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STABILITY ANALYSIS FOR LINEAR NON-AUTONOMOUS
SYSTEMS WITH CONTINUOUSLY DISTRIBUTED MULTIPLE
TIME-VARYING DELAYS AND APPLICATIONS

T. T. ANH!, L. V. HIEN? AND V. N. PHAT?®

Dedicated to Tran Duc Van on the occasion of his siztieth birthday

ABSTRACT. In this paper, the exponential stability problem of a class of linear
non-autonomous systems with continuously distributed multiple time-varying
delays is studied. Based on the Lyapunov-Krasovskii functional approach,
sufficient conditions for the exponential stability of the system are established
via the solution of Riccati differential inequalities. By using this general-
ized result, new sufficient conditions are derived for the robust stability and
stabilization of the systems subjected to uncertainties and external controls.
Illustrative numerical examples are given to indicate significant improvements
of the results.

1. INTRODUCTION

The problems of Lyapunov stability of time-delay systems are of practical and
theoretical interest since time delay is often encountered in many industrial and
engineering processes [5, 6, 7). The stability criteria are often developed for linear
time-invariant (LTT) systems based on the Lyapunov function method involves the
solution of some linear matrix inequalities or algebraic Riccati equations [8, 10, 16,
19, 20]. However, this approach may not be readily applied to linear time-varying
(LTV) systems, which are frequently encountered in process dynamics, control,
filtering and mobile communication systems. The difficulty is that the solution of
a Riccati-type differential inequality is, in general, not uniformly positive definite
to be used in a Lyapunov-Krasovskii functional candidate, and hence, the stability
analysis becomes more complicated, in particular when the system delay and
uncertainties are also time-varying. Moreover, unlike the LTI systems, stability
of LTV systems may not be determined by the spectral property of the nominal
system matrix as there may exist a stable LTV system with a positive real part
of some eigenvalues [11]. In the case of no delay, the definition of stability for LTI
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systems is naturally extended to LTV ones with the use of a suitable time-varying
Lyapunov-Krasovskii functional. This leads to conditions for the stability, usually
expressed in terms of solutions of differential Riccati-type inequalities [3, 12, 15].
Some existing conditions for the stability for LTV delay systems, obtained in [1,
12, 13, 14], involve a special assumption on the global null-controllability of the
nominal system. To the best of our knowledge, there has not been available in the
literature a unified approach that addresses the problem of exponential stability
for a general class of LTV systems subject to mixed time-varying delays, as dealt
with in this paper.

In this paper, we consider LTV systems with time-varying case of continu-
ously distributed multiple delays. By using an improved Lyapunov-Krasovskii
functional combined with Riccati equation approach, we propose new criteria for
the exponential stability of the system. The delay-dependent conditions are for-
mulated in terms of the solution of Riccati-type differential inequalities, which
allow to compute simultaneously the two bounds that characterize the exponen-
tial stability rate of the solution. The results are applied to robust stability and
stabilization of linear time-varying control systems with mixed delays. Compared
to other stability criteria, our result have its own advantages. First, our results
can deal with the case of continuously distributed multiple time-varying delays.
Second, our approach allows us to apply in robust stability and stabilization of the
system subjected to uncertainties and external controls. Therefore, our results
extend many related previous ones [3, 8, 10, 13-15, 20].

The paper is organized as follows. Section 2 presents notations, definitions
and some auxiliary propositions used in the proof of main results. New delay-
dependent sufficient conditions for the exponential stability and applications to
robust stability and stabilization are presented in Section 3 and Section 4, respec-
tively. Numerical examples illustrating the obtained results are given in Section
5.

2. PRELIMINARIES

The following notations will be used throughout this paper: R™ denotes the
set of all real nonnegative numbers; R"™ denotes the n-dimensional space with
the scalar product (-,-) and the vector norm || - ||; AT denotes the transpose of
the matrix A, matrix A is symmetric if A = AT; I denotes the identity matrix;
A(A) denotes the set of all eigenvalues of A, Apax(A) = max{Re\ : A € \(A)}
and Amin(A4) = min{Re X : A € A\(A)}. Matrix A is called semi-positive definite
(A>0)if (Az,z) > 0 for all x € R™; A is positive definite (A > 0) if (Az,z) >0
for all # # 0; A > B means A — B > 0; M denotes the set of all constant
symmetric positive definite matrices; SM [0, 00) denotes the set of all symmetric
semi-positive definite matrix functions on [0, 00); C([a, b], R™) denotes the set of
all continuous functions on [a, b].

Consider a linear non-autonomous system with continuously distributed mul-
tiple time-varying delays of the form:
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B(t) = Ao(t)x(t) + > As(t)x(t — hi(t))
i=1
(2.1) : ‘ N
+ ; Dy (t) /t_rk(t) x(s)ds, teR
‘T(t) = (b(t)a te [_Tv 0]7

where x(t) € R" is the state, 4;(t),i =0,1,...,p, Dg(t),k =1,2,...,q are given
continuous matrix functions on R*, h;(t), 7, (t) are delay functions which satisfy

0<hi(t) <hi, hi(t)<é; <1, i=1.2,..,p,
0<rp(t) <mp, 7m(t) <pme <1, k=1,2,...,¢q

and 7 = lgignl}%pékgq{hi, ri}; ¢(t) € C([—7,0],R™) is the initial function with the

(2.2)

norm

gl = sup [l(t)]-

te|—7,0]

Definition 2.1. For given o > 0, system (2.1) is said to be a—exponentially
stable if there exists a number N > 0 such that every solution x(¢,¢) of the
system satisfies the inequality

lz(t, 9)Il < Nllglle™, ¢ >0.

The following well-known propositions will be used in the proof of our main
results.

Proposition 2.1. (Schur complement lemma [2]) For any matrices X,Y, Z with
appropriate dimensions, where X = XY =Y T >0, then X+ Z'Y'Z < 0 if

and only if

X z7 <0 -y z] _,

Z -y oz x|
Proposition 2.2. (Matrix Cauchy inequality) Let N' € R™ "™ be a symmetric
positive definite matriz. Then for any x,y € R™, we have

20Ty < x" N+ yNly.

Proposition 2.3. [4] For any constant matriz W € R™" W = WT > 0, scalar

o > 0 and vector function w : [0,0] — R™ such that the integrals concerned are
well defined, then

</00w(8)d$>TW (/OU w(s)ds> < 0_/00 T (8)We(s)ds.

Proposition 2.4. [6] Consider the time-delay system
o(t) = f(t, ), x(t) = o(t),t € [~h,0].
If there exist a Lyapunov-Krasovskii functional V(t,z) and positive numbers

A1, A2, Az such that for every solution x(t) of the system the following conditions
hold
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(i) M@ < V(tz) < Aol
(11) V(t,a;t) S —2)\3V(t,$t),
then the system is exponentially stable, i.e.
IN>0: |zt )| < Nlglle ™", t>0.

Proposition 2.5. [18] For any x,y € R™ and matrices A, P, E, F, H with appro-
priate dimensions, P >0, FTF < I and scalar p > 0, we have

(i) EFH+HTFTET < p 'EET + pH"H;
(ii) If pI — HPHT >0, then

(A+ EFH)P(A+EFH)" < APA" + APH (pI —-HPH") 'HPA" + p~'EET.

3. MAIN RESULTS

Given numbers a > 0,¢ > 0, h; > 0, =1,2,...,p, 1, > 0,k =1,2,...,q, we
consider the following Riccati differential inequality (RDI):

(3.1)  P.(t) + AJ(t)P.(t) + P.(t)Ao(t) + 2aP.(t) + P.(t)R(t)P.(t) + Q < 0

where
q
Pt)= P +el, Q=(p+3 )L,
k=1
p 20h; q 2ark
e rLe
AT

Denote

1— e—2ah

4 —2ary
e + 2ar; — 1
2 —.

Po = Amax(P(0)), €1 —p0+€+z 1o

k=1

We have the following result for the a—exponential stability of system (2.1).

Theorem 3.1. For given o > 0, system (2.1) is a—exponentially stable if there
exist € > 0 and P € SM™[0,00) such that the RDI (3.1) holds. Moreover, the
solution z(t, @) of system (2.1) satisfies the following exponential condition

where, N = a.
\ e

Proof. Let € > 0 and P € SM™[0,00) be a solution of RDI (3.1) . Consider the
following Lyapunov-Krasovskii functional

lo(t, @) < Nlole=, ¢ =0,

Vit,o) =Vi+Va+Vs+Vy, t2>0,
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where
Vi = (PQ)z(t),z(t))
Vo = eflz(t)]?
o 2
. ml/’e |Ja(s) |2ds
t—hy(t)

||
MQ

/2mtm &)|Pdeds.

e
I
—

t— rk
It is easy to see that the function V' (¢, x;) is positive definite and
(3.3) elz®|? < V(t,x), teRT.

Taking the derivative of V; and V5 respectively along the solution of system
(2.1), we have

k=1
Therefore,
Vit Ve = (0 + ATORE) + PO A0, 2(0)
(3.4) +2 ;<Pe(t)Ai(t):v(t — Ri(t)), 2(t))

+2 kZ::l(PE(t)Dk(t) /t s a0

Using Propositions 2.2 and 2.3, we have the following estimates
2ach;
e 3

AP Az (t = hilt)) 2(1)) < T—& (Pe(t) As (1) AT (D) Pe(t)(2), (1))
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+ (L= d)e 2 Mzt — hi()]?, 1<i<p.

t r 620”“k
APOD) [ als)ds.a(t) < T PODUODT()2(0), 2(0)
t T t
— (1 — pup,)e2amn x(s)ds x(s)ds

- (/() (5) ) (/ R )

r e2ark
< T (POD(O) DY (0(t), (1)

k

Therefore, from (3.4) we have

Vi4 Vo < ((P.(t) 4+ P.(t)Ag(t) + AL () P.(t) + P.(t)R(t)P.(t))x(t), 2(t))

+ (1= d)e M a(t — hi(t))]*

M=

(3.5) 1

<.
I

+

M=

t
(1= pg)e 20 / e (s) 2 ds.
t—rg (1)

e
I
—_

Next, the derivative of V3 and Vj along the solution of system (2.1) are given
by

p

%-ZW DI = 31 — ha(t)e™> O la(t — hy(e))|]” — 205
(3.6) p’ !
< plla(®)? = 31— 8)e M la(t — hy(t)]]” — 2aV5.
=1
=Y n@OsOF - (- 0) [ e a() s - 20V,
k=1 k=1 t—ri (1)
(3.7) . t
<3 nlaf 300 e / e(s)|2ds — 2aVa.
k=1 t—ry(t)

Combining (3.4)-(3.7) gives

(3.9 V(t,x;) + 20V (t,2) < (Pe(t) + AL (#)Po(t) + Po(t) Ao (t) + 2a.P.(t)
' + P.(t)R(t)P.(t) + Q)z(t), z(t)).
Then

(3.9) V(t,z) +2aV (t,z) <0, t>0.
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Therefore, by Proposition 2.4, the system is a— exponential stable. To find the
stability factor, integrating both sides of (3.9) from 0 to t gives

V(t,ze) <V(0,z0)e 2, teRT.
Taking the estimation (3.3) into account, we finally obtain

ot o)l < L E2 e >0
We now estimate the value V(0,z¢) as follows.
V(0,0) = <P<0>x<0> 2(0) + ellz(O)II”
0 0

» q
5 / e a(s)Pds + 3> [ [ Sfale) Pdsds
=hohi(0) =l
» 0
<+ ollelf + [3 [ ds+ Z / / € dgds] o)
izl—hi =15, s
P —2ah q —2ar
1-— e k4 2ar, — 1
= o+l + | Y ———+ > —— | lsI?
i=1 k=1
= ellgl®,
where
P —2ah; q —2ar
1—e i e k4 2ar, — 1
1 = .
(3.10) A=potet) ———+) o2
=1 k=1
Hence
z(t, @)l < N|olle™, >0,
where N = , /<. This completes the proof of the theorem. O
\ e

Remark 3.2. Theorem 3.1 provides sufficient conditions for the exponential
stability, which includes the results of [10, 14] as special cases.

Remark 3.3. The exponential stability conditions are given in terms of the
solution of RDIs. Various efficient methods for solving RDIs can be found in [9,
17].

4. APPLICATIONS

In this section, we apply the obtained results to the robust stability and stabi-
lization of uncertain linear control systems with discrete and distributed multiple
delays .
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4.1. Robust stability. Consider the following uncertain LTV system with mixed
multiple delays

o(t) = (Ao + AAp(t) —I—Z i+ AA(t)z(t — hi(t))

@D + Z(Dk + ADg(t)) /t x(s)ds, teR"
k—1 t—ry(t)

z(0) = ¢(t), te[-7,0]
where h;(t), r(t) are time-varying delay functions satisfying (2.2) and Ay, A;, Dy,
1 <i<p, 1<k <q are given constant matrices and AAy(t), AA;(t), ADg(t)
are uncertainties of the form

AAy(t) = EoFp(t)Hy, AA;(t) = ESFA(t)HE, AD(t) = E{F(t)HE,
where Ey, Hy, B¢, H,1 < i < p and E,‘j,H,f, 1 < k < q are given real matrices
and Fy(t), FA(t),1 < i < p, F,gl(t),l < k < ¢ are uncertainties satisfying the
following conditions
Fy () Fo(t) < I, FFT(OFH) < I, BT OF() <1, i=1,2,...p, k=1,2,...q

Then, we have the following result for the a—exponentially stable of the system
(4.1).

Theorem 4.1. For given a > 0, system (4.1) is a—exponentially stable if there
exist a symmetric positive definite matrix P and positive numbers pg, pi, Vi, 1 <
1 <p, 1 <k<q such that p;I — HZ“HZ“T > 0,1 — HgHgT > 0 and the following
LMI holds:

Q1 Q2 Y3 Qo A5 Qe Qir

x  —Qoo 0 0 0 0 0

* * —Q33 0 0 0 0
(4.2) * * —Quu 0 0 0 <0

* * * * —955 0 0

* * * * — Q66 0

* * * * * —Qr7
where

q
Oy = AE)'—P+PA0—|—204P+/)0HJH0+ (p+z7‘k)[,
k=1

Qi = [PAHT ... PAHIT],
Qs = [PD1H{" ... PDGHIT],
Qu = [PE, PE{ ... PEY],
Q5 = [PE{ PES ... PEY],
Qg = [PA1 PAy ... P4,
Q7 = [PDy PD, ... PD,,
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Qg = diag{ (1= 81)e2em (p T — HOHT), .. (1 — 6,)e 2 (p,T — H;H;T)},

Q33 = diag{ (1 —py)ry e 0m (i I — HEH, .. (1 — uq)rq_le_%”q(uq[ — HgHgT)},
Qg = diag{pol, _2°‘h1p1[, (1= 5p)e_2ahpppl},

Q55 = diag{(l — p)ry te=2emyp 1, .. (1= pg)ry e~ 2ay, I}

Qg6 = diag{(l Si)e My (1 5p)e—2ahp1},

Q7 = diag{(l — p)ry e (1= pg)ry 20””}

Proof. Let us denote
Ao(t) = Ag + AAw(t), Ai(t) = A; + AA;(t), Di(t) = Dy + ADyg(t).
Using Proposition 2.5, we have
PEFy(t)Hy + Hy Fy (t)EQ P < py ' PEyE] P + poH, Ho,
A AT (1) < AAT + AT (i — HEHET) HEAT 4 p BEEET,
Dy,(t) DY (t) < DD} + Dy HT <1/kI - H,?H,g”) DT 1y B BT
1<i<p 1<k<q.

Applying Theorem 3.1 to the case P.(t) = P, we reduce the RDI (3.1) to
AJ ()P + PAy(t) +2aP + PR(t)P + (p + Eq: ri) ] <O0.
k=1
We have
AJ(t)P + PAy(t) + 2aP 4+ PR(t)P + (p + Eq: )T

k=1
< AP+ PAO +2aP+Q + pglpEgEgTP + poH§ T H

+Z -

(4.3) L e2oh a arraT\ ! pra
+; . _5iPAZ-HZ-T<pZ-I— Y HZ-T) HOAT P

—1PEaEaTP

n Eq: e b DT P 4 Eq: e ppd T p
1~ e k SE s ke Lk
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Using Schur complement lemma (Proposition 2.1) and from (4.2), (4.3) we
obtain the similar estimation (3.9) for system (4.1) and hence the a—exponential
stability of the system (4.1) is derived. Moreover, in this case, the stability factor

)\ 1—e —2ah;
is given by N = ,/)\— where A1 = Apin(P), A2 = Amax(P) + >0,
1
—2arg 2 1
Z:l ¢ I ;Wk . The proof is complete. O
«

Remark 4.2. The robust stability conditions are obtained in terms of LMIs,
which can be easily determined by utilizing MATLABs LMI Control Toolbox
[2]. Moreover, it is worth noting that the results on the asymptotic stability of
uncertain time-delay systems obtained in [3, 8, 20] are derived from Theorem 4.1
as a special case.

4.2. Stabilization. Consider the following linear time-varying control system
with mixed multiple delays

x(t) = +ZA i(t)) + B(t)u(t)

4.4
44) + ZDk / x(s)ds, teRT,
t=rk (1)
l'(t) = ¢(t)7 te [ T, 0]7
where u(t) € R™ is the control, Ag(t), A;i(t), Di(t),1 <i<p,1 <k <qand B(t)

are given continuous matrix functions on [0,00), h;(t),r(t) are delay functions
satisfying (2.2).

We recall that system (4.4) is a—exponentially stabilizable if there is a feedback
control u(t) = K (t)x(t) such that the closed-loop system

(1) = [Ao(t) + B)K (D] (t) + Y Ai(t)x(t — hy(t))
i=1

(4.5) a

k"E(t) =o(t), tel-70
is a—exponentially stable.
For numbers a > 0,¢ > 0, h;, 1. >0, 1 <i < p,1 <k < g, we denote

P(t)y=Pt)+el, Q=+ Z i)l

Zp:e AT (1 +Zrke

=1

2ark

[a—

S’]
?r
/-\
\_/

.
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and consider the following RDI
(4.6)  P.(t) 4+ A (t)P.(t) + P.(t) Ag(t) + 20P.(t) — P(t)R(t)P(t) + Q < 0.

Theorem 4.3. For given o > 0, system (4.4) is a—exponentially stabilizable
if there exist € > 0 and P € SM™[0,00) such that the RDI (4.6) holds. The
feedback stabilizing control is given by

u(t) = —%BT(t)R(t)Pe(t)x(t), t>0.

Proof. With the feedback control u(t) = K (t)z(t), where K (t) = —1 BT (t)R(t) P.(t),
the closed-loop system of (4.4) is given by

(4.7)

i(t) = |Ao(t) + B(t)K(t)} 2(t) + Y Ai(t)z(t — hi(t) + > Di(t) / z(s)ds.

i=1 k=1 t=ri(t)

Denote Ag(t) = Ag(t) + B(t)K (t), then system (4.7) can be written as

i(t) = o) + 3 Attt — hi(t) + 3 Dy(t) / 2(5)ds.
i=1 k=1 t=ri(t)
From (4.6), we have
ROROP) = SPOBOBT () - IROP + L POROIBOBT0) - 170

It follows that
ATWPE) + P(t) Ao(t) — PR P1) = [AT (1) + KT(4)BT(8) Pt
+ P(t) [Ao(t) + B(t)K(t)} + P(H)R()P(t)
= A} (H)P.(t) + P.(t)Ao(t) + P.(t)R(t)P.(2).

Therefore,

Po(t) + A (4)P.(t) + P.()Ag(t) + 2aPe(t) + P.() R(t)Pe(t) + Q < 0.

Applying Theorem 3.1, we conclude that the closed-loop system (4.7) is a—
exponentially stable. The proof is complete. O

Remark 4.4. Theorem 4.2 provides sufficient conditions for the exponential
stabilization, which includes the results in [13, 14, 15].
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5. EXAMPLES

Example 5.1. (Exponential stability) Consider a linear time-varying system
with discrete and distributed delays of the form
t

(5.1) @(t) = Ao(t)x(t)+ Ay (£)z(t —h (£))+ A (t)z(t— ha(t)) + D(2) / 2(s)ds,

t—r(t)

where

and hy(t) =sin® L, ho(t) =cos? %, r(t) =1/2cos? 3L

Note that we cannot apply the approach used in [8, 19, 20] because their
conditions lead to an unsolvable infinite system of LMIs. Indeed, the Lyapunov-
Krasovskii functional used, for example, in [19] leads to the LMI conditions in
Theorem 3.1 therein, which is of a function of the time ¢ and hence to solve a
system of time-varying LMIs of the form

\I’[Ao(t),Al(t),P,Q,R] <0 Vt>O.

Clearly, the Matlab LMI toolbox cannot be applied to solve this time-varying
LMI with respect to the positive definite matrix solutions P, Q, R. However, we
can find the solution of RDI (3.1) associated to system (5.1) . We have h; =
ho =1,r = 0.5 and §; = 63 = 0.5, u; = 0.75. Taking o = 1, e = 1, then we can
verify that

is a solution of RDI (3.1). By Theorem 3.1, the system (5.1) is exponentially
stable with decay rate a = 1. By simple computation, we obtain pg = 1,61 =
3—e 2+ el From (3.10), we have the stability factor N = \/e1 ~ 1.7195 and
the solution of system of (5.1) satisfies

lz(t,0)|| < 1.72¢ |||, t=>0.

Example 5.2. (Stabilization) Consider control system (4.4), where p = ¢ = 1
and

3 3 —t —t
- — e (1+e™) 1 1 1
Aoft) = || 2(1+e7t) 3 . A = 560.51&—1 [0 : } 7
Bet(lbet) —oo

21 + e 1)
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D) = 203 [3 ﬂ . B(t)=+1+et m ,

2

h(t) = 2sin? gt, r(t) = cos? %t.

We have h = 2,r = 1 and 0; = pup = 0.75. Taking o« = 0.5,¢ = 1, then we
verify that

P(t) = e [(1) (1)]

is a solutions of RDI (4.6). By Theorem 4.2, system (4.4) is 0.5—exponentially
stabilizable. The feedback controller is given by

3
2

u(t)=—e'1+e"2[2 1]a), t>0.
Moreover, the solution of the closed-loop system satisfies
lz(, 9)| < 1.798¢~**|g]l, ¢ > 0.
Example 5.3. (Robust stability) Consider system (4.1), where p = ¢ = 2 and

~10 0 11 1 05
Aoz[l —12}’ Al:[o 1}’ A2:[1 1]’
10 1 05
Dl_[l 2]’ D2_[0 —1}’

%=w=W:Bﬂ,%=w:W=Rf&thz

hi(t) = 0.5sin?t, ha(t) = 0.5cos®t, r1(t) = 0.2sin% 2.5¢, ro(t) = 0.2 cos? 2.5t.

We have, hy = hs = 0.5,r1 = 19 = 0.2,01 = do = 0.5 and u; = ps = 0.5.
For given o = 0.5, by using LMI Matlab Toolbox, we find that all conditions in
Theorem 4.1 are feasible with pg = 10, p; = 10,; = 10,7 = 1,2 and

p_ [ 12528 09050
= 1-0.9050 1.3518 |

By Theorem 4.1, system (4.1) is robust exponentially stable with decay rate
a = 0.5. Moreover, every solution x(t,¢) of the system satisfies the following
inequality

(¢, ¢)|| < 2.768|glle™*>, ¢ > 0.

CONCLUSIONS

In this paper, new sufficient conditions for the exponential stability of LTV
systems with continuously distributed multiple time-varying delays have been
established by employing an augmented Lyapunov-Krasovskii functional. The
conditions are formulated in terms of the solution of certain Riccati differen-
tial inequalities, which allow us to compute simultaneously the two bounds that
characterize the exponential stability rate of the solution. The results have been
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applied to obtain new conditions for robust stability and stabilization of uncer-
tain linear time-varying control systems with mixed multiple delays. Illustrative
numerical examples are given to indicate significant improvements and the appli-
cation of the results.

(1]
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