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In this paper, we consider the following initial-boundary value problem

(1.1)

(1.2)

(1.3)
(1.4)

ON A NONLINEAR WAVE EQUATION
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ABSTRACT. Consider the initial-boundary value problem for the nonlinear
wave equation

uer — () uze + KluP 20 + Nug|? 2w = F(z,t), 0<a <1, 0<t<T,
t

(0 0,1) = Kou(0,6) + [ 5t — 5)u 0, ) ds + g(1),
0

— () ue(1,t) = Kiu(1,t) + M |ue(1, )] 2w (1, 1),

u(z,0) = to(x), ur(z,0) = (),
where p, q, @« > 2; Ko, K1, K > 0; A, A1 > 0 are given constants and pu,
F, g, k, uo, u1, are given functions. First, the existence and uniqueness of a
weak solution are proved by using the Galerkin method. Next, with a = 2,
we obtain an asymptotic expansion of the solution up to order N in two small

N+1
parameters A, A1 with error (\/)\2 + )\f) 2

1. INTRODUCTION
ug — () uge + fu,ue) = F(x,t), 0<xz <1, 0<t<T,
t
(0 0,6) = Kou(0.0) + [ k(¢ = ) (0.5)ds -+ g(t),
0

—,u(t)um(l,t) = Klu(l,t) + )\1|ut(1,t)|0‘_2ut(1,t),

u(z,0) = up(x), u(z,0) =u(x),

345

where f(u,us) = K|u|P~2u+ Mug |9 2us, with K, Ko, K1, A, A1, p, ¢ and « being
given constants and ug, u1, g, k, p, F being given functions satisfying conditions
specified later.
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It is well known that many various problems in the form (1.1)—(1.4) have been
investigated. For example, we refer to Cavalcanti et al. [4], Long, Dinh and
Diem [9], Ngoc, Hang and Long [10], Qin [11, 12], Rivera [13], Santos [14], and
the references therein. In these works, many interesting results about the unique
existence, regularity, stability, asymptotic expansion or the decay of solutions are
obtained.

Clearly, the boundary condition (1.2) is nonlocal and if we put
t
Y(t) = g(t) + Kou(0,t) + /k‘ (t—s)u(0,s)ds,
0

then (1.2) is written as follows
(15) () (0,1) = Y (1),
and problem (1.1)—(1.4) can be reduced to problem (1.1), (1.3)-(1.5), in which

an unknown function u(z,t) and an unknown boundary value Y'(¢) satisfy the
following Cauchy problem for the ordinary differential equation

(1.6) Y''(t) +31Y’(t) + ng(t) = v3uu(0,t), 0 <t < T,
where v1, 2, 3, }70, 371 are certain constants such that ’y% — 4y, < 0.

In [1], An and Trieu studied a special case of problem (1.1), (1.4)-(1.6) associ-
ated with the following homogeneous boundary condition at x =1 :

(1.7) u(1,t) =0,

with p(t) =1, F =uy = u; = }70 =y =0, and f(u,uy) = Ku+ Auy, with 73,
K >0, A > 0 being given constants. In the latter case, problem (1.1), (1.4)-
(1.7) is a mathematical model describing the shock of a rigid body and a linear
viscoelastic bar resting on a rigid base [1].

We note more that from (1.6), representing Y (¢) in terms of 1, v2, 73, }70, }71,
u(0,¢) and then integrating by parts, we shall obtain Y (¢) as below

Y(t) = §(t) + Kou(0,t) + /E (t —s)u(0,s)ds,
0

where
g(t) = (170 - 73170(0)) e " coswt

~ 1~ - 1 _
+ [—Yo - =Y + l’Ysuo(O) - —’Y3u1(0)} e sinwt,
v w w

~

k(t) =3 [—27 coswt + (7? — w?)

sinwt | _
} e FYt’

with v = %71, w = %\/472 —~2, Ko = 3. Therefore, problem (1.1), (1.3)-(1.5)
leads to problem (1.1)-(1.4).
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The paper consists of three sections. In Section 2, under the conditions
(a()vﬂl) € H? x H17 F, F'e L1(07TaL2)7 g, k, IS w2l (OvT)7 M(t) > o > 0;
P, q, o > 2; K, Ko, K1 > 0; A\, Ay > 0 and some other conditions, we prove
a theorem of global existence and uniqueness of a weak solution u of problem
(1.1)-(1.4). The proof is based on the Galerkin method associated to a priori
estimates, the weak convergence and the compactness techniques. Finally, in
Section 3, with a = 2, we obtain an asymptotic expansion of the solution u up to

N+3
order N in two small parameters A, \; with error (\/)\2 + A%) ? . The results

obtained here may be considered as the generalizations of those in An and Trieu
[1] and in [2, 6, 7, 9, 10].

2. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION

First, put Q = (0,1), Qr = Q2 x (0,7), T > 0 and denote the usual function
spaces used in this paper by the notations C™ (ﬁ) , WP = WmP (Q), LP =
Wor(Q), H" =Wm™2(Q),1<p<oo,m=0,1,....

Let (-,-) be either the scalar product in L? or the dual pairing of a continuous
linear functional and an element of a function space. The notation || - || stands
for the norm in L* and we denote by || - ||x the norm in the Banach space X. We
call X’ the dual space of X. We denote by LP(0,T; X), 1 < p < oo for the Banach
space of real functions u : (0,7) — X measurable, such that ||ul|p»o,7;x) < +00,
with

1/p
u(t)||5 dt ,if 1 <p < oo,
(2.1) [ull o o,7;x) = /H Wik g

esssup\lu( Mx,  ifp=os.
o<t<

Let u(t), u'(t) = ut(t) = aft), U"(t) = Utt( ) = ('52) ug(t) = Vult), taa(t) =
Au(t), denote u(z, t), 5% (x, t) 57 (x, t), 2 Ge(r,t), 5 97U (x,t), respectively.

On H' we shall use the followmg norm
1/2
(2:2) ol 2 = (ol + llal1?)
Then we have the following lemma.

Lemma 2.1. [The imbedding] H' < C°([0,1]) is compact and
(2.3) [oll oy < V2||v|lg for allv € H.

SC

The proof of Lemma 2.1 is straightforward, and we omit it.
Next, we make the following assumptions:

(Hy) (do,u1) € H* x H',

(Hy) F, F' € L'(0,T; L?),

(Hz) p € W>1(0,T), p(t) > po >0,
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(H4) 9, ke W271 (O,T),

(H5) p,q, a>2; K, Ko, K1 >0; X\, Ay > 0.

Finally, let us note more that the weak solution u of the initial and boundary
value problem (1.1)-(1.4) will be obtained in Theorem 2.2 in the following manner:

Find u € W = {u € L®(0,T; H%), u; € L®(0,T; H'), uy € L>(0,T;L?)},
such that u satisfies the variational equation

(W' (t),v) + p(t) (ug(t), va) + Y (£)v(0) + [Kiu(l,t) + M1 (W' (1,1))] v(1)
+ (KT (u(t)) + Ay (' (t),v) = (F(t),v), for all v € H', ae., t € (0,7),

and the initial conditions
U(O) = 170, ut(O) = '111,

where I1,.(2) = |2|" %2, r € {p, ¢, a} and
t
Y(t) = g(t) + Kou(0,1) + / B (t— $)u(0,5) ds.
0

Remark 2.1. If u € L>(0,T; H?) and u; € L>®(0,T; H'), then u : [0,T] — H*
is continuous ([5], Lemma 1.2, p.7), so it is clear that «(0) is defined and u(0)
belongs to H'. Similarly, with u; € L°°(0,T; H') and uy € L°°(0,T;L?)}, it
implies that u; : [0,7] — L? is continuous, u;(0) € L? follows. In order to get
the following result of existence, we need the assumptions (H;)-(Hs), in which
tp € H?, up € H'. Then, u(0) =ty € H? and u;(0) = u; € H'.

Theorem 2.2. Let (Hy) — (Hs) hold. For every T > 0, there exists a unique
weak solution u of problem (1.1)-(1.4), such that

(2.4) { uw € L®0,T; H?),us € L>®(0,T; H),uy € L>=(0,T; L?),

lug|2Yuy € HY(Qr) , Jug(1, )2 Tug(1,-) € HL(0,T) .

Remark 2.2. It follows from (2.4) that problem (1.1)-(1.4) has a unique weak
solution u satisfying
(2.5)

uwe H*(Qr)nC(0,T; HY) nC (0,T;L?) N L> (0,T; H?) ,

u € L®(0,T; H')NnC® (0,T; L?) ,

u € L0, T5 L2), Jug |2~y € HY(Qr) , Jug(1, )| 2 (1, ) € H(0,T).

Proof of Theorem 2.2. The proof consists of Steps 1-4.
Step 1. (The Galerkin approzimation). Let {w;} be a denumerable base of H2.
We find the approximate solution of problem (1.1)-(1.4) in the form

(2.6) um(t) = emj(t)w;,
=1
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where the coefficient functions c¢;,; satisfy the system of ordinary differential
equations

(urp (), ws) + () (Uma (t), wjz) + Y (£)w; (0) + Kium (1, t)w;(1)
A o (uy, (1, 8))w; (1) + (KH( m (1)) + Al (w7, (), w;)

CD N ), 124 <
Um (0) = ugm, ul,(0) = Ui,
in which
t
(2.8) Yo (t) = g(t) + Koum(0,1) +/k¢t—8 um (0, 8)ds,
0
and
m
Uom = Y. Qmjwj — U strongly in H?,
(2.9) It
Utm = ), Bmjw; — up strongly in H.
j=1

From the assumptions of Theorem 2.2, the system (2.7)—(2.8) has a solution wu,,
on an interval [0, 7,,] C [0,T]. The following estimates allow one to take T, =T
for all m, (see [3]).

Step 2. (A priori estimates I). Substituting (2.8) into (2.7), then multiplying the
4% equation of (2.7) by Cpp;(t) and summing with respect to j, and afterwards
integrating with respect to the time variable from 0 to ¢, we get after some
rearrangements

%w=&MWMWWW@—%®w@ﬂ+/MMMMWWS
0

t

+ 2/9/(s)um(0, s)ds + 2 / (F(s),up,(s)) ds
0

0

¢ ¢
(2.10) — 2u, (0, 1) /k: (t — r)um (0, r)dr + 2k(0 /u
0 0

S

¢
+2/um(O,s)ds/k'(s—r)um(O,r)dr
0 0
7

= S (0) + 29(0)uom (0) + > I,

j=1
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where

Snt) = (| @®)]” + 1Ot (1)1 + % lm ($)I1E + 2 / [ (8)]17, ds
0

t
(2.11) + 2\ / lun, (1, 8)|" ds + KouZ, (0,) + Kyuz, (1,1).
0

By the assumptions (Hy), (Hs)-(Hs), and the imbedding H' — C° (), we
deduce from (2.9) that

(2.12) Sm(0) + 29(0)tuom (0) + [[uom |31 < Co,

for all m, where Cj is a constant depending only on p, K, Ko, K1, 1(0), g(0), uo,

uy.
On the other hand, we deduce from (2.2), (2.11) and (2.12) that

2
Sm(t) > [|ur, (O] + po [[uma ()],
t 2 ¢
i (8) 1% = |l (0) +/u;n(s)ds < 2C’O+2t/Sm(s)ds,
0 0

(2.13) 1 ‘
() < == Sin(®) +2C0 + 21 / Sun(s)ds,
0
0

t t
/Hum(s)uip ds < 2TCy + (Mi 4 T2> /Sm(s)ds.
0
\ 0 0

Using the assumptions (H;)-(Hs) and (2.3), (2.13) and the following inequality
1
(2.14) 2ab < ea® + Eb2’ foralle >0, a, b >0,

we shall estimate respectively the terms I, j = 1,...,7 on the right-hand side of
(2.10) as follows

t t
1
B W6 e s < o ey [ S
0 0

(2.15)

t
< CT/Sm(S)dS7
0
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where Cp always indicates a bound depending on T,

Ir = —2g(t)um (0,t) < & [lum ()7 + = ”gHCO(OT})

(2.16) ) .
< ,U_Sm(t) + EC’T/Sm(s)ds + (e+ E)CT’ for all € > 0,
0
t
I3 = 2/9’(s)um(0,s)d8 <2 Hg’Hiw(QT) + / ||Um(8)”§11 ds
(2.17) 0 .
<Cr 1+/Sm(3)d8] ,
0
t t t
2
=2 [ (P ds < [1FG]ds+ [ 1FG)] a0 ds
(2.18) 0 0 ) 0
<O+ / 1E(5)] Sin(s)ds
t
Is = —2u,,(0,1) /kt—rumOT)d
0
2 4 2 2
(219) < e lem (@l + 2 110y | () s
0
t
< E8. 1)+ (+D0r 1 —I—/Sm(s)ds] for all £ > 0,
Mo € ;
t t
Is = 2k(0 /u (0, s)ds < 4k(0 /||um )3 ds
(2.20) 0 t
<Cr 1+/Sm(s)ds] ,
0
t s
I; = 2/um(0, s)ds/k'(s — 1)U, (0, 7)dr
(2.21) 0 0

< VT ¥ 2oy [ Nom(5) s ds < Co

1+ ] Sm(s)ds} :
0
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Combining (2.10), (2.12) and (2.15)-(2.21), we obtain after some rearrangements

¢
2 1 1
(2.22) Sm(t) < —eSm(t) + §k1T(E) + 3 /qlT(a, $)Sm(s)ds,
Ho "
for all € > 0, where
1 1
51{717“(6) =Cy+ 2(6 + -+ Q)CT,
(2.23) . ‘

1
gur(et) = Qe+ - +4)0r +[FOI, arle) € LY0,T).

2 1
Choosing ¢ > 0, with = < 3’ by Gronwall’s lemma, we deduce from (2.22) that
Ho

t

(2.24) Sy (t) < kir(e) exp (/ qlT(a,s)dS) <Cr, YmeN, Vt€[0,T], VI > 0.
0

(A priori estimates II). Now differentiating (2.7); with respect to ¢, we have
(um (t),w;) + 1(t) (U (1), W) + 1 (8) (Uma (), wi) + Yo, ()w;(0)
(2.25) 4 Kyup, (1, t)w; (1) + M I, (ul, (1, ))un, (1, ¢)w; (1)
(T () (£), 0 A (T ()l (8), ) = (FV(8), ),
forall 1 <j<m.

Multiplying the j** equation of (2.25) by c;;%j (t), summing up with respect to j
and then integrating with respect to the time variable from 0 to ¢, we have after
some rearrangements

Xm(t) = Xm(o) + 2N/(0) <u0mma ulmgc>

+3 [ 1 ()l (8)]17ds — 200/ (t) (tma (1), gy (1))

+2

— . O —

1 (8) (Uma (5), U () ds — 2K/ (T (i () )1ty (5), wpp () ) s
0

0
(2.26) + 2/<F'(8),u%(s)>d8 - 2/gl(s)u%(0,s)d8
0 0

s

—2/<;(0)/um(O,s)u',:l(O,s)ds—2/u;%(0, s)ds/k'(s—r)um(O,r)dr
0 0 0
8

= Xm(o) +2 <Nl(0)u0mxa ulmx> + Z ij
j=1
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By the assumptions (H;)-(H3), (Hs), and the imbedding H' < C° (ﬁ) , we de-
duce from (2.9) that

(228) Xm(o) + 2//(0) <u0mma ulmx> < 007
for all m, where Cj is a constant depending only on p, ¢, K, Ko, K1 A, p, F(0),
ug, Uq-

On the other hand, (2.2), (2.3), (2.27) and (2.28) yield

Xon(t) 2 [ (0] + po i (D1,
@) < 2 lfunmll? + 2t/Xm(s)ds <20y + Qt/Xm(s)ds

(2.29) 9 1
i) < =X (6)+ 20 —|—2t/Xm(s)ds
0

t t
/Hu;n(s)Hzl ds < Crp [1+/Xm(s)ds] ,
\ 0 0

where Cr always indicates a bound depending on 7'

We again use the inequalities (2.3), (2.14), (2.29) and by (H;)-(Hs), we shall
estimate the terms J;, 1 < j < 8 on the right-hand side of (2.26) as follows
(2.30)

t t
5=3 [ W s < 2 ] ey [ s ds<oT/X
0 0

where Cr always indicates a bound depending on T,
T = 24 (8) (tma (1), (8)) < 2 || 0.7 Nt (O] [ )]

/ s 1
(2.31) < 2||p HLOO(QT) Cr MoXm(t) <eXpm(t) + €CT,
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for all € > 0,

(2.32) Jy = 2///’(3) (Uma (), Uy (5)) ds < 2/!//’(8)\ 1t ()11 [ s (5)]| s

< 2Cr / |,u”(8)‘ UiXm(s)ds < Cr+ / ‘,u”(s)| X (s)ds,
0 0

(2.33) Jy = —2K/ (IL (i (5) )y (), iy, (5)) s

<2K(p~ 1) (VEunll o) | VIOV En s
0

t
S CT +/Xm(3)d8
0

t
(2.34) J5_2/ up, ds</HF’ Hds+/HF )| [Jutr (s)]* ds
0

<Cr+ / 1F(5)]| Xom(5)ds
0

t
Js = —2/g'(s)u%(0,s)ds
0

= 24 (0)u1,, (0) — 24’ (t)u!,(0,t) + 2/9”(3)11;,1(0, s)ds
0
(2'35) <2 |g/(0)u1m(0)| + § HQ/HéO([QTD +e Hu;’n(t)Hifl

T t
Lo / 1" (s)| ds + / 167(5)| ([t ()| dis
0

t
< Co+ (e + )Cr + X )+ / <CT +eCr + ”(s)|> Xom(s)ds,
0



ON A NONLINEAR WAVE EQUATION 355

for all € > 0,

t
= —2k(0 /um ,8)ds
0

= 2k(0)u0m (0)111,,(0) — 2k(0)uy, (0, t)ul, (0,t) + 2k(0) / |y, (0, s)|2 ds
< Co+ 2+ & [u (O + A1) [ (9] 5

(2.36) < Co+(14+c+2 )CT+MX( +0T/Xm(s)dsve>o,
0

(2.37)
t s
Jg = —2/u;;l(O,s)ds/k"(s—r)um(O,r)dr
0 0
t

S 2u;n(o,t)/k’(t—r)um(o,r)errzk'(O)/|u;n(o, s)|* ds
0

S

¢
+2/u;n(0,s)ds/k"(s—r)um(O,r)dr
0 0
t

< 4 Hm/ww—mmmnmm%ww/|/m ) s (5l s
+4/Hu ol ds/lk” (1)

<4Cr Hk,HLl(O,T) H“lm(t)HHl +4Cr <|/<:'(O)‘ + Hk”HLl(QT)) / Hu;n(S)HHl ds
0

IN

t
1
SCr e [ut O+ Cr + [ ()]0
0

IN

1
(1+e+)Cr+ Mixm(t) + C’T/Xm(s)ds Ve o0,
0
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Combining (2.26), (2.28), (2.30) — (2.37), we obtain

(2.38) Xn(t) <e (1 + %) X (t) + %sz(a) + % /qu(a, $)Xm(s)ds,

for all € > 0, where

1 1
§]€2T(E) = 3C0 + 5(1 +ée+ E)CT7

(2.39)

)

qor(e,-) € LY (0,T).

%(DT(&?J) =1+(24+¢)Cr+ i 9" ()] + " ()] + || F'(2)

Choosing ¢ > 0, with ¢ <1+3> < =, by Gronwall’s lemma, it follows

Ho/
from (2.38) that
(2.40)

N | —

t

X (t) < kor(e) exp (/ qor (e, s)ds) <Cp, YmeN, Vte [0,T], VT > 0.
0

On the other hand, by (H;), (Hs)-(Hs), combining (2.2), (2.3), (2.9), (2.11),
(2.24), (2.27) and (2.40), we conclude that

7

t
1
()t < i) + 2 o+ 21 / Su(s)ds < Cr,
0

(2.41)
1 t
()% < =X (8) + 2 + 2t/Xm(s)ds <oy
0
HHp(u:n)HHl(QT) <Cr,
HHq(um)HHl(QT) <Cr, .
T (i, (Lo DS iy = S (1, 8)|* ds < Cp,
(2.42) L1 of

( )le,oo(oj)SCTa
[ lum (1, ')|’W1»oo(o,T) < Cr,
N5y . <

(13 (1) oy < O
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Step 3. (Limiting process). From (2.11), (2.24), (2.27), (2.40)-(2.42), we deduce
the existence of a subsequence of {u,,}, denoted by the same symbol such that

( Uy, — U in L>(0,T; H') weakly™,
ul, —u in L°(0,T; H') weakly*,
uy, — u in L*>(0,T;L?) weakly*,
Ty (t) — 1T, in HY(Qr) weakly,

(2.43) I, (up,) — 11, in HYQr) weakly,
i, (L) E (1) = g in HY(O,T)  weaky,

Um (0, ) — u(0,-) in WbH(0,T7)  weakly™,

Um (1,-) — u(l,-) in Wh(0,T)  weakly*,

L ul, (1) — /(1) in L*(0,7) weakly*.

By the Aubin-Lions lemma ([5, p.57]) and the imbeddings H'(Qr) — L?(Q7),
HY0,T) < C°([0,T]), Whe(0,T) — C°([0,7T]), we can deduce from (2.43)1_g
the existence of a subsequence still denoted by {u,,}, such that

Uy, — U strongly in L?(Qr) and a.e. in Qr,
ul, —u strongly in L?(Qr) and a.e. in Qr,
I, () — 11, strongly in L?(Qr) and a.e. in Qr,
(2.44) 1, (up,) — 11, strongly in L?(Qr) and a.e. in Qr,
um(07 ) - U(O, ) StI'OIlgly in CO ([07 T]) )
um(17 ) - U(l, ) StI'OIlgly in C? ([07 T]) )
(1, )|E 7, (1,) = 5 strongly in C° ([0, T])
By means of the continuity of II,, we have
(2.45) I, () — p(u) ae. (z,t) in Qr.

/ p
By HHp(um)Hip,(QT) = HUmHip(QT) <T (\/EHum”Loo(o,T;m)) < Cr, we deduce
from (2.45) and Lions’ lemma ([5, Lemma 1.3, p.12]) that

(2.46) IL, (t) — T, (u) in LP'(Qr) weakly.

Hence it follows from (2.44)3 and (2.46) that

(2.47) I, = I, (u) ae. (z,t) in Q.
Similarly

(2.48) ﬁq =1I,(u) ae. (z,t) in Qr.

( OI; the other hand, it follows from (2.8) and (2.44)5 that

2.49

Yo (t) — g(t) + Kou(0,t) + /k(t — 5)u(0, 5)ds = Y (t) strongly in C° ([0, 7).
0

Lemma 2.3.
(2.50) o (ul,(1,-)) — My (u'(1,-)) strongly in C°([0,T7]).

m
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Proof. Put pp, = |ul,(1,)|27 4, (1,-), it follows from (2.44)7, that

(2.51) pm — p} strongly in C° ([0,T7]).
Hence
(252 (L) = lpml = pm — I6f1= 0] strongly i C°([0.7).
From (2.43)9, we obtain
(2:53) o/ (1,) = [pile"pi.
Hence it follows from (2.52), (2.53) that
(2.54) I, (ul,(1,-)) — My (u'(1,-)) strongly in C° ([0, T7]).
The proof of Lemma 2.3 is complete. O

We now continue the proof of Theorem 2.2.

Passing to the limit in (2.7)-(2.9) by (2.43)1 3, (2.44)3.4, (2.47)-(2.50), we obtain
that w satisfies the system
(2.55)

(W' (t),v) + pu(t) (ug(t), ve) + Y (t)v(0) + Kyu(l, t)v(l) + M1, (u'(1,¢))v(1)
+ (KT, (u(t)) + A, (v (t)),v) = (F(t),v), for all v € H,

Y (t) = g(t) + Kou(0,t) + Oftk(t — $)u(0, s)ds.

Obviously, u(0) = g and u'(0) = ;. Indeed, Yw € L?, we have

T T
T (u(0), w) :/<u(t),w> dt—/<u'(t),(T—t)w> dt,
OT ’ T
T (i (0), w) :/<um(t),w> dt—/(u’m(t),(T—t)w>dt.
0 0

By (2.9)1, (2.43)1,2, we get

T T
T (g, w) = / (u(t), w) dt — / ((8), (T — tyw) dt.
0 0

Consequently,
(g, w) = (u(0),w) Yw € L%

Hence u(0) = uyp.

Similarly, it follows from

T T
T (W' (0),w) = /(u/(t),w> dt — / (W"(t),(T — tyw) dt, Yw e L2,
0 0



ON A NONLINEAR WAVE EQUATION 359

T

T
T (uy,(0), w) =/<u;n(t),w> dt—/(u;/n(t),(T—t)w> dt, Yw e L?,

0
and (2 9)2, (2 43)2 3 that

T T
_ U” —1)w = U, w w 2
T (i, w 0/ ) dt 0/< (), (T — tyw) dt = T (o (0),w), Ve € L.

So v/ (0) = 3.
On the other hand, we have from (2.43)1_5, (2.55); and the assumptions (Hg),
(Hs), and (Hs) that

(2.56)  Upy = o’ + KT (u(t)) + M, (/' (t) — F ) € L™ (0,T; L?).

1
(1) (
Sou € L*® (0, T; Hz) . The proof of the existence is complete.

Step 4. (Uniqueness of the solution). Let uq, ug be two weak solutions of problem
(1.1)-(1.4) such that

(257) u; € L®(0,T; H?), ul € L*>(0,T; H'), u! € L*(0,T; L?),
[f| >~y € HY(Qr) s [uj(1,-)| 2 (1, ) € H' (0,T).

Then u = u; — uo satisfies the variational problem
(2.58)

(u"(t),v) + u(tt) (uz(t), va) + Kou(0,t)v(0) + Kyu(l,t)v(1)
+ <0f E(t — s)u(0, s)ds) v(0) + Ay [Ta(u) (1,¢)) — T (ub(1,¢))] v(1)

+K (T (ur (1) — Hp(ua(t)), v) + A (Mg (uy (1)) — g (us(t)), v) =0,
for all v € H,

u(0) = u'(0) = 0.

Taking v = «/ in (2.58); and integrating with respect to t, we get

(2.59) ot /M il (3)] ds—QK/ L (us(s)), o (5)) ds
0

+ 2k(0) / W2(0, 8)ds — 2u(0,8) [ k(t — r)u(0, r)dr
0

o .

S

+2ju(0,s)ds/k'(s—r)u(O,r)dr
0

0

5
= E ag;,
i=1
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o(t) = [/ @) + n(t) llua (I + Kou(0,8) + K1u?(1,1)

e / M (e} (1, 8)) — Ta(u(1, 5))] (1, 5)ds
0
20 [ (1 049) ~ T 60 05 ds 2 [0 + o a0
0

We again use the inequalities (2.3) and (2.14), and the following inequalities
2

lu(t)]® = 0fu’(S)dS <tf\|u )7 d8<tf
(2.61) [e@lZs < Lo(t) +t [ a(s)ds
0
f||u \|H1d5<( %T2)Ofo—(s)ds,

to respectively estimate the terms on the right-hand side of (2.59) as follows
t t t

/ 1 / ~
(2.62) o1 = /u (s) luz(s)||* ds < m I HLOO(O,T) /J(s)ds =0 /a(s)ds,

0 0 0

(2.63) oy = —2K / (I (ur (s)) — T (us(s)), o (s)) ds
0

t

< 2K (p— 1)RP2 / lu(s)] || (s)] ds < 3 /o(s)ds,
0

where R = v/2max [|u; | o o 7111y »
1= s b b

(2.64) o3 = 2k(0) / u?(0, s)ds < &3 / o(s)ds,
0 0

(2.65) = —2u(0,t) [ k(t — r)u(0,r)dr

o\w

4
< e ) + 2 I 0.1 / ()| dr
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(2.66) 05 =2 /t u(0 / (s — r)u0, r)dr
0

<4 /Hu g ds/wc’ 5 — )| lulr) | dr

t t
4/Hu ||H1 ds+THk:'HL2(OT /||u HH1 dr <05/J( )ds.
0

0
Combining (2.59) and (2.62)-(2.66), we obtain

t
£ A
(2.67) o(t) < ,u_a(t) + (01 + 02+ 03 + 04(e) + 05 /O‘
0
0

1
Choosing € > 0, with = < 2 using Gronwall’s lemma, we obtain that o(t) = 0,
ie. , Ul = U2.

Theorem 2.2 is completely proved. O

3. AN ASYMPTOTIC EXPANSION OF THE WEAK SOLUTION
WITH RESPECT TO TWO SMALL PARAMETERS

In this part, we assume that a = 2, and

(He) K, Ko, K1 >0, p>N+2,¢>N+1, N> 1.
and (ug, u1, F, p, g, k, K, Ko, K1) satisfy the assumptions (H;)-(Hy), (Hg). Let
A, A1 > 0. By Theorem 2.2, problem (1.1)-(1.4) has a unique weak solution u
depending on N = (A, A1):

u=uy =u(A, A1)

We consider the following perturbed problem
Ut — p(t)tge + KILy(u) + Mg (us) = F(z,t), 0 <2z <1,0<t <T,

> w(t)ug(0,t) = Kou(0,t) + ft k(t—s)u(0,s)ds+ g(t),

—n(t)ug(1,t) = Kyu(1,t) + Aug(1,1),
u(x,0) = uo(x), ui(z,0) = ui(),

where A\, \; are small parameters such that A\, Ay > 0, /A2 + A2 < 1.
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First, we note that if the small parameters A\, Ay > 0 satisfy /A2 + A} < 1,
then a priori estimates of the sequence {u,,} in the proof of Theorem 2.2 for

problem (PT) satisfy

(s O + p0l [tz (B + K i ()] + Eigu, (0. )
t
+K1u +)\/Hu d8+)\1/‘u 13‘ ds < Crp,
0

[, (8)]| + p1ol [t (I + Ko [l (0,8)| + By [adl (1, 8)]

t t
d g 2
0 [l ds e [ 2 (ol 0) | as < o
0 0

where Cr is a constant depending only on 7', ug, ui, F, u, g, k (independent of

A, A1). Hence the limit u = up = u(A, A1) of the sequence {u;,} as m — +o0

in suitable function spaces is a unique weak solution of problem <P7> satisfying

( 2 D
|5 || + mollus, (12 + K |fus )| + Kouke(0,1)

t t
q
—|—K1uq1t / (s) ds+)\1/u’—>13 ds < Crp,
0 0

Y
(3.2) ) )
(u” t)” + ol I + Ko u;(o,t)‘ e u/y(l,t)‘
¢ 2
+ M u—> (1,s) ds—l—)\/H— |u—> |%_1u'7(s)> ds < Cp
0
It follows from (3.2) that
g <65 B 20
p(ux) mign =T ov3) mion =T
T
Ny S / (1 s)‘2d3<C'
1u L2(0,T)_ 1 b > b,
0
(3.3) .
2
" "
— p— — <
\//\1’LL)\(1, ) 20 /\1/ u}\( ,S)‘ ds < Cr,
0
V! : <C
LY mor) — ¢

— — —
Let { X}, A; = (Aj, A1), be a sequence such that A;, A;; > 0, A; — 0 as

j — oo. We put uj = uy and deduce from (3.2), (3.3) that there exists a
J
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subsequence of the sequence {u;} denoted again by {u;}, such that

uj — U in L*(0,T; H') weakly*,

u; — ug in L>(0,T; H') weakly*,

uf — ug in L>®(0,T;L?) weakly*,
My (uj) — 1L, in HY(Qr) weakly,
(3.4) Iy (u) — 11, in HYQr) weakly,
Ayus(l,) — X1 in H'Y(0,7) weakly,

u;(0,-) — up(0,-) in WLH(0,T)  weakly™,

uj(1,) = up(l,-) in WHe(0,T)  weakly™,

uwi(1,:) = up(l,))  in L(0,7) weakly*.

j
By the Aubin-Lions lemma ([5, p. 57]) and the imbeddings H'(Qr) — L*(Qr),

HY(0,T) — CY([0,T]), we can deduce from (3.4);_g the existence of a subse-
quence denoted again by {u;} such that

uj — U strongly in L?(Qr) and a.e. in Qr,

w; — ug strongly in L?(Qr) and a.e. in Qr,

I, (u;) — EP strongly in L?(Qr) and a.e. in Qr,

3.5 I, (u") — II strongly in L?(Qr) and a.e. in Qr,
q\=3 q

u;(0,-) = up(0,-)  strongly in c ([0,17),
uj(1,-) — up(l,-) strongly in C°([0,77),
Ajuf(1,-) = x1 strongly in CO([0,T]).

Similarly, by (3.3); and (3.5)1_4, it is easy to prove that
(3.6) ﬁp = I (uo), ﬁq = Ig(up),

and

Y;(t) = g(t) + Kou;(0,t) + [ k(t — s)u;(0,s)ds

— g(t) + Koup(0,t) + [ k(t — s)ug(0, s)ds

0
/
= Yy(t) strongly in C°([0,77).

Now, we shall prove that y; = 0.
It follows from (3.5);7 that

(3.8) Ajus(1,-) — x1 strongly inC? ([0,77) .
On the other hand, it follows from (3.4)9 that
(3.9) Aju(1,+) — 0in L°(0,T) weakly™.

Then, (3.8) and (3.9) imply
(3.10) X1 = 0.
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Hence we obtain from (3.8), (3.10) that

(3.11) Aju(1,-) — 0 strongly in C°([0,T7).
Similarly,
(3.12) AL, (uf) — 0 strongly in L*(Qr).

By passing to the limit, as in the proof of Theorem 2.2, we conclude that ug
is a unique weak solution of problem (FPy) corresponding to A = 0 satisfying

(3.13) up € H*(Qr)nC® (0,T; H') nC* (QO,T; L?)NL>(0,T;H?),
‘ uf € L>(0,T; HY), uf € L>°(0,T; L?).

Note more that, ug is a unique weak solution of problem (Fy), i.e.,

uf — p(t)ugee + Ky (ug) = F(z,t), 0<z<1,0<t<T,

(D)u0s (0,1) = Kouo(0,) + / B (t— s)uo (0,5) ds + g(t),
0

(Fo) 4 — p(t)uee(1,8) = Kyug(1,8),

ug(x,0) = To(x), up(x, 0) = (),

up € H*(Qr)nC® (0,T; HY) nC* (0,T; L*) N L™ (0,T; H?),
up € L®(0,T; HY), uf € L°°(0,T; L?).

We shall study the asymptotic expansion of the solution of problem (Py) with
respect to two small parameters A and Aq.

We use the following notations. For a multi-index a = (a1,a2) € Z% and
N = (A, A1) € R?, we put

la] = a1 + ag, ol = al'ag',
HTH VAT, N = pa1pe2,
Zh, a<fB<=a; <[ Vi=12

First, we shall need the following lemma.

Lemma 3.1. Let m, N € N and uq € R, a € Z%, 1 <|a| < N. Then

m

(3.14) Z uQTO‘ = Z T](Vm) [u]a707

1<|al<N m<|a|<mN
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where the coefficients T](Vm) [Ula, m < |a] < mN depend on u = (ua), @ € Z2,
1 <|a| < N defined by the recurrent formulas
(3.15)

Ty [l = ta, 1< Ja| < N,
TJ(Vm) [u]lo = Z ua_gT](Vm_l)[u]g, m < |al] <mN, m > 2,
peA(N)
ANy ={peZi:f<a, 1<|a—fl <N, m-1<|8] < (m—1N}.
The proof of Lemma 3.1 can be found in [8].

Let us consider the sequence of the weak solutions u., v € Zi, 1< |y <N,
defined by the following problems:

ul = p(t)unyge = Fy (), 0 <2 <1,0<t <T,

t

p(t)uqyz (0, 1) = Kou(0,t +//<: (t—s)uy(0,s)ds,
0

() Y = it ure(1,8) = Kyug(1,1) + Gy (2),

uy(,0) = ul(x,0) = 0,

uy € H*(Qr)nC° (0,7, H) nC (0,75 L%) N L> (0,T; H?) ,
ul, € L=(0,T; H"),u € L=(0,T; L?),

where F,, G, v € Z%r, 1 < |y] < N, are defined by the recurrent formulas
— KT, (ug) uro — g (up),  m =1,72 =0,
F—YZF-Y(‘T,t) = _KH;J(UO)U()J? Y1 :07 72:17
—K®, [, u] - o[, 0], 2< ] < N,
Gy =Gy (t) = i) (1,8), 1 < 7| < N,

(3.16)

with @l ][Hp, ul, [2}(1 t), 1 < |v| < N, defined by the formulas

P -1, [H 7ul]7 /71217

0, 7 =0,
- w1 (1t), e >1
(317) u[2}(1,t) — Y1, y2—1\F0 ) 5
! 07 Y2 = 0,
and
el (m) (m)
P, (M, ul Z L115™ (uo) TN [l
(3.18)
, \’Y| (m) (m)r
ol ] = 3 gl (o) Ty )y

Here u = (u,), v’ = («), || < N.

Then, we have the following theorem.
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Theorem 3.2. Let (Hy)-(Ha), (Hg) hold. Then, for every 7, with HTH < 1,

problem <P7) has a unique weak solution u = U~ satisfying the asymptotic

estimation up to order N as follows

u — 3 ufYX)“f + lluy — X UVT’Y
(3 19) [vI<N Lo°(0,T;L2) [vI<N Lo°(0,T;HY)
' N+1
VA ||ul (1) = 8 (1,9 X7 gcTHYH 2,
[vI<N L2(0,T)

where Cr is a constant depending only on T, the functions u, |y| < N, are the

weak solutions of problems (Py), (Py), 1 < |y| < N, respectively.

Proof. Let u = Gy be the unique weak solution of problem (PT) . Then v, with

(3.20) v=1u— Z uwyvzu—h,
IyI<N
satisfies
V" — p(t)vge = —K [II, (v + h) =1L, ()] — A [y (v + 7)) — 11, (R')]

—

+Eny(N), 0<z<1, 0<t<T,

w(t)v,(0,t) = Kou(0,t) + / E(t—s)v(0,s)ds,
0

(3.21)
—
—u(t)ve(1,t) = Kjo(1,t) + M\0'(1,8) + Exn (M),
v(z,0) ='(z,0) = 0,
veH*(Qr)nC® (0, T;HY)nC' (0,T;L*) N L*> (0,T; H?),
v € L0, T; HY), " € L*°(0,T; L?),
where
(3.22)
— - — , —
En(X) =En(X;z,t)=—K [, (h) —1II, (ug)] — AXll; (A') — > F, A7,
. . / . - 1<ly[<N
EIN(A) EElN()\,t): Z /\1u7(1,t) AT — Z Glfy A7
IyI<N I<|yI<N
Then, we have the following lemma.
Lemma 3.3. Let (H;)-(Hy), (Hg) hold. Then
i) [Ex(N < n|[x[IM
O B ey < 5T
(3.23 t 2N+1

) c ) L
(i) 2| [ Binv(X,s)v' (1,s)ds| < =) v (1,8)|"ds+ C A ,
O/ 1N 5 10/| ‘ + 1NH H
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511\/, are the constants depending only on N, T, p, q
yo <N

for all X},

and the constants HU’YHLOO(O TiH1) >

Proof. (i) Estimate HEN(T) . In case N =1, the proof of Lemma 3.3

‘mejm%

is easy, hence we omit the details, therefore we only prove for N > 2. Put
(3.24) h = Z uﬁ,y'y =wug+ hy and hy = Z uﬁ,y'y.
<N I<y[<N

By using Taylor’s expansion of the function II,(h) = II, (ug + h1) around the
point ug up to order N, we obtain

1 H(N+1)(’LL0 —|—91h1)h{v+1,

N
(325) T (1) =1y (u0)+ %n;m(uo)h%m ¢

where 0 < 6; < 1. By Lemma 3.1, we obtain from (3.18);, (3.24), after some
—
rearrangements in order to of A, that

el

0y ()~ Ty (o) = S° {0 1 (o) T4 ul, | X7

1<]y|<N \m=1

N
1 —om m -
Y0 I (uo) > X
m=1"" N+1< | <m(N+1)
1 N+1 N+1
o o+ fuh)hd
N+1__
(3.26) = 3 o[, X" +H>\H R (L, u, \),
1<]yIEN
where
— |N+1 __ N 1 (m) —
H)\H By, u, )‘ :Zﬁ Z Ty [uly A7
m=1 N+1<]y|[<m(N+1)
1
(3.27) + m1'[1()J\f—i-1)(uo + 91h1)hi\7+1-

Similarly, using Taylor’s expansion of the function II, (k') = II, (ugp + ) up
to order N — 1, we obtain

I, (R') =10, (ug + RY)
—_—

N _
(3.28) =T, (up) + > @V[Hq,u’]Y'y—FHX}H Ry—1 (Mg, ', X)),
1<|y|<N-1
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where
SN __ /—> Nl 1 (m) ’ (m) / -
HAH Byoa(My, X) = 30 — 1) | Y 7§, X0
m=1 """ N<[|y|<mN
1 N
(3.29) + ﬁHgN) (uf + 02h7) (RY) ™,

and 0 < 02 < 1. Combining (3.16), (3.22)1, (3.26), and (3.28), we obtain
— —

N+ | — A —
(3.30) . H X\ H KByn(I,u, X) + —=—FRy_1 (g0, X)

A
B

We shall respectively estimate the following terms on the right-hand side of
(3.30).

— | N+1__ —
Estimate K H A H Rn(ILp, u, X).

First, we note that if we put Dy = v2 > (HU’YHLOO(O,T;Hl) + HUZYHLOO(O T~H1)) ,
I'YISN I}

then by the boundedness of the functions u., u’w |7] < N, in the function space
L>(0,T; H'), we obtain from (3.24) that

(3.31)
il V2 S ol |3 V2 S el 3]
< vz || 2ol @iy < Dr [x]|<or.
lug + O1h1| < |ug| + by < ﬁ‘V%N [yl oo 0,71 ITHM < Dr.
Hence
ﬁ [T (g + 0170 1|

63 < (oo|X)" ﬁ;g& e @) = Dartw) X
and
(3.33)
Kb

Tz(vm)[u]viv) H

1 m
ﬁﬂé )(UO) (
1 N+1<]y[<m(N+1)

N
n;m><z>\)z$ DI (5 20N .

m=1 " N+1<|y|<m(N+1)

m=

—lv=N=-1

< max sup
1smsN jz|<Dr



ON A NONLINEAR WAVE EQUATION 369

S (m) B
D Yo 2 Tk, g, = Do)

< ( max sup
m=1 N+1<|y|<m(N+1)

1<m<N |z |<DT

This implies

(3.34)
— | N+1 — N 1 (m) (m) —
KH \ H ‘RN(Hp,u, A)‘ <K |37 1 (ug) S T ], X
m=1" N+1<|y|<m(N+1)
1
o } (N +1)! AN (g + 0100 )Ry

N+1 — N+
< (D2r() + D) 3| = Dr )| T

— N — —_—
Estimate H A H ARN_1 (g, u/, X).
We also obtain from (3.29) in a similar manner corresponding to the above part
that

N—1
_ 1. my o~
)\H)\H (RN_l(Hq,u, A)( =AY ) | > T X
m=1"" N<[|y|<mN
N
+ A ‘MH(N (uf + O2h}) () ‘
5 IN+1 —> N4+1
(3.35) < (Dar(@) + Durla) | X]| 7 = Dar() | X
where
(3.36)
N
Dir(e) = R sup (1157 (2)],
|z|<Dr
m) ) N 1 (m)
Dor@ = |,z s [UG|) Ed =[] L
Therefore, it follows from (3.30), (3.34) and (3.35) that
— —IN+1 ~ — | IN+1
(3.37) |[Ex(N)] < (Dar(p) + Darta)] [ X[ = O || X
where Cy = D, (p) + Dsr(q) and the proof of (i) is complete.
t
(ii) Estimate 2fE1N(X>,s)1/ (1,s)ds.
0
We note that
— — —
ElN(/\)EElN()\,t): Z )\1u (1 t))\ — Z Gly)\'\/

[vI<N 1<|y|IEN

— Y (LA
IvI=N

(3.38)
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Using Cauchy’s inequality, we obtain

2 / ElN(T, s)v' (1,s8)ds

< 2)\1/ Z HTHM ‘u;(l,s)‘ |v' (1,5)| ds
N

o =

Iv[=N

t
CEURER 0N BY [ o) T Py  FI AP
0

t
— 12N
< —)\1/‘1/(1,3)‘2ds+4)\1 X7 {32 bl o
0 Iv|=N
t
, 9 ~ ||=||2N+1
< —Al/\u (1,9) ds + Cin | X
0
where
2
(3.40) Cin=4T [ > |]uQ/HLm(07T;H1)
lvI=N
The proof of (ii) is complete.
The proof of Lemma 3.3 is complete. O

We now continue the proof of Theorem 3.2.

Next, by multiplying the two sides of (3.21); with ¢/, after integration with
respect to ¢, we find without difficulty from Lemma 3.3 that

2t <16 X[+ (2 o ) [ #pas

0
t ¢
—2/E1N)\8) (1,s) s—2v0t/k‘t—r (0,7)dr + 2k(0 /v2
0 0
¢

s t

"(s — r)v(0,r)dr 2 v — % ds
—I—QO/U(O,S)dsO/k:(S Yo (0, 7)dr + K 0/||H][,( +B) — I, (h)|d

(3.41)

=1c3 [ X" <2+$Hu’HLw(OT>/Z (s 432,

0 =1
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Z(t) = |0 @)|]” + 1) [loa(£) > + Kov?(0,¢) + K10 (1,¢)

(3.42) L2\ / <Hq (v’ + h’) —1I, (h') ,v'> ds 4+ 2\ / ‘v'(l, s)|2 ds.
0

Using the following inequality
(3.43) Va>2,3C, > 0: (Ily(z) — Uu(y)) (x —y) > Cqlz —y|*, Vz,y €R,
we deduce from (3.42) that

(3.44) Z(t) > [/ (O)|]* + 0 lua(®)]2 +20C, / /()2 ds+2 / (1, 5[ ds.
0

Using (3.44) and the inequalities
Jo(t) (/Hv |d8) <t /Hv |ds<t/Z 5)ds,

(3.45)

/”U )7 d3<< + T2>OjZ(3)d3,

L 1o(@, )] < lv@®)llcoy < V210, VYo e[0,1],

we shall respectively estimate the terms Z;, ¢ = 1,...,5 on the right-hand side of
(3.41) as follows

t
. 1 / ) ~ ||=s|I2N+1
7 :—Q/ElN()US)U (1,8)ds < §A1/|v (1,3)‘ dS—l—ClNH)\H
0

1 2N+1

(3.46) < ;21 CINHAH

t
4
Zy = —QU(OJ)/k(t —r)v(0,r)dr < B lo(®)|7n + 3 k12 0,1y / lo(r) |7 dr
0 0

t
B 4 1 1
< %za:) + [ﬁT +3 15017207 (% + §T2>] O/Z(s)ds
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t
= t) + Zop (B /Z )ds, V3 > 0,
0

(3.48)

t t t
11
Zs = 2k(0 /112 (0, 5)ds < 4k (0)] <— + 5T2> /Z(s)ds = ZgT/Z(s)ds,
0 0 0

Ho

s

Zy = 2]1}(0, s)ds/k'(s —r)v(0,r)dr
0 0

t
(3.49) < 4\/THk/HL2(07T)/Hv(s)”zl ds < Z4T/Z(s)ds.
0 0

With Zs, first, by using the same arguments as in the above part, we can show

that the weak solution (g of problem (Py) satisfies

(3.50) HUTHL«»(O,T;HU =cr ‘

N
where Cr is a constant independent of A. On the other hand, we have

HhHLOO(O,T;Hl) < ZMSN ”UvHLoo(o,T;Hl) = Cir,
(3.51)

HU+hHLoo(07T;H1) = < Cr.

Jox
Al Leo(0,1;HY)

Next, with Rp = max{Cip,Cr}, it follows from (3.51) that

Z5=K2/||Hp<v+h>— L ()2 ds < K2(p— 1)2R%~ 4/||v )2 ds
t t
(352) < %T R~ 4/2 /Z(s)ds.
0

0

Combining (3.41), (3.46)-(3.49) and (3.52), we then obtain
t

353) Z(t) < %AlT H—}HQNH 4 (i 4 %) 2(t) + ZQT O/Z

for all 5 > 0, where

(3.54) %%T = T5]2V + Chn,
' 3221(8) = 2+ 5 | | oo 0.7y + Zor(B) + Zar + Zar + Zsr.
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Choosing 3 > 0, with % + :% < %, it follows from (3.53), that

| — 2N+l t
(3.55) Z(t) < Zir H \ H + ZQT(ﬁ)/Z(s)ds.
0
Using Gronwall’s lemma, it follows that
P —12N+1 ~ ~ —12N+1

(3.56)  Z(t) < Zir H ) H exp(T Zor () = Zsr () H X\ H .

This implies (3.19). Theorem 3.2 is proved completely. O
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