,n) = Ci, in (24), and Stein proved in [22] that inequality (24) still holds
for L,-norm, 1 < p < oo, with these constants (the same situation also happens
for an arbitrary Orlicz norm [1]). In this section will prove that the Kolmogorov
inequality still holds for the Orlicz norm and the Luxemburg norm in Orlicz-
Lorentz spaces. For simplicity Of notations, we we denote A]ff’w by Ay, ||| AR

BY [llagwr (ke by [Hlpw: M, o by My, o and |||l , by |llln. .- Note

that if w is regular (that is fo s)ds < tw(t)), then M, , is a linear space, and
| - |a1,, ., is & quasi-norm. Especially, A, ., C S'(R) is the space of all tempered
generalized functions this follow from the fact that fo s)ds < tw(t).

We have the following lemmas:
Lemma 3.1. Let f € Ay, and g € L1(R). Then fxg € Ay, and
1 * gllpw < [1fllowllglly
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and

1f * gllage < I llag. gl

Lemma 3.2. Let n > 1. If f € Ly0(R) and its generalized nt" derivative
g € L11oc(R), then f can be redefined on a set of measure zero so that f("_l)
absolutely continuous and f = g a.e. on R.

18

Now, we state our theorem.

Theorem 3.3. Let ¢ be an arbitrary Orlicz function, w be a weight function, f
and its generalized derivative f™ be in Ay Then f) e Ay forall0 <k <n
and

(25) P10 < Crall AU NG

where Cy,, are the best constants defined in the Kolmogorov inequality (for the
case p = 00).

Proof. We begin to prove (25) with the assumption that f*) e Ay, with k =
0,1,...,n. Indeed, fix 0 < k < n and let € > 0 be given. We choose a function
Ve € My, w, ||Vellar,, ., < 1 such that

(26) | [ 9 @a)da] 2 159 .
R

Put

Fu(x) = / £ + y)vely)dy.

R

Then F(x) € Loo(R) by the definition of the Orlicz norm, and

(27) F)(z) = /f(r)(x +y)ve(y)dy, 0<r<mn
R
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in the distribution sense. Actually, for every function ¢ (x) € C§°(R) it follows
from the assumption and the definition of the Orlicz norm that

(F (@), (@) = (—1)"(Fe(2), v (2))

— (1) / ( / fa +y>ve<y>dy) B () de
R R

— (1) / ve(y) ( / f(rc+y)w(’")(x)dx) dy
R R

/ ve(y) ( / fO(a +y)¢(x)dx) dy

R R

/ / fO +y>ve<y>dy) (a)da
R

(

R

F @+ y)ve(y)dy , ¥(z)).

So we have proved (27).
Since ||ve||as,, ., <1, clearly, for all z € R,

[FD @) < 1FD @+ Mpwlvelisg, o < 1o

Now, we prove the continuity of FE(T) on R. Indeed, put h(z) = f)(z), hy(z) =

fT(x +1), g(z) = ve(z). So, to prove the continuity of F” on R we only have
to show that

(28) lim [ (he(2) — h(z))g(x)dz = 0.
R

To do this, it is sufficient to prove for real nonnegative value functions h(x). Since
he€ Ay, and g € (Ay,), we have

o0

(29) /h*(az)g*(m)dm < 0.

0

We first prove (28) whenever h(z) = xa(z) is the characteristic function of the
measurable set A, there are two cases, that is

Case 1: m(A) < +oo. We denote A —t :={z —t: =z € A}, C,:= AA(A—1).
Then it follows from m(A4) < oo that }21(1] m(Cy) = %21(1] m(AA(A —t)) = 0. We
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have h*(z) = X(0,m(4))(®). From this and (29) we get
m(A)

/ 9" (x)dx < +o0.
0

é
Hence, for any € > 0, there exists § > 0 such that fg*(a:)da: < ¢, and then there

0
is to > 0 such that m(AA(A —t)) < ¢ for all |t| < tg. Therefore, for |t| < ¢ :

| [t +0) = xa@glalda] < [ |xate +0) - xat@)g@)]do
R R

m(Ct)
:/‘Xct(x)‘.‘g(a;)‘dx < / 9" (z)dr < e.
Ci 0

That is
lim / (xal + ) — xa(2))g(z)dz = 0.
R

Case 2: m(A) = +oo. Then h*(x) = 1 on I. Therefore, from (29), we see that
g*(x) is integrable on I. Thus, g(z) € L'(R), and then }in}) lg = g—tllL1@®) = 0.

Therefore, it follows from

/ (xal + 1) — xa(@))g(ax)de = / ya(@)g(x — 1)z — / va(@)g(x)dz

R R R
- / xa(@)(g(z — t) — g(x))da
R
< / (g — ) — g(@))ldz = llg—s — gll 1@
R
that

tim [ (e +0) = xa(@)g(o)ds =0,

R
i.e., (28) is true for h(z) = xa(x) being the characteristic function of the mea-
surable set A.
By the linearity of integral, (28) is true for all simple functions h(z) satisfying
the condition of the theorem.
If h(x) is a nonnegative, measurable function, we consider the sequence of func-
tions {hn(z)}22 as follows

n2"—1 k

h(@) = Y7 5 Xa (@) + mxa, (@),
k=0
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where A, = {z: £ < h( ) < %} and A, = {z : h(x) > n}. Then it is
easy to check that h,(z) T h(z) a.e., and hm m(A ) = 0. Given € > 0 and

d > 0. We choose ng such that 1/2" < € and m(A ) < § for all n > ng, then
{z: h(z) — hy(x) > €} C A,. Hence
m({z: |h(z) — hy(z)] > €}) <m(A,) <.

That is h, — f. So (hn, — h)*(z) — 0. By Lebesgue’s dominated convergence
theorem, we obtain

i [ (hy — ) (@)g" (2)dz = 0.

I
Then it follows from

‘ /(h(x + t)—h(x))g(a:)da:‘ = ‘ /(h(x +t) — hy(x+1t))g(x)dx
R

/ (@ +) — hn(2))g (:n)d:z:Jr/(h () ~ hx))g(x)de]

2
<2 (h ~ ) (e da;+(/ (@ + 1) — ho(2))g(x )dx(
that
i sup | / (h(x +1) ~ h(a))g(a)da] <2 0/ (hn — h)*(2)g" (x)dz  Vn € N.
Hence
limsup ( / (hw +1) = h(z))g(w)dz| <2 lim oo(hn — h)*(2)g* (z)dz = 0.
This gives 0

}in(l) (h(z +1t) — h(z))g(x)dx = 0.
R
So, (28) has been proved.

The functions Fe(r) are continuous and bounded on R, therefore it follows from
the Landau-Kolmogorov inequality and (26)-(27) that

(15PN — )" < [FEO)" < [FPE < Crnl Felli P15
On the other hand,
[Felloo < I1f (2 + llpwllve()azy, o < [fllow
I oo < 1F (@ + ) lpwllveOlatg, o < 1F P o -

Hence

(Mg = €)™ < Crnll FILENF ™S
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By letting e — 0, we have (25).

To complete the proof, it remains to show that f*) ¢ Ay, withl1 <k <n-—1
if f,f™ ¢ Ay . Indeed, by Lemma 3.2 we can assume that f, f’,. (n=1) are
continuous on R and f("~1) is absolutely continuous on R, because f f ( ) e € Apo.
Let ¢ € CPR), ¢ > 0,9(x) = 0f0r|:13|21andf1[) x = 1. We put

R

Ua(x) = 1/Mp(x/A),A > 0 and fy = f 4. Then fy € C(R) and f\¥ =
I o* ng\k) = fB) s qpy, k > 0. It follows from Lemma 3.1 that fik) € Ay .. Then by
the fact proved above, we obtain

|| ||4pw—0kn||f)\|| ||f)\n Hgow) 0<k<n.

It follows from the following inequalities

[fallow < NFlpwll$all = 1 fllpw,

1 o < 1F P ol = 17 g
that the set {f)\ })\eR+ is bounded in A, and, by the continuity of f)\ , hm f ( )
= )1\11% f®) s apy = fB)(2)Vz € R. Indeed, for all z € R, we have

B @) — F(a ' / (F® (@ — ) — 19 1)) (y)dy
< / 170 (@ — ) — 1O ()| (v)dy
[A<e
< sup |f(k)(x —y) —f(k)(y)‘ —0 as A—0T.
ly] <X

Put gx(z) = O<irﬁ£)\|fﬁk)(:n)|. Then gy € Ay, for all A € Ry, the set {gx}rer,

is bounded in Ay, and gy T [f*)] as A — 0F. Therefore, g5 1 FE" ag X — 07,
Choose M > 0 such that ||gx|| < M for all A € R. So,

[

Letting A — 0T, by the monotone convergence theorem, we get

IOk
/ e M(t))w(t)dtg 1.
0

Hdt <1 VAeR,.

Hence f) ¢ Ay for 1 <k <n —1. The proof is complete. U

From the proof of (28) we have the following result.
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Proposition 3.4. Let f, g be measurable functions satisfying the following con-
dition

/f*(:n)g*(:z:)d:p < +o0.
0

Then

lim [ (f(z +1) = f(z))g(x)dz = 0.
R

From Proposition 3.4 , we have the following:

Corollary 3.5. Let f € A[gw,g € ME*,w' Then

tim [ (£ + 1)~ f@)g(a)de = 0.
R

For the Luxemburg norm || - ||a,, ., the Kolmogorov inequality also holds:

p,w?

Theorem 3.6. Let ¢ be an arbitrary Orlicz function, w be a weight function, f
and its generalized derivative f™ be in Ay Then f) e Ay forall0 <k <n
and

IFOR,L < Crnl FIRZE NI,

pow
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