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ABSTRACT. We consider the problem of finding, from the final data u(z,T),
the function u satisfying

Ut — Uze = f(z,t,u(z, t),uzs(z, 1)), (z,t) €Rx(0,T).

The problem is ill-posed and we shall use the Fourier transform to get a nonlin-
ear integral equation in the frequency space. By truncating high frequencies,
we give a regularized solution. Error estimates are given.

1. INTRODUCTION
Let T be a positive number, we consider the problem of finding a solution
u(x,t), (z,t) € R x [0,T] of the system
U — Ugg = [z, t,u(x, t),up(z,t)), (x,t) € Rx(0,T),
’U,(LE,T) - cp(a;),

where ¢(z), f(z,t,y, z) are given. The problem is called the nonlinear backward
heat problem included the first-order derivative. From now on, we shall denote

Fuu(x,t) = f(z,t,u(z,t),v(z,t)).

Using the Fourier transform, we can rewrite the above system in the following
form

(1.1)

T
(1.2) (p,t) = eT=DP°5(p) — / P E - (p, s) ds,
t
where
'
0.t) = = / g(E,8)e™ 7 dt.
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As known, the problem is severely ill-posed. The solution does not always exist
and in the case of existence, the solution can be non-unique. Moreover, in the
case of existence and uniqueness, it may not depend continuously on the given
data. Hence a regularization is in order. For forty years, many authors stud-
ied the linear backward problems. Lattes-Lions [6], Miller [7], and Trong-Tuan
[12] studied a regularization method called the quasi-reversibility (QR for short)
method by perturbing the main equation. Clark and Oppenheimer [3] gave an-
other regularization method by perturbing the final value (quasi-boundary value
(QBV) method). Recently, the problem was also studied in [4, 5, 10].

In the last nine years, we can find a few papers concerning the nonlinear back-
ward heat transfer problem. In [1, 2], the authors gave a result for the structural
stability for the Ginzburg-Landau equation. Quan and Dung, in [8], studied a
regularization method by transforming the problem into the one of minimizing
an appropriate functional. In [9], the authors used the Fourier transform to get
an integral equation in the frequency space. By perturbing directly the integral
equation, they constructed a regularization method. In [11], the authors mixed
two methods QR and QBV to regularize the problem. And recently, in [14], the
authors used the method of truncated Fourier series to regularize the problem.
However, we did not find any papers dealing with the nonlinear problem included
the first-order derivative wu,,.

Noting that, in (1.2), the “bad” factors are
e(T_t)pQ, e(s_t)pQ, O0<t<s<T.

Since =P 5 400 very fast when p — oo, the solution is unstable. To regu-
larize the problem, we have to replace the factors by some appropriate ones. In
fact, we can truncate high frequencies |p| > ¢, where lime_gc. = oo. Letting
a >0, 0 <e<1,in the present paper, we choose

(1.3) ¢ = yaln (%)

We put
(1.4) Ac = [—ce,c]

and

(p) = 1 if peA,
XAWI= N0 if pé A

We shall approximate problem (1.2) by the following
Problem P: For ¢ € L*(R), find u¢ € C([0,7]; H'(R)) satisfying

T
(WiMwﬂmm“Wm%mm/”WMmWw
t
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or
1 N
u(z,t) = — e(T=0P* 5(p)eiP® d,
(1) Nor / B(p)e™xa.(p) dp
+oo T
(1.6) S / /e(s‘twfu;;(p, s)e""xa.(p) ds dp.
V2r / e
From now on, we shall denote by || . || the norm of L?(R); | . |1 the norm of
H'(R) and ||| . ||| the sup-norm of C([0,T], H'(R)).

The remains of our paper are divided into three sections. Section 2 gives some
preliminary results. In Section 3, we investigate the well-posedness of Problem
(P,). In Section 4, we give two regularization results in the exact and non-exact
data cases.

2. PRELIMINARY RESULTS

We first find some conditions of f such that (1.5) is defined. The integral in
the right hand side of (1.5) is well-defined if F, ,,, is in L>(0,T; L*(R)). In fact,

we have

Lemma 2.1. Let k>0, let f: Rx [0,T] x R xR — R be a continuous function
satisfying

‘f(%y’%w) - f(%yﬂ)/aw,)‘ < k(‘?} - U,’ + ”LU - w/‘)7

where z,v,w, v, w' € R, y € [0,T).
If FO,O S C([OvT]7L2(R))’ ‘/7 W e C([07T]7L2(R))7 then

Fyw € L=((0,T), L*(R)).
Moreover, for V,Vy € C([0,T], H'(R)), 0 <t <T, one has
|Fvv. (8) = v (GO < 2KV () = Vi o).
Proof. For every 0 <t < T, one has
|Fyw(z,t) — Foo(z,t)] < k(|V(x,t) — 0] + [W(z,t) — 0]).
It follows that

[Fvw (G ON < [[Foo( Ol + RV DI+ EIW ()]
< sup [[Fool. 1)l +k sup V()| +k sup [W(,2).
0<t<T 0<t<T 0<t<T
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Hence Fyw € L>((0,7), L*(R)). The last inequality of Lemma 2.1 can be proved
by the Plancherel theorem

vy, () = Fia v (1

=I1Fvv, (5 8) = Fia v, (07

[e.e]

<k [V t) = Vi )]+ [Valant) = Via(a, 1)) da
<2k (|[V (1) = VAL D2+ (IVa(s ) = Vie (L 8)]1?) -
This completes the proof of Lemma 2.1. O

Now, we give some estimates used in next sections. Putting

1
(2.1) be =14+ aln <—> ,
€
we get
Lemma 2.2. Let 0 <e<1, a>0andlet 0 <t <s<T. We have

e x4, (p) < €79

1 +p2e(5—t)pzx,4€ (p) < \/b_ge(t—S)a_

and

Proof. We have
e(s—t)p?XAE (p) < e(s—t)aln(%) _ E(t—s)a.

Similarly, we have the second inequality. This completes the proof of Lemma
2.2. U

3. THE WELL-POSEDNESS OF PROBLEM (F,)

Now, we investigate the well-posedness of Problem (P,). The functions as in
(1.5) are often called the band-limited ones. In the pioneering paper [15], Zim-
merman studied a class of nonlinear PDE in the space of band-limited functions.
Under the assumption

| f(u, w)] < Agu?® + Agw?,
he studied the local existence and the stability of the mentioned problem. In the
present paper, we have a slightly different condition

[ (@, 8, u, w)| < [f(2,8,0,0)] + k(Jul + [w]).

However, the Zimmerman method can be applied to prove the global existence
result for our problem. In fact, we have

Theorem 3.1. Let 0 < € < 1, ¢ € L*(R) and let f be as in Lemma 2.1. Then
Problem (P,) has a unique solution u® € C([0,T]; H'(R.)).
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Proof. For w € C([0,T); H'(R)), we put

400 T
1

w)(z,t) = —1(x,1) Sthwwx ,8)ePr ds dp,

Qu)(r.t) = = m// (9,9)e 1) ds dp
where
+oo
vie.t) = [ TG, e,

We first prove that Q(w) € C([0,7]; H'(R)). In fact, one has

T
Q(w)(p, 1) = xa.(p)e T 3(p) — xa.(p) / e Fy o (p, 5) ds.
t

Using Lemma 2.1, we can verify directly that Q/(\w)(p,t);pcm (p,t) are in
C([0,T); L*(R)). Hence, the Plancherel theorem gives that Q(w) is in C([0,77;
H'(R)) for every w € C([0,T]; H(R)).

For every w,v € C([0,T]; H'(R)), using the Zimmerman method, we shall get
after some direct estimates
2m(T o t)2mk2m m
m m 2 Qe 2
B Q@) = Q)0 < TU I o — ui

where (2m — )!! =1.3...(2m — 1) and a. = b.e 272,
2mqm
@m—D)
Q™ is a contraction in C([0,T]; H'(R)). It follows that the equation Q™ (w) =
w has a unique solution U € C([0,T]; H*(R)). We prove that Q(U) = U. In fact,
one has Q(Q™)(U) = Q(U). Hence Q™ (Q(U)) = Q(U). By the uniqueness of
the fixed point of Q°, one has Q(U) = U. This completes the proof of Theorem
3.1. ]

Since limy, oo T k™ = 0, there exists a positive integer mg such that

To get a stability result for the solution of problem (P,), we consider

Theorem 3.2. Let 0 < e < 1, ¢, g € L?(R) and let f be as in Lemma 2.1. If
u, ve C([0,T], H'(R)) are solutions of Problem (P,), (P,) respectively, then

| — || < /26T o TAFEED) | g,

Proof. From (1.5) and (1.6), we have

’u(’vt) - U(’vt)‘% = Hu(7t) - U('7t)H2 + Huﬂc(vt) - Ux(’vt)H2
= [l t) = 0C O + (1) = (- )
< Ki+ Ko,
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where
“+00
_ (T—t)p PRIV
K= 2 [ P 0)(0) - 90 db
— 0o
+o0 T 2
Ky, = / (1+p?) /e (Fu,ux(p, s) — Fy v, (P, s)) ds| dp.
—0o0 t
We estimate K. Lemma 2.2 gives
K1§2betT/|<,0 * dp
< 2b”D | — g7,
We estimate Ko. From Lemma 2.2, we have
+oo| T 2
Ky, = 2/ /\/1 —|—p2e(s_t)p2XAe(p) (ﬁ(p, s)—ﬁw\z(p, S)) ds| dp
—oo |t
+oo| T 2
< wee [ e (Frs) - P (ps)) ds| d
—o0 |t
+oo T
< 2to¢ —2soc /\ In ds d
= uux p, ) vvx(py ) S ap.
t

Lemma 2.1 gives

T
K, gg@_nwm/}%wE;m@—E;u@W@

t
T

< 4]€2(T—t)b562ta/6_28a’u(’73)_U(WS)’% ds.

t

So, we have

Ul t) ~ ol D < 2T - gl

+4k:2TbE/e_2sa|u(-,8) —v(.,8)[} ds.
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Using the Gronwall inequality, we have

lu(.,) —v(,t)p < /2b et exp (2b€k‘2T(T — t)) lle — 9l
2bee2k2T(T—t)e—a(T—t)(l-i—Zsz) lle — gl

< 2b€e2k2T2€—aT(l+2k2T) | |C,D o g| |
It follows that

| — || < /262K T o TAHED) | g,

This completes the proof of Theorem 3.2. O

4. REGULARIZATION AND ERROR ESTIMATES

In this section, we shall state and prove some regularization results under many
preassumed conditions on the exact solution u of problem (1.2). We first have

Theorem 4.1. Let 3 > 0, let ¢, f be as in Theorem 3.1. Assume that problem
(1.2) has a solution

u € C([0,T]; H'(R))

satisfying
+oo
(4.1) A= OiltlgT / (1 +p2)62(6+t)p2\ﬁ(p,t)\2 dp p < +oo.
o —00

Then, for every t € [0,T], we have
lu(.,t) — us (., 8)1 < VAexp(k2T(T — t))ePHt=FT(T-1)
where we denote by u¢ the unique solution of Problem (P,).

Remarks. 1. If 5=0in (4.1), f = 0 and if we have the preassumption u(-,0) €
H'(R), then (4.1) holds. In fact, in this case, we have etpzﬂ(p, t) = u(p,0). Since
u(x,0) is in H'(R) one has

+oo

2~ ~
/ (1 +p*)e*™ [u(p,t)* dp = [|v/1 + p2a(, 0)|* = |u(., 0)]F.

—o0
Hence the condition (4.1) is reasonable.

2. If B> k?T?, then lim_ |u(.,0) — u(.,0)|; = 0.

3. If 3 =0, then u(x,t) is a good approximation of w(x,t) when t — k>T (T —
t)>0,ie L <t<T.

4. If f = f(x,t,u) does not depend on u,, using the technique of the proof of
Theorem 4.1 (but easier), we can prove that

l|u(.,0) — u(.,0)|| < M+,
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Proof of Theorem 4.1. We have

lu(,t) —u (L) = [Ju(t) —u GO + [Jug (- t) — u (L )]
= [a(.,t) = u (O + e (1) — ua (-, 1)
= 11+ I,
where
—+00 2
ho= [ @) )] d
+o0o T 2
I, = /(1 + p?) /e(s—t)PQXAE(p) (Fu€7u§(p7 s) — Fyu, (D, s)) ds| dp.
—00 t

We estimate I;. We have

L - / (1 -+ p)fa(p. £)? dp

\P\Zce

= [ R )P o) dp

\P\Zce

where we recall that ¢, is defined in (1.3). For [p| > ¢, we have
e~ 2B+0)p? <exp (=2(f +t)c?) = 20(B+1)

It follows that

—+o0
I < e+ / (1 + p2) 207 [G(p, )] dp

We estimate Iy. We first note that

2

400 T

b= [@s)]|[ v ) (.9 - o 09) ds| do
—0o0 t
+oo| T 2

= / /\/1 + p2eP 4 (p) (F/ue?;(p, 5) = Fuun (P, 8)> ds| dp.

—0o0 |t
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Using Lemma 2.2, we have

+oo| T 2

L, < 2ta/ / sa( e (p, s )—Fu’uz(p, s)) ds| dp
—oo |t
+oo T
2ta —2sa o 2
< Fye U pa )_Fu,ux(pys)‘ ds dp
—oo t
T

< @0 [ YR (8) - Fus (5) s
t
Lemma 2.1 gives
T

L o< 2T - t)beezta/e_%o‘\ue(., $)) — ul., )2 ds.
t
It follows that

2y 1)) — u(, D)2 < 9B A 4 2%2Tb, / 2014 ) — u(., 5)[2 ds.

Using the Gronwall inequality, we have
(., 1)) —ul., t)? < A2 exp (26T (T — 1)) .
On the other hand,

exp (2bk*T(T —t)) = exp <<2 +2aln <%>> K*T(T — t)>

e2k2T(T—t)6—2ak2T(T—t)

This completes the proof of Theorem 4.1. O

In the case of non-exact data, one has

Theorem 4.2. Let ¢, f be as in Theorem 3.1 and let 3 > k*T?. Assume that
problem (1.2) has a solution

u € C([0,T]; H'(R))

satisfying
+00
A:= sup /(1 —|—p2)e(5+t)p2|ﬂ(p,7f)|2 dp p < +oo.
0<t<T
—00

Let 6 € (0,1) and let ps € L*(R) be a measured data such that
llos —ll < 0.



514 D. D. TRONG AND N. M. DIEN

Then from s, we can construct a function 2° € C([0,T); H'(R)) satisfying

(42) [2°(,t) —u(,t)) < (f KT \/ (1+p)In <5>e2k2T2> 5

for every t € [0,T], where

B — k2T?

_ 2 22y
= (f+ T+ k°T%), = Gi T T

Proof. Let u¢ be the solution of Problem (P,) and let u“® be the solution of
problem (P, ).

From Theorem 4.1, we have
(4.3) (., t) — u(., 1)1 < VAeF T B-KT?)
for every t € [0,T].
From Theorem 3.2, we have
(1) —u (D) < V2T T — g

(44) < § 2b662k2T2€_a(T+2k2T2)

where b, is defined in (2.1). So we have
|U(,t) o u€75(-,t)|1 S Aek2T2€a(ﬁ—k2T2) + 5 2b662k2T2€_a(T+2k2T2),

Choosing

e=¢€(d) = 5a(ﬁ+T1+k2T2),

fu(,8) = u @ D)y < (f o \/ (1+4)In <6>62k2T2> 5.

Put 2%(x,t) = u®0(z,¢), for every € R, t € [0,7]. Then from (4.3) and
(4.4), we have the inequality (4.2).
This completes the proof of the theorem. O

we get
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