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A-CENTRAL BMO ESTIMATES FOR MULTILINEAR
COMMUTATORS OF MARCINKIEWICZ OPERATOR ON
CENTRAL MORREY SPACES

XIAOMING HUANG AND LANZHE LIU

ABSTRACT. In this paper, we establish A-central BMO estimates for the mul-
tilinear commutator related to the Marcinkiewicz operator in central Morrey
spaces.

1. INTRODUCTION

Let b € BMO(R™) and T be the Calderén-Zygmund operator. The commuta-
tor [b, T| generated by b and T is defined by

[b, T1(f) = 0T(f) — T(bS).

A classical result of Coifman, Rochberb and Weiss (see [2]) proved that the com-
mutator [b, T is bounded on LP(R"), (1 < p < 00). Since BMO C (., CBMO?

(see [3]), if we only assume b € CBMOY, or more generally b € CBMO%* with
g > 1, then [b,T] may not be a bounded operator on LP(R"™). However, it has
some boundedness properties on other spaces. As a matter of fact, Grafakos, Li
and Yang (see [4]) considered the commutator with b € CBMO? on Herz spaces
for the first time. Alvarez, Guzmén-Partida and Lakey (see [1]) and Komori (see
[5]) have obtained the A-central BMO estimates for the commutators of a class
of singular integral operators on central Morrey spaces. Motivated by these re-
sults, in this paper, we will establish A-central BMO estimates for the multilinear
commutator related to the Marcinkiewicz operator in central Morrey spaces.

2. PRELIMINARIES AND THEOREMS

First, let us introduce some notations.

Definition 2.1. Let 0 < A < §/n, 0 < § < nand 1 < ¢ < co. A function

f e LL (R") is said to belong to the A-central bounded mean oscillation space
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CBMO(R") if

1/q
1

2.1 = _ — ad 00

( ) HfHC’BMO‘W‘ ig%) <|B(O,T’)‘1+’\q /B(O,r) ‘f(x) fB(O,T)‘ x) < s

where B = B(0,7) = {z € R" : |z| < r} and fp(,) is the mean value of f on
B(0,r).
For bj € CBMOPi+1 A+ (R")(j = 1,...,m), set

m
HbHCBMoﬁ,X = H HijCBMOPjJrL)‘jJrl‘
j=1

Given a positive integer m and 1 < j < m, we denote by C" the family of all finite
subsets o = {o(1),...,0(j)} of {1,...,m} of j different elements. For o € C7",
set 0 = {1,...,m}\ 0. For b= (b1,...,by) and ¢ = {o(1),...,0(j)} € C", set

ga:(ba(l)a"'ybo(j))a bﬂ:bU(l)""ba(j)

and HbUHCBMOzT,X = Hba(l)HCBMOP%)‘Z Hbo(j)HCBMoij»Aj#-l'

Remark 2.1. If two functions which differ by a constant are regarded as a func-
tion then the space C BM O%* becomes a Banach space. The space C BMO%*(R™)
when A\ = 0 is just the space CBMO(R™) defined as follows:

1/q
1
=sup | ——— ) — ~|idx < 00.
| flleBao, r>10)<|B(07T)’ . |f(z) = fBom] )

Apparently, (1) is equivalent to the following condition (see [3]):

1/q
1
A = sup inf / z) — c|?dx < 0.
1fllcmarons T>gcec<‘3(07r),wq PR )

Definition 2.2. Let A € R and 1 < ¢ < co. The central Morrey space B (R")
is defined by

1/q
1
2.2 box =SUp | ————— x)|9dx < 0.
( ) HfHBq,)\ 1">Ig (|B(O,T>|l+)‘q /B(O’r) |f( )| )

Remark 2.2. It follows from (1) and (2) that B*(R™) is a Banach space con-
tinuously included in C BMO%*(R"). We denote by CMO%*(R"™) and B%*(R")
the inhomogeneous versions of the A-central bounded mean oscillation space and
the central Morrey space by taking the supremum over r > 1 in Definition 2.1 and
Definition 2.2 instead of r > 0 there. Obviously, CBMO%(R") C CMO%(R")
for A < §/nand 1 < ¢ < oo, and B9*(R") C B?(R™) for A € Rand 1 < ¢ < oo,

Remark 2.3. When A\; < Ag, it follows from the property of monotone functions
that B9 (R") € B¥*2(R"™) and CMO%* (R"™) ¢ CMO%*2(R") for‘l < q < 0.
If 1 < q < ¢ < 0o, then by Hélder’s inequality, we know that BI*(R") C
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B#A(R") for A € Rand CBMO®* ¢ CBMO®*, CMO®2*(R") ¢ CMO®"*(R™)
for 0 < A < é/n.

Definition 2.3. Let 0 < § < n, 0 < v < 1 and 2 be homogeneous of degree
zero on R™ (that is Q(ax) = Q(x) for any 0 # o € R and = € R") such that
Jgn-1Q(a")do(2’) = 0. Assume that Q € Lip,(S™~ 1), that is there exists a
constant M > 0 such that for any =,y € S"7 1, |Q(z) — Q(y)| < M|z — y|”. The
Marcinkiewicz multilinear commutator is defined by

() (@) = ( / T (@ >\2‘”)m,

where
A= [ 16501 =850 | S
Set
Qz —y)
Frs(f)(z) = /z_qu Wf(y)dy,

we also define

pos(f)(x) = (/000|Ft,6( ) (2 )\Zdt>1/2,

which is the Marcinkiewicz operator (see [12]).
Let H be the space H = {h Rl = (5 \h(t)|2f—.§)l/2 < oo}. Then, it is clear
that

105 (f)(@) = || Frs(f)(@)|] and iy 5(f)(x) = |FLs(F)(@)]].

Note that when by = .-+ = by, u?w is just the m order commutator. It is
well known that commutators are of gréat interest in harmonic analysis and have
been widely studied by many authors (see [3, 7-9]). The purpose of this paper
is to study the boundedness properties for the multilinear commutator /ﬁé 5 in
central Morrey spaces. 7

Now we state our theorems as follows.

Theorem 2.1. Let0<d<n,1<p<n/d,1/g=1/p—34/n. If\x <—d/n
and Ay = A1 + 8/n, then g4 is bounded from BPM(R™) to BIA2(R™).
Theorem 2.2. Let 0 <0 <n, 1 <p, <n/6 (1 <u<m+1),1/p1+1/ps+
- 1/pmy1 < 1 and 1/qg = 1/pr + 1/pa + -+ + 1/pms1 — §/n. Suppose 0 <
Ai <d/n(i=23,....m+1), A\ < =dg—A3— - —Apy1 —0d/n and X\ =
M+ X+ A1 +0/n. If b € CBMOPi+1A+1(R"), for j = 1,...,m, then
“?2,5 is bounded from BPYM(R™) to BY(R™), and the following inequality holds:

B’ —
k6,6 (Dl gar < ClIbl e ppronsl| Fllgera -
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3. PROOF OF THEOREMS

To prove the theorems, we need the following lemmas.

Lemma 3.1. (see [8]). Let 0 < d <n, 1 <p<n/d and 1/g=1/p—d/n. Then
pa,s is bounded from LP(R™) to LI(R™).

Proof. By Q(x) < C and Minkowski’s inequality, we have

1/2
19—yl *
pos(f)(x) < /Rn g5 W) (/m_y t3> dy

1

WV@)W@/-

<C
Re |7 —

Thus, the lemma follows from the boundedness of the fractional integral operator
from LP(R™) to LY(R"™) (see [11]). O

Lemma 3.2. Let 0 < 6 <n, 1 <p<n/§, \>0. Suppose b € CBMOP(R"),
then

‘b2k+1B — bB’ § 0Hb||CBMOp,/\k‘2k+1B|>\ fOT’ k 2 1.

Proof.
k k 1
|byk1p — bp| < Z bys+1p — byip| < Z m /2'3 b(y) — byi+1p|dy
§=0 j=0 ’

k
1
<X (m
‘7:

1/p
) - b2j+13|de)
21+1 B

k

< Clblleprors Y, 12741 B
i=0

< Clbllcarora (k+1)[2" 1B < Cllbllcparorak[2¥ BIM.

O

Proof of Theorem 2.1. Let f be a function in BPM(R"). For fixed r > 0, set
B = B(0,r) and B¢ = R"™\ B(0,r). We write

1/q

<|B|11+)\2q/B|MQ,6(f)($)|qu>l/q < <|B’11+A2(]/B|MQ,5(fXB)(a:)|qu> +

1 1/q
1 .
+ <‘B’1+>\2q/B’NQ,J(fXBC)(x)’ dx)
—I+1I.
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For I, denoting 1 < p < g <n/d, 1/qg =1/p—/n, by the boundedness of ugq s
from LP(R™) to LY(R™), we have

1/p
I < C|B|- o> ( / If(:v)lpdfﬂ)
2B
< C| B[4 BIYPM |||y,

< CHfHBP,M'

For II, by Q(x) < C and Minkowski’s inequality, we have

s ) o ( [ e, h)

dt 1/2
cof o[, %)
Be ‘x_y‘n 1-0 ( ) |x—y|§tt

< /B F@)le -yl Hdy,

then, using Holder’s inequality and noticing = € B and y € B¢, we get

H0s(fxpe) ()] < Z / v — g\ F )y
k+lB\2kB
k 4 1 l/p k+1 1-1
<Oy B ([, 1rwray) " eippe
=1 2k+1 B
oo
< CZ |2kB’6/n_1|2k+lB|1/p+)\1Hf“Bp,)\l |2k+1B‘1_1/p
k=1
o0
< CHfHBPAl Z 2k(6+nA1)‘B’5/n+)\1
k=1

< C||fHBP«>\1 ‘B|6/n+)\17

thus
II < C|[f] gooy |BIP/" 21 BI7H 9722 BIV9 < C| f]] o, -

This completes the proof of Theorem 2.1. O

Proof of Theorem 2.2. Let f be a function in BP** (R™). When m = 1, set
(b)) = |B|™! [3 b1(z)dz and note that

it s(F)() = (bi(x) — (b1)B)nas(f)(@) — pas((br — (b)) f)(x),
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1/q
<|B‘1+/\q / ‘:U’ ’qd$>

1/q
\B‘1+Aq/ (b1 (2 )(Mm(fxB))(x)rldx)

we have

1/q
" <|B\1+Aq/ (b1 (@ )B) (ke 5(fXBc))(x)|qu>
1/q
+ (‘B‘l—‘,—)«] /B ‘MQ,&((M — (bl)B)fXB)(xﬂqu)

1 1/q
+ (W/B s (b1 — (bl)B)fXBC)(QC)\qd?C)
=Ji+ Jo+ J3+ Js.

For Ji, taking 1 < p; < n/d and ¢t such that 1/t = 1/p1—d/nand 1/q = 1/pa+1/t,
by Holder’s inequality and the boundedness of pqg s from LP*(R™) to L*(R™), we

know
S BTt </B |b1(z) — (b1)B\p2dx> " (/B !uQ,a(fXB)(a:)yt)l/t

1/p1
< CIBI™Ya X B2 b1 paromsns ( / If(ﬂ:)lpldfv>
B

< O|BI7VI BP0 b || pagors e | BIYPH | f | o g
< Cllbllepmore el Fll o

For Jo, using the fact |uas(fxse)(@)| < O f]l zpa |BI°TA from the proof of
Theorem 2.1 and by Hélder’ inequality, we get

1/p2
Jo < CIBI I BIMEN | ]| </ Ibl<x>—<bl>BVﬂd$) | B|/a=1 /e
B

< C\B|—1/q—>\|B|5/n+>\1 Hf”BzuM |B|1/p2+>\2Hbl”CBMopzvkz |B|1/q—1/p2
< Cllballearora o |11 goans -

For J3, taking 1 <! < n/d and g such that 1/¢g=1/l—¢/nand 1/l = 1/p1+1/pa,
by the boundedness of ;i s from L' to L9 and Holder’s inequality, we have

11
Jy < C|B[ M ( [ lnta) - <bl>Bf<x>|ldx>

<clB|Te (/B b1 () — (bl)B|p2dg:> v </B ‘f(x)‘pldac)l/pl

< O|BI7Y BP0 by | pagomvo | 1] s oy [ BIPA

< Clbillepaore e[| fl goro -
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For J4, using Holder’s inequality, Lemma 3.2 and noticing that x € B, y € B° =
R™\ B, Ay >0 and \; < —\y — §/n, we have

la,s((b1 — (b1)B) fXxBe)(Z)]

00 1/p2
<o ptue ([ ) - eoopray)

k=1

1/p1
> </ ‘f(y)pldy> |2k+lB|1—1/p1—1/p2
2k+1p

oo
SCHfHBPL)\l Z |2kB‘5/n*1|2k+1B’1/p1+/\1|2k+lB’171/p171/p2
k=1

1/p2
X K/m |b1(y) — (bl)zk+1glp2dy) + [(b1)grr1 g — (b1) | |28 T B|/P
2 B

(o)
<C|o1llparore eI fl grrn D KI2FBRHA2T0/n

k=1

oo

gCHbchBMopQ!)\Q||f||Bp1’)\1 Z 2k(n>\1+n>\2+5)|B‘/\1+>\2+5/n
k=1
<Clb1llcprrorea | fl gorn ‘B|)‘1+)‘2+5/n7

thus
J1 < ClIbtllcprsorena | f1] oy ay | BN P20 BI7 Va2 Bl
< Clbllegmorzr2 |1l per s -

This completes the proof of the case m = 1.
When m > 1, set bg = ((b1)B, .-, (bm)B), where (b;)p = |B|™! [pbj(x)dz, 1<

7 < m, we have

FPs(f)(x)
:/| ‘ H bj(z) — (bj)B) — (bj(y) — (bj)B)) | f(¥)Qzx — Y)|z — y|1—n+§dy
r—y|<t j=1
— Z Z (=)™ (b(z) — bB)o-/| | (b(y) — bB)oe f(y)QUz — y)|z — y|" " Ody
j=0ceCy z—y|<t
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j=1
<1 (160 - 0))sns)@) + -17ms (TT (- G) ) Do)
j=1 j=1
m—1
v (1) (b(z) ~ b )b (b — b)) (x),
j=1 oceCy

thus

1/q
(\Bw / sl f >|de)

1/q

1/q

+ ]BIH’\"/ ‘H /,LQa(fX (B) ¢)) (a:)qda:)

1 m 1/q
+ ’_B|1+)\q/B‘:u'95j1;[1 B)fxB)(x )qu)

m 1/‘1

1

" ]BPW/ |”Q’5(H(bj - (bj)B)fX(B)c)(x)qda:)
B e

x) —bB)op,s((b —bp)oc fxB)(X)

||b13
QM

1
. . /q
+ |B|1+)‘q/ dx

. S . 1/q
WI/B Y > (@) = b)anas((b —bp)oc fx(m))(x) dﬂﬁ)

j=1 oceCy
For vy, taking 1 < p; < n/d and t such that 1/t = 1/p; — 6/n and 1/q =
1/p2+ -+ 1/pms1 + 1/t, by Hélder’s inequality and the boundedness of g

_'_

=1 +Vy+V3+ Vs + Vs + Ug.
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from LP'(R") to L'(R™), we have

1/pj+1
v <|B|~Y/a~ /\H </ b, (= |p]+1dx>

([ !(un,a(fxB))(w)ltdﬂ7>1/t

1/p1
<C|B| 1/q— AH |B|1/PJ+1+>\J+1||b ||CBMO”J+1 et </ |f |p1dx>

7j=1

<l [T By

A
]+1||bj||CBMOPj+lv>‘j+1 |B|1/pl+ ! Hf”BmyM

j=1
<CIbllcprrorslfll gor-

For vy, using the fact |uas(fxse)(@)| < C||f|goa | B|*/™+M from the proof of
Theorem 2.1 and the Holder’s inequality, we get

1 A 5 A 1/pit1
ve <C|B|~ /a4~ | £1] gp1.2: | B /n+ 1 (/ |b; (@ B|pl+1daz>

X ‘B’l/q_l/pQ_“'—l/pm+1

m
<CIBIY 1| ] oo | BP TT BP0 b1l pagomisnninn
i=1
X ‘B’l/q_l/pQ_“'—l/Pm-‘—l

SC‘|b||CBMoﬁ,X||fHBP17>\1 :

For vs, taking 1 <l <n/§ and gsuch that 1/¢=1/l—6/nand 1/l =1/p1+---+
1/pm+1, by the boundedness of uq s from L' to L7 and the Hélder’s inequality,
we have

11
v < C|B| Ve /B TL05) — (5)8) () '
7=1

1/pj+1 1/p1
< C|B|- 1/q— /\H </ |b B|p]+1da':> </ |f(z ’pldx>

A A A
<o)~V HIBII/”J“Jr 103l e pagomsd  BIYP g
Jj=1
< CHbHCBMoﬁXHfHBPLM’

For vy, by Holder’s inequality, Lemma 3.2 and noticing that € B, y € B¢,
Aj>02<j<m+1)and Ay < =Xy — -+ — Apyq1 < 0/n, we have
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10,5 ( H B)fX(B)e) ()]
Jj=
/ T1056) ~ Ge)lle — i~ )l
k+1B\2kB o
<c i Pt ([ - Gusteay) -
= 2k+1B

1/pm+1
X (/ bm (y) — (bm)B‘pdey)
2k+1

1/p1
X </ |f(y) [P dy) ‘2k+1B|1—1/p1—1/p2..._1/pm+1
2k+1B

oo
<C[[fll gy Y 125 BP/m 2 B Pt gk L p L e o
k=0
X k|2k+1B|1/p2+)\2||b1||OBMOP2vA2

% k’2k+lB‘l/pm+1+)\m+1 ’ ‘bm"CBMOp7,L+1,)\m+1

m o0
k Ao+ §
<Clllgpr H ||bJ'HCBMon+1’Aj+1 ka|2 JrlB| 1ot tAm1to/n
i=1 k=1
o0
<ClIBll s parors 1| prran D km2knut Aot mpnto/m)| gt Aot Anea +o/n
k=1

7 Ar+de 44 0
<CIBll o pprons|If |l o | B F2HFAmato/m,
thus
7 A+do+ A é —1/g—X
vs < Clbll e pprons||fll gor oy BT HAmeto/ g=1/a=A| p1/a
< CHb”CBMoﬁ,XHfHBm»M :

For vs, taking 1 < s < n/é and ¢ such that 1/t =1/s—3/nand 1/q = 1/p3+1/t,
1/s = 1/p1 + 1/p2, by the boundedness of uqgs from L' to L® and Hoélder’s
inequality, we have

m—1
vs <C|[BITVTAN Y

j=1 O'ECm

< ([ 1060 - 0w |P3dx)1/p3 (f m,(s«b—bB>ocfxB><x>|tdx)l/t
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1/p3 1/p2
<C|B|7Y- AZ > (/\ ) —bg) ]p3da:> (/ |(b—bp)o ymdx>

j=1 anm

([ \f(x)!pldx>1/pl

m—1
<O 3 {IBIYIIBI Nl opagoress BIYP borl e paror
7=1 UGC;"

X BN £l o,

§C|’bHCBMoﬁ,XHfHBm«\l'

For vg, by Holder’s inequality, Lemma 3.2 and noticing that x € B, y € B¢,
Aj>0(2<j<m+1)and \; < =Xy —d/n, we have

[10,5((b = bB)oc fX(B)) ()]

< ) —bB)ge||x — y| d
Z /w\m 2)oe ke =y 7| £ (y)ldy
s 1/p2
<Y jptppiit ( [ 106 - bB>Uc\p2dz)
k=1 28418

1/Pl
% (/ |f(y)|p1dy> |2k+1B‘1—1/p1—1/p2
2k+1B

<Cl[boellcprrore2 1f goron

)
Z ’2kB|5/n—1|2k+1B|1/p1+)\1 km|2k+lB‘1/p2+A2|2k+lB|1—1/P1—1/p2

k=1
o
<C||boellcprrorere | f1 gorn ka|2kB‘/\1+)\2+6/n
k=1
(o]
<C||boe || Barorere | f1] gor Z fmokn(ha+A2+8/n)| g hi+Aa+5/n
k=1
<Clbse|lcprroms e 11| goy o, | BN FA2H/m,
thus,
m—1
v <C 3 0 BTN boelloparorasal |1l oo | BN
j=1 oeCrm

1/ps
</ |(b(z) — bp) \p3dx> |B|/a—1/ps
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<Cllboellparorasa |1 £l poro [1Bolloparonsrs | B 7T B HA2H0/n
X ‘13|1/P34*A3|13’1/q—71/p3
<C|bllcgpromsl fll geis -
This completes the total proof of the Theorem 2.2. O
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