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PRODUCT OF COMPOSITION AND
MULTIPLICATION OPERATORS

GOPAL DATT

ABSTRACT. The paper discusses some properties for the operator W, ry =
CrM, given by f — woT - foT, on Orlicz spaces using the conditional
expectation operator.

1. INTRODUCTION
Let (2,A, 1) be a o-finite measure space and let ¢ : [0,00) — [0,00) be a
continuous convex function such that
(1) ¢(x) =0 if and only if x = 0,
(2) p(x) — o0 as x — oc.

Such a function is known as an Orlicz function.
The Orlicz space Ly o 4., consists of all those complex-valued measurable func-
tions f on €2 such that

/ ol f@))dn < oo
Q

for some a > 0.
The Orlicz space L, 0 4, is a Banach space with respect to the Luxemburg

norm
Hnga=inf{e > 0:/Q<P(|f(€w)|)du < 1}.

If there is no confusion about the measure space 2 or A or u, then we simply
denote the Orlicz space L, 0 4, by Ly. The Orlicz function ¢ is said to satisfy
the As-condition if for some k > 0,

v(2z) < kp(z) for all x > 0.

Some well known facts are the following:

(i) If ¢ satisfies Ao-condition, then the class of simple functions is dense in L.
(i) If || fllo < 1then I (f) = [o(|f)dp < | flly- As a consequence || fr— f|l, — 0
implies that I,(f, — f) — 0 for a sequence {f,} in L. If ¢ satisfies Ap-condition
then the converse of the above fact is also true.

(iii) Corresponding to the Orlicz function ¢, we can associate another Orlicz
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function ¢ (known as the complementary function to ¢) such that the Banach
dual L7 of the Orlicz space L, is isometrically isomorphic to the Orlicz space L.

For more details on Orlicz spaces we refer [12].

An atom of a measure space (92, 4, 1) is an element A € A with p(A) > 0 such
that for each E € A, if E C A then either u(E) =0 or pu(E) = pu(A). A measure
space having no atoms is called a non-atomic measure space. It is an interesting
fact that every o-finite measure space (€2, A, 1) can be decomposed as

Q:mUQg

where 25 is non-atomic and Q9 = | A, is a countable union of disjoint atoms
of finite measure.

A measurable transformation T : Q — Q satisfying u(7~(B)) = 0 whenever
w(B) =0 for B € A is said to be a non-singular measurable transformation. If T

is non-singular, then the measure 7! given by

(WT™)(B) = w(T~1(B)) for B € A,

neN

is absolutely continuous with respect to the measure p. Hence by the Radon-
Nikodym theorem, there exists a non-negative measurable function fr such that

(T (B) = /B frda,

for every B € A. The function fr is called the Radon-Nikodym derivative of the
measure pT ! with respect to the measure p. It is denoted by fr = duT~!/du.

Consider the o-finite subalgebra T—1(A) of a o-finite measure space (2, A, i),
then the conditional expectation with respect to T71(A) is a transformation from
LP(2, A, ) into LP(Q, T~ 1(A), ) and we denote this transformation by E.

For each A-measurable function f, there exists a A-measurable function g such
that ET_I(A)( f) =goT. We can assume that the support of g lies in the support
of fr, and then E(f) = goT for exactly one A-measurable function. In particular,
g= E(f)oT™!is a well defined measurable function. For a deeper study of the
properties and applications of expectation operator, we refer [8] and [11].

Let T : Q@ — Q be a non-singular transformation and u be a complex-valued
measurable function defined on 2. The bounded linear transformation M, : f
u - f on a Banach function space is called a multiplication operator induced by u
and the bounded linear transformation Cr : f — foT on a Banach function space
is called a composition operator induced by T. These operators are discussed
on Orlicz spaces by Komal and Gupta in [9]. Weighted composition operators
induced by uw and T, given by f — w - f o T, are studied on Orlicz spaces in [6],
Lorentz spaces in [2] and on Orlicz-Lorentz spaces in [1]. In [8], Jabbarzadeh
studied some properties for this class of operators on LP spaces and Orlicz spaces
using conditional expectation operators. A weighted composition operator is the
product of a multiplication operator with a composition operator. It is possible
to find w and T inducing the weighted composition operator, whereas the com-
position operator Cr alone may not be defined (see [8], Remark 2.6). Now, the
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present paper extend the study for the operators W, 7y given by
W) (f)(w) = u(T'(w)) f(T(w)),

where u is a complex-valued measurable function and 1" is a non-singular mea-
surable transformation, on the Orlicz space L.

We denote the class of all bounded operators on a Banach space X by B(X)
and the kernel and range of an operator P on X by Ker(P) and R(P), respectively.
If Wi, ) is bounded with range in L, then we denote it by writing W, 1) €
B(Ly). Although W, rf = CrM,f, but one can still find u and T" inducing
a bounded operator W, r) and not inducing the composition operator Cp. If
u =1, then W, 7) = Cr and if T is the identity mapping, then W, ) = M,.
If we take Q = [0,1],u = 0,¢0(w) = wP,1 < p < 0o and T(w) = w?, then
Wt =0¢€ B(L,). However, T does not induce the composition operator Cr
on L.

The adjoint of W, 1y is obtained using the conditional expectation opera-
tor. Corollary 2.8 of the paper provides a characterization for the compactness
of W, ). However, the same result is obtained for the weighted composition
operator on Lorentz spaces in [2].

2. ADJOINT OF W, 1)

Now onwards, we assume that ¢ satisfies As-condition, u is a complex-valued
measurable mapping and 7" is a non-singular measurable transformation. The
non-singularity of 7" guarantees that W, 7 is well defined as a mapping from
L, into L(u), the linear space of all complex-valued measurable functions. The
following result can be easily proved along the lines of arguments given in [8,
Theorem 3.1].

Theorem 2.1. If the mapping W, ) from L, into L(u), the linear space of all
complez-valued measurable functions, is such that W, 1)(Ly) C Ly, then Wi, 1) €
B(Ly,).

Proof. Let a sequence { f,} and elements f and g in L, be such that
[fn = flle = 0 and [[Wi,r) fo — gllo = 0

as n — oo. Then along the lines of arguments in [7, Theorem 3.1], we find a
subsequence {fp,} of {fn} satisfying o(|fn, — f|) — 0 a.e. on Q and hence
o(lu- fn, —u- f|) = 0 a.e. Since T is non-singular, this means that ¢(juo T -
fapoT —uoT- foT|) — 0 ae. on 2. Moreover, we can find a subsequence
{f”k’} of {fn,} such that p(juoT - JnyoT — gl) = 0 a.e. on . Also, we have
o(luoT - Jo, 0T —uoT- fo T|) — 0 a.e. on Q. Therefore, since ¢ satisfies
Ay —condition,

Wity f, — gllp = 0 and [Weryfu, — Wy fllg = 0

as ng — 0o. This yields that W, 1) f = g and hence by the closed graph theorem,
W) is bounded on Ly,. O
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Theorem 2.2. If u and fr belong to L>(u) then W, 1y € B(Ly,).

Proof. Let f € L,. Along the lines of computations made in [8, Theorem 3.1],
we find that

W) Flle < Kllullool[ flle,
where k = max (1, || fr|ls). Therefore, W, 7y € B(Ly). O

Theorem 2.2 can also be obtained by using the boundedness of the multi-
plication operator M, (see [9]) and the composition operator Cp (see [4]) to
the fact that W, 1y = CrM,. Now, we consider the multiplication operator
M, : Ly, — L(p) given by

Muf =u- f
for f € L,. Then

. wuol - foT
||W<u,T)f||<pme{6 > 0i/gs@<‘€f)du < 1}

:inf{e > 0:/¢<M>duT_1 < 1}
0 €
= HMUchp,uT—l’

where M, is the multiplication operator from the Orlicz space L, 4, into the
Orlicz space Ly, A 71

Now, using the above observation and the result for multiplication operators
in [9], we extend the results for the weighted composition operator on the Orlicz
space L as follows:

Theorem 2.3. The linear transformation W, 1y : Ly — L(p), is a bounded
operator on Ly, if and only if u € L>®°(uT~1).

Proof. Suppose W, ) : Ly + L(i), is a bounded operator on L,. Assume on

the contrary that, u is not essentially bounded with respect to the measure p7'~!,
equivalently uoT is not essentially bounded with respect to the measure . Then
it is easy to verify (similarly as in [9, Theorem 2.1]) that, for each natural number
n, Xg, € L, and

Waryxe.lle = [Muxe,llour-1 = [Muworxe.lle > 7 lIxE. e

where F,, = {x € Q : |u(T(z))| > n}. This contradicts the boundedness of
W) Hence u € Leo(uT—1).

The converse follows easily as, if u € L>(uT~1) i.e. woT € L* then by using
19, Theorem 2.1}, f — uoT - f is a bounded operator on L. Also f — foT is
bounded on L, since fr € L. Hence W, 1) is bounded on L. O

Theorem 2.4. Let W, 1) € B(Ly,). Then

(1) Wiy, is a compact operator if and only if for each € > 0, Ly(ue) is finite
dimensional, where

ue = {w € Q:u(w) > e ae pT™}
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and
sz(u€) = {fXUe : f € Lso}'
(2) Wity has closed range if and only if there exists § > 0 such that u(w) > &

a.e. on the support of u, with respect to the measure T 1.
(3) Wi, is Fredholm if and only if there exists § > 0 such that u(w) > 0

a.e. on S, with respect to the measure uT~".

Proof. The proof follows by applying the ideas used in Theorem 2.1, Theorem 2.3
and the results [9, Theorems 3.1, 4.1, 4.2] which are extended on Lorentz spaces
in [3]. O

Let ¢, be two complementary Orlicz functions. Now for each g € Ly, define
a bounded linear functional F,, on L, given by

Fy(f) = /f‘gdu

for each f € L,. Then the mapping g — Fy is an isometry from Ly onto L7, and
hence the norm dual of L, can be identified with L (see [11]).

Theorem 2.5. Let W, 1) € B(Ly). Then the adjoint W(*uj) of W) is given
by
Wimg = fr-u-E(g)oT™!

for each g € Ly.
Proof. Let A € A be such that pu(A) < oo, then for g € Ly,
Wiy Fo)(xa) = Fg(Wer)xa)

= / (Wiwryxa) - gdu
:/UOT‘XAOng,U,
—/E(uoT-g) -xa o Tdp
:/“OT‘E(Q) -xa o Tdu
— [ 1w Blg)o T xadn

- (FfT-u-E(g)oT*O(XA)'

Hence, (W(Z,T)Fg) = Firuwpgor-1- On identifying g with Fy, we find that
Wem9) = Jfr-u-E(g)e T—!, for each g € Ly. O

Corollary 2.6. Let () be a non-atomic measure space and W, 1y € B(Ly). Then
the kernel of W, 1y is either zero dimensional or infinite dimensional.
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Proof. For f € Ly, on replacing g by W, r)f in the above theorem, we have
W(Z,T)(W(u,T)f) = fr-u- E(W(u,T)f) o7 = Jr- u? - [ = Myf,
where h = fr-u?. Hence, W(*u’T)W(u’T) = M.
Also KertW(, 7y = Ly(Spuz) = Ly(Sppu), where Sy, denotes the support
of fr-wu and
Ly(Spra) = 1fxsy, i £ € Lk
Thus, since  is non-atomic, if y(Sf,..) = 0 then the kernel of W, 1) is zero

dimensional and if ;(Sy;.,) > 0 then the kernel of W, 1) is infinite dimensional.
U

Using the characterization known for the Fredholm multiplication operators
on Orlicz spaces, we have the following:

Corollary 2.7. Let Q2 be a non-atomic measure space and W, 7y € B(Ly). Then
W(*u T)W(U,T) is a Fredholm operator if and only if there exists 6 > 0 such that

|fr - u?| > 6 a.e. on Q.

The only compact multiplication operator on the Orlicz space when the mea-
sure is non-atomic, is the zero operator. Using this observation, our next result
which follows as a corollary to the Theorem 2.5, characterizes the compactness
of the weighted composition operators on Orlicz spaces when the measure space
under consideration is non-atomic.

Corollary 2.8. Let (2 be a non-atomic measure space and W, ry € B(Ly). Then

W) s a compact operator if and only if fr-u = 0 a.e. on (2.

Proof. Suppose W(, 1) [ is a compact weighted composition operator on L, then
W(Z,T)W(u,T) is a compact operator on L. So, M, where h = fr - u? is a
compact operator on L,. Hence, h = fr- u? = 0 a.e. on £, equivalently,
fr-u=20a.e. on Q. Conversely, if fr-u=0a.e onQthenuoT - -foT = 0
for each f € Ly so that W, 1) is a zero operator. Hence the result. ([

Corollary 2.9. Let Q be a non-atomic measure space and Wy, 7y € B(Ly).
Then W = W(Z,T)W(u,T) is a compact operator if and only if W, 1y is a compact
operator.

Theorem 2.10. If W, 1) € B(L,) has closed range and the co-dimension is
finite then Wi, ) is surjective.

Proof. Suppose on the contrary that, W, r) is not surjective and let fo € L, \
R(W,,r))- Since R(W(, 1)) is closed, we can find a function go € Ly, where v is
the complementary Orlicz function to ¢, such that

/fogodM =1 and /(W(u,T)f)godM =0

for all f € L,. From the first equality, [ Re(fogo)dp = 1. Hence the set
E. ={w € Q:Re(fogo)(w) > €}
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must have positive measure for some € > 0. Since u is non-atomic, we can choose
a sequence {E,,} of subsets of E, with 0 < u(E,,) < co and E,,,NE,, =0 (m # n).
Let g, = XE,90. Then each g, € L, and is nonzero because

Re / Jogndp = Re / fogodp > ep(Ey) > 0.
En

Furthermore, for each f € Ly, xg, f is in L, and so
Wiy ()= [ £+ fr-u- Blgn) 0T dy

= fru-E(go)oT™ " frdu
En

= [ f-u-E(g)oT tdur™?
En

/ uoT - foT-E(gy)du
T-1(Ey)

E(go-uoT- foT)du

J
:/ go-uoT - foTdu
T=1(En)

9o(Wiw)(XE, f))dp = 0.

This implies g, € KerW(*u )" Thus the sequence {g,} forms a linearly indepen-
dent subset of KerW(*u )" This contradicts the fact that co-dimension of Wi, 1)
is finite. Hence W(, 1) is surjective. (]

Remark. Theorem 2.5, the corollaries based on this theorem and Theorem 2.10
all hold almost along the same lines of proof, when the spaces under consideration
are Lorentz spaces L(p,q), 1 < p < 00,1 < ¢ < oo or Lebesgue spaces LP, 1 <
p < oQ.
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