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A SOLUTION TO AN OPEN PROBLEM ON MATHIEU SERIES
POSED BY HOORFAR AND QI

GERGO NEMES

ABSTRACT. In this paper, the author gives a solution to an open problem
about the famous Mathieu series and so obtains a sharp double inequality for
bounding the Mathieu series.

1. INTRODUCTION

We consider the series

(1.1) S(T)ZZL r>0

9
et (n?+1r2)

called Mathieu’s series in the literature. It was introduced by Mathieu in his
1890 work on elasticity of solid bodies. Several interesting problems, solutions
and bounds for the Mathieu series can be found in the works we collected in the
references. Alzer, Brenner and Ruehr [1] showed that the best constants o and
(B for which
1 1
r2 4+« <8< r2+

#(3) and 8 = %, where ¢ denotes Riemann’s Zeta function. Our

main purpose is to prove the following problem proposed by A. Hoorfar and F.
Qi [5]: find the best possible constants a and b such that

holds, are av =

1 1
(1.2) 5 <S(r) < >
2+}—4T +1(r2+a)_1 r2+1—4r +1(7’24—1))_1
D 27 12

holds true for all » > 0. They showed that a < 3/2 and b > 1/4. The following
theorem gives a complete answer.

Theorem 1.1. For any real number r > 0, the inequality (1.2) holds with the

best bl tants a = ¢(3) = 0.9915168156 db—13
est posst econsansaf6c(3)_6f . - and b= o,
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2. LEMMAS
To prove our theorem we define a function « for any real number r > 0 by the
equality
1
1 4r?+1 i
Pt (P a(n) !

Theorem 1.1 is a corollary of the following lemmas.

S(r) =

Lemma 2.1. For any real number r > 2.57, ( ) is a strictly decreasing function
of v, satisfies the inequalities 55 < o (r) < 6(( ) 5, and Tl}gloooz (r) = 55

Lemma 2.2. For any real number 0 < r < 0.3, «a(r) is a strictly decreasing

function of r and satisfies the inequalities L3 3 <a(r)< 6<<(;(3?;)_6

Lemma 2.3. For any real number 0.3 < r < 2.57, a(r) satisfies the inequalities
13 ¢(3)
30 <« (T) < 6C(3)—6

In this paper we use the following definition of the Bernoulli numbers:

x 1 x2 ! 26
=1—-= B - B B—— . 2
1 2:1:—1— 257 o + 61 , lzl < 2w,z #£0,
thus the first few are
1 1 1 1 5
By=-, By=—, Bg=--, Bs=—, Bio= —
2 67 4 30a 6 427 8 307 10 667

To prove our lemmas we shall use the following theorem of Russell [12].

Lemma 2.4. Let S(r) be defined by (1.1) and f(x) = z/(e* —1) if x # 0,
f(0)=1. Then
1 < By
S(r)=— — T%ig TR (r) (r>0k=1.2..),
i=1

where Ry (1) may be expressed in either of the forms

k  poo
Ry (r) = E«;liz2 / FEHY (1) cos (rx) da
1)k

— 7"2k+3 / FER2) (1) sin (rz) da

and

1 7w (k+1/2
R g I
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3. PROOFS OF THE LEMMAS

Proof of Lemma 2.1. From the definition of « (r) we have
(12r% 4+ 2r% — 1) S (r) — 1272
12— (12r2+6) S (r)

According to Hoorfar and Qi we find that

(3.1) a(r) =

1<a(7‘)<§
4 — -2’
if r > 0. We have to improve this for r > 2.57. Note that if
(3.2) A(r)< S(r) < B(r)
and
1
(3:3) m<A(T)7B(7’)7
then
12r* + 22 — 1) B (r) — 1212 12r% +2r2 — 1) A (r) — 1212
(3.4) (r+r )(r) r<a(T<(r—|—r )(r) r

12 — (12r2 +6) B (r)

From Lemma 2.4 we have

12— (1212 + 6) A (r)

111 1 w72\ 1] 1
M”>ﬂ_wfﬂw_uﬂ_2<3%2ﬂ
Sl v s
r2  6rt  30r5 50008 T r24+1/2°
if r>1. Let ) . ) 53
G I S S
(7)=22 = 60 " 305~ 500,
then
(127 4 2r% — 1) G (r) — 1272
(3:5) o) < Mo an
36) 260018 + 17584 + 2682 — 159 ((3)

= <
600076 — 21007* — 220872 — 954 ~ 6¢ (3) — 6’
if r > 1.3. Applying Russell’s theorem again, we obtain

1 1 1 1 1 T 7/2 111
i1 <00 <5 TG T 500 T 1 2(3>mrs
1 1 1 3
S92 6t 3000 508
if » > 0. Let ) ) ) 5
K =13~ 57~ 300 T 50,5
then

) > (120 +2r2 —1) K (r) —12r%  260r% — 1237 — 2372 + 9
a\r = .
12— (12r2 +6) K (r) 600r6 — 21074 + 78r2 4 54
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From this and from (3.5) we find

i 26076 — 123r* — 2312 + 9 - )
m 1im ol(r
r=+00 60076 — 21077 + 7872 + 54 — 1o

260075 + 1758r* + 26812 — 159

< . 000r8 — 210077 — 22082 — 954°
Since
. 260r5 —123r% — 2372 + 9 . 2600r% + 17587% 426872 — 159 13
r—t0 60010 — 21014 + 7872 + 54  r—too 600076 — 21007% — 220812 — 954 30
we obtain 3
TEIEOO a(r)= 30

Now we consider the monotonicity of . We will show that the value of the
derivative o (r) is negative for any real number r > 2.57. A straightforward
calculation gives

(3.7)
_ % <(T2 + ;) S (r) — 1)20/(7«) = <3r4+3r2 + ;) S%(r) — (6r* +2) S (r)
- (2r2+;>22n3+3.

"1 (r2 4+n?2)

Thus it is sufficient to show that for r» > 2.57,

(3.8) T (r) = (37“4 +3r% + ;) S2(r) — (6r* +2) S (r)
1 2n
_ <2r2 + 2) ; ) +3>0.

From Lemma 2.4 we have
1 1 1 1 1

S =5 "1 500 azs 3000 1A
$2(r) = 2R4(r) Ry(r)—3 Ry(r)+5 GORy(r)+49
2 3rd 15r6 12608
42R, (7“) + 23
e A
gaor0 T M)
2n 1 11 1 11
S - _ - _ _ _ N »
;1 et a T T s T aes a1z g ()
where
121 4 41 1 1
3.9) M(r)=- Ri(r).
(3:9) M) = =5750,7 T 3557 T 14700, * 630r1 T goor 4 (")
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By substituting these into (3.8) we obtain

T(r) = 34M (1) + 3r2M () 4 )T | Ba () Ra(r) 107K (r)

2 8r 512 21074
TORi(r) 282Ri(r) =301 GRi(r)—43 1 GRi(r)+M(r)
21076 126078 180710 24712 2 '
From Lemma 2.4 we have
5 691 5 691 1 x 13/2
1 (1) = =561~ g730, TR0 (1) < e~ grmg,m T < 6 ) 12
5 1
< g6z I
Thus if r > 1,
Ri(r) 107Ry(r) TORy(r) 282Ry(r) —301 G6Ry(r) — 43
572 210r* 210r6 126078 180710
S 43 n 43 + 1 2237 6667
18078 ' 180r10 ' 66r14 13860716 13860r
4979 3067 1
13860720 1386022 30724
S 43 n 43 n 1 B 1451
— 18078 180710 66114 1155¢16°
This means that
Ry (r)r Ry (r) 43 43
T 407 27 4 4
(r) > 3rEM (1) +3r°M (r) + ===+ =g = + 7555 T 150,70
Lol 1 5L GRi(r) + M ()
24r12 © 66714 1155116 2 '
From (3.9) it is clear that
121 4 41
M — .
(") > =300, * 315, + Ta700,0
We also have
5 691 5 691 1 7 (13/2
Ri(r) = — - R - - T B
+(r) = ~Ge12 ~ g7zo TR0 (1) > “ggm ~ g73g,01 g ( 6 > 12
- 5 _ 3967
66712 2730r14’
and thus
(3.10)
) > Rﬁl (7“) T_‘_th (r)+ 104 N 164 13579 27302953 405829
" 2 &r 157578 1575710 80850712 6306300714 323400r16°
Now we are going to estimate R (r). We have
5 691 10 691
R/ — _ _ _ - i R/
1(r) < 6612~ 2730,14 1 110 (r)> 11758+ 1o T T (1)
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where
1 [> !
R (r) = (14 / FU3) (2) cos (rz) dx)

— / f 13) ) cos (rx) der — % Hff(lg) (z)sin (rz) dz
r 0

= —%Rﬁ (r) — 7"114/0 2 f1 () sin (rz) de.

Russell showed that

(k) k2 - ¢ (k)
£ @) < Tw)’“ 7
’f(k:)(zwm‘_ zﬂkz n2+x2 D2

if k£ > 2. Diananda [3] proved the inequality

g 2n < L n > 1, >0
IL M M .
= (n2 + 3:2) (,u — 1) x2H—2

Thus N
! 2
k
‘f( ) (ch)) < (27r)k 1)z T k>1, >0.

From these we obtain
/ 14 L2 1) -
Fa)] < IR (] + 5 [ |09 (@) fsim ()
2 0o
= (13) i
+ el x )f (2773:)‘ |sin (27rz)| dz

14 1 7r<13/2> 1 /% 13!-2-¢(13)
ST — po2 25 U9)
6 12 ,,a14 0 (271')13

dp? (% 130 2
+7°14/1 :EW@ T
< 1051 +£
100014~ 3p15°
Hence we finally have
R, (r) > 10 n 691 _ 1051 _ 49 _ 10 _ 1051 - 2494.
11713 195715 100014 3715 11713 100714 195715
Plugging this into the right-hand side of (3.10), we find that

dx

104 164 23171 1051 16728577 1051 11997107

T(r)> 15755 | 1575710 | 80850/12 200,18 1576575r14 800715 4204200716

Let

Pr) = 104 g 164 o 23171 4 1051 5 16728577 , 1051 11997107
1575 1575 ' 80850 200 1576575 ' 800 4204200
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then

104 8 4 53456 - 12123418 4 1584201713

T 1575 39375 ' 084375 | 24609375
32175150022307 ,  8482041695506649 ,
T T
151593750000 18949218750000
62685536280049749 ,  263340412300075879103
T
111718750000000 821132812500000000
5236655690345652768413
1970718750000000000000

Thus T'(r) > 0 if » > 2.57. Hence we showed that for » > 2.57, a(r) is

¢(3)
6C(3)—6

lim, 400 @ (r) = 33. Numerical evaluation shows that a (2.57) = 0.4709258826 . ..
> 12 = 0.4333333333.... From these it follows that 13 < a/(r) and we conclude
the statement of the lemma. g

P (r +2.57)

and

a strictly decreasing function of r, satisfies the inequality « (r) <

Proof of Lemma 2.2. To prove the lemma we show that 7" (r) defined by (3.8) is
positive if 0 < r < 0.3. It is well known (see for example [2]) that

Z(%)ﬂ—Z(—n"z(ﬁz_1>C<2u+2n—1>r2", >0, 0<r<i

2 2
n r
n>1 T n>0

Here ¢ denotes Riemann’s Zeta function. And thus

S0 =Y gy = 3 () 2n 2 ¢ 2+ )

2
n>1 (n? +1?) n>0

%M, :%(_1)”(% 1) (n+2) ¢ (2n 4+ 5) 12",
These series are alternating and for fixed 0 < r < 0.3, the sequences
sn = (2n+2) ¢ (2n+ 3)r*",
th=(n+1)(n+2)¢(2n+5)r*"

are monotonically decreasing. By Leibniz’s theorem we find

ji:“‘gﬁ?ggf==2C(3)—-44(5)r2+—6C(7)T4-9r'86(9)T9

2
a1 (n2 +1r2)

> (n2in7"2)3 =2¢(5) = 6¢ (1) r* +12¢ (9) r* — p, - 20¢ (11) r*,
n>1

where 0 < 6,,p, <1 and 0 < r < 0.3. By plugging these into (3.8), we obtain

T(r) > <3r4+-3r2-+ ;) (2((3)——4{(5)r24—6C(7)T4——8{(9)r6)2
— (617 +2) (2¢ (3) — 4C (5) % + 6¢ (7) 1)

- <2r2 - ;) (2¢ (5) — 6¢ (7) 12 +12¢ (9) 1Y) +3=Q ().
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The right-hand side is a polynomial of degree 16. It can be shown that the poly-

nomial (7' + 13—0)16 Q (ﬁ) has only positive coefficients, thus @ (r) is positive

on the range 0 < r < 0.3, hence « is strictly decreasing there. This means
that £ < o (0.3) < a(r) < a(0%) = 6§<(é)) 5» Which completes the proof of the
lemma. O

Proof of Lemma 2.3. As an application of the Euler-Maclaurin summation for-
mula, Lampret [6] proved that

ml 1 n m 3m?2 — r2 ol )
p m? /r. b
= n2 + 1"2 m2 +7r2  (m2 4122 6(m2?+r2)?
where
5m* + 15m2r2 + 61
lp (m,7)| <

16 (m? + 7"2)5
With m = 5 we obtain

2n 1 5 75 —r?
S(r) > + + +
(>3 (n2+7r2)2  25+72 (2547122 6(25 +12)°

n=1
3125 + 37512 + 614
- = = Z1(r),
16 (25 + r2)
and
Z (1) ! >0,r>0
N V- R

According to (3.2), (3.3) and (3.4) we have

) < (12r% +2r2 — 1) Zy (r) — 1202 .
o 12-(12246) 2, (r)

The right-hand side is a rational function of r. Let

d (12rt +2r2 = 1) Zy (r) = 12r2 ¢y (7)

dr 12— (12,2 46) Z1 (r) ()’

where ¢ (r) and v (r) are polynomials in r, ¢ (r) > 0. ¢ (r) has degree 45 and
(7" " %57)45 o1 (WBW) < 0if r > 0 since its every coefficient is negative. Hence

(12r% +2r2 — 1) Zy (r) — 1202
12 — (12r2 4 6) Z1 (r)

is a strictly decreasing function of r if 0 < r < 2.57. Its value at 0.3 is

0.9596637512... < % thus o (r) < ﬁ if 0.3 <7 <257 Ifm = 4,
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Lampret’s formula gives

3 omn 1 4 A8 — 12

Zy (r) = + + +
2(r) nzl (n2+72)2 " 16+712 " (16+12)°  6(16+12)°
1280 + 24072 + 67
220 +5 S S(r).
16 (16 + r2)
Since S (r) > m, according to (3.2), (3.3) and (3.4) we obtain

(12r% +2r2 — 1) Zo (r) — 1202
12 — (1212 +6) Za (1)
Again, the right-hand side is a rational function of r, let

d (12r* + 202 — 1) Zy (r) =121 o ()

dr 12— (12r246)Z2(r) o (r)’

where @3 (r) and 19 (1) are polynomials in 7, ¥ (1) > 0. @2 () has only negative
coefficients, hence

a(r) > , >0

(12r* +2r2 — 1) Zo (r) — 1202
12 — (12r2 4+ 6) Zs (1)
is a strictly decreasing function of 7 if r > 0. Its value at 2.57 is 0.4360975104 ... >

%, thus « (1) > % if 0.3 < r < 2.57 and this completes the proof. O

4. PROOF OF THEOREM 1.1

From the lemmas we conclude that

13 ¢(3)
= 7 — (0"
a (+00) 30<a(r)<6§(3)—6 a(07),
if r > 0. By the definition of « (r) this is equivalent to
1 1
— < 8(r) < —
, 1 441 2y ¢ (3) 2+1 472 +1 2+13
R TR U T £ R "o 12 a0
We have
1
lim —=2¢(3)=5(0"),
U U R S A C) ! )
T T U Tec@) —6
thus the lower bound is sharp. From Lemma 2.4
1 1 1 1 1 5
S(r) ~

2 6t 3006 4208 3000 66r12
as r — +oo. Plugging this into (3.1) yields

o () E—i— 104 n 592 n 404032 n
30 525r2 2625 101062576 ’
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as r — +o0o. Hence we obtain a new asymptotic expansion to Mathieu’s series:

1

S(T) ~ 5 1
o L A4l 13104 599 404032
Ty 12 30 T 52512 T 262514 ' 10106250

holds as » — +oc0. This shows that the upper bound is sharp too.

(1]

(6]
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