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EQUATIONS OF A MIXED BOUNDARY VALUE PROBLEM
FOR THE BIHARMONIC EQUATION IN A STRIP
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ABSTRACT. The aim of the present work is to consider a mixed boundary
value problem of the biharmonic equation in a strip. The problem may be
interpreted as a deflection surface of a strip plate with the edges y = 0,y = h
having clamped conditions on intervals |z| < a and hinged support conditions
for |z| > a. Using the Fourier transform, the problem is reduced to studying a
system of dual integral equations on the edges of the strip. The uniqueness and
existence theorems of a solution of the system of dual integral equations are
established in appropriate Sobolev spaces. A method for reducing the system
of dual integral equations to an infinite system of linear algebraic equations is
also proposed.

1. INTRODUCTION

Mixed boundary value problems for the biharmonic equation in a strip have
been considered by many authors (see for example, [22,1,6]). V. B. Zelentsov [22]
considered the problem of pending of Kirchhoff-Love plate in the shape of a strip
under the impression of a thin liner rigid inclusion fastened at one of the edges
of the plate when the other edge of the plate is rigidly clamped. The problem
is reduced to the solution of convolution-type integral equations of the first kind
in a finite segment with a regular kernel. In [1] some problems of the impression
of one or two inclusions in the form of stiffner ribs into an infinite lying on an
elastic foundation were considered. It follows from the properties of the kernel of
the integral equations that their solutions have a non-integrable singularity. In
[6] A. I. Fridman and S. D. Eidelman considered some boundary value problems
for the biharmonic equation in a strip. New uniqueness theorems for nonnegative
solutions of these problems are proved.

The aim of the present work is to consider a mixed boundary value problem
of the biharmonic equation in a strip by the dual integral equation method.
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The problem may be interpreted as a deflection surface of a strip plate with
the edges y = 0,y = h having clamped conditions on intervals |z| < a and
hinged support conditions for |z| > a. Using the Fourier transform, we reduce
the problem to studying a system of dual integral equations on the edges of a
strip. The uniqueness and existence theorems of a solution of the system of
dual integral equations are established in appropriate Sobolev spaces. A method
for reducing the dual integral equation to an infinite system of linear algebraic
equations is also proposed.

Note that the theory of dual integral equations recently became very developed
and is the subject of numerous investigations. Formal analytical methods for
finding solutions to dual equations have been studied by many authors (see [11]
and [18]), but much less attention has been paid to the solvability question of these
equations. The dual integral equations of Titchmarsh’s type were investigated
in [21,5] by the distributional approach and in [3] on Lebesgue spaces. Recently,
P. K. Banerji and Deshna Loonker [2] obtained the solution of dual integral
equations involving Legendre functions in distributional spaces. Some results on
the solvability and validity of solutions of dual integral equations involving Fourier
transforms based on the Dirichlet problems for pseudo-differential operators have
been considered in [12-16]. Note that dual integral equations for convolutions
may be reduced to the dual equations involving Fourier transforms. Some classes
of those equations on semi-axes of the real axis were considered in [7].

Our work is constructed as follows: In Section 2 we formulate the mixed bound-
ary value problem for the biharmonic equation in a strip and reduce it to a system
of dual integral equations. Section 3 is intended for the solvability of a system
of dual integral equations involving Fourier transforms with decreasing symbols
in appropriate Sobolev spaces. Finally in the last section, Section 4 we present
a manner reducing the system of dual integral equations to a system of integral
equations with logarithmic kernels, and reducing the latter to an infinite system
of linear algebraic equations.

2. FORMULATION OF THE PROBLEM

We study the solutions ® = ®(z,y) of a boundary-value problem for the bi-
harmonic equation

R S

2 —
2.1) AT®(z,y) = G 0z20y? * oyt 0

in the strip
II={(r,y): —c0o<zx<o00, 0<y<h}.

Let R be the real axis, (—a,a) denotes a certain bounded interval on R. Con-
sider the following mixed boundary value problem:
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Find a solution ®(z,y) of equation (2.1) in the strip IT that satisfies the bound-
ary conditions

(2.2) (I)‘yzo = 7'1(33), z € R,
(2.3) ®| _, =72(z), z€R,
0P
(2.4) a_y‘y:o = fi(z), z € (—a,a),
M@Hy—o 0, z € R\ (—a,a),
0P
(2.5) 9y lyn = fo(x), x € (—a,a),
M[@]|,_, =0, z€R\ (=a,a),
where
2 2
(2.6) M[¢]=M[¢]($,y)=g§+ug§, 0<wv<l.

This problem may be interpreted as a deflection surface of a strip plate with the
edges y = 0,y = h having clamped conditions on intervals |z| < a and hinged
support conditions for |x| > a. Physically, M[®] is the bending moment with
respect to the axis Oy.

We shall solve the formulated problem by the method of Fourier transforms and
reduce it to a system of dual equations involving inverse Fourier transforms. It
is well-known that, for a suitable function f(z),r € R (for example, f € L'(R)),
direct and inverse Fourier transforms are defined by the formulas

A~

(2.7) f() = FIfI(€) = / " fo)eta,

(29 FO=F 0O =52 | swe =,

The theory of the Fourier transforms of tempered generalized functions can be
found, for example, in [4,19)].

Taking the Fourier transform with respect to the variable x of the biharmonic
equation (2.1), we obtain

I'O(Ey) (S Y)
dy?t dy?

where Eﬁ(f,y) = F,.[®(x,y)](§) is the Fourier transform with respect to x of the
function ®(x,y). The general solution of the differential equation (2.9) for £ # 0
is taken in the form

(2.10)

B(&,y) = A* (&) cosh([€]y)+B*(€)y cosh(|¢|y)+C* (&) sinh(|€]y)+D* (¢)y sinh([€]y),

(2.9) +E4(€,y) =0,
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where A*(&), B*(£),C*(§), D*(§) are arbitrary functions of the variable . The
value ®(0,y) is understood in the sense

(2.11) ®(0,y) Z%ig%ff(i,y)-
Taking the Fourier transforms of the conditions (2.2), (2.3) due to (2.10) we have
(212)  (0) = A*(§) = F(9),

(&, h) = A* (&) cosh([¢[h) + B*(§)h cosh([¢[h) + C*(¢) sinh([¢|h)
(2.13) D*(€)hsinh(|¢|h) = a(€).

Denote
(2.14) T1(€) = M[®](£,0) = By (£,0) — vE2B(E,0) = (1—v)E2A*(€) +2[¢| D*(€),
Tn(€) = M[®](£,h) = Byy (€, h) — vE2B(E, h) = (1 — )€2 cosh(|€[h) A*(€)
+[2/¢| sinh(|€[R) + (1 —v)€2hcosh(|€|h) ]| B(€) + (1 —v)e2 sinh(|¢]h) C* ()
(2.15)  +[2/¢| cosh(|¢|h) + (1 — v)&*hsinh(|¢|h)] D*(€).

Using the relations (2.12) —(2.15) we express the unknown functions A*(¢), B*(§),
C*(&),D*(§) in terms of u1(§), u2(§), r1(€) and 72(&). For & # 0 after some
transformations we obtain

(2.16) A% (&) =711(8),
B*(ﬁ) - _ COSh(‘é.’h) aQ(g)

aeTsmh(jelR) " T 2eTsnn(em)

(1 —v)[€] cosh([¢]h) (1-v)|¢] .
(2.18) + 2 sinh(JE]h) (&) — Wﬂf\h) m2(§),
wron h - B h cosh(|¢|h) -
O = e ™ 2l sinn (em)
(2.19)

sinh(2[¢[h) + (1 = v)[¢]h .

T (g OF

Substituting (2.16)—(2.19) into (2.10) we obtain
hsinh([¢ly) — ysinh(|¢|h) cosh(|¢](h — y))
B(ew) = (o) 2/¢] simb2(]h) |
y cosh([¢|y) sinh(|¢[h) — hsinh(|¢]y) Cosh(lﬁlh)]
2/¢| sinh?([¢|h)
2sinh(|¢]h) sinh([¢|(h — y))]
2sinh?(|¢|h)

(1 —v)|&|hcosh(|£|h) + 2sinh([E|h)
2sinh?(|¢|R)

72(£)-

+i2(¢)]

+71(§) [
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(1 — v)[¢][y sinh(|¢|h) cosh(|¢](h — y)) — hsinh(|¢]y)] }

+71(6) 2sinh2(¢|h)

oy [ =)[E](h — y) sinh([]y) cosh(|€|h)
+72(6)| 2 sinh2(|¢|h) }
2sinh((|¢]y) sinh(|¢[h) — (1 — v)y|¢] sinh(|€|(h — y))}

(2.20) +72(8) [ 2 sinh?(|¢[h)

From (2.20) it is easy to see that the terms in the big brackets have the asymp-
totical behavior

(2.21) O(lele™ 190, Je] — oo,

and besides, in the sense (2.11) we have
(2.22)

~

B(0,9) = a1 (y) im @1 (€) + aa(y) im Ta(€) + B1 (v) Lim 71 () + Bal) lim 7o (©),

where
oy = y?) +3y(h —y)?
(223) a(y) = - o ,
2 12
(2:24) asfy) = 2,
(225) fil) =5,
(2.26) Baly) = 7.

Substituting (2.16)-(2.19) into the following relations

dd(£,0)

4 €1C*(€) + B*(¢),

d® (£, h)
dy

= [A%(©)[¢] + D*(§)]sinh([g|h) + [C*()IE] + B ()] cosh(|¢|h)

+B7(§)[¢]y sinh([¢[h) + D () || cosh([¢]h),

)~ 0 (©O(©) — a2(©)a(E) — a1 (E) + ar( O (©),

= a1 (§)u1(§) + a22(§)ua(§) — a2(§)7r1(§) + ar(§)r2(8),
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where
_ [€ll(1 + v) sinh([¢]h) cosh([€[h) 4+ (1 — v)[€]A]
22) @)= el ,

2sinh?(|¢]h) ’
_ _ sinh(|¢[h) cosh([|R) — ]
B30 @ =) =T (e

won () — oy — [Elfrcosh([€]h) — sinh(|¢[h)
(2.32) 21(§) 12(§) 2!§\sinh2(\§]h) )

In order to determine the unknown functions @;(§) and u2(&), we use the
mixed conditions (2.4) and (2.5). Satisfying these conditions, from (2.14), (2.15),
(2.27) and (2.28), we have the system of dual integral equations with respect to

u(§), u2(§)

(2.33)

2.37 fo(z) = fa(x) 2
a11(§)  a2(§)
(2.38)  A(¢) <éh@ é;@)

3. SOLVABILITY OF SYSTEMS OF DUAL EQUATIONS

3.1. Functional spaces. Let S = S(R) and &’ = S§’'(R) be the Schwartz spaces
of basic and generalized functions, respectively [4,19,20]. Denote by F and F~!
the Fourier transform and inverse Fourier transform defined on S’. It is known
that these operators are automorphisms on &’. For a suitable ordinary function
f(z) (for example, f € L*(R)), the direct and inverse Fourier transforms defined
by formulas (2.7) and (2.8), respectively [19]. The symbol < f, ¢ > denotes the
value of the generalized function f € &’ on the basic function ¢ € S, besides,

(fip) =< fp>.
Definition 3.1. Let H® := H*(R)(s € R) be the Sobolev-Slobodeskii space

defined as a closure of the set CS°(R) of infinitely differentiable functions with
compact support with respect to the norm [4, 19, 20]

(3.1) [lulls := [/OO (1 +£2)8|@(§)|2d§ o= < 00, U= Flu.

— o0
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The space H?® is a Hilbert space with the following scalar product
(32) ol = [+ €A,

Let © be a certain interval in R. The subspace of H*(R) consisting of functions
u(z) with support in Q is denoted by HZ() [20], while the space of functions
v(x) = pu(x), where u € H*(R) and p is the restriction operator to 2 is denoted
by H*(€2). The norm in H*(2) is defined by

1]l a1, () = nf [[10]]s,
where the infimum is taken over all possible extensions lv € H*(R).

Let X be a linear topological space. We denote the direct product of two
elements X by X2. Topology in X? is given by the usual topology of the direct
product. We shall use bold letters for denoting vector-values and matrices. De-
note by u a vector of the form (u1,uz), and S? =S xS, (92 =8'x &' For
the vectors u € (S)2, ¢ € S? we set

2

<up>=) <ujp>.
j=1

The Fourier transform and inverse Fourier transform of a vector u € (S')? are
the vectors . = F¥1[u] = (F*[uy], F¥'[ug])?, defined by the equalities [19]:
(3.3)

< Flu],p >=<u, Fp] >, < Flu],p>= % <u, Flp|(—z) >, ¢ €S~

Let H%, H,’ (), H* () be the Sobolev spaces, where j = 1,2;  is a certain
set of intervals in R. We put 5 = (s1, s2)” and

HY = H* x H*2, H3(Q) = H3(Q) x H2(Q), H (Q) = H*(Q) x H?2(Q).
The scalar product and the norm in H¥ and HE(Q) are given by the formulas

2 2 L\ 12
(w,v)s = (5 v5)ys [alls = (D2 lgll2,)
j=1

J=1

where ||uj||s; and (uj,v;)s; are given by formulas (3.1) and (3.2), respectively.
The norm in H¥() is defined by the equality

2 5\ /2
ulligsey = (D inflhul2)
j=1"

where [; are extension operators of the u; € H*(€2) from € to R.

Theorem 3.1. Let @ C Rou = (ug,up)” € H¥(Q),f € H5(Q) and If =
(Iif1,laf2)T be an extension of £ from Q to R belonging to H™5(R). Then the



382 NGUYEN VAN NGOC AND NGUYEN THI NGAN

integral
2 o —_—
(3.4) o = (= > [ GH©OGEE
j=17 700

does not depend on the choice of the extension If. Therefore, this formula defines
a linear continuous functional on HE(Q). Conversely, for every linear continuous
functional ®(u) on HE(Q) there exists an element £ € H™5(Q) such that ®(u) =
[u, £] and |[®[] = [[f]|z-5(q)-

Proof. Let I'f be another extension of the element f. Then we have If —1'f =0
on {2, i.e.

(3.5) (f —1f,w), =0 Yw e (C(Q))>%
Since (C°(2))? is dense in H5(Q), then from (3.5) it follows that
(If —1f,u), =0 Yue H(Q),
that is (I'f,u), = (1f,u),. Thus the integral in (3.4) does not depend on the
choice of the extension 1If. From (3.4) we obtain
|(If, w)o| < [[ulfs.[Nf]]s-
Since (1f,u) does not depend on the choice of If, we have

(3.6) [I£, u]] = [(f, w)o| < [[ullsinf [1f]|-5 = [[ulls||[lg-+(q)-

Thus, every element f € H~(Q) gives a continuous functional on H5(Q) by the
formula (3.4).

The second part of Lemma 3.1 can be pvoved by using the Riesz theorem. The
proof is complete. O

3.2. Pseudo-differential operators. Consider pseudo-differential operators of
the form

(Au)(z) == FHA(&)u(¢)](x),
where A(£) = |a;;(€)||2x2 is a square matrix of order two, u = (u,uz2)? is a
vector, transposed to the line vector (uy,us), and U(€) := F[u] = (F[u1], F[us])T.
We introduce the following classes.

Definition 3.2. Let o € R. We say that a function a(§) belongs to the class
o*([R), if |a(§)| < C1(1 + [£])*, V& € R, and belongs to the class 0% (R), if
Co(1+ €)™ < a(§) < Ci1(1 +[£])*, V€ € R, where C; and Cy are certain positive
constants.

Lemma 3.2. [13]. Let a(§) > 0 be such that (1+]€])~%a(&) is a bounded continu-
ous function on R. Suppose moreover that there are positive limits of the function
(1+|€))""a(&) when & — £oo. Then a(§) € 03 (R).

Lemma 3.3. Let a(€) € 0*(R), u(xz) € H*(R), a(&)u(§) € S'(R), then
F~Ha(§)u()](x) € H*(R).
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Proof. Indeed, put

v(z) = F~a(&)u©))(z), 3(§) = a(&)u(€).
We have 9(¢) = a(§)u(€) and

B.7) A+ D) = A+ 1N a(©)] - (1 +[€)*[u(€)] < C(1 + [€)*[ul€)]-
From (3.7) it follows immediately that ||v]|?>_, < C|Ju|? < oo.
(]

Definition 3.3. Let A(&) = ||a;;(§)|[2x2,§ € R, be a square matrix of second or-
der, where a;;(€) are continuous functions on R,o;; € R, (j = 1,2), & = (a1, a2)7.
Denote by Z%(R) the class of square matrices A (&) = ||a;;(€)]|2x2, such that

am(é) €o” ( )7 azy( )GO-OC”( )’ Qjj < %(ai—i—aj)-

We shall say that the matrix A(£) belongs to the class X9 (R), if A(¢) € BY(R)
and it is Hermitian, i.e. (A(£))T = A(€), and satisfies the condition:
2
wlAw > C Z(l + €)% Jw; > Yw = (wy, wp)" € C?,
j=1
where C1 is a positive constant. Finally, we say that the matrix A(£) € Z%(R)
belongs to the class X5 (R), if it is positive-definite for almost all £ € R.

Lemma 3.4. Let the matriz A(£) belong to the class X% (R). Then the scalar
product and the norm in H&/z(R) can be defined by the formulas

(3.8) (wviaze= [ FRTIOAOFu©
(39) lulase = ([ FRT@A©FNEE)
respectively.

Proof. Using the Cauchy-Schwarz inequality one can show that

2
(3.10) w(&) AW() < G Y (1 + [E) @y ()P,

j=1
where C5 is a positive constant. Replacing in (3.3) and (3.10) w;(§) by u;(§) =
Flu;](¢) and w(§) by F[u](&), and after that, integrating on (—oo,00), we have

2 o0 o0
oY [T i iora < [~ FRIT@AE©
j=177%° o

2 o0
(3.11) <oy / (1 + €)% [F[u,)(€) Pde.
j=17/-00
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From (3.11), due to (3.1) and (3.3), we get (3.9). It is clear that, the integral
(3.8) defines a scalar product in HY/2(R). O
Theorem 3.5. Let A(¢) € %(R),u € H¥(R), where

(3.12) §=ad/2+¢ €= (e,e)f, e>0.

Then the pseudo-differential operator Au defined by the formula F~[A(£)1(¢)](x),
x € R, is bounded from H¥(R) into HS~%(R).

Proof. Let v(z) := (Au)(z) = F7HA(6)U(¢)](z). Hence we have
(3.13) v(§) = A(&)u(f).

Consider an m-component of the vector (3.13). We have
(3.14) Om(€) =D am;(§)T;(6), m=1,2.
Multiplying both parts of (3.14) by (1 + [£|)*™ %™, we have

2
(315)  (1+ )" =0 (€) = D _lamg ()(L + €)™~ [(L + [¢])*/; (€)].
7j=1

Applying the Cauchy-Schwarz inequality to equality (3.15), we get

[\

2
(3:16) (1H+[ENZEm =) <3 Jam; (P (L+[€])PEmmem == Y 7 (14]€]) [ (€)1
j=1 J=1
Since
Jam; (€)] < C(L+ [g)*/2+9/2 ve e R,
due to (3.12) we get

2
(3.17) Z |ami (€)1 (1 + |€])? (sm—0am=s;) < O V¢ € R.
7j=1

From (3.12) and (3.17) we have

2
||Um||sm—am OZH“J”g]’
j=1

that is, v = (Au)(x) € H%(R). The proof is complete. O

Tlileorem 3.6. ﬂLet Q be a bounded subset of intervals in R. Then the imbedding
H¥(Q) into HS¢(Q) is compact, where £ = (,6)T >0 & > 0.

Proof. The proof is based on the fact that the imbedding H*®/ (2) into H*~¢(2),
e > 0 is completely continuous if §2 is bounded in R (see [20]). O
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3.3. Solvability of the system of dual equations (2.33). The system (2.33)
can be rewritten in the form

PPIA©RE) @) = @), @ € (~a,a)
(318) {p'uzzp'F—l[ﬁ@)](x):o, v € R\ (<a,a),

where the operator F'~! is understood in the generalized sense (3.3).
The following propositions hold.

Lemma 3.7. The matriz A(§) defined by formulas (2.38), (2.31), (2.32) is
positve-definite for all € # 0.

Due to Lemma 3.7, we have A(¢) € 7, @ = (1,1)T.

Lemma 3.8. Let a1(&), as(&), a11(§) and ai2(§) be determined by formulas
(2.29), (2.30), (2.31) and (2.32). Then

(i) a11(—=§) = an(§) >0, aa(=¢§) =az(§) >0 VE#0,
ar(=§) = a1(§) >0,  ax(=§) =az(§) >0 VEFO.
() an(0) =lime_gan(©) =5, an(0) = lime_pan(§) = §
@(0) = limg_o C1(€) = 7. ax(0) = limg_ aa(e) = 7.
(i)  limpooani(§) = % limy, .0 a12(£) = 0,
limp o a1(€) = %, limy,_ o a2(€) = 0.
By virtue of Lemmas 3.2 and 3.8, from (2.29)-(2.32) we get
(3.19) a11(§) = ax(§) €07 NC(R), a(§) € 0L NCO(R),
(3.20) a12(€) = az1(§) and az(§) € o NC(R) VB > 1.

We make the following assumptions for the traces of ®(z,y) on the edges y = 0
and y = h of the strip II:

(3.21) ri(z) = ®(x,0) and ro(z) := ®(x,h) € H%(R),

(3.22) ui(z) := M[®](z,0) and ug(x) := M[®](x,h) € H_%(R).
By virtue of relations (3.19), (3.41) and Lemma 3.3 we have the following.
Theorem 3.9. Let conditions (3.21) and (3.22) be fulfilled. Then

I(2) € HE(R),

(@) € HY(R) ¥6 > 1,
x) € Hz (R)

z) € HP(R) V3 > 1.
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Due to Theorem 3.9 we suppose the following assumptions

(3.23) ri(x) and ro(x) € H%(R),
(3.24) fi(x) and fo(z) € H%(—a, a).
Hence we have the conditions
(3.25) f(z) €e H*(—a,a), &= (1,1)".
Theorem 3.10. (Uniqueness). Let conditions (3.25) be fulfilled. Then the system

of dual equations (3.18) has at most one solution u € Ho_d/2(—a,a).

Proof. Let u € HY 2(—a,a) be a solution of the homogeneous system of system
(3.18). Using formulas (3.4)-(3.9) and Theorem 3.1 we can show that

(uu = [~ T A = o

from which u = 0. N (]
Denote

(3.26) (Au)(z) = pF[A(&)u(¢)](2)

and rewrite (3.18) in the form

(3.27) (Au)(z) =f(z), =€ (—a,a).

Our purpose now is to establish an existence result for the solution of the
system (3.27) in the space H;a/2(—a,a), a=(1,1)T.
We introduce the matrices

tanh(||h) 0
2[¢]
(3.28) A= , B =A() — AL(9).
0 tanh(|¢|h)
2[¢]
Lemma 3.11. We have AL (§) € er&, a=(1,1)T.
Proof. Let
w1 = ai +1by, Uy =as+iby, ai,bi,as,by €R.

We have

li |2 = a2 + b2, |ag|? = a2 + b3.
It is not difficult to show that

_ tanh(|&|h
&AL 6= %m@ R4 a4 b)) > 0.
Thus,
— tanh(|£|h) ,, - ~
(3.29) aTA,q = 2hleh) (o e Gy

€]
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tanh(|¢lh) 4

Using Lemma 3.2, we can show that € o, (R), that means there

iy
exists a positive constant C' such that
tanh(|¢|h) 1
(3.30) >C V¢ e R.
€] (1+1€])
From (3.29) and (3.30) it follows that A (&) € E;&, d = (1,1)”. The theorem
is proved. O

It is not difficult to show that
B¢ ez =387 v3> L
We have

Lemma 3.12. The scalar product and the norm in HJ&Q(R) (@= (1,17 are

equivalent to the followings:
o

(3.31) (V)= [ O AL,
(3.32) sz = ([ 5@ An©a©E) "

where the matriz Ay () is defined by formula (3.28).

Theorem 3.13. (Existence). Let assumptions (3.23) and (3.24) hold. Then the
system of dual equations (3.18) has a unique solution u = F~1[1] € H;a/2(—a, a).
Proof. Since the assumptions (3.23) and (3.24) hold, due to (2.36), (2.37) and
Theorem 3.9, we have f(z) € HY?(—a,a), &= (1,1)T (see (3.25)). We represent
the operator A defined by formula (3.26) in the form A = A + B, where

(3.33) Ayu=pF 'A,4], Bu=pF ![Bi], u= F[ul.
First we consider the system of equations
(3.34) Asu(e) =g(2), u(x) € Hy¥(~a,a),

where g(z) € H¥?(—a,a) is a given vector-function. From (3.4), (3.8) and (3.31)
we have

(Avuvi= [ FVTIEAO PR = (a.v)a. o
for arbitrary vector-functions u and v belonging to H, a/ 2(—a,a). Therefore, if
ue€ Hg/z(—a, a) satisfies (3.34), then

(3.35) (W, v)a, —a/2 =[g V], Vve H;&/2(—a,a).

Since [g, V] is a linear continuous functional on the Hilbert space H, a/ 2(—@, a),
by virtue of the Riesz theorem there exists a unique element u, € H, a/ 2(—&, a)

such that
(336) [g,V] = (uoyv)A+,—&/27 AAS HO_&/2(—CL,G).
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From (3.35) and (3.36) we get u = ug. Moreover, the estimation
(3.37) luollay,~as2 = A7 glla, ~ay2 < Cllglluar —a.

holds, where C' is a positive constant. Next, we represent system (3.18) in the
form

Aju+ Bu= f.
Hence we have
(3.38) u+ A;'Bu= A7'f.
In virtue of Theorem 3.6, the operator Bu defined by (3.33) is completely con-

tinuous from H;&/z(—a,a) into H?(—a,a), due to (3.37) the operator A7

is bounded. Thus, the operator AJ_FIB is completely continuous. It follows
that the system of equations (3.38) is Fredholm. Due to the uniqueness of
its solution (Theorem 3.10) it follows that this system has a unique solution

uEHJ&m(—a,a). O

3.4. Regularity. We have the following result.

Theorem 3.14. Assume that (3.23) and (3.24) hold. There ezists a unique
solution ® of problem (2.1)—~(2.5) which belongs to the Sobolev spaces H'(II),
H™(II;)(Vm > 2,Ve > 0), where

I, .= {(z,y) : —co <z <00, e<y<h—e}

Proof. Write ®(z,y) := F~L[®(¢,y)](x), where ®(¢,y) is given by (2.20). First
we pvove that the function ®(z,y) satisfies equation (2.1) in the strip II. Indeed,
in (2.20) the functions uy (), u2(£),71(€), and 75(€) are tempered, then due to
(2.21) and (2.9) for |z| < 00,0 <y < h we get
ABEy) L2 PPEY) | g
—2 d =0.

It is not difficult to verify that the boundary conditions (2.2) and (2.3) are

fulfilled, and that

M[®](z,0) = ui(x), M[®](x,h) =u2(z), x €R,

where M[®] is defined by (2.6). The functions u;(x),us(z) are determined by
boundary conditions (2.4) and (2.5), that are equivalent to the system of dual
integral equations (2.33). According to Theorem 3.13, if conditions (3.23) and
(3.24) are fulfilled, then the system of dual equations (2.33) has a unique solution
u=(u,uz) € Ho_l/2(—a, a) X Ho_l/Z(—a,a). Thus, if conditions (3.23) and (3.24)
hold, then there exists a unique solution ®(z,y) = F~'[®(¢,y)](z) of problem
(2.1)-(2.5), where ®(¢,y) is given by (2.20).

0P
We now prove ® € H'(II). First we pvove &, = o € L2(I). Using Parseval’s
x

A2®(z,y) = F! [

equality, we have

[e.e] 1 [e.e] .
G [ el o [ @@l 0<y<h

—00
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Substituting EI\>(£,y) from (2.20) into the right hand side of (3.39) and applying
the Cauchy-Schwarz inequality we get
o

LCORE
/ EQIA hsmh(\f!y) y sinh(|¢[h) cosh(|€](h — y)) ‘dg
2/¢| sinh®(|¢|h)
2 21~ ycosh(\ﬂy)smh(\ﬂh) hsinh([¢]y) cosh(|£|h)
N UW@W el ST e
/ €207 (¢ |‘28mh [€1h) sinh(|£](h — y))
2sinh?(|¢|h)
+(1—V)!S\[ysmh(\i!h)COSh(!f\(h y)) — hsinh(|¢]y)] ‘dg
ZSinh2(|£|h)
/ €2[7y(e |‘ v)|€l(h — y) sinh([¢]y) cosh(|¢|h)
2sinh?(|¢|h)
a2 s — (1 sl ) g

2sinh?(|¢|R)

From (3.40) it follows that in order to prove ||®.||r2(my < 400, it suffices to
show that

o ~ 2L h ) B
h_/;ymmsmﬂmmlcmumm y)dy < +o0,

- ~ 2L h )
Jo = /5>1 |2 (§)] Sinh2(\§]h)/0 cosh?(|€]y)dy < +oo,

— ~ 2& h , )
J3 = /5>1 71(8)] sinhz(lf\h)/o cosh”([¢|(h — y))dy < +o0,

= ™ 2& " 2
Jy = /5>1 (8| Sinhz(lf\h)/o cosh?(|¢]y)dy < +o0.
Using the identity
/h coShz(‘fl(h )y = sinh(2[¢|h) + 2|¢|h
0 4/¢|

we have

(3.41)
@ (€)[Pd€ 1 (1 + [€])[sinh(2[¢|R) + 2|€|A] @1 (€)[*d¢
J - \C )
1 /|£|>1 1+ [¢] [ 4l¢| sin®(j¢|n) ]< /5>1 1+ [¢]

where C' is a certain positive constant. As ui(z) € Ho_l/2(—a, a) ¢ H-Y2(R),
the integral in the right-hand side of (3.41) is finite. It implies J; < +o0. By the
same reason Jo < 400. Next we have

ss= [ )R @) P

¢! [sinh(2[¢h) + 21¢]A] }
(1 +[¢])34l¢] sin(I¢|n)
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<C (L +[€D?71(E)7dg < +oo
g>1

because 71(z) € H3?(R). By the same reason we have J; < +oo. From the
above we get ®, € L?(II). Similarly, we get ® and ®, € L*(II). We thus have
® ¢ H'(II). In the same manner, we can see that ® € H™(II.)(Vm > 2,Ve > 0),
where

I, :={(z,y) : —co <z <00, e<y<h—e}
The proof is complete. U

4. REDUCTION TO AN INFINITE SYSTEM OF LINEAR ALGEBRAIC EQUATIONS
In this section we propose a method for reducing the system of dual integral

equations (2.33) to an infinite system of linear algebraic equations of second kind.

4.1. Some preliminary considerations.

Definition 4.1. Let p(z) = vVa? — 22 (—a < z < a). We denote by Liﬂ(—a,a)
the Hilbert spaces of functions with respect to the scalar products and the norms

a
— +1 —
)iz, = [ P @R, Julla,, =l <.

We will need the following result [14].

Lemma 4.1. Let ¢ € L?)(—a, a). Denote by ¢, the zero-extension of the function
@ onR. Then ¢, € Ho_l/2(—a,a).
We shall need some relations for Chebyshev polynomials. Let T (z) and Ug(x)

be the Chebyshev polynomials of first and second kind, respectively. We have
the following relations [17]:

(4.1) T, (cos @) = cosnb,
¢ Tin(2)|Tj[n(x)]
4.2 dr = a0k,
R
“ 1 | Tkn(y)
4.3 / In dy = oxTi|n(x)], (k=0,1,2,...),
(4.3) | [Py = kT, ( )
where dy; is the Kronecker symbol and
s m, k=0, m(ln2 —1na), k=0, x
(44) = 3 k=12 0T\ k=12, > e) =g

Consider the following system of linear algebraic equations [9]:
o0
(4.5) vi=> cpzp b (i=1,2,.),
k=1

where the numbers x; are to be determined.
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Definition 4.2. [9] The infinite system (4.5) is called regular if
[e.e]
(4.6) ekl <1 (i=12,..)
k=1
and completely regular if
o
(4.7) dlenl<1-60<1 (i=1,2..).
k=1

If the inequalities (4.6) (respectively, (4.7)) hold only for i = N + 1, N + 2, ...,
then system (4.5) is called quasi-regular (respectively, quasi-completely regular).

The theory and applications of regular infinite systems can be found in [9].

4.2. Reduction to a system of integral equations with logarithmic ker-
nel. Now we turn to system (2.33) and rewrite it in the form

L [Gn(©) .
> (6)] (@) = fu(@), @ € (~a,a),
n=1

(4.8) €]
Um(2) = F i) (z) =0, 2 € R\ (—a,a), m=1,2,
where
« ey _ x (o  sinh([]R) cosh([{[R) — [€]h
(4.9) a1 (§) = a55(§) = 2sinh2(]§\@) )
(4'10) (1;1(6) — aj{Z(f) — lf‘hCOSh(‘glh) - Slnh(’f‘h).

2sinh?(|¢|h)
Theorem 4.2. The system of dual integral equations (4.8) with respect to (uy(§),

uz(€)) is equivalent to the following system of integral equations on (—a,a) :
(4.11)
1 a 1 a a -
% / In ‘ o ‘ul(t)dt + / ’Lbl(t)k‘n(:E — t)dt + / UQ(t)k‘lg(l’ — t)dt = fl(l’),

—a

a a

%/_Zln‘xit‘uz(t)dt—i-/_aul(t)kgl(a:—t)dt+/ uz(t)km(gg_t)dt:J’f;(gc)7

—a

where
(4.12)

ﬂm(f) = F[um] (6) = / eitgum(t)dtv SUppUm, - [—CL,CL], m = 1727

k11(z) = koo(x) = % In ‘x coth Z—}ﬂ + % /000 201, (8) —Stanh(gh) cos xdg,

kia(x) = ko1(z) = p /000 @ia(t) cos(&x)dE.
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Proof. From the second equation in (4.8) we obtain (4.12). Substituting (4.8)
into the first equation in (4.8), using the convolution theorem for the Fourier
transforms we get

2 a »
(4.15) 3 / s (8) Ko (& — 1)t = Fon(2), @ € (—a,a),
n=1v"0

where
a

(4.16) Kpn(x) = F_l[ :n|2|(£)} (x) = %/000 afnz(ﬁ) cos(&x) = kyn(z) (Mm # n).

Since
ot (2) = O(tanhgﬂh)

we transform K,,,,(x) as follows

1 [ tanh(¢h) 1 (% 2a},,(&) —tanh(Eh)
= %/0 e cos({x)d£+%/0 ¢

Using the formula 4.116 (2), p.530 [8]:

*° tanh(3¢) B am
/0 r— cos(ag)dé = In ‘ coth (E)‘

) €=0, €= +ox)

cos(&x)dE.

we get

Ky (z) = % In ‘ coth (

cos(&x)dE

T 1 [ 2a},, (&) — tanh (h)
_)‘ * 27 /0

4h o ¢

(4.17)
11 1 1 [ 2a%, (€)— tanh(¢h
= %ln E‘ + %ln ‘JECOth (%)‘ + %/ G (€) ¢ anh(¢h) cos(&x)dE.

Substituting (4.16) and (4.17) in (4.15) we obtain (4.11). O
It is not difficult to show that for & — 400 the following asymptotical behaviors
2013 (§) — tanh(¢h) = O(6e ™M), aj,,,(§) = O(e™")(m # n)
hold. Therefore from (4.13), (4.14) and the above relations it follows that
Emm(z) and kpp(x) € C*[—a,a] (m,n =1,2;m # n).

4.3. Reduction to an infinite system of linear algebraic equations. We
will seek the solution of system (4.11) in the class L%(—a, a), which is represented
in the form

(4.18) U (x) = , m=1,2

where v,,(x) € Li,l(—a,a). Then, due to Lemma 4.1 the functions u,(z) will

belong to the space H, 1/ 2(—&, a). We make the following assumptions

(4.19) fm(z) € HY*(=a,a) N L2 1 (—a,a), m=1,2.
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Substituting (4.18) into (4.11) we have the following system of integral equa-

tions
(4.20)
1 a dt a ’Ul(t) /a Ug(t) ~
o[ I Fun (z — t)dt P2 s (w — t)dt =
V1 V2 s
— [ 1 RELSA —t)dt =2 —t)dt = .
[l —t‘ +/_a o= ee [ bt~ o
Further, we expand the functions vy (t) and vy(t) into the series
(4:21) =3 A T0). (m=12),
=0
where Agm) are unknown constants that are to be determined so that {Agm) G20 €

la(m = 1,2). Substituting (4.21) into (4.20), changing the order of integrations
and summations and using formula (4.3), we have the following system

2—anan +Z AWV 4 APy = FV,
(4.22) %anan +Z 10(21 +14(2)0( )) F®
n_0,1,2,...,
where
(4.23) O / Tp[ /_ 735(7(;)] ki1 (x — t)dt,
(4.24) cl / T"p[(x /_ J/E?g)] ko ( — £)dt,
(4.25) FY = /_ Tp[?())]f (z)dz, F? :/_a %ﬁ(w)dw.

From the above reasoning and relation (4.3) we obtain readily.

Theorem 4.3. The system of integral equations (4.20) with respect to vy (t), va(t)
Li,l(—a, a) is equivalent to the system of linear algebraic equations (4.22) with

respect to {A(m) o€l (m=1,2).

We introduce the notations

m

(4.26) Xopp1 = AL, Xopgo = AP, (n=0,1,2,...),
2w 2w
(4.27) Egppy = EWM, Fonyo = F?) (n=0,1,2,...),
nOn nOn
2w 2w .
(4.28) Copyi12j41 = 07%-1)7 Cont1,2j42 = —07%-2)7 (n,j=0,1,2,..),
nOn nOn
2w 27 .
(4.29) Copyo2j41 = 07(31)7 Cont2,2j42 = 07(32)7 (n,j=0,1,2,...).

nOn nOn
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Then system (4.22) can be written in the form

(4.30) X+ CnpXp = Ep (m=1,2,...).
k=1

Lemma 4.4. It holds
L .
(4.31) |Ch il < - (n=2, j=>2),
where L is a certain positive constant.
Proof. Taking changes of variables
r=acosf, t=acosey,
due to (4.28) and (4.29), we have
2 ™ ™
(4.32) Chnj= T / cos(n@)d@/ cos(j)kmila(cos 8 — cos p)]dp.
0 0

Qp0np

Denote the internal integral in (4.32) by K, j(cosf) and integrate it twice by
parts, we obtain

2 T
Ko j(cos0) = # / sin(j — 1) sin k! [a(cos @ — cos ¢)]dp
3G =1 Jo
(4.33) —L /ﬂ sin(j + 1)@ sin k!’ [a(cos @ — cos p)]d

Because ki, (x) are infinitely differentiable bounded functions on [—a,al, then
from (4.33) it follows that
L

(4.34) | Kk, j(cos 8)| < 5 (1> 2).

<

Consider now the integral
K
Lyjmk ::/ cos(nf) Ky, j(cos §)db.
0
Similarly as above, we get

(4.35) [Lnjmk| < — (n=2).

n2 -

From (4.32)— (4.35), due to (4.4), we obtain (4.31). O
The following lemma may be proved in the same way as Lemma 4.4.

Lemma 4.5. If the derivatives fr(,f)(a:),m = 1,2 are continuous functions on
[—a,a], then the following inequalities hold:

L

(4.36) |En| < poy (

n=1,2.k=12.).
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Theorem 4.6. Let fi(z) and fo(x) satisfy conditions (4.19) and be such that the
set {E,}19° 1, defined by (4.27) belongs to ly. Then the infinite system of linear
algebraic equations (4.30) possesses a unique solution { X} € la. This infinite
system is quasi-completely regular.

Proof. Denote by H the infinite coefficient matrix in the left-hand side of (4.30).
According to (4.31) the double series formed of the squares of components of
the H is convergent, so the infinite matrix H defines a completely continuous
operator mapping the Hilbert space [y into itself. Therefore, the infinite system
(4.30) is Fredholm in lo. The uniqueness of a solution of this system follows from
the uniqueness of that of the system of dual equations (2.33). Hence it follows
that the infinite system (4.30) has a unique solution in /5. For a sufficiently large
number n = N, we have

> L1
Z’C"j’<EZj_2<1_6<l (n=N+1,N+2,..).
i=1 j=1

Therefore the infinite system (4.30) is quasi-completely regular [9]. O

For the approximate calculations of the coefficients of the finite system (4.30)
one can use the quadrature formulas, for example [10].

ACKNOWLEDGEMENT

The authors would like to thank the referee for valuable comments and sug-
gestions to the original manuscript.

REFERENCES

[1] V.M. Aleksandrov and D. A. Pozharski, Some mixed problems of the theory of the bending
of plates on an elastic foundation, J. Appl. Math. Mech. 54 (1) (1990), 64-68.

[2] P. K. Banerji and Deshna Looneker, Dual integral equations involving Legendre functions
in distributional spaces, Journal of Inequalities and Special Functions 1( 2010), 53-60.

[3] O’. Ciaurri, Jose’ J. Gaidalupe, Pere’z Mario and Juan L. Varona, Solving dual integral
equations on Lebesgue spaces, Studia Math. 142 (2) (2000), 253-267.

[4] G. 1. Eskin, Boundary Value Problems for Elliptic Pseudodifferential Equations, Nauka,
Moscow, 1973 (in Russian).

[5] R. Estrada and R. P. Kawal, Distributional solution of dual integral equations of Cauchy,
Abel and Titchmarsh type, J. Integral Equations 9(3) (1985), 277-305.

[6] A. I Firdman and S. D. Eidelman, Uniqueness of solution of boundary value problems for
the biharmonic equation, Ukrain. Mat. Zh. 42 ( 4) (1990), 572- 577.

[7] F. D. Gahov and Ju. I. Cherskii, Fquations of Convolution Type Nauka, Moscow, 1978 (in
Russian).

[8] I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series and Products, Academic
Press, New York, 1965.

[9] L. V. Kantorovich, Yu.A. Krylov, Approzimate Methods in Higher Analysis, Fizmatgiz,
Moscow, 1962 (in Russian).

[10] V. I Krylov, Approzimate Calculation of Integrals, Dover Publication INC: 2006(1962).
[11] B. N. Mandal, Advances in Dual Integral Equations, Chapman & Hall / CRC Press, Boca

Raton, 1998.



396

(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]
20]
(21]

(22]

NGUYEN VAN NGOC AND NGUYEN THI NGAN

Nguyen Van Ngok and G.Ya. Popov, Dual integral equations associated with Fourier
transforms, Ukrain. Mat. Zh. 38 (2) (1986), 188-195 (in Russian).

Nguyen Van Ngoc, On the solvability of dual integral equations involving Fourier Trans-
forms, Acta Math. Vietnam. 13(2) (1988), 21-30.

Nguyen Van Ngoc, Dual integral equations involving Fourier transforms with increasing
symbols, Acta Math. Vietnam. 34 (3) (2009), 305-318.

Nguyen Van Ngoc and Nguyen Thi Ngan, On a system of dual integral equations involving
Fourier transforms, Thai Nguyen J. Sci. Tech. 54 (6) (2009), 107-112.

Nguyen Van Ngoc and Nguyen Thi Ngan, Solvability of a system of dual integral equations
involving Fourier transforms, Vietnam J. Math. 38 (4) (2010), 467- 483.

G. Ya. Popov, Contact Problems for a Linearly Deformed Base, ” Vishcha Shkola”, Kiev,
1982 (in Russian).

Ia. S. Ufliand, Method of Dual Equations in Problems of Mathematical Physics, Leningrad,
Nauka, 1977 (in Russian).

V. S. Vladimirov, Generalized Functions in Mathematical Physics, Moscow, Mir, 1979 (in
Russian).

L. R. Volevich and B. P. Panekh, Some spaces of generalized functions and imbedding
theorems, Uspekhii Math. Nauk 20 (1) (1965), 3-74(in Russian).

J. R. Walton, A distributional approach to dual integral equations of Titchmarsh type,
SIAM J. Math. Anal. 6 (1975), 628- 643.

V. B. Zelentsov , On the solution of certain integral equations of mixed problems of plate
bending theory, J. Appl. Math. Mech. 48 (6) (1984), 721-727.

HANOI INSTITUTE OF MATHEMAYICS
18 HoAaNG Quoc VIET, 10307 HANOI, VIETNAM
E-mail address: nvngoc@math.ac.vn

DEPARTMENT OF MATHEMATICS, THAINGUYEN EDUCATION UNIVERSITY
20 LuoNG NGOC QUYEN, THAINGUYEN CITY, VIETNAM
E-mail address: ngandhsphtn@yahoo.com.vn



